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Abstract. This paper introduces three new concepts related to a simple, connected, undi-
rected graph: (i) the Modified distance matrix (3), (ii) the Shortest Path Counting matrix (u),
and (iii) the Modified Wiener index(¢). Accordingly the m‘" order distance matrices j3,, of 3
and m!" order shortest path counting matrices /i, of x for 1 < m < d are also defined. A new
computation method to for determining f3,,,, ttm, 4, 5 and ¢ is presented. Additionally, a novel
formula for computing the Stress of a graph using these matrices is proposed.

1 Introduction

Wiener index introduced by Harry Wiener [6], is defined as the sum of the distances between all
distinct unordered pairs of vertices in a graph. It is one of the oldest and widely studied topolog-
ical indices, both from theoretical and applied perspectives. Analytical expressions for finding
the Wiener index are known for many families of graphs. Several recent studies have investigated
the computation of the Wiener index and related distance-based invariants for specific classes of
graphs, including Isaac graphs and prime graphs of rings ([14], [15]). For instance, the Wiener
index of the Wheel graph W, is (n — 2)(n — 1) and that of the path graph P, is n(n? — 1)/6,
among others. However, a general algorithm for computing the Wiener index of an arbitrary
simple, connected, undirected graph has not yet been established. Moreover, Wiener index con-
siders only the distance between each pair of vertices and ignores the number of distinct shortest
paths between them. In many structural, chemical, and network-theoretic contexts, the number
of distinct shortest paths plays an essential role in describing robustness, redundancy, reactivity,
and information flow in the graph. To address this limitation, we introduce an extended frame-
work that incorporates shortest-path multiplicity into distance-based graph analysis. Central to
this approach is the shortest path counting matrix p, whose entries record the number of distinct
shortest paths between each pairs of vertices in the graph. Therefore it is natural to consider a
revised form of the Wiener index that incorporates the count of distinct shortest paths as well.
This, in turn, requires a corresponding modification of the distance matrix.

Stress of a vertex in a graph is the number of geodesics passing through that vertex, and the
total Stress of the graph is the sum of the stress values of all its vertices. This centrality mea-
sure was introduced by A. Shimbel in 1953[11]. Analytical expressions for computing stress are
known for certain families of graphs. In [12], K. Bhargava, N. N. Dattatreya and R. Rajendra,
computed the stress values for standard graphs such as K, ,, and C,,, and provided characteri-
zation of certain stress regular graphs. However, a general algorithm for determining the stress
of an arbitrary simple, connected, undirected graph has not yet been established. This article ad-
dresses this gap by proposing generalized algorithms to compute stress index from the adjacency
matrix, reducing reliance on graph-specific formulae and improving accessibility for broader ap-
plications.

Let G = (V, E) be a simple, connected, undirected, finite graph of order n and diameter d,
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with adjacency matrix Ag throughout this paper.

Definition 1.1. [1] The distance matrix D of G is a square symmetric matrix defined by,

(D)ij =dij = {d(”iﬂ)j), ifi # 7,

0, otherwise.

where d(v;,v;) is the distance between v; and v;. The greatest distance between two vertices of
G is called diameter of G and it is denoted by Diam/(G).

Definition 1.2. Hadamard Product[4] Consider the set of all m x n real matrices R™*". For
C,F € R™*™, the Hadamard product( denoted by *o”) of C and F is defined by, (C o F); ; =
(C)U(F)L], for all i, j

Remark 1.3. Let B,,, «,, denote the set of all m x n binary matrices of R™*". Then for By, B, €

1if (B)i; = 1 and (By);; = 1
Ban, (BloBz)ij _{ 31 ( l)l] and( 2)13 s

: .Henceif F € B,,«,,then FoF = F.
0, otherwise.

1.1 Splitting of the Distance Matrix

For convenience, we can decompose the distance matrix D of G into d symmetric matrices,
where d is the diameter of G.

Definition 1.4. [4] For a simple, connected, undirected graph G' with diameter d, the m'" order
distance matrix o, (1 < m < d) is defined by,

m,if d(v;,v;) = m,
()i = (vi, v5)
0, otherwise.

, where d(v;, v;) denotes the distance between the vertices v; and v;.
We set g = 0. Note that o; = A¢, the adjacency matrix of G. Note that each o, is a symmetric
matrix of order n, for 1 < m < d.

