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Abstract. Let G be a group, A be a commutative graded ring with nonzero unity and α : A →
A be a fixed graded ring homomorphism. The goal of our article is introducing a newly develoed
induction of graded prime ideals, that is graded α-prime ideal. A proper graded ideal I of A is
said to be a graded α-prime ideal if for all homogeneous elements x, y of A with xy ∈ I , we have
either x ∈ I or α(y) ∈ I . We examine some properties of graded α-prime ideals comparable to
graded prime ideals.

1 Introduction

Throughout this article, the following abbreviations will be used:

(i) gr: graded

(ii) prime: pr

(iii) graded ring: gr-R

(iv) such that: s.t.

Among this article, G is a group and A is a commutative ring with nonzero unity 1. We call
A a G − gr − R if A =

⊕
g∈G

Ag with the possession AgAh ⊆ Agh for each g, h ∈ G, where

Ag is an additive subgroup of A for all g ∈ G. The elements of Ag are called homogeneous of
degree g. If w ∈ A, then w is written uniquely as

∑
g∈G

wg, where wg is the component of w in

Ag and wg = 0 except finitely many. The set of all homogeneous elements of A is
⋃
g∈G

Ag and is

signified by h(A). The component Ae is a subring of A and 1 ∈ Ae.
Let A be a gr−R and I be an ideal of A. Then I is said to be a gr-ideal if I =

⊕
g∈G

(I
⋂

Ag),

i.e; for w ∈ I , wg ∈ I for all g ∈ G. An deal of a gr − R is not necessarily gr-ideal. For
G− gr −R’s A and B, a ring homomorphism α : A → B is called to be a gr-homomorphism if
α(Ag) ⊆ Bg for all g ∈ G. For more terminology, see [4, 5, 11].

A proper gr-ideal I of A is said to be a gr-pr-ideal if wt ∈ I implies w ∈ I or t ∈ I for all
w, t ∈ h(A) ([13]). The concept of a gr-pr-ideal performs an indispensable position in the theory
of commutative gr − R, and it has been extensively studied. Latterly, many generalizations of
gr-pr-ideals were proposed and investigated, for example, see [1, 2, 9, 10].
For a gr-ideal I of A, the gr-radical of I is expressed as Grad(I) and it is established as :

Grad(I) = {w =
∑
g∈G

wg ∈ A : ∀g ∈ G,∃ng ∈ N s.t. wng
g ∈ I}.
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Note that Grad(I) is always a gr-ideal of A (see [13]). A proper gr-ideal I of A is called gr-
primary if wt ∈ I implies w ∈ I or t ∈ Grad(I) for all w, t ∈ h(A) ([12]).

The concept of α-pr-ideals has been introduced in [6]. A proper ideal I of A is said to be an
α-prime ideal if for all w, t ∈ A with wt ∈ I , we have either w ∈ I or α(t) ∈ I , where α : A → A
is a fixed ring homomorphism. In this article, we propose the concept of gr-α-prime ideals, and
study some of its properties. Let A be a gr − R, I be a proper gr-ideal of A and α : A → A be
a fixed gr-R homomorphism. Then I is said to be a gr-α-prime ideal if for all w, t ∈ h(A) with
wt ∈ I , we have either w ∈ I or α(t) ∈ I . Certainly, if I is an α-pr-ideal of A, I is a gr-ideal of A
and α : A → A is a gr−R homomorphism, then I is a gr-α-pr-ideal of A. However, we show that
a gr-α-pr-ideal is not necessarily α-prime (Example 2.2). So, it will be meritorious to examine
and investigate gr-α-prime ideals. Indeed, we follow [6] to examine some properties of gr-α-
prime ideals comparable to gr-pr-ideals. In consideration of the definition of a gr-α-prime ideal,
we see that in the case when α is the identity map, gr-α-prime ideal and gr-pr-ideal coincide.
So, gr-α-pr-ideals are recognized as a generalization of gr-pr-ideals. Evidently, every gr-pr-ideal
is a gr-α-pr-ideal, where α is the identity map. However, we show that a gr-α-pr-ideal is not
necessarily gr-pr (Example 2.3). Among a variety of outcomes, we show that I is a gr-α-pr-ideal
of A iff any two gr-ideals P and K of A such that PK ⊆ I , either P ⊆ I or α(K) ⊆ I (Theorem
2.10). We prove that if f : A → B is a gr-R epimorphism, α is a gr − R homomorphism from
A to A and from B to B, α commutes with f , and I is a gr-ideal of A such that Ker(f) ⊆ I ,
then I is a gr-α-pr-ideal of A iff f(I) is a gr-α-pr-ideal of B (Proposition 2.13). We prove that
Ker(α) is in the intersection of all gr-α-prime ideals of A (Lemma 2.15). We propose the gr-
α-radical; w ∈ Gradα(I) if for all g ∈ G, ∃ a positive integer ng s.t α(wng

