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Abstract Let L be a lattice with the greatest element 1. In this paper, we introduce the
concept of 1-absorbing primary ideals of L as a generalization of primary ideals. A proper
ideal I of L is called 1-absorbing primary ideal if for all nonunit elements a, b, ¢ € L such that
aAbAc € I, theneithera Ab € I or ¢c € v/I. Some properties of 1-absorbing primary ideals
are investigated. We show that a proper ideal I of L is a 1-absorbing primary ideal of L if
and only if whenever I 1,13 C I for some proper ideals Iy, I, I3 of L, then either I}, C I or
I3 € /I. Some properties of primary ideals and 1-absorbing primary ideals are studied under
lattice homomorphisms. Finally, we have studied different properties of 1-absorbing primary
ideals in product lattices.

1 Introduction

The study of prime ideals is an important aspect of ring theory. The concept of prime ideals
in a ring was first studied by Krull [14] and Fitting [9] and later on Golan [10] introduced the
term prime ideal.

After that, the notion of prime ideals has been extended and generalized by many researchers
in many different ways. For instance, in 1978, Hedstrom and Houston [13] introduced the con-
cept of strongly prime ideal using the notion of quotient field of a ring. For a ring R and the
quotient field K of R, they defined a proper ideal I of R to be strongly prime if for a,b € K with
ab € I, then either a € I or b € I. In 2003, Anderson and Smith [1] introduced the notion of
weakly prime ideals of a commutative ring as a generalization of prime ideals. A proper ideal I
of a commutative ring R is called weakly prime ideal if for a,b € Rand 0 # ab € I, eithera €
or b € I. In 2005, Bhatwadekar and Sharma [6] introduced the notion of almost prime ideals
which is also a generalisation of prime ideals. A proper ideal I of an integral domain R is said to
be almost prime if for a,b € R with ab € I\ I?, then either a € I or b € I. It is clear that every
weakly prime ideal is an almost prime ideal. Another generalisation of prime ideal is 2-Prime
ideal. The concept of 2-Prime ideals and their applications were introduced by Beddani and
Messirdi[5] in 2016. A nonzero proper ideal I of R is called a 2-Prime ideal if for a,b € R and
ab € I, then either a®> € I or b> € I. The concept of 1-absorbing prime ideals of commutative
rings were studied by Yassine, Nikmehr and Nikandish [18] in 2021. Following this, the concept
of 1-absorbing primary ideals of commutative rings were studied by Badawi and Yetkin [4] in
2020. In this way, a significant amount of research work has been done by many researchers on
various extensions and generalizations of prime ideals of commutative rings over the years.

The concept of primary ideals and their generalizations are also studied in ring theory .
Badawi [2] introduced the concept of 2-absorbing ideal in a commutative ring. Later on, Payrovi
and Babaei [16] extended the concept of 2-absorbing ideal in a commutative ring. Furthermore,
Badawi et.al [3] introduced the notion of 2-absorbing primary ideals in commutative rings. Af-
ter that, Mustafanasab and Darani [15] studied the concepts of 2-absorbing primary ideals and
weakly 2-absorbing primary ideals in commutative rings.
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The study of prime ideals, primary ideals and absorbing ideals have drawn attention in lattice
theory also. Recently, Estaji and Haghdadi [8] studied the notion of n-absorbing ideals in a
lattice. For a positive integer n, a proper ideal I of a lattice L is said to be an n-absorbing
ideal of L whenever a; A ay A ... A apy1 € I, then there are n of the a;’s whose meet is in [
for all ay, ay,...a,+1 € L . Furthermore, Wasadikar and Gaikwad [17] studied the concept of 2-
absorbing ideals and 2-absorbing primary ideals in lattices and discussed their various properties.
The notion of 1-absorbing prime ideals in lattices has been introduced and studied in [7].

In this paper, we introduce the notion of 1-absorbing primary ideals of a lattice. We discuss
several characterization properties of 1-absorbing primary ideals of a lattice. We show that a
proper ideal I of a lattice L is a 1-absorbing primary ideal of L if and only if wheneverl 1,1z C I
for some proper ideals I}, I, I3 of L, then either I}, C I or I3 C I. We have also shown that if 1
is a 1-absorbing primary ideal of L, then /T is a prime ideal of L. Furthermore, we have studied
the properties of primary ideals and 1-absorbing primary ideals under lattice homomorphisms.
Finally, we have studied various properties of 1-absorbing primary ideals in product lattices.