. . d i, ifi=j .
Property 1.5. The distance matrix D = ) o,, and 0,00; = i, 110 ,]’ forl <i,j <d,
0, otherwise.

m=1

where o denotes the Hadamard product.

1.2 Binary Distance Matrices

Definition 1.6. [4] Let the function p : R — B = {0, 1} be defined by,

MM—{ Lifaz0, o

0, otherwise.

For a matrix F' € R™*", the p function is defined by, p(F);; = p(fi;), ¥ 4.j. In this way p(F')
represents the equivalent binary form of the matrix F'.

Remark 1.7. If F € R"*", then p(F™) € By, x,, forallm =0, 1,2, ..., where p(F"™) represents
the equivalent binary matrix corresponding to F™. The 45" entry of A% gives the number of
walks of length m joining the vertices v; and v;. Accordingly, the binary matrix representation
of A is,
m 1, if 3 a walk of length m joining v; and v;,
p(AG) =

0, otherwise.

Here the m!" order distance matrices oy, o, ..., 04 are not binary, except for 0. Therefore, we
can construct their equivalent binary matrices by applying the function p.
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Definition 1.8. m'" order binary distance matrices: [4] Let G be a simple, connected, undi-
rected graph with diameter d. Let o1, o0, ..., 04 denotes the mth order distance matrices of G.
Then the equivalent binary form of the m!”" order distance matrix o, is called the m*" order
binary distance matrix and it is denoted by D,,,, 1 < m < d.

L, if d(vi,vj) = m,

Dy = plom) = {

0, otherwise.
Note that D, = 2=, 1 <m < dand Dy = I,,, D; = Ag.
Property 1.9. Since D,, = 2=, it follows that 0;,, = m.D,,. Therefore,

d d
> mDm=3 om
m=1 m=1

d
Also, since Dy = I,, >, m.D,, = D.

m=0

Definition 1.10. Wiener index [6] of a graph G is the sum of the distances between all the distinct
unordered pairs of vertices of G, and it is denoted by W (G).

n n
ZZ visvy):

I\JM—‘

2 Main Results

Wiener index does not take into account the number of distinct shortest paths between each pair
of vertices. It only considers the distance, without recognizing how many different ways the
shortest path can be traversed. To address this limitation, we propose a revised version of the
Wiener index that incorporates the count of distinct shortest paths between each pair of vertices.
This new approach provides a more comprehensive measure of a graph’s connectivity, taking
into account not just the distance but also the variety of ways vertices are connected through the
shortest paths.

2.1 Shortest Path Counting Matrix
Definition 2.1. The shortest path counting matrix p of G is defined by,

{The number of distinct shortest paths between v; and vj, if ¢ # j,
Hij = e .
0, ifi =j.

Then p is an n x n symmetric matrix. The matrix ¢ can be decomposed into d n X n matrices as
follows.

Definition 2.2. For 1 < m < d, The m*" order shortest path counting matrix i, of G is defined
by,

Wij, if d(vs,v;) =m,
(ﬂm)" _ J ( . ])
0, otherwise.

Note that py = I,,, the n x n identity matrix and p; = Ag, the adjacency matrix.

Property 2.3. The matrices p1, (2, ..., ftq are n X n symmetric matrices and satisfy p = p; +
H2 + ... + pg. Moreover, p(jty) = Dy, form =1,2,..,d

Property 2. 4 Let f,,, denote the number of distinct shortest paths of length m. Then

2 Z Z(MTVL)z], form = 1 2 d
i=1j=
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2.2 Modified Distance Matrix

The classical distance matrix records only the length of a shortest path between two vertices and
ignores the multiplicity of such paths. However, in many graphs there may exist several distinct
shortest paths of equal length between a given pair of vertices, and this information is lost in the
traditional framework. The following modified distance matrix incorporates both the distance
d(v;,v;) and the number of distinct shortest paths y;;, thereby capturing the full contribution of
all geodesic connections between vertex pairs.

Definition 2.5. Let 11;; denote the number of the distinct shortest paths between the two distinct
vertices v; and v; of G with distance d(v;,v;). Then the Modified distance matrix /3 of G is
defined by,

0, otherwise.

B = {Uij~d(vivvj)7 if i # j,
ij —

The sum of the lengths of distinct shortest paths
= { connecting v; and v;, if ¢ # j,
0, otherwise.