g ) ∈ I , we examine
some properties of Gradα(I) in Proposition 2.20 and Proposition 2.21, and then we introduce
the concept of graded α-primary ideals; a proper gr-ideal I of A is called gr-α-primary if wt ∈ I
implies either w ∈ I or t ∈ Gradα(I), for w, t ∈ h(A). We introduce gr- α-domains; A is
called gr-α-domain if wt = 0 implies either w = 0 or α(t) = 0, for w, t ∈ h(A). Indeed, every
gr-domain will be a gr-α-domain, but the other side is not essentially true (Example 2.25). We
demonstrate if A is a gr-α-domain, then Ker(α) is a gr-α-pr-ideal of A (Proposition 2.27). At
the end, we propose gr-α-fields; A is called gr-α-field if A/Ker(α) is a gr-field. Actually, every
gr-field will be a gr-α-field (Proposition 2.30), The opposite is not always true. (Example 2.31).

2 Graded α-Prime Ideals, Graded α-Primary Ideals, Graded α-Domains
and Graded α-Fields

In this section, we propose and examine the concepts of gr-α-prime ideals, gr-α-primary ideals,
gr-α-domains and gr-α-fields.

Definition 2.1. Let A be a gr − R, I be a proper gr-ideal of A and α : A → A be a fixed
gr−R−homomorphism. Then I is said to be a gr-α-pr-ideal if for all w, y ∈ h(A) with wy ∈ I ,
we have either w ∈ I or α(y) ∈ I .

Certainly, if I is an α-pr-ideal of A, I is a gr-ideal of A ,and α is a gr-homomorphism, then I
is a gr-α-pr-ideal of A. However, the next example shows that a gr-α-pr-ideal is not necessarily
α-pr:

Example 2.2. Consider A = Z[i] and G = Z2. Then A is G − gr by A0 = Z and A1 = iZ.
Examine the gr-ideal I = pA of A, where p is a prime number with p = c2 + d2, for some
c, d ∈ Z. Consider the gr-homomorphism α : A → A with α(a+ ib) = a − ib. Let wy ∈ I for
some w, y ∈ h(A).

Case (1): Assume that w, y ∈ A0. In this scenario, w, y ∈ Z s.t p divides wy, and then either
p divides w or p divides y. It indicates w ∈ I or y ∈ I . So, w ∈ I or α(y) = y ∈ I .

Case (2): Assume that w, y ∈ A1. In this scenario, w = ia and y = ib for some a, b ∈ Z s.t
p divides wy = −ab, and then p divides a or p divides b in Z, it indicates p divides w = ia or p
divides y = ib in A. then we get w ∈ I or y ∈ I . So, w ∈ I or α(y) = −y ∈ I .

Case (3): Assume that w ∈ A0 and y ∈ A1. In this scenario, w ∈ Z and y = ib for some
b ∈ Z, so p divides wy = iwb in A, that is iwb = p(α + iβ) for some α, β ∈ Z. then we get
wb = pβ, that is p divides wb in Z, and again p divides w or p divides b, it indicates p divides w
or p divides y = ib in A. Thus, w ∈ I or y ∈ I . So, w ∈ I or α(y) = −y ∈ I .
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Hence, I is a gr-α-prime ideal of A. But I is not α-pr since (c− id)(c+ id) ∈ I , (c− id) /∈ I
and α(c+ id) = c− id /∈ I .