2 Preliminaries

In this section, we discuss some preliminary definitions and results of lattice theory which will
be needed in the consequent sections. Throughout this paper we consider L to be a lattice with
the greatest element 1. Any unreferred and undefined terminology related to lattice theory can
be found in [11, 12]. We begin the section with the following definition.

Definition 2.1: A non-empty subset I of L is called an ideal of L if (i) a,b € I impliesa Vb € I
and (ii) a € I, € Limplies a Al € I. Anideal I of L is said to be proper if I # L.

Definition 2.2: Let L be a lattice. A proper ideal I of L is called prime if a,b € L such that
aNbe I, theneitherac ITorbel.

Example 2.3: Let us consider the lattice of divisors of 30. In this lattice, I = {1,2,5,10} is a
prime ideal.

30

—

L
Fig. 1.
Definition 2.4: Let L be a lattice and @ € L be any element. Then the principal ideal generated
by a denoted by (a), is defined as (a] = {z € L | z < a}.

Definition 2.5: The radical of an ideal I of L denoted by /T is defined as the intersection of all
prime ideals of L containing I.

Remark 2.6: If there does not exist a prime ideal containing an ideal [ in a lattice L, then
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VI=L.

Definition 2.7: A lattice L is said to be a distributive lattice if a A (bV ¢) = (a Ab) V (a A ¢) for
all a,b,c € L.

Remark 2.8: Following Gratzer[11, p.75] in a distributive lattice L, an ideal I is the intersection
of all prime ideals containing it, that is, I = V.

However, this may or may not hold in case of a non distributive lattice which can be observed
from the following example.

Example 2.9: Let us consider the lattice L as shown in Fig. 2 below. Clearly, the lattice L here
is non distributive. Now, let us consider the ideal I = (n] of L. Then, VT = (p] N (7] = (n]
which shows that /T = I.

Fig. 2.

Again, let us consider the ideal I = (] of the lattice L as shown in Fig. 2 above. Then we have,
VI = (q] N (r] = (o] which shows that I C V/T.

Definition 2.10:[17] Let L be a lattice. A proper ideal I of L is called primary if a,b € L such
thata A b € T, then eithera € T or b € V/T.

Example 2.11: Let us consider the ideal I = (m] of the lattice L as shown in Fig. 2 above.
Here, /T = (p]. Clearly, I is a primary ideal of L.

Again, let us consider the ideal I = (j] of L. Here, /I = (¢] N (r] = (o]. The ideal I is not a
primary ideal since f A g = a € I but neither f € I nor g € /1.

Lemma 2.12: Let L be a lattice. If I is a prime ideal of L, then VI=T1.
However, the converse of this lemma need not hold always which can be seen from the following
example.

Example 2.13: Let us consider the ideal I = (i] of the lattice L as shown in Fig. 2 above. It is
clear that /T = 1I.
However h A k = e € I but neither h € I nor k € I. Hence, I is not a prime ideal of L.

Lemma 2.14:[17] If [ is a prime ideal of a lattice L, then [ is a primary ideal of L.
However, the converse of this lemma does not hold in general as shown in the following example.

Example 2.15: Let us consider the ideal I = (m] of the lattice L as shown in Fig. 2 above.
Here, /I = (p] as (p] is the only prime ideal containing I. Clearly, I is a primary ideal of L.
However k Al = e € I but neither k € I nor [ € I. Thus, I is not a prime ideal L.



1-Absorbing Primary Ideals of a Lattice 331

Definition 2.16: An element a of a lattice L is called a unit if there exist b € L such that aAb = 1.

Definition 2.17: A nonzero nonunit element a of a lattice L is called irreducible if a = b A ¢ for
some b, ¢ € L, then b is a unit of L or ¢ is a unit of L.

Definition 2.18:[7] Let L be a lattice. A proper ideal I of L is called a 1-absorbing prime ideal
if for all nonunit elements a,b,c € L suchthata Ab A c € I, then eithera Ab e [ orc e I.

