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Abstract. Let G be a group, A be a commutative graded ring with nonzero unity and o : A —
A be a fixed graded ring homomorphism. The goal of our article is introducing a newly develoed
induction of graded prime ideals, that is graded a-prime ideal. A proper graded ideal I of A is
said to be a graded a-prime ideal if for all homogeneous elements z, y of A with zy € I, we have
either x € I or a(y) € I. We examine some properties of graded «-prime ideals comparable to
graded prime ideals.

1 Introduction

Throughout this article, the following abbreviations will be used:
(i) gr: graded

(ii) prime: pr

(iii) graded ring: gr-R

(iv) such that: s.t.

Among this article, G is a group and A is a commutative ring with nonzero unity 1. We call
AaG—-—gr—Rif A = @ A, with the possession AgA, C Ay, for each g,h € G, where
geG
A, is an additive subgroup of A for all ¢ € G. The elements of A, are called homogeneous of
degree g. If w € A, then w is written uniquely as Z wy, Where wy is the component of w in
geG
A, and wy = 0 except finitely many. The set of all homogeneous elements of A is U A, and is
geG
signified by h(A). The component A, is a subring of Aand 1 € A,.
Let Abe a gr — R and I be an ideal of A. Then I is said to be a gr-ideal if I = @(I ﬂ Ag),
geG
i.e; forw € I, wy € I forall g € G. An deal of a gr — R is not necessarily gr-ideal. For
G — gr — R’s A and B, aring homomorphism « : A — B is called to be a gr-homomorphism if
a(Ay) C B, for all g € G. For more terminology, see [4, 5, 11].
A proper gr-ideal I of A is said to be a gr-pr-ideal if wt € I implies w € [ or ¢t € [ for all
w, t € h(A) ([13]). The concept of a gr-pr-ideal performs an indispensable position in the theory
of commutative gr — R, and it has been extensively studied. Latterly, many generalizations of
gr-pr-ideals were proposed and investigated, for example, see [1, 2, 9, 10].
For a gr-ideal I of A, the gr-radical of I is expressed as Grad([l) and it is established as :

Grad(l) ={w = ng € A:Vg € G,Ing, € Nsit. wys € I}
geG
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Note that Grad(I) is always a gr-ideal of A (see [13]). A proper gr-ideal I of A is called gr-
primary if wt € I implies w € [ ort € Grad(I) for all w,t € h(A) ([12]).

The concept of a-pr-ideals has been introduced in [6]. A proper ideal I of A is said to be an
a-prime ideal if for all w, t € A withwt € I, we have eitherw € I or «(t) € I, whereav: A — A
is a fixed ring homomorphism. In this article, we propose the concept of gr-a-prime ideals, and
study some of its properties. Let A be a gr — R, I be a proper gr-ideal of Aand o : A — A be
a fixed gr-R homomorphism. Then I is said to be a gr-a-prime ideal if for all w,t € h(A) with
wt € I, we have either w € T or a(t) € I. Certainly, if I is an a-pr-ideal of A, I is a gr-ideal of A
and o : A — Aisagr—Rhomomorphism, then [ is a gr-a-pr-ideal of A. However, we show that
a gr-a-pr-ideal is not necessarily a-prime (Example 2.2). So, it will be meritorious to examine
and investigate gr-a-prime ideals. Indeed, we follow [6] to examine some properties of gr-a-
prime ideals comparable to gr-pr-ideals. In consideration of the definition of a gr-a-prime ideal,
we see that in the case when « is the identity map, gr-a-prime ideal and gr-pr-ideal coincide.
So, gr-a-pr-ideals are recognized as a generalization of gr-pr-ideals. Evidently, every gr-pr-ideal
is a gr-a-pr-ideal, where « is the identity map. However, we show that a gr-a-pr-ideal is not
necessarily gr-pr (Example 2.3). Among a variety of outcomes, we show that I is a gr-a-pr-ideal
of A iff any two gr-ideals P and K of A such that PK C I, either P C [ or «(K) C I (Theorem
2.10). We prove thatif f : A — B is a gr-R epimorphism, « is a gr — R homomorphism from
A to A and from B to B, o commutes with f, and I is a gr-ideal of A such that Ker(f) C I,
then I is a gr-a-pr-ideal of A iff f(I) is a gr-a-pr-ideal of B (Proposition 2.13). We prove that
Ker(a) is in the intersection of all gr-a-prime ideals of A (Lemma 2.15). We propose the gr-
a-radical; w € Grad, (1) if for all g € G, 3 a positive integer n, s.t a(wy?) € I, we examine
some properties of Grad,, (I) in Proposition 2.20 and Proposition 2.21, and then we introduce
the concept of graded a-primary ideals; a proper gr-ideal I of A is called gr-a-primary if wt € I
implies either w € I or t € Grad,(I), for w,t € h(A). We introduce gr- a-domains; A is
called gr-a-domain if wt = 0 implies either w = 0 or a(t) = 0, for w, ¢ € h(A). Indeed, every
gr-domain will be a gr-a-domain, but the other side is not essentially true (Example 2.25). We
demonstrate if A is a gr-a-domain, then Ker(«a) is a gr-a-pr-ideal of A (Proposition 2.27). At
the end, we propose gr-a-fields; A is called gr-a-field if A/Ker(«) is a gr-field. Actually, every
gr-field will be a gr-a-field (Proposition 2.30), The opposite is not always true. (Example 2.31).