Evidently, every gr-prime ideal is a gr-α-pr-ideal, where α is the identity map. However,
the next example shows that a gr-α-pr-ideal is not necessarily gr-prime. So, gr-α-pr-ideals are
recognized as a generalization of gr-pr-ideals.

Example 2.3. Consider A = Z[X] and G = Z. Then A is G−gr by Aj = ZXj , where j ≥ 0 and
Aj = 0 otherwise. Consider the gr-ideal I = ⟨3X⟩ of A. Clearly, I is not a gr-pr-ideal of A since
3, X ∈ h(A) with 3X ∈ I , 3 /∈ I and X /∈ I . Consider the gr-homomorphism α : A → A with
α(f(X)) = f(0). Let f(X), g(X) ∈ h(A) with f(X)g(X) ∈ I . Then 3X divides f(X)g(X),
and then X divides f(X)g(X) it indicates X divides f(X) or X divides g(X). If X divides
f(X), then f(X) = Xk(X) for some k(X) ∈ A, and then α(f(X)) = f(0) = 0 ∈ I . Similarly,
if X divides g(X), then α(g(X)) = 0 ∈ I . Hence, I is a gr-α-pr-ideal of A.

Proposition 2.4. Let A be a gr −R and I be a gr-α-pr-ideal of A. Then α(I) ⊆ I .

Proof. Let w ∈ I . Then wg ∈ I for all g ∈ G as I is a gr-ideal. So, 1.wg = wg ∈ I indicates

α(wg) ∈ I for all g ∈ G as I is gr-α-pr, and hence α(w) = α

∑
g∈G

wg

 =
∑
g∈G

α(wg) ∈ I .

Therefore, α(I) ⊆ I .

Proposition 2.5. Let A be a gr − R and I be a gr-α-pr-ideal of A. Then Grad(I) is a gr-α-pr-
ideal of A.

Proof. Let w, y ∈ h(A) with wy ∈ Grad(I). Then wkyk = (wy)k ∈ I for some positive
integer k, and then since I is gr-α-pr, either wk ∈ I or (α(y))k = α(yk) ∈ I , it indicates either
w ∈ Grad(I) or α(y) ∈ Grad(I). Therefore, Grad(I) is a gr- α-pr-ideal of A.

Lemma 2.6. Let A be a gr −R and I be a gr − α− pr − ideal of A. Then
SI = {x ∈ A : α(x) ∈ I} is a gr-ideal of A containing I .

Proof. Clearly, SI is an ideal of A containing I . Let x ∈ SI . Then x ∈ A with α(x) ∈ I . Now,
x =

∑
g∈G

xg where xg ∈ Ag for all g ∈ G, it indicates α(xg) ∈ α(Ag) ⊆ Ag for all g ∈ G. So,

α(xg) ∈ h(A) for all g ∈ G with
∑
g∈G

α(xg) = α

∑
g∈G

xg

 = α(x) ∈ I . Since I is a gr-ideal,

α(xg) ∈ I for all g ∈ G, and then xg ∈ SI for all g ∈ G. Therefore, SI is a gr-ideal of A.

Proposition 2.7. Let A be a gr−R and I be a gr-α-pr-ideal of A. Then SI is a gr-α-pr-ideal of
A.

Proof. Let w, t ∈ h(A) s.t wt ∈ SI . Then α(w)α(t) = α(wt) ∈ I . Since I is gr-α-pr and
α(w), α(t) ∈ h(A), either α(w) ∈ I or α(α(t)) ∈ I , and then either w ∈ SI or α(t) ∈ SI .
Hence, SI is a gr-α-pr-ideal of A.

Lemma 2.8. Let A be a gr−R, I be a gr-ideal of A. Let x ∈ h(A). Then Ix = {y + ax : y ∈ I, a ∈ A}
is a gr-ideal of A containing x and I .