Then 3 is an n x n symmetric matrix. Similar to the distance matrix, S can also be decom-
posed into d matrices of order n x n as follows.

Definition 2.6. For 1 < m < d, the modified mth order distance matrix Bm of G is defined by

0, otherwise.

(Bu)ss = {@j, if d(vi, v;) = m,

The sum of the 11;; number of distinct shortest paths
= { connecting v; and v; each with length m, if d(v;,v;) = m,
0, otherwise.

Note that 3; = Ag, the adjacency matrix. The matrices i, (32, ..., B4 are n X n symmetric
matrices and they satisfy 5 = 51 4+ 52 + ... + Ba.
Property 2.7. p;; = %, Vi,75and py, = /i;';, m=1,2,....d.

i,Vj

Property 2.8. 3 = Ly + 2.0 + ... + dpggand p = 20 4 2 4 4 Ba,

Property 2.9. 3,, = pm © o, for 1 < m < d, where o, is the mtP order distance matrix and o
is the Hadamard product.

The classical Wiener index considers only the distance between each pair of vertices and does
not account for the number of distinct shortest paths connecting them. To address this limitation,
we define a new graph index by revising the Wiener index to include the count of distinct short-
est paths between each pair of vertices. This modified index provides a more comprehensive
measure of connectivity in a graph, capturing both the distances and the multiplicity of shortest
paths.

Definition 2.10. The Modified Wiener index (®) of a graph G is defined as,

, where 4;; is the number of distinct shortest paths between vertices v; and v; of G, and d(v;, v,
is the distance between them. By construction, the modified Wiener index satisfies ¢(G) >
W (QG), where W (G) is the Wiener index of G.
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To compute the Modified Wiener index, we define a new type of matrix inverse as follows:
Definition 2.11. The Hadamard inverse matrix of a matrix C € R™*" is defined by,

(C;I])Zj _ {I/Cij, lfCij 7é 07

0, otherwise.

Then CoC' = C' oC = p(C), where o is the Hadamard product and p(C) is the binary form
of the matrix C.

Property 2.12. For 1 <m <d, pu,, = (o—m);j,1 o By, and o, = (,Um);]l 0 Bm, Where (am)[_j,1 and
( um);ll denote the Hadamard inverses of o,,, and p,,, respectively.

Definition 2.13. The function 7 : R — R defined by

i >
(a) = {a,lfaO,

0, otherwise.

For a matrix F' € R**", (7(F))i; = 7(fi;), V i, j. In other words, the T function replaces all the
negative entries of the matrix F' with zero and keeps all non negative entries unchanged.

2.3 Walk Sum

Let Ag be the adjacency matrix of G. Then the ij'" entry of A% (the m!* power of Ag),
represents the number of walks of length m > 0 between the vertices v; and v; of G. That is,

)

( Am) ) the number of the walks of length m joining the vertices v; and v;, (if such walks exist),
©Jij 7 10, otherwise.

Then ijt" entry of m.A% (m > 0) represents the total sum of the lengths contributed by all these
walks of length m joining the vertices v; and v;.

mx the number of the walks with length m

(m.Ag’)ij = { joining v; and v;, (if such walks exist),

0, otherwise.

the sum of the lengths of the walks each with length m joining
= 4 v; and vj, (if such walks exist),
0, otherwise.

Let us call the matrix (m.A%) as m*" order Walk sum of the graph and let us denote it by W .

Definition 2.14. Let A be the adjacency matrix of a simple, connected, undirected graph G.
Then the m!"(m > 0) order Walk sum of G is defined by,

Wy, =m. A%

, which represent the sum of the lengths of the walks each with length m between the vertices.
The zero order Walk sum of G is defined as Wy, = I,,, the n x n identity matrix. The first order
Walk sum of G'is Wy, = 1.AL, = Ag, the adjacency matrix.

Theorem 2.15. Let Ag be the adjacency matrix of a simple, connected, undirected graph G with
diameter d. Then,

(m—1)
B =T[Wy,, — > Wi, op(Wg,)]
k=0

Sfor 1 <m < dand p(Wy,) is the binary form of Wy, .
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Proof. Let (1 < m < d). By the definition of k" (k > 0)) order Walk sum,

The sum of the lengths of the walks each with length &
(Ws,)ij = { connecting v; and v;, (if such walks exist),
0, otherwise.

p(Ws,)ij) = {

0, otherwise.