2 Graded a-Prime Ideals, Graded o-Primary Ideals, Graded cc-Domains
and Graded o-Fields

In this section, we propose and examine the concepts of gr-a-prime ideals, gr-a-primary ideals,
gr-a-domains and gr-a-fields.

Definition 2.1. Let A be a gr — R, I be a proper gr-ideal of A and oo : A — A be a fixed
gr — R—homomorphism. Then I is said to be a gr-a-pr-ideal if for all w,y € h(A) with wy € I,
we have either w € I or a(y) € I.

Certainly, if [ is an a-pr-ideal of A, I is a gr-ideal of A ,and « is a gr-homomorphism, then /
is a gr-a-pr-ideal of A. However, the next example shows that a gr-a-pr-ideal is not necessarily
a-pr:

Example 2.2. Consider A = Z[i| and G = Z,. Then A is G — gr by Ay = Z and A, = iL.
Examine the gr-ideal I = pA of A, where p is a prime number with p = ¢* + d?, for some
¢,d € Z. Consider the gr-homomorphism o : A — A with a(a + ib) = a — ib. Let wy € I for
some w,y € h(A).

Case (1): Assume that w,y € Ag. In this scenario, w,y € Z s.t p divides wy, and then either
p divides w or p divides y. It indicates w € T ory € I. So,w € T or a(y) =y € L.

Case (2): Assume that w,y € Aj. In this scenario, w = ia and y = ib for some a,b € 7. s.t
p divides wy = —ab, and then p divides a or p divides b in Z, it indicates p divides w = ia or p
divides y = ibin A. thenwe getw € I ory € I. So, w € T or a(y) = —y € L.

Case (3): Assume that w € Ay and y € A,. In this scenario, w € Z and y = ib for some
b € Z, so p divides wy = iwb in A, that is iwb = p(« + if3) for some a, 3 € Z. then we get
wb = ppB, that is p divides wb in Z, and again p divides w or p divides b, it indicates p divides w
orpdividesy =ibin A. Thus, we I ory € I. So,w € [ ora(y) = —y € L.
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Hence, I is a gr-a-prime ideal of A. But I is not a-pr since (¢ —id)(c+id) € I, (c—id) ¢ I
and afc+id) =c—id ¢ I.

Evidently, every gr-prime ideal is a gr-a-pr-ideal, where « is the identity map. However,
the next example shows that a gr-a-pr-ideal is not necessarily gr-prime. So, gr-a-pr-ideals are
recognized as a generalization of gr-pr-ideals.