Proof. Evidently, Ix is an ideal of A. containing x and I . Let r ∈ Ix. Then r = y + ax for
some y ∈ I and a ∈ A, and then rg = (y + ax)g = yg + (ax)g = yg +

∑
h∈G

ahxh−1g for all

g ∈ G. Now, since y ∈ I and I is a gr-ideal, yg ∈ I for all g ∈ G. Also, since x ∈ h(A),
x ∈ Az for some z ∈ G, and then for any g ∈ G, xg = x for g = z and xg = 0 otherwise. So,∑
h∈G

ahxh−1g = agz−1x, and then rg = yg + agz−1x ∈ Ix for all g ∈ G. Therefore, Ix is a gr-ideal

of A.
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Proposition 2.9. Let A be a gr − R and I be a gr-α-pr-ideal of A. If I is maximal with respect
to the property that w ∈ I implies α(w) ∈ I among all gr-ideals of A, then I is a gr-pr-ideal of
A.

Proof. Let w, y ∈ h(A) with wy ∈ I and w /∈ I . Consider the gr-ideal Iy = {s+ ay : s ∈ I, a ∈ A}
of A, and let r ∈ Iy. Then r = s+ ay for some s ∈ I and a ∈ A, and then wr = ws+ way ∈ I .
Since I is gr-α-pr and w /∈ I , α(r) ∈ I ⊆ Iy. So, by the maximality of I , Iy = I , and hence
y ∈ I . Therefore, I is a gr-pr-ideal of A.

The next result introduces an characterization for gr-α-pr-ideal.

Theorem 2.10. Let A be a gr−R and I be a proper gr-ideal of A. Then I is a gr-α-prime ideal
of A iff for any two gr-ideals P and K of A with PK ⊆ I , either P ⊆ I or α(K) ⊆ I .

Proof. Suppose that I is a gr-α-pr-ideal of A. Let P and K be two gr-ideals of A with PK ⊆ I
and P ⊈ I . Then ∃ x ∈ P such that x /∈ I , and then ∃ g ∈ G such that xg /∈ I . Note that,
xg ∈ P as P is a gr-ideal. Let y ∈ K. Then yh ∈ K for all h ∈ G as K is a gr-ideal. So, for any
h ∈ G, xgyh ∈ PK ⊆ I , and since I is gr-α-pr with xg /∈ I , α(yh) ∈ I for all h ∈ G, it indicates
α(y) ∈ I . Hence, α(K) ⊆ I . Conversely, let x, y ∈ h(A) such that xy ∈ I . Then P = ⟨x⟩
and K = ⟨y⟩ are gr-ideals of A with PK ⊆ I . By assumption, either P ⊆ I or α(K) ⊆ I , it
indicates either x ∈ I or α(y) ∈ I . Therefore, I is a gr-α-pr-ideal of A.

Proposition 2.11. Let A be a gr −R, I be a gr-α-pr-ideal of A and K be a non-empty subset of
h(A) with K ⊈ I and α(K) ⊈ I . Then (I : K) = {a ∈ A : aK ⊆ I} is a gr-α-pr-ideal of A.

Proof. Let x, y ∈ h(A) with xy ∈ (I : K). Then xyK ⊆ I . Since α(K) ⊈ I , ∃ r ∈ K with
α(r) /∈ I . Now, xyr ∈ I , it indicates xy ∈ I as I is gr-α-pr, and then also either x ∈ I ⊆ (I : K)
or α(y) ∈ I ⊆ (I : K) as I is gr-α-pr. Hence, (I : K) is a gr-α-pr-ideal of A.

Proposition 2.12. Let A and B be two G−gr−R and f : A → B be a gr−R−homomorphism.
Assume that α and β are gr − R−homomorphism from A to A and from B to B respectively. If
f ◦ α = β ◦ f , then for any gr-β-pr-ideal P of B, f−1(P ) is a gr-α-pr-ideal of A.

Proof. Let P be a gr-β-pr-ideal of B. Suppose that x, y ∈ h(A) with xy ∈ f−1(P ). Then
f(x), f(y) ∈ h(B) such that f(x)f(y) ∈ P , and P being gr-β-pr it indicates either f(x) ∈ P or
β(f(y)) = f(α(y)) ∈ P , that is, either x ∈ f−1(P ) or α(y) ∈ f−1(P ), as desired.