Definition 2.19:[17] Let L be a lattice. A proper ideal I of L is called 2-absorbing if for a, b, c €
LsuchthataAbAce I, theneitheraAbeloraNcelorbAcel

Definition 2.20:[17] Let L be a lattice. A proper ideal I of L is called 2-absorbing primary if for
a,b,c € Lsuchthata AbAce I, theneitheraAbe ToraAceVIorbAce VI,

Lemma 2.21:[17] If [ is a primary ideal of a lattice L, then I is a 2-absorbing primary ideal of
L.
However, the following example shows that the converse of this lemma does not hold.

Example 2.22: Let us consider the ideal I = (] of the lattice L as shown in Fig.2 above. Then,
VI = (q] N (r] = (o]. Clearly, I is a 2-absorbing primary ideal of L. Now, g A h = 0 € I, but
neither g € I nor h € /1. Thus, I is not a primary ideal of L.

Remark 2.23: Radicalization of an ideal of a lattice is an idempotent operation. For a proper

ideal I of a lattice L, we have /I = v/I. Moreover, /I is the smallest radical ideal containing
1.

Definition 2.24: Let L; and L, be two lattices. A mapping f : Ly — L, is called a lattice
homomorphism if f(a Ab) = f(a) A f(b) and f(a V b) = f(a)V f(b), forall a,b € L;.

Lemma 2.25:[17] Let f : L — L' be ahomomorphism of lattices. Then the following statements
hold:

(1) If I is an ideal of I/, then f~'(\/T') = \/f~1(I").
(2) If f is an isomorphism and I is an ideal of L, then f(v/T) = \/f(I).

Definition 2.26: Let (L1, A1, V) and (Lz, Az, V2) be two lattices. Then (L, A, V) is the direct
product of lattices L; and L,, where L = Ly X L, and the binary operation V(join) and A(meet)
on L are defined in such a way that for any (a;, b;) and (az, by) in L, we have (ay,b1) A (az,by) =
(a1 Aap, by A bz) and (al, bl) V (az, bz) = (CL1 Vap, b V bz).

Lemma 2.27:[17] Let L = L; x L,, where L; and L, are lattices with 1. Then the following
hold:

(1) If I, is an ideal of Ly, then /1| x L, = /I x L,.
(2) If I, is an ideal of L,, then v/L; x I, = L x \/I5.

Definition 2.28: A lattice L is called a bounded lattice if it has the greatest element 1 and a least
element 0.

3 1-absorbing primary ideals of a lattice

In this section, we begin by introducing the concept of 1-Absorbing primary ideals of a lat-
tice L in order to define an 1-absorbing version of well-known results regarding primary ideals.

Definition 3.1: Let L be a lattice. A proper ideal I of L is called a 1-absorbing primary ideal if
for all nonunit elements a,b,c € L suchthata AbAc¢ € I, theneithera Abe T orce V1.

Clearly, every primary ideal of L is 1-absorbing primary but the converse is not true which
can be observed from the following example.
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Example 3.2: Let us consider the lattice L of divisors of 100 as shown below in Fig. 3 . Let us
take the ideal I = (2] of L. Then /T = (4] N (50] = (2]. Clearly, I is a I1-absorbing primary
ideal of L. However, 4 A 10 = 2 € I but neither 4 € I nor 10 € v/I. Hence, I is not a primary
ideal of L.

100

L
Fig.3.

Proposition 3.3: Let I be a proper ideal of a lattice L. If I is a 1-absorbing primary ideal of L,
then [ is a 2-absorbing primary ideal of L.

Proof: Let I be a proper ideal of L. Let us suppose that a Ab A ¢ € I for a,b,c € L. If at least
one of a,b and c is unit, say a = 1, then b A ¢ € I and we are done. Therefore, let us assume that
a,b and c are all nonunit elements of L. Since [ is a 1-absorbing primary ideal of L, so we have
eitheraAbe Torce VI. This gives eithera Abe T oraAc e VTorbAce I Hence, I is
2-absorbing primary ideal of L.

The converse of the Proposition 3.3 does not hold always which can be shown by the following
example.

Example 3.4: Let us consider the ideal I = (0] of the lattice shown in Fig. 2. Then, v/I =
(p]N(q)N(r] = (7]. Itis clear that I is a 2-absorbing primary ideal of L. However, iAjAl =0 € I,
but neither i A j = a € I nor I € v/I. Hence, I is not a 1-absorbing primary ideal of L.

Lemma 3.5: Let L be a lattice. If I and .J are two ideals of L, then VI NJ = VI NVJ.