Example 2.3. Consider A = Z[X] and G = Z. Then A is G—gr by A; = Z.X7, where j > 0 and
A; = 0otherwise. Consider the gr-ideal I = (3X) of A. Clearly, I is not a gr-pr-ideal of A since
3, Xeh(A)with3dX € 1,3 ¢ Iand X ¢ I. Consider the gr-homomorphism o : A — A with
a(f(X)) = f(0). Let f(X),g9(X) € h(A) with f(X)g(X) € I. Then 3X divides f(X)g(X),
and then X divides f(X)g(X) it indicates X divides f(X) or X divides g(X). If X divides
f(X), then f(X) = Xk(X) for some k(X) € A, and then o(f(X)) = f(0) = 0 € I. Similarly,
if X divides g(X), then a(g(X)) = 0 € I. Hence, I is a gr-a-pr-ideal of A.

Proposition 2.4. Let A be a gr — R and I be a gr-a-pr-ideal of A. Then o(I) C I

Proof. Letw € I. Thenw, € I forall g € G as I is a gr-ideal. So, 1.w,; = w, € I indicates

a(wy) € I forall g € G as I is gr-a-pr, and hence a(w) = « Z wy | = Z a(wy) € 1.
geG geG
Therefore, o(I) C 1. O

Proposition 2.5. Let A be a gr — R and I be a gr-a-pr-ideal of A. Then Grad(I) is a gr-a-pr-
ideal of A.

Proof. Let w,y € h(A) with wy € Grad(I). Then w*y* = (wy)* € I for some positive
integer k, and then since [ is gr-a-pr, either w* € I or (a(y))* = a(y*) € I, it indicates either
w € Grad(I) or a(y) € Grad(I). Therefore, Grad(I) is a gr- a-pr-ideal of A. i

Lemma 2.6. Let A be a gr — Rand I be a gr — a — pr — ideal of A. Then
Sy ={z € A:a(x) € I}isagrideal of A containing I.

Proof. Clearly, Sy is an ideal of A containing I. Let x € S;. Then z € A with a(z) € I. Now,
= Z x4 Where z, € Ay for all g € G, it indicates a(zy) € a(Ay) C A, forall g € G. So,
9eC

a(zy) € h(A) for all g € G with Z a(zy) = a Z zg | = a(z) € 1. Since I is a gr-ideal,
gea@ e
a(zy) € I forall g € G, and then z, € S; for all g € G. Therefore, Sy is a gr-ideal of A. i

Proposition 2.7. Let A be a gr — R and I be a gr-a-pr-ideal of A. Then St is a gr-a-pr-ideal of
A.

Proof. Let w,t € h(A) s.t wt € S;. Then a(w)a(t) = a(wt) € I. Since I is gr-a-pr and
a(w),a(t) € h(A), either a(w) € I or a(«(t)) € I, and then either w € Sy or a(t) € S;.
Hence, St is a gr-a-pr-ideal of A. O

Lemma 2.8. Let Abe a gr—R, I be a gr-ideal of A. Let x € h(A). ThenI, = {y+ax:y € [,a € A}
is a gr-ideal of A containing x and 1.

Proof. Evidently, I, is an ideal of A. containing « and I. Let r € I,. Then r = y + ax for
some y € [ and a € A, and then ry = (y + ax)y = yg + (ax)y = yy + Z apxp-1, for all

heG
g € G. Now, since y € I and [ is a gr-ideal, y, € I for all ¢ € G. Also, since z € h(A),

x € A, for some z € G, and then for any g € G, x4, = x for g = z and x4, = 0 otherwise. So,
Z apTp-1g = ag,17, and thenry =y, +ag, 1w € I, for all g € G. Therefore, I, is a gr-ideal

heG
of A. O
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Proposition 2.9. Let A be a gr — R and I be a gr-a-pr-ideal of A. If I is maximal with respect
to the property that w € I implies a(w) € I among all gr-ideals of A, then I is a gr-pr-ideal of
A.

Proof. Letw,y € h(A) withwy € I andw ¢ I. Consider the gr-ideal I,, = {s +ay : s € [,a € A}
of A,and letr € I,. Thenr = s + ay for some s € I and a € A, and then wr = ws + way € 1.
Since I is gr-a-pr and w ¢ I, a(r) € I C I,. So, by the maximality of I, [, = I, and hence
y € I. Therefore, I is a gr-pr-ideal of A. O

The next result introduces an characterization for gr-a-pr-ideal.