Proposition 2.13. Let A and B be two G− gr − R and f : A → B be a gr − R−epimorphism.
Assume that α and β are gr − R−homomorphism from A to A and from B to B respectively. If
f ◦α = β ◦ f and I is a gr-ideal of A with Ker(f) ⊆ I , then I is a gr-α-pr-ideal of A iff f(I) is
a gr-β-pr-ideal of B.

Proof. Suppose that I is a gr-α-pr-ideal of A. Let w, y ∈ h(B) with wy ∈ f(I). Since f is gr-
epimorphism, ∃ a, b ∈ h(A) with f(a) = w and f(b) = y, and then f(ab) = f(a)f(b) = wy ∈ I ,
it indicates ab ∈ I as Ker(f) ⊆ I . Since I is gr-α-pr, either a ∈ I or α(b) ∈ I , and then either
w = f(a) ∈ f(I) or β(y) = β(f(b)) = f(α(b)) ∈ f(I). Thus f(I) is a gr-α-pr-ideal of B. The
converse follows from Proposition 2.12.

Note that, if α : A → A is a gr − R−homomorphism and I is a gr-ideal of A, then αI :
A/I → A/I s.t αI(a+ I) = α(a) + I is a gr-R-homomorphism.

Proposition 2.14. Let A be a gr − R, I and P be two gr-ideals of A s.t I ⊆ P . Assume that
α : A → A is a gr − R−homomorphism. Then P/I is a gr-αI -pr-ideal of A/I iff P is a
gr-α-pr-ideal of A.

Proof. Suppose that P/I is a gr-αI -pr-ideal of A/I . Let w, y ∈ h(A) such that wy ∈ P . Then
w + I, y + I ∈ h(A/I) with (w + I)(y + I) = wy + I ∈ P/I , and then either w + I ∈ P/I or
αI(y+ I) ∈ P/I , so either x ∈ P or α(y) ∈ P . Hence, P is a gr-α-pr-ideal of A. Conversely, let
w+I, y+I ∈ h(A/I) s.t (w+I)(y+I) ∈ P/I . Then w, y ∈ h(A) with wy ∈ P , and then either
w ∈ P or α(y) ∈ P , so either w+ I ∈ P/I or αI(y+ I) ∈ P/I . Thus P/I is a gr-αI -pr-ideal of
A/I .
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Lemma 2.15. Let A be a gr − R and α : A → A be a gr − R homomorphism. Then Ker(α) is
in the intersection of all gr-α-pr-ideals of A.

Proof. Suppose that a ∈ Ker(α). Then α(a) = 0 exists in every gr-α-pr-ideal of A. So, a
exists in the inverse image of every gr-α-pr-ideal of A which is repeatedly a gr-α-pr-ideal of A
by Proposition 2.12. Therefore, Ker(α) is in the intersection of all gr-α-pr-ideals of A.

Lemma 2.16. Let A be a gr-domain and α : A → A be a gr−R− homomorphism. Then Ker(α)
is a gr-prime ideal of A.

Proof. Suppose that wb ∈ Ker(α) for w, b ∈ h(A). Then α(w), α(b) ∈ h(A) with α(wb) =
α(w)α(b) = 0 and A being a gr-domain implies either α(w) = 0 or α(b) = 0, that is, either
w ∈ Ker(α) or b ∈ Ker(α). Therefore, Ker(α) is a gr-pr-ideal of A.

Proposition 2.17. Let A be a gr−R and I be a gr-α-pr-ideal of A. Consequently, the following
claims are true:

(i) If a ∈ h(A) with ak ∈ I for some positive integer k, then α(a) ∈ I .

(ii) If x ∈ h(A) with (α(x))k ∈ I for some positive integer k, then α(α(x)) ∈ I .

(iii) α(α(x)) ∈ I for all homogeneous nilpotent element x of A.