The above lemma says that the radical of an intersection of ideals of a lattice is equal to the
intersection of their radicals.

Definition 3.6 Let I be a 1-absorbing primary ideal of a lattice L such that v/ = P is a prime
ideal of L. Then, we call I a P-1-absorbing primary ideal of L.

Proposition 3.7: Let I}, I, ...... , I, be P-1-absorbing primary ideal of L, then I = N I; is a
P-1-absorbing primary ideal of L.

Proof: First we observe that /I = P. Let us suppose that a A b A ¢ € I for some nonunit
elements a,b,c € L and a A b ¢ I. Without loss of generality, we may assume that a A b & I;.
Since, I is a P-1-absorbing primary ideal of L and a A b ¢ I, we must have ¢ € P. Thus, I is a
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P-1-absorbing primary ideal of L.

Proposition 3.8: Let I be an ideal of a lattice L. Then v/ is a prime ideal of L if and only if /T
is a primary ideal of L.

Proof: Let us suppose that v/T is a prime ideal of L. If a A b € /T for a,b € L, then either
a € VT orb e I. This gives either a € VT orb € \/\ﬁ (by Remark 2.23). Hence, /T is a
primary ideal of L.

Conversely, let us suppose that /T is a primary ideal of L. Let us assume that a A b € /T for
a,b € L. Since /T is a primary ideal, so we have either a € VT or b € \/ﬁ . This gives either
a € VT orb € /T (by Remark 2.23). Thus, v/T is a prime ideal of L.

In the similar fashion we establish the following result.

Proposition 3.9: Let I be an ideal of a lattice L. Then /T is a 1-absorbing prime ideal of L if
and only if v/T is a 1-absorbing primary ideal of L.

Proof: Let us suppose that /T is a 1-absorbing prime ideal of L and a A b A ¢ € V/T for some
nonunit elements a,b,c € L. Then, we have either a A b € VT or ¢ € \/I. This gives either
anbevTorce VVI (by Remark 2.23). Hence, /T is a 1-absorbing primary ideal of L.
Conversely, let us assume that /T is a 1-absorbing primary ideal of L and a A b A ¢ € /T for
some nonunit elements a,b,c € L. Then, we have either a A b € Viorce \/ﬁ . This gives
either a A b € /T or ¢ € /T (by Remark 2.23). Hence, /T is a 1-absorbing prime ideal of L.

Lemma 3.10: Let 7 be a 1-absorbing primary ideal of a lattice L. If a Ab A J C I for all proper
ideals J of L and nonunit elements a,b € L, thena Ab e I or J C V1.

Proof: Let us suppose to the contrary that a AbAJ C I, butaAb ¢ I and J ¢ VI. Then
there exists a nonunit element j € .J such that j ¢ /. This implies a A b A j € I. Since T

is a 1-absorbing primary ideal of L, so we have a A b € I and j € /I, a contradiction. Thus,
aAbeTorJCVI.

Proposition 3.11: Let I be a proper ideal of a lattice L. Then the following statements are
equivalent:

(1) I1isa l-absorbing primary ideal of L.

(2) For any proper ideals I}, I, I3 of L such that I, 1,13 C I implies that either I;[, C I or
I C VI

Proof:

(1) = (2) Let I be a 1-absorbing primary ideal of L. We assume that [; ;I3 C I for some proper
ideals Iy, I, I3 of L and I; I, ,CZ 1. Then there exist nonunit elements a € I} and b € I, such
thata Ab ¢ I. Since,a AbA I3 CTanda Ab ¢ 1. so we can conclude that Iz C VT (by
Lemma 3.10).

(2) = (1) Let us suppose that I be a proper ideal of L such that if I;I,13 C I for some proper ideals
I, I, I; of Lthen I} I, C T or Is C v/I. We show that I is a 1-absorbing primary ideal of
L. Let a Ab A c € I for nonunit elements a, b, ¢ € L. This implies that (a] A (b] A (c] C I.
Let I) = (a], I, = (b] and I3 = (¢]. By hypothesis, either (a] A (b] C I or (¢] € v/1. Thus,
we have either a Ab € I or ¢ € /1. Hence, I is a 1-absorbing primary ideal of L.

Proposition 3.12: Let P; and P, be two distinct primary ideals of a lattice L, then P, N P, is a
I-absorbing primary ideal of L.