Theorem 2.10. Let A be a gr — R and I be a proper gr-ideal of A. Then I is a gr-a-prime ideal
of A iff for any two gr-ideals P and K of A with PK C I, either P C I or a(K) C I.

Proof. Suppose that I is a gr-a-pr-ideal of A. Let P and K be two gr-ideals of A with PK C I
and P SZ I. Then 3 2 € P such that z ¢ I, and then 3 g € G such that z, ¢ I. Note that,
ry € Pas Pisagr-ideal. Lety € K. Thenyy, € K forall h € G as K is a gr-ideal. So, for any
h € G, zqyn € PK C I, and since [ is gr-a-pr with x4 ¢ I, a(yp) € I for all h € G, it indicates
a(y) € 1. Hence, a(K) C I. Conversely, let 2,y € h(A) such that zy € I. Then P = (x)
and K = (y) are gr-ideals of A with PK C I. By assumption, either P C I or «(K) C I, it
indicates either x € I or «(y) € I. Therefore, I is a gr-a-pr-ideal of A. i

Proposition 2.11. Let A be a gr — R, I be a gr-a-pr-ideal of A and K be a non-empty subset of
h(A) with K ¢ I and o(K) L I. Then (I : K) = {a € A: aK C I} is a gr-a-pr-ideal of A.

Proof. Let z,y € h(A) with zy € (I : K). Then zyK C I. Since a(K) ¢ I, 3r € K with
a(r) ¢ I. Now, zyr € I, itindicates xy € I as I is gr-a-pr, and then also either x € I C (I : K)
ora(y) € I C(I:K)aslIisgr-a-pr. Hence, (I : K) is a gr-a-pr-ideal of A. i

Proposition 2.12. Let A and B be two G — gr — Rand f : A — B be a gr — R—homomorphism.
Assume that o and § are gr — R—homomorphism from A to A and from B to B respectively. If
foa=pBof, thenfor any gr-B-pr-ideal P of B, f~'(P) is a gr-a-pr-ideal of A.

Proof. Let P be a gr-p-pr-ideal of B. Suppose that z,y € h(A) with xy € f~!(P). Then
f(z), f(y) € h(B) such that f(x)f(y) € P, and P being gr-3-pr it indicates either f(z) € P or
B(f(y)) = f(a(y)) € P, that is, either z € f~!1(P) or a(y) € f~'(P), as desired. i

Proposition 2.13. Let A and B be two G — gr — Rand f : A — B be a gr — R—epimorphism.
Assume that o and 3 are gr — R—homomorphism from A to A and from B to B respectively. If
foa= o fandIisagr-ideal of Awith Ker(f) C I, then I is a gr-a-pr-ideal of A iff f(I) is
a gr-B-pr-ideal of B.

Proof. Suppose that I is a gr-a-pr-ideal of A. Let w,y € h(B) with wy € f(I). Since f is gr-
epimorphism, 3 a,b € h(A) with f(a) = w and f(b) = y, and then f(ab) = f(a)f(b) = wy € I,
it indicates ab € I as Ker(f) C I. Since [ is gr-a-pr, either a € I or a(b) € I, and then either
w = f(a) € f(I)or B(y) = B(f(b)) = f(a(b)) € f(I). Thus f(I) is a gr-a-pr-ideal of B. The
converse follows from Proposition 2.12. O

Note that, if & : A — A is a gr — R—homomorphism and [ is a gr-ideal of A, then «; :
AT — A/Istar(a+I) = afa) + I is a gr-R-homomorphism.

Proposition 2.14. Let A be a gr — R, I and P be two gr-ideals of A s.t I C P. Assume that
a: A — Aisagr — R—homomorphism. Then P/I is a gr-ay-pr-ideal of A/I iff P is a
gr-a-pr-ideal of A.