Proof. (i) Since ak ∈ I , ak−1a ∈ I , and then either ak−1 ∈ I or α(a) ∈ I as I is gr-α-pr. If
ak−1 ∈ I , then ak−2a ∈ I , and then either ak−2 ∈ I or α(a) ∈ I as I is gr-α-pr. Continue
on this procedure to obtain surely α(a) ∈ I .

(ii) Since x ∈ h(A), x ∈ Ag for a few g ∈ G, and then α(x) ∈ α(Ag) ⊆ Ag. So, α(x) ∈ h(A),
and hence the result holds by (1).

(iii) Let x ∈ h(A) be a nilpotent. Then xk = 0 for some positive integer k, and then (α(x))k =
α(xk) = α(0) = 0 ∈ I , and hence the result holds by (2).

Theorem 2.18. Let A be a gr-domain and α : A → A be a gr − R homomorphism. Then
Nα(A) =

{
x ∈ A : (α(x))k = 0, for some positive integer k

}
is in the intersection of all gr-α-

pr-ideals of A.

Proof. Let w ∈ Nα(A). Then α(wk) = 0 for some positive integer k, it indicates that wk ∈
Ker(α). By Lemma 2.16, w ∈ Ker(α) that is in the intersection of all gr-α-pr-ideals of A by
Lemma 2.15. So, w belongs to the intersection of all gr-α-pr-ideals of A. Therefore, Nα(A) is
in the intersection of all gr-α-pr-ideals of A.

Definition 2.19. Let A be a gr − R, I be a proper gr-ideal of A and α : A → A be a
gr − R−homomorphism. The gr-α-radical of I is express by Gradα(I) and it is in the fol-
lowing terms:

Gradα(I) = {x =
∑
g∈G

xg ∈ A : ∀g ∈ G,∃ng ∈ N s.t. α(xng
g ) ∈ I}.

Undoubtedly, Gradα(I) is a gr-ideal of A, Nα(A) = Gradα({0}) and hence Nα(A) is a
gr-ideal of A. Also, if I is a gr-α-pr-ideal of A, then I ⊆ Gradα(I).

Proposition 2.20. Let A be a gr − R, I, J be two gr-ideals of A and α : A → A be a gr-R-
homomorphism. Then the following claims are true:

(i) If I ⊆ J , then Gradα(I) ⊆ Gradα(J).

(ii) Gradα(IJ) = Gradα (I
⋂
J) = Gradα(I)

⋂
Gradα(J).

(iii) If α(1) = 1, then Gradα(I) = A iff I = A.

(iv) If I and J are gr-α-pr-ideals of A, then Gradα(I + J) ⊆ Gradα(Gradα(I) +Gradα(J)).

(v) Gradα(Ik) = Gradα(I), for all positive integer k.
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Proof. (i) Let a ∈ Gradα(I) ,then ∃ a positive integer kg with

α(a
kg
g ) ∈ I , since I ⊆ J then α(a

kg
g ) ∈ J then Gradα(I) ⊆ Gradα(J).

(ii) Since IJ ⊆ I
⋂
J , Gradα(IJ) ⊆ Gradα (I

⋂
J). Let a ∈ Gradα (I

⋂
J) and g ∈ G. Then

∃ a positive integer kg with

α(a
kg
g ) ∈ I

⋂
J , and then α(a

2kg
g ) = α(a

kg
g )α(a

kg
g ) ∈ IJ . Hence, Gradα(IJ) = Gradα (I

⋂
J).

Since I
⋂
J ⊆ I and I

⋂
J ⊆ J , Gradα (I

⋂
J) ⊆

Gradα(I)
⋂
Gradα(J). Let a ∈ Gradα(I)

⋂
Gradα(J) and g ∈ G. Then ∃ positive in-

teger ng,mg s.t α(ang
g ) ∈ I and α(a

mg
g ) ∈ J , and then α(a

kg
g ) ∈ I

⋂
J , where kg =

max{ng,mg}, and hence a ∈ Gradα (I
⋂
J). Thus Gradα (I

⋂
J) = Gradα(I)

⋂
Gradα(J).