(Ws,,)ij o p(Wy, )ij = {

0, otherwise.

(W, )i;, if 3 a walk of
(Wy,,,)i570, p((Wy, )i5)7#0, k<m
length m and a walk of length & < m connecting v; and v;,

m— l

Wzk )

k:O .
0, otherwise.

Let ¢;; denote the number of walks of length m connecting v; and v; that can also be connected
by a walk with length less than m. In other words, ¢;; denotes the number of walks of length m
such that (Wy,);; # 0 and p((Wy, ):;) = 1 for some k < m. Then

m—1 .
tij X (Wx,, )ij, if ti; > 1,
E (Wy,,)ijo p(Wx,)ij =1 7 X Ztn) 7
prd 0, otherwise.

-1
Subtractlng Z (Wx,,)ijop(Wy, )i;) from (Wy, );; removes the sum of lengths of those walks

with length m for which there also exists a walk of some shorter length & < m connecting v; and
v;. Since Wy, = m.Ag,

me1 tw X m X (Agl)z_], lft” Z 17
(WZ ) OP(WZk)
k=0 0, otherwise.
m—1
ti;.m.(AE)ij, if ti; > 1,
W . W W _ Am o %] g iJ
(W, )ij k:O( £, )ig © P(We,)ij = (m-AG)i; {0, otherwise.

(1 — tij) X m X (1‘176?)2]7 iftij > 1,
m(AgL),j, lf tij == 0,
0, otherwise.

Case(i): t;; > 1.

In this case there exist ¢;; walks of length m connecting v; and v; for which there also exists
at least one walk of length < m joining the same pair of vertices. Then there cannot exist a
shortest path of length m connecting v; and v;, because the presence of a walk of length less
than m connecting v; and v; guarantees the existence of a shortest path connecting v; and v;
whose length is also less than m. Therefore the quantity (1 —¢;;) x m x (A™);; < O represents
the negative of the total length associated with those walks of length m connecting v; and v; that
cannot be connected by a shortest path with length m.

We eliminate this undesired negative quantity by applying the 7 function to the matrix. When
the 7 function is applied, any entry of the form (1 —¢;;).m.(A™);; < 0 is mapped to zero, while
all non negative entries remain unchanged.

Case(ii): t;; = 0.

In this case there exist no walk of length m connecting v; and v; that can also be connected by
a walk with length less than m. Then the positive quantity m x (A™);;, (when ¢;; = 0) will be
correspond to the sum of the lengths of the shortest paths each with length m connecting v; and

1, if there exist a walk of length k connecting v; and vj, (if such walks exist),

(Wx,,)ij, if 3 a walk of length m and a walk of length k connecting v; and v,,
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v; in G ( because each such path connecting v; and v; cannot be connected by a path with length
less than m).

1

<T [(Wor,,L)i,i - Z (Wo'm)i]‘ o p((ng)ij)] >
k=0 .
The sum of the lengths of the shortest paths each with length m

= § connecting v; and v;,

0, otherwise.

m—1
o Bn=T [(ng) — Z(ng) ) p(ng)] 1 <m <d.
k=0

The above results can be comprised in the form of an algorithm as given below.

2.4 Algorithm for Computing the Wiener Index and Modified Wiener Index:

Let G be a simple, connected, undirected graph with order n, diameter d and adjacency matrix
Ag.

(i) Find the m'" order walk sum W, = m.Ag, for1 <m <d. Let Wy, = I,.

(ii) Compute the m'" order modified distance matrices f3,, for
1 < m < d using the formula,

1

B =7 [(Waa C (W) 0 p(Wa)

k=0
Then compute the modified distance matrix, 8 = 81 + 52 + ... + Sa.
(iii) Compute the m'" order shortest path counting matrix j,,, = %, for1 <m <d.
(iv) Compute the Hadamard inverse (um)l_{] of the matrix p,,, for 1 < m < d as follows,

((Mm),‘})ij = {1/(“7”)”" if (ptm)ij 70

0, otherwise.