Proof: Let a,b, ¢c € L be nonunit elements such thata AbAc e PN P. ThenaAbAc € P, and
aNbAc € P Since Py and P, are distinct primary ideals of L and we know that every primary
ideal of L is a 1-absorbing primary ideal of L, so we have a Ab € Pyorc € /P andaAb e P,
or ¢ € /P,. Therefore, we have (a Ab € PyandaAb € Py) or (¢ € /P, and ¢ € \/P,). This
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implies thata Ab € PPN P, orc € /P N+/P,. Thus, wehaveaANbe PPN P,orc e VP NP
(by Lemma 3.5). Hence, P; N P; is a 1-absorbing primary ideal of L.

In the following result we state the generalization of the above Proposition 3.15 .

Proposition 3.13: Let Py, P, ..., P,, be any primary ideals of a lattice L, then I = N}* | P; is a
I-absorbing primary ideal of L.

The following result establishes a relationship of 1-absorbing primary ideal with irreducible
elements of a lattice.

Proposition 3.14: Suppose that I is a 1-absorbing primary ideal of L that is not a primary ideal.
Then there exists an irreducible element « € L and a nonunit element y € L suchthatz Ay € I,
but neither 2 € I nor y € v/I. Furthermore, if a A b € I for some nonunit elements a, b € L such
that neither a € I nor b € v/I, then a is an irreducible element of L.

Proof: Since [ is not a primary ideal of L, so there exist nonunit elements x,y € Landz Ay € |
such that neither 2 € I nor y € v/I. Suppose that z is not an irreducible element of L. Then
x = ¢ A d for some nonunit elements ¢,d € L. Since x Ay = cAd Ay € I withy ¢ /T and I is
a 1-absorbing primary ideal of L, therefore we can conclude that ¢ A d = x € I, a contradiction.
Hence, z is an irreducible element.

Proposition 3.15: Let I be a 1-absorbing primary ideal of a lattice L. Then (I : ¢) = {z € L :
¢ Az € I}is aprimary ideal of L for every element c € L \ 1.

Proof: Let us suppose that a A b € (I : ¢) for some elements a,b € L and nonunit element
ce L\ Isuchthata ¢ (I :c). Then wehavea AbAc € IandaAc ¢ I. Let us now assume
that a, b are nonunit elements of L. Since I is a 1-absorbing primary ideal of L, so we have
beIC\/(I:c). Thus, (I : c)is a primary ideal of L.

4 Some properties of 1-absorbing primary ideals under lattice
homomorphism

In this section, we study some properties of primary ideals and 1-absorbing primary ideals of a
lattice under homomorphism of lattices. We begin with the following proposition.

Proposition 4.1: Let f : L — L’ be a homomorphism of lattices. Then the following statements
hold:

(1) If P’ is a primary ideal of L/, then f~!(P’) is a primary ideal of L.
(2) If f is an isomorphism and P is a primary ideal of L, then f(P) is a primary ideal of L’.

Proof:

(1) Letanb € f~1(P') fora,b € L. Then f(aAb) € P'. This implies f(a) A f(b) € P'. Since
P’ is a primary ideal of L/, so we have either f(a) € P’ or f(b) € v/P’. This gives either
a€ f~'(P)orbe f'(v/P'). Therefore, we have either a € f~'(P’) orb € \/f~1(P’)
(by Lemma 2.25(1)). Thus, f~!(P’) is a primary ideal of L.

(2) Leta’ Ab € f(P) forsome a’, b’ € L'. Then there exists some a,b € L such that f(a) = o’
and f(b) ='. Now, f(a) A f(b) = a’ AV € f(P) which implies f(a Ab) € f(P). Since f
is an isomorphism, so we have a A b € P. As P is a primary ideal of L, therefore we have
either @ € P or b € \/P. This yields either f~!(a’) € P or f~'(0') € v/P. This implies
either a’ € f(P)ort’ € f(v/P). Therefore, we have o’ € f(P) or ¥’ € \/f(P) (by Lemma
2.25(2)). Hence, f(P) is a primary ideal of L'.

Proposition 4.2: Let L; and L, be two lattices and f : L; — L; be a lattice homomorphism such
that f(1) = 1 and f(a) is nonunit in L, for every nonunit element a in L;. Then the following
statements hold:
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(1) If I is a 1-absorbing primary ideal of L, then f~!(I) is a 1-absorbing primary ideal of L.