(iii) Suppose that Gradα(I) = A. Then 1 ∈ Gradα(I), and then ∃ a positive integer k s.t
1 = α(1) = α(1k) ∈ I , and hence I = A. Versus, 1 = α(1) ∈ I , and then 1 ∈ Gradα(I),
and hence Gradα(I) = A.

(iv) Since I and J are gr-α-pr, I ⊆ Gradα(I) and J ⊆ Gradα(J), so I + J ⊆ Gradα(I) +
Gradα(J), and then Gradα(I + J) ⊆ Gradα(Gradα(I) +Gradα(J)).

(v) Gradα(Ik) = Gradα(I)
⋂
...
⋂
Gradα(I) =Gradα(I)

Proposition 2.21. Let A and B be two G−gr−R and f : A → B be a gr−R−homomorphism.
Assume that α and β are gr − R−homomorphism from A to A and from B to B respectively. If
f ◦ α = β ◦ f . Let I and J be two gr-ideals of A and B respectively. Then the next statements
hold:

(i) f(Gradα(I)) ⊆ Gradβ(f(I)).

(ii) Gradα(f−1(J)) ⊆ f−1(Gradβ(J)).

Proof. (i) Let y ∈ f(Gradα(I)). Then ∃ x ∈ Gradα(I) s.t f(x) = y. Let g ∈ G. Then
∃ a positive integer k s.t α(xkg

g ) ∈ I , and then β(y
kg
g ) = β((f(x))

kg
g ) = α(f(x

kg
g )) =

f(α(x
kg
g )) ∈ f(I), and hence y ∈ Gradβ(f(I)).

(ii) Let x ∈ Gradα(f−1(J)) and g ∈ G. Then exists a positive integer kg s.t α(xkg
g ) ∈ f−1(J),

and then β((f(x))
kg
g ) = β(f(x

kg
g )) = f(α(x

kg
g )) ∈ J , and so f(x) ∈ Gradβ(J) that is

x ∈ f−1(Gradα(J)).

Definition 2.22. Let A be a gr − R, I be a proper gr-ideal of A and α : A → A be a gr −
R−homomorphism. Then I is said to be a gr-α-primary ideal of A if whenever x, y ∈ h(A) s.t
xy ∈ I , then either x ∈ I or α(yk) ∈ I , for some positive integer k.

Proposition 2.23. If I is a gr-α-primary ideal of A, then Gradα(I) is a gr-α-pr-ideal of A.

Proof. Let w, y ∈ h(A) s.t wy ∈ Gradα(I). Then α(wk)α(yk) = α(wkyk) = α((wy)k) ∈ I ,
for some positive integer k. Since I is gr-α-primary, either α(wk) ∈ I or α((yk)n) ∈ I , for some
positive integer n, and then either α(wk) ∈ I or α(ykn) ∈ I , it indicates either w ∈ Gradα(I) or
α(y) ∈ Gradα(I). Hence, Gradα(I) is a gr-α-pr-ideal of A.

Definition 2.24. Let A be a gr −R and α : A → A be a gr −R homomorphism. Then A is said
to be gr-α-domain if whenever w, y ∈ h(A) s.t wy = 0, then either w = 0 or α(y) = 0.

Indeed, every gr-domain is gr-α-domain for every α. Also, if α is the identity map, then gr-
domain and gr-α-domain coincide. However, the next example demonstrates that a gr-α-domain
is not necessarily gr-domain:

Example 2.25. Consider A = Z[X] and G = Z. Then A is G − gr by Aj = ZXj , where
j ≥ 0 and Aj = 0 otherwise. Consider the gr-ideal I = ⟨X2⟩ of A. So, A/I is a gr-R by
(A/I)j = (Aj + I)/I for all j ∈ Z. Consider the gr-homomorphism α : A/I → A/I with
α(f(X) + I) = f(0) + I . Let f(X), g(X) ∈ h(A/I) s.t (f(X) + I)(g(X) + I) = 0 + I .
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Then f(X)g(X) ∈ I that is X2 divides f(X)g(X), and then X divides f(X)g(X), it indicates
either X divides f(X) or X divides g(X). If X divides f(X), then f(X) = Xh(X), for some
h(X) ∈ Z[X], and then α(f(X) + I) = f(0) + I = 0 + I . Similarly, if X divides g(X),
then α(g(X) + I) = 0 + I . Hence, A/I is a gr-α-domain. But A/I is not gr-domain since
X + I ∈ h(A/I) with (X + I)(X + I) = X2 + I = 0 + I and X + I ̸= 0 + I .

Theorem 2.26. Let A be a gr−R, I be a gr-ideal of A and α : A → A be a gr−R−homomorphism.
Then I is a gr-α-pr-ideal of A iff A/I is a gr-αI -domain.

Proof. Suppose that I is a gr-α-pr-ideal of A. Let w+I, y+I ∈ h(A/I) s.t (w+I)(y+I) = 0+I .
Then w, y ∈ h(A) s.t wy ∈ I , and then either w ∈ I or α(y) ∈ I , so either w + I = 0 + I or
αI(y + I) = α(y) + I = 0 + I . Hence, A/I is a gr-αI -domain. Conversely, let w, y ∈ h(A) s.t
wy ∈ I . Then w+I, y+I ∈ h(A/I) s.t (w+I)(y+I) = 0+I , and then either w+I = 0+I or
α(y) + I = αI(y + I) = 0 + I , so either w ∈ I or α(y) ∈ I . Thus I is a gr-α-pr-ideal of A.

Proposition 2.27. Let A be a gr-α-domain. Then Ker(α) is a gr-α-pr-ideal of A.

Proof. Let’s say wb ∈ Ker(α) for w, b ∈ h(A). Then α(w), α(b) ∈ h(A) such that α(wb) =
α(w)α(b) = 0 and A being a gr-α-domain implies either α(w) = 0 or α(α(b)) = 0, that is,
either w ∈ Ker(α) or α(b) ∈ Ker(α). Therefore, Ker(α) is a gr-α-pr-ideal of A.

Proposition 2.28. Let A be a gr − R. Then A is a gr-field iff {0} and A itself are the only
gr-ideals of A.

Proof. Let’s say A is a gr-field. Let I be a gr-ideal of A and I ̸= {0}. Then ∃ 0 ̸= x ∈ I , and
then ∃ g ∈ G such that xg ̸= 0. Note that, xg ∈ I as I is a gr-ideal. Since A is gr-field, ∃ y ∈ A
such that xgy = 1, and then 1 ∈ I , and hence I = A. Versus, let 0 ̸= x ∈ h(A). Then I = Ax
is a gr-ideal of A, and then either I = {0} or I = A. Since x ̸= 0, I = A, and then 1 ∈ I , it
indicates xy = 1 for some y ∈ A, that is, x is unit.

Definition 2.29. A graded α-domain A is said to be a gr-α-field if A/Ker(α) is a gr-field.

Proposition 2.30. Every gr-field is a gr-α-field, for all α.

Proof. Let A be a gr-field and α : A → A be a gr-R-homomorphism. Then A is a gr-domain, and
then A is a gr-α-domain. Since A is a gr-field, Ker(α) = {0} or Ker(α) = A by Proposition
2.28, and then A/Ker(α) = A/{0} ≈ A or A/Ker(α) = A/A ≈ {0}. In both cases, A/Ker(α)
is a gr-field. Hence, A is a gr-α-field.

Undoubtedly, the converse of Proposition 2.30 is not true in general, as we see in the next
example. Indeed, the converse of Proposition 2.30 is true if Ker(α) = {0}. So, gr-field and
gr-α-field coincide when Ker(α) = {0}.

Example 2.31. Consider A = K[X], where K is a field, and G = Z. Then A is G-gr by
Aj = KXj , where j ≥ 0 and Aj = 0 otherwise. Consider the gr-homomorphism α : A → A
with α(f(X)) = f(0). Then Ker(α) = ⟨X⟩, and then A/Ker(α) ≈ K is a gr-field. So, A is a
gr-α-field. But A is not gr-field since X ∈ h(A) is non-unit.
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