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Abstract. In this paper, we introduce and investigate a new subclass of analytic functions
defined by a modified Tremblay fractional derivative operator in the unit disk. We obtain coeffi-
cient inequalities, distortion properties, radii properties, extreme points, and closure properties.
Furthermore, we obtain integral transforms, closure properties, and integral means inequalities
for the defined class.

1 Introduction

The subject of fractional calculus (integral and derivative of any arbitrary real or complex order)
has acquired significant popularity and major attention from several authors in various science
due mainly to its direct involvement in the problems of differential equations in mathematics,
physics, engineering and others. it has gained an interesting area in mathematical research and
generalization of the(derivative and integral) operators and its useful utility to express the math-
ematical problems which often leads to problems to be solved. Specifically, it utilized to define
new classes and generalized many geometric properties and inequalities in complex domain.
These operators are play an important role in geometric function theory to define new general-
ized subclasses of analytic univalent and then study their properties.

The study of analytic functions through the lens of fractional calculus has garnered significant
attention due to its broad applicability in complex analysis, mathematical modeling, and ap-
plied sciences. Fractional derivative operators, particularly those involving parameters, offer a
powerful framework for generalizing classical function classes and uncovering deeper structural
properties.

Among such operators, the Tremblay fractional derivative operator stands out due to its flexibility
and generality. It unifies various known fractional operators and introduces a richer parametric
structure that facilitates the study of more complex geometric behaviors of analytic functions.
Motivated by the need to explore new function classes with enhanced geometric and analytic
properties, this work aims to investigate analytic functions defined via the Tremblay operator.
By doing so, we extend classical results and provide new insights into coefficient bounds, dis-
tortion properties, and radii problems under fractional differentiation. The motivation also stems
from the potential of these generalized functions in modeling physical systems described by non-
integer order dynamics, as well as