(v) Find m*"* order distance matrix o,,, for 1 < m < d using the formula,

Om = (,Um)l_{l 0 Bm.
Then compute the distance matrix, D = oy + 03 + ... + 04.
(vi) Finally compute ,

1 n n
the Wiener index, W(G) = 3 Z Z d;j.

i=1 j=1

the modified Wiener index, ®(G) = % Z Z Bij-

i=1 j=1

Example 2.16. Consider the following Graph G in Figure-1 with 8 vertices and diameter 4:
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Figure 1. G=(V,E)
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00 0 2 0000 0
00 2 02000 0
02 002 000 0
20000 2 2 2 0
oy = () © B 022000007 (13) g © B3 3
00 0 2 000 2 0
00 0 20000 0
00 0 2 0200 0
00 0 0 0 4 4 4
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The the distance matrix, D = 3" o, =
= 322101 11
4 3 3 2 1 01 2
4 3 3 2 1 1 01
4 3 3 2 1 2 10
Hence the Wiener index, W (G) = 3 3 3" d(i, j) = 59.
i=1j=1
01 1 4 6 8 8 8
1 041 2 3 3 3
1 4 01 2 3 3 3
4 4 11 01 2 2 2
The Modified dist trix, 8 = =
e Modified distance matrix, 8 kzzjlﬁk 622100111
8§ 33 21 0 1 4
§ 33 2 1 1 01
8§ 33 21 4 1 0
Thus the modified Wiener index, ¢(G) = § > > B(i,j) = 5 x 160 = 80
i=14=1

2.5 Stress of a Graph: A new approach:

W W W o O o O O

W W wWw o o o O O

S O O O oo oo

S O OO OO OO W

S O O O O W wo

Stress of a vertex in a graph is the number of geodesics passing through that vertex and the total

Stress of the graph is the sum of the stress values of all the vertices in the graph. Let G be a

simple, connected, undirected graph with order n and diameter d.

2.6 Stress of a vertex: A new computation method

Let G be a simple, connected, undirected graph with order »n and diameter d.

A pathv; — ... = v, — ... — v, joining two vertices v; and v; through a vertex v, (i # j)is a

shortest path joining v; and v; iff d(v;, v,) + d(v,, v;) = d(vs, vj).

Let d(v;,v,) = s and d(v,, v;) = t. Then a path combining two shortest paths v; — ... — v,- and

S O O O O W wo

S O O O O W Wwo
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v, — ... = v; can be counted for the stress of v, iff d(v;,v;) = s+ t.

Therefore the number of shortest paths joining v; and v; passing through v, =

(The number of shortest paths joining v; and v,) x (The number of shortest paths joining v,
and v;), counting only those paths for which the combined path v; = ... = v, = ... = v;isa
shortest path joining v; and v;.

By the definition of the s** order shortest path counting matrix(ss),

The number of distinct shortest paths joining
(,us)i,r - V; and Vr if d(’[}i7vr) = s,
0, otherwise.

Also,
The number of distinct shortest paths joining
(te)rj = § vr and vj , if d(v,, v5) =4,
0, otherwise.

By the definition of (s + ¢)*" order binary distance matrix,

1,if 3 a shortest path with distance s + ¢ joining
(Ds1t)ij = { v; and vj,
0, otherwise.

(s )ir X (pt)rjy if (Dsie)ij = 1,

Then, (s )ir X (pte)rj X (Dsst)ij = {0 otherwise

(The number of distinct shortest paths joining v; and v, with

distance s ) x (The number of distinct shortest paths with

distance ¢ joining v, and v;), if (Ds1¢)i; = 1, (is)ir # 0, () rj # 0,

0, otherwise.

But each shortest paths with distance s joining v; and v, and each shortest path with distance ¢

joining v, and v; can be joined together to form a shortest path with distance s + ¢ joining v; and
Vj, if (Dert)ij =1.

The number of shortest paths with

distance s + ¢ joining v; and v; with
i X i X (Dsy¢)ij = . . ’

(s )ir > (pie)rs % (Dt )i v, as internal vertex, if (Dgy4)i; = 1,
0, otherwise.

Note that :

(i) The product (fis)ir X (ft¢)rj X (Dsye)ij # O iff
(1s)ir # 0 (there exist non zero number of shortest paths with distance s joining v; and v,.)
and (¢)r; # O ( there exist non zero number of shortest paths with distance ¢ joining v,
and v; ) and (Dy;¢); # O (there exist a shortest path joining v; and v; with distance s + t).