(2) If f is onto and I is a 1-absorbing primary ideal of L; with ker(f) C I, then f(I) is a
1-absorbing primary ideal of L,.

Proof:

(1) Let us suppose that I is a 1-absorbing primary ideal of L, and a Ab A ¢ € f~!(I) for some
nonunit elements a,b,c¢ € L. Then f(a AbAc¢) = f(a) A f(b) A f(c) € I. Since I is a
1-absorbing primary ideal of L,, so we have either f(a) A f(b) € I or f(c) € /1. This
implies that either aAb € f~!(I) or ¢ € f~'(v/T). Therefore,we have either aAb € f~1(I)
orc € v/f~1(I) (by Lemma 2.25(1)). Hence, f~!(I) is a 1-absorbing primary ideal of L;.

(2) Let us suppose that f is onto and [ is a 1-absorbing primary ideal of L; with ker(f) C I.
Let x Ay A z € f(I) for some nonunit elements x,y,z € L,. Since f is onto, there exist
nonunit elements a, b, ¢ € Ly such that x = f(a),y = f(b),z = f(c). Therefore, we have
flanbAe) = fla)NF(O)A f(e) =xAyAz € f(I). Since ker(f) C I, so we can conclude
thata Ab A c € I. Given [ is a 1-absorbing primary ideal of L;, we have eithera A b € T
or ¢ € V/I. This implies that either z Ay € f(I) or z € f(v/T). Therefore, we have either
zAy e f(I)orze \/f(I)) (by Lemma 2.25(2)). Thus, f(I) is a 1-absorbing primary
ideal of L,.

Proposition 4.3: Let f : L — L’ be a homomorphism of lattices. Then the following statements
hold:

(1) If I is a 1-absorbing primary ideal of L/, then f~!(I’) is a 1-absorbing primary ideal of L.

(2) If f is an isomorphism and I is a 1-absorbing primary ideal of L, then f(I) is a 1-absorbing
primary ideal of L'.

Proof:

(1) Let a AbAc € f~'(I') for some nonunit elements a,b,c € L. Then f(a AbAc) =
fla) A F(b) A f(e) € I'. As I' is a 1-absorbing primary ideal of L', so we have either
f(a) A f(b) € I or f(c) € V/T'. This implies either f(a Ab) € I' or f(c) € V/I'. This
gives eithera Ab € f~1(I") or c € f~1(v/T'). Therefore, we have either a Ab € f~!(I) or
c € +/f~(I') (by Lemma 2.25(1)). Thus, f~!(I’) is a 1-absorbing primary ideal of L.

(2) Leta’ AV A ¢ € f(I) for some nonunit elements a’,b’, ¢’ € L'. Then there exists nonunit
elements a,b,c € L such that f(a) = o, f(b) =¥, f(c) = ¢. This implies that f(a) A
fO)A f(e) = flanbAc) € f(I) which givesaAbAc € 1. As I is a 1-absorbing primary
ideal of L, so we have either a A b € I or ¢ € v/1. This yields either f~!(a’) A f~1 (V) € T
or f~!(¢') € V1. Therefore, we have either f~'(a’ Ab) € T or f~'(¢') € VI. Thus,
we have either o’ A b € f(I) or ¢ € f(v/T). Therefore, we have either a’ AV’ € f(I) or
¢ €4/ f(I)) (by Lemma 2.25(2)). Hence, f(I) is a 1-absorbing primary ideal of L’.

5 1-absorbing primary ideals in product lattices

In this section, we prove some results on 1-absorbing primary ideals in product lattices. We start
the section with the following proposition.

Proposition 5.1: Let L = L; x L,, where L and L, are lattices. Let I be a proper ideal of L.
Then I x L, is a 1-absorbing primary ideal of L if and only if I is a 1-absorbing primary ideal
of L1 .