Proof. Suppose that P/I is a gr-ay-pr-ideal of A/I. Let w,y € h(A) such that wy € P. Then
w+Ly+ 1€ h(A/I)with (w+I)(y+ 1) =wy+ I € P/I, and then either w + I € P/I or
ar(y+1) € P/I,soeither z € P or a(y) € P. Hence, P is a gr-a-pr-ideal of A. Conversely, let
wH+1I,y+1eh(A/I)st(w+I)(y+I)e P/I. Thenw,y € h(A) withwy € P, and then either
w € Pora(y) € P,soeitherw+1 € P/Iora;(y+I) e P/I. Thus P/I is a gr-a-pr-ideal of
A/l ]
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Lemma 2.15. Let Abe a gr — Rand o : A — A be a gr — R homomorphism. Then Ker(«) is
in the intersection of all gr-a-pr-ideals of A.

Proof. Suppose that a € Ker(a). Then a(a) = 0 exists in every gr-a-pr-ideal of A. So, a
exists in the inverse image of every gr-a-pr-ideal of A which is repeatedly a gr-a-pr-ideal of A
by Proposition 2.12. Therefore, Ker(«) is in the intersection of all gr-«-pr-ideals of A. ]

Lemma 2.16. Let A be a gr-domain and o : A — A be a gr — R— homomorphism. Then Ker(a)
is a gr-prime ideal of A.

Proof. Suppose that wb € Ker(«) for w,b € h(A). Then a(w),a(b) € h(A) with a(wb) =
a(w)a(b) = 0 and A being a gr-domain implies either a(w) = 0 or a(b) = 0, that is, either
w € Ker(a) orb € Ker(«). Therefore, Ker(«a) is a gr-pr-ideal of A. i

Proposition 2.17. Let A be a gr — R and I be a gr-a-pr-ideal of A. Consequently, the following
claims are true:

(i) If a € h(A) with a* € I for some positive integer k, then a(a) € I.
(ii) If x € h(A) with (a(z))¥ € I for some positive integer k, then a(a(x)) € 1.
(iii) a(a(z)) € I for all homogeneous nilpotent element x: of A.
Proof. (i) Since a* € I, a*~'a € I, and then either a*~' € I or a(a) € I as I is gr-a-pr. If

a*~! € I, then a*~2a € I, and then either a* =2 € I or a(a) € I as I is gr-a-pr. Continue
on this procedure to obtain surely a.(a) € 1.

(i) Since z € h(A), z € A, forafew g € G, and then a(z) € a(A,) C Ay. So, a(z) € h(A),
and hence the result holds by (1).

(iii) Let z € h(A) be a nilpotent. Then z* = 0 for some positive integer k, and then (a(x))* =
a(z*) = a(0) = 0 € I, and hence the result holds by (2).
m

Theorem 2.18. Let A be a gr-domain and oo : A — A be a gr — R homomorphism. Then
No(A) = {z € A: (a(x))* =0, for some positive integer k} is in the intersection of all gr-a-
pr-ideals of A.

Proof. Let w € N,(A). Then a(w®) = 0 for some positive integer k, it indicates that w* €
Ker(a). By Lemma 2.16, w € Ker(«) that is in the intersection of all gr-a-pr-ideals of A by
Lemma 2.15. So, w belongs to the intersection of all gr-a-pr-ideals of A. Therefore, N, (A) is
in the intersection of all gr-a-pr-ideals of A. O

Definition 2.19. Let A be a gr — R, I be a proper gr-ideal of A and o : A — A be a
gr — R—homomorphism. The gr-a-radical of I is express by Grad,(I) and it is in the fol-
lowing terms:

Grad,(I) ={x = ng € A:VgeG,Ing € Ns.t.afzyr) € I}
geG

Undoubtedly, Grad,(I) is a gr-ideal of A, N,(A) = Grad,({0}) and hence N,(A) is a
gr-ideal of A. Also, if I is a gr-a-pr-ideal of A, then I C Grad,(I).

Proposition 2.20. Let A be a gr — R, I,J be two gr-ideals of A and o : A — A be a gr-R-
homomorphism. Then the following claims are true:

(i) If I C J, then Grad,(I) C Grads(J).

(ii) Grad,(IJ) = Grady (INJ) = Grads(I) [ Grad,(J).

(iii) If a(1) = 1, then Grad,(I) = Aiff I = A

(iv) If I and J are gr-a-pr-ideals of A, then Grad, (I + J) C Grad,(Grad,(I) + Grad,(J)).
(v) Grad,(I*) = Grad,(I), for all positive integer k.
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Proof. (i) Leta € Grad,(I) ,then 3 a positive integer k, with
a(a’;g) € I, since I C J then a(asg) € J then Grad,(I) C Grady(J).