(ii) If i = j, then (ps)ir X (ft)rj X (Dsit)ij = 0. (" (Dsye)i; = 0, wheni = j5.)
(iii) Ifi = rorj =7, then (ps)ir X (pt)rj X (Dsse)ij = 0. €. (ps)rr = 001 (p2¢)7r = 0.)

(iv) The total number of shortest paths joining v; and v; with v, as internal vertex is obtained
by taking the sum of the products of the form, (1s)ir X (pt)r; X (Dsst)i; by varying s, ¢ as
1<s<d-1,1<t<d-s.

(v) The shortest path, v; — ... = v, — ... = v; joining v; and v; through v, is again counted

as the shortest path, v; — ... = v,, — ... = v; joining v; and v; in the sum
d—1d—s

> > (s )ir X () rg X (Dsit)ig-

s=1 t=1
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So the stress of the vertex v, is obtained by taking half of the sum of the products of the form
(ps)ir % (f¢)rj X (Dsye)i; where the indices vary over 1 < i,j < n, 1 < s < d -1, and
1 <t < d—s. Thus the new formula for computing the stress of a vertex v,. is given by the
following expression:

Str(vr) = E ZZ(MS)W (,U/t)rj X (Ds+t)ij- (21)

s=1 t=1 i=1 j=1

Theorem 2.17. Let G be a simple, connected, undirected graph with order n and diameter d,
and let v, be a vertex of G. Then,

d 1d—s
str(vy.) Dgit) . 2.2)
s=1 t=1

Proof. By equation(2.1),

d—1d—s n n
1
StT(’UT = i Z(N’s)ir-(ﬂt)rj'(Dert)ij
s=1 t=1 i=1 j=I
1 d—1d—s n n
= E ZT Z ,U/t Ty s+t Ji ( Ds+t 18 Symmetnc)
s=1 t=1 1:1 j=1
1 d—ld—s n
= E Z Z(Ms)zr(utDs+t)ri
s=1 t=1 =1
1 d—ld—s n
= E Z Z(MtDs+t)rz(/~Ls)zr
s=1 t=1 i=1
1 d—1d—s
- E ((MtDs+t)-Ms)r,r

V)
Il
-
-
Il
-

d—1d—s
1
Thus, st(v,) = 3 X (r,r)™" diagonal entry of the matrix Z Z Dyiy)

s=1 t=1

|
Remark 2.18. B 1nterchang1ng the summations over 7 and j in equation (2.1),
str(v,) = 1S Zn: Z(us)” X (pt)rj % (Ds+t)ij and compute the same way as in Theo-
rem(2. 18) A
| d—1d—s
str(vy,) = 5 X (r,r)"" diagonal entry of the matrix Z Z Dgiy) (2.3)

s=1 t=1

Remark 2.19. Let G be a simple, connected, undirected graph with vertex order n and diameter
d. Then the total stress of the graph G is,

n d—1d—s
1 .
) Z ((utDsst)-ps)r,r (by equation(2.2)
r=1 s=1 t=1
1 d—1d—s
=5 X Trace of the matrix (s Dsit) s

1 1

i
-
l
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St(G)

\S] \

d—1d—s
T(Z Z ptDye).-p ) 2.4)

s=1 t=1

In the same way by equation(2.3),

d—1d—s
St(G) % T(ZZ(MSDS+t).Mt>. (2.5)

Theorem 2.20. Let G be a simple, connected, undirected graph with order n and diameter d.
Then the total stress of the graph G is,

Proof.

d—1d—s
St(G) = TT(Z ZD5+t s fb ) (2.6)

s=1 t=1

= Z str(vy)

U
|
T
@

Mﬁ
™
HM:

P IME iME
M- 1M
M- "M

Z s )ir- (i) rj-(Ds+)ij » ( by equation(2.1) )

N —

\3
I
-

Z /’Ls ar- /f(‘t . S+t)ij

N =

w
Il
—_
&~
Il
—_

n

(Dstt)ij- Z(ﬂs)ir-(ﬂt)m’

R =

s=1 t=1 i=1 j=1 r=1

1 d—1d—s n n

) Z(Ds+t)z‘j~(ﬂs~l~tt)ij
s=1 t=1 i=1 j=1

1 d—ld—s n n

E Z(Ds-‘rt)ji-(ﬂs-ﬂt)ij
s=1 t=1 j=1 i=1

1 d—ld—s n

3 Z(Dert-(Ms-Mt))jj
s=1t=1 j=1

1 n d—1d—s

3 (Dsst-(trs-t)) s
j=1 s=1 t=1

1 d—1d—s
St(G) = 2TT’< D5+t.(us.,ut)) .