Proof: Let us suppose that [ x L, is a 1-absorbing primary ideal of L. Leta Ab A ¢ € I for
nonunit elements a,b,c € L;. Then (a AbAc,z) € I x L, forx € L,. Since I x L, is a
1-absorbing primary ideal of L, so we have either (a A b,z) € I X L, or (¢,x) € /I x L. This
implies we have either (a A b,z) € I x L, or (¢,z) € VI x L, (by Lemma 2.27(1)). This gives
either a Ab € I or ¢ € v/I. Hence, I is a 1-absorbing primary ideal of L;.
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Conversely, let us suppose that I is a 1-absorbing primary ideal of L;. Let (a AbAc,z) € I X L,
for nonunit elements a, b,c € L and € L,. As I is a 1-absorbing primary ideal of L, we have
either aAb, € T or ¢ € v/T. Thus, we have either (aAb, z) € Ix Ly or (c,x) € VIxLy = /T X L
(by Lemma 2.27(1)). This gives that I x L, is a 1-absorbing primary ideal of L.

The following proposition is similar to Proposition 5.1 .

Proposition 5.2: Let L = | x L, where L and L, are lattices. Let J be a proper ideal of L.
Then L; x J is a 1-absorbing primary ideal of L if and only if .J is a 1-absorbing primary ideal
of Lz.

Proposition 5.3: Let L. = L; x L,, where L; and L, are lattices. Let I} and I, be proper ideals
of L) and L; respectively. If I = I} x I, is a 1-absorbing primary ideal of L then I and I, are
1-absorbing primary ideals of L; and L, respectively.

Proof: Let us suppose that a A b A ¢ € I; for some nonunit elements a,b,c € L;. Then
(anNbAc,z) € 1 x I forx € I. As I = I x I, is a 1-absorbing primary ideal of L, we have
either (a Ab,x) € I} x I or (¢,z) € \/I; x I,. Therefore, we have either (a A b,z) € I} x I, or
(c,z) € VI x /T, (by Lemma 2.27). This gives that either a A b € I} or ¢ € y/I. Thus, I} is a
1-absorbing primary ideal of L.

Again, let us assume that a A b A ¢ € I, for some nonunit elements a,b,c € L,. Then
(y,aAbAc)e I} x I fory € I. Since I = I x I, is a 1-absorbing primary ideal of L, so we
have either (y,a Ab) € I} x I or (y,c) € \/I1 x I,. Thus, we have either (y,a Ab) € I x I, or
(y,c) € VI x /I, (by Lemma 2.27). This gives that either a A b € I, or ¢ € /I;. Hence, I, is
a l-absorbing primary ideal of L.

The converse of the above Proposition 5.3 need not hold. The following example illustrates
that if 7; and I, are 1-absorbing primary ideals of L and L, respectively, then [ = I} x I, may
not be a 1-absorbing primary ideal of L = L; x L,.

Example 5.4: Let us consider the lattices L, L, and L = L; x L, as shown in Fig. 4 be-
low. Let us take the ideals I} = {0}, I, = {0} of the lattices L; and L, respectively. Then
Iy x I, = {(0,0)} and thus \/I; x I, = {(0,0)}. The ideals I; and I, are 1-absorbing primary
ideals of L, and L, respectively. But for (a,1) A (1,0) A (b,0) = (0,0) € I, x I, neither
(a,1) A (1,0) = (a,0) € I} x I nor (b,0) € I} x I. Thus, I} x I, is not a 1-absorbing
primary ideal of L.

(1,1)
1 1
(a,1) (b,1)
a b [ (a,0) ' . I (b,0)
0 0 (0,0
L, L, L=IzX L5

Fig. 4.

Proposition 5.5: Let L. = L; x L,, where L; and L, are bounded lattices. Let J be a proper
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ideal of L. Then the following statements are equivalent:
(1) Jis a 1-absorbing primary ideal of L.

(2) Either J = I} x L, for some 1-absorbing primary ideal I} of L, or J = L; x I, for some
1-absorbing primary ideal I, of L, or J = I x I, for some primary ideal I; of L; and some
primary ideal I, of L.

Proof: (1) = (2) Suppose that .J is a 1-absorbing primary ideal of L. Then J = I} x I, for
some ideal I; of L; and some ideal I, of L,.

Case 1: If I, = Ly, then I} #= L. Thus J = I} x L,. Let a A b A ¢ € I, for some nonunit
elements a,b,c € Ly. Then (a AbAc,x Ay Az) € I} x Ly, where z,y,z € L. As Jis a
1-absorbing primary ideal of L, we have either (a A b,z Ay) € I} X Ly or (¢,2) € I} X L.
This implies either (a Ab,x Ay) € I} x Ly or (¢, z) € v/I; x Ly (by Lemma 2.27(1)). This gives
either a A b € I or c € v/T,. Hence, I is a 1-absorbing primary ideal of L.