(ii) Since IJ C I J, Grad,(I1J) C Grad, (I(\J). Leta € Grad, (I()J)and g € G. Then
3 a positive integer k, with
a(ay®) € INJ,and then a(ay ) = a(ay®)a(as?®) € 1J. Hence, Grady (1.J) = Grad, (INJ).
Since INJCIandI(J CJ,Grady, (INJ)C
Grady(I)(Grad,(J). Let a € Grad,(I)() Grad,(J) and g € G. Then 3 positive in-
teger ng,my s.t a(ay’) € I and a(aj®) € J, and then a(ay’) € I()J, where k, =
maz{ng,mgy},and hence a € Grad, (I(\J). Thus Grad, (I(J) = Grad,(I) () Grads(J).

(iii) Suppose that Grad,(I) = A. Then 1 € Grad,(I), and then 3 a positive integer & s.t
1 =a(l) = a(1*) € I, and hence I = A. Versus, 1 = a(l) € I, and then 1 € Grad,(I),
and hence Grad, (I) = A.

(iv) Since I and J are gr-a-pr, I C Grad,(I) and J C Grad,(J), so I +J C Grady(I) +
Grady(J), and then Grad, (I + J) C Grada(Grad,(I) + Grad,(J)).

(V) Grad,(I*) = Grad,(I)( ... Grad,(I) =Grad, (1)
O

Proposition 2.21. Let A and B be two G — gr — Rand f : A — B be a gr — R—homomorphism.
Assume that o and 3 are gr — R—homomorphism from A to A and from B to B respectively. If
foa=pof. Let I and J be two gr-ideals of A and B respectively. Then the next statements
hold:

(i) f(Grads(I)) C Gradg(f(1)).
(ii) Grad,(f~1(J)) C f~Y(Grads(J)).

Proof. (i) Lety € f(Grad,(I)). Then 3 z € Grad,(I) s.t f(z) = y. Let g € G. Then
3 a positive integer k s.t a(zh?) € I, and then B(yp°) = B((f(2))s) = a(f(zh)) =
fla(z?)) € f(I), and hence y € Grads(f(I)).

(ii) Letz € Grada(f~'(J)) and g € G. Then exists a positive integer k, s.t a(z}?) € f=1(J),
and then B((f(z))s?) = B(f(xs?)) = fla(z?)) € J, and so f(z) € Grads(J) that is

r € f~1(Grady(J)).
O

Definition 2.22. Let A be a gr — R, I be a proper gr-ideal of A and o : A — A be a gr —
R—homomorphism. Then I is said to be a gr-a-primary ideal of A if whenever x,y € h(A) s.t
xy € I, then either x € I or a(y*) € I, for some positive integer k.

Proposition 2.23. If I is a gr-a-primary ideal of A, then Grad (1) is a gr-a-pr-ideal of A.

Proof. Let w,y € h(A) s.twy € Grad,(I). Then a(w®)a(y*) = a(wby*) = a((wy)*) € I,
for some positive integer k. Since I is gr-a-primary, either a(w*) € I or a((y*)™) € I, for some
positive integer n, and then either a(w*) € I or a(y*™) € I, it indicates either w € Grad,(I) or
a(y) € Grad,(I). Hence, Grad, (1) is a gr-a-pr-ideal of A. i

Definition 2.24. Let A be a gr — Rand o : A — A be a gr — R homomorphism. Then A is said
to be gr-a-domain if whenever w,y € h(A) s.t wy = 0, then either w = 0 or a(y) = 0.

Indeed, every gr-domain is gr-a-domain for every «. Also, if « is the identity map, then gr-
domain and gr-a-domain coincide. However, the next example demonstrates that a gr-a-domain
is not necessarily gr-domain:

Example 2.25. Consider A = Z[X) and G = Z. Then A is G — gr by A; = ZX7, where
j > 0and A; = 0 otherwise. Consider the gr-ideal I = (X?) of A. So, A/I is a gr-R by
(A/I); = (Aj +1)/I for all j € Z. Consider the gr-homomorphism o : AJ/I — A/I with
a(f(X)+1I) = f(0)+ 1. Let f(X),9(X) € h(A/I) st (f(X)+)(g(X)+1I) =0+ 1.
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Then f(X)g(X) € I that is X? divides f(X)g(X), and then X divides f(X)g(X), it indicates
either X divides f(X) or X divides g(X). If X divides f(X), then f(X) = Xh(X), for some
hX) € Z[X], and then o(f(X) +I) = f(0) + I = 0+ 1. Similarly, if X divides g(X),
then a(g(X) + I) = 0+ I. Hence, A/I is a gr-a-domain. But A/I is not gr-domain since
X +1€h(A/)with(X+1)(X+1)=X>+1=0+Tand X +1#0+1.

Theorem 2.26. Let A be a gr—R, I be a gr-ideal of Aand o : A — A be a gr— R—homomorphism.
Then I is a gr-a-pr-ideal of A iff A/I is a gr-ar-domain.

Proof. Suppose that I is a gr-a-pr-ideal of A. Letw+1,y+1 € h(A/T) st (w+1)(y+I) = 0+1.
Then w,y € h(A) s.t wy € I, and then either w € I or a(y) € I, so either w + 1 = 0+ I or
ar(y+1) = aly)+ I =0+ 1. Hence, A/I is a gr-a;-domain. Conversely, let w,y € h(A) s.t
wy € I. Thenw+1,y+1 € h(A/I)st (w+1)(y+1)=0+1,and then either w+1 = 0+ or
aly) +I=a;(y+1)=0+1,soeitherw € [ or a(y) € I. Thus I is a gr-a-pr-ideal of A. O

Proposition 2.27. Let A be a gr-a-domain. Then Ker(«) is a gr-a-pr-ideal of A.

Proof. Let’s say wb € Ker(a) for w,b € h(A). Then a(w), a(b) € h(A) such that o(wb) =
a(w)a(b) = 0 and A being a gr-a-domain implies either a(w) = 0 or a(a(b)) = 0, that is,
either w € Ker(a) or a(b) € Ker(a). Therefore, Ker(a) is a gr-a-pr-ideal of A. i

Proposition 2.28. Let A be a gr — R. Then A is a gr-field iff {0} and A itself are the only
gr-ideals of A.

Proof. Let’s say A is a gr-field. Let I be a gr-ideal of A and I # {0}. Then 30 # z € I, and
then 3 g € G such that x, # 0. Note that, z, € I as I is a gr-ideal. Since A is gr-field, 3y € A
such that z,y = 1, and then 1 € I, and hence I = A. Versus, let 0 # z € h(A). Then I = Ax
is a gr-ideal of A, and then either ] = {0} or ] = A. Since x # 0, I = A, and then 1 € [, it
indicates xy = 1 for some y € A, that is, x is unit. O

Definition 2.29. A graded a-domain A is said to be a gr-a-field if A/ Ker(a) is a gr-field.
Proposition 2.30. Every gr-field is a gr-a-field, for all a.

Proof. Let Abe agr-fieldand o : A — A be a gr-R-homomorphism. Then A is a gr-domain, and
then A is a gr-a-domain. Since A is a gr-field, Ker(a) = {0} or Ker(a) = A by Proposition
2.28, and then A/Ker(a) = A/{0} =~ Aor A/Ker(a) = A/A =~ {0}. In both cases, A/ Ker(«)
is a gr-field. Hence, A is a gr-a-field. O

Undoubtedly, the converse of Proposition 2.30 is not true in general, as we see in the next
example. Indeed, the converse of Proposition 2.30 is true if Ker(«) = {0}. So, gr-field and
gr-a-field coincide when Ker(a) = {0}.

Example 2.31. Consider A = K[X], where K is a field, and G = Z. Then A is G-gr by
A; = KX, where j > 0 and A; = 0 otherwise. Consider the gr-homomorphism o : A — A
with a(f(X)) = f(0). Then Ker(a) = (X), and then A/Ker(a) =~ K is a gr-field. So, A is a
gr-a-field. But A is not gr-field since X € h(A) is non-unit.
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