1 1

i
-
l

O

Remark 2.21. Total stress of a simple, connected, undirected graph G with diameter d can be
computed by any of the following three formulae:
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Remark 2.22. Let G be a simple, disconnected undirected graph with connected components
K1, K>, ...,K,. Then St(G) = St(K;) + St(K3) + ... + St(K}).

Remark 2.23. Let Q, denote the set of all simple, undirected graphs on the vertex set V. Define
a relation ~ on Q, by G ~ H if St(G) = St(H), for G, H € Q. Then this relation will be an
equivalence relation on Q,,. Let [G1], [G2], ..., [GF] be the associated equivalence classes, where
F is the maximum stress value.

2.7 Algorithm for finding the Stress of a graph:

Let G be a simple, connected, undirected graph with order n, diameter d and adjacency matrix
Ag.

(i) Find the m*" order walk sum Wy, = m.(Ag)™, for 1 <m < d. Let Wy, = I,,.

(ii) Compute the m*" order modified distance matrices 3, 32, ..., B4 using the formula in The-

orem(2.15), B,,, = 7 [(Wy,,) — mil(ng) op(Wg, )|, (1 <m <d).
k=0

(iii) Compute the m!" order shortest path counting matrix, p,, = ﬁ = and then the m** order
binary distance matrix, D,, = p(pm,), for 1 <m < d.

(iv) Compute any one of the following matrix to compute the stress of the vertex v,, 1 < r < n.

d—1d—s d—1d—s

§ (Nt' s+t or Us- s+t

=1 s=1 l

&

s=1

~
-
Il

Then st(v,) = 4 x (r,r)*" diagonal entry of this matrix.

(v) Find the total Stress of the graph G, St(G) = 3 st(v,).
r=1

Example 2.24. Consider the graph in Figure-1 of Example(2.17). We have already computed
the matrices p1, po, 3 and pg in Example(2.17). Since D,,, = p(pm ), for 1 < m < d, we obtain
the following:

01100000 00010000
10010000 00101000
10010000 01001000
01101000 100001 11

Di=m=Aa=1t0 001011 1|22~ ={o | 1000 0 o0
000010T10 00010001
00001101 00010000
000010T10 000107100
00001000 00000111
00000111 00000000
00000111 0000000 O
0000000 O 0000000 O

Dy=rl) =110 00000 o™ "™ =1g 0000000
01100000 10000000
01100000 10000000
01100000 10000000
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2 0 0 10 0 6 2 6
0O 10 10 0 10 3 6 3
0O 10 10 0 10 3 6 3
3 4=s 10 0 0 34 0 12 4 12
Now, Dyit).pus =
oW 2 2 D)t =\ g g 19 0 32 05 12 s
6 3 3 12 5 0 0 O
2 6 4 12 0 2 O
6 3 3 12 5 0 0 O
| " o
st(v,) = 5 X ((r,7)"" diagonal entry of this matrix.)
st(o) = 2 x 2= 1, st(1) = 2 x 10=5, st(vy) = 2 x 10 =5
st(v) = 5 =1, st(v2) = 5 =5, st(v3) = 5 =
st(v4):%><34:17, st(vs):%x32:l6.
Hvg) = 2 x 0= 0, st(v) = & x 2= 1, st(vg) = 2 x 0 =0
st(vs) = 5 x 0=0, st(vy) = 5 x 2=1, st(vg) = 5 x 0 =

Now , St(G) = i st(v,) = 45.

r=1

3 Conclusion remarks

This article introduces algorithms for computing modified distance matrix(3), shortest path
counting matrix(y), Wiener index(17'), modified Wiener index(¢), and Stress index of a sim-
ple, connected, undirected graph. Generally it is very difficult to find all these items for a graph
with large order. Determining these quantities becomes increasingly difficult as the order of the
graph grows. A computer implementation of these algorithms would allow us to compute these
matrices and graph indices instantly using only the adjacency matrix as input. Further research
is required to extend these algorithms to general simple, connected, undirected weighted graphs.
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