Case 2: If I} = Ly, then I, # L. Thus J = Ly x I. LetaAbAc € I, for some nonunit elements
a,b,c € Ly. Then (x Ay A z,aAbAc) € Ly X I, where z,y,2 € L. As J is a 1-absorbing
primary ideal of L, we have either (z A y,a A b) € Ly x I or (z,¢) € \/L1 X I;. This implies
either (z Ay,a Ab) € Ly x I or (z,¢) € Ly x v/I,. This gives eithera A b € I, or ¢ € \/I; (by
Lemma 2.27(2). Hence, I is a 1-absorbing primary ideal of L,.

Case 3: Now if I} # L) and I; # L; then J = I} x I,. On the contrary, let us suppose that [
is not a primary ideal of L;. Then there exist a,b € L; such that a A b € I, but neither a € I;
norb € \/I;. Letz = (a,1),y = (1,0),z = (b,1). Thenz Ay A 2 = (a A b,0) € J but neither
z Ay = (a,0) € Jnor z = (b,1) € v/J, which is a contradiction. Thus, I} is a primary ideal of
L.

Let us suppose that I, is not a primary ideal of L,.Then there exist d,e € L, such thatdAe € I,
but neither d € I nor e € /I,. Letz = (1,d),y = (0,1),2 = (l,e). Thenz Ay Az =
(0,d A e) € J but neither x Ay = (0,d) € J nor z = (1,e) € v/J, which is a contradiction.
Hence, I, is a primary ideal of L.

(2) = (1) Let us suppose that J = I} x L, for some 1-absorbing primary ideal I; of L;. Let
(a1,b1) A (az,b2) A (az, b3) € I} X Ly. Then a; Aaz Aas € I;. Since I; is a 1-absorbing primary
ideal of L, so we have either a; A ay € I) or a3 € v/I;. This implies either (a;,b;) A (az,b) €
Iy x L, or (a3,b3) S \/E X L,. Thus either (al,bl) A (az,bz) € 1y x Ly or (a3,b3) eI x Ly
(by Lemma 2.27(1)). Hence, J = I} x L, is a 1-absorbing

primary ideal of L.

Similarly, we can prove that J = L; x I, is a 1-absorbing primary ideal of L.

Again, we assume that J = I} x I, for some primary ideal I; of L; and for some primary ideal
I, of L,. Then we have P = I} x L, and Q = L; x I, are 1-absorbing primary ideal of L (by
Proposition 5.1 and 5.2). Thus, we have PN Q = I} x I, is also a 1-absorbing primary ideals of
L (By proposition 3.15). Hence, J = I; x I, is a 1-absorbing primary ideal of L.

The following proposition is a generalization of Proposition 5.5.

Proposition 5.6: Let L = L; x Ly X ....... X Ly, where 2 < n < oo, and Ly, L, ....... L, are
lattices. Let J be a proper ideal of L. Then the following statements are equivalent:

(1) J is 1-absorbing primary ideal of L.

(2) Either J = ][] I such that for some k € {1,2,.....,n}, I is a 1-absorbing primary ideal

t=1
of Ly, and I; = L; for every ¢t € {1,2,......,n} \ {k} or J = H I; such that for some

k,m € {1,2,....,n}, I} is a primary ideal of Ly, I,,, is a primary 1dea1 of L,,,and I; # L;
for every t € {1 2,...n}\ {k,m}.

Proof: (1) < (2) We prove this theorem by induction on n. Let us assume that n = 2. Then,
the result holds by Proposition 5.5 . Again, let us suppose that 3 < n < oo and assume that the
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result is valid when K = L| x Ly X ....... X Ly_1. Now we prove the result when L = K x L,,.
By Proposition 5.5, J is a 1-absorbing primary ideal of L if and only if either J = A x L,, for
some 1-absorbing primary ideal A of K or J = K X A, for some 1-absorbing primary ideal
A, of L, or J = A x A, for some primary ideal A of K and some primary ideal of A4,, of

n—1

L,,.Thus we observe that a proper ideal B of K is a primary ideal of K if and only if B = [] I;
t=1

such that for some k& € {1,2,....,n — 1}, I} is a primary ideal of Ly, and I, # L, for every
te{l,2,....on—1}\ {k,m}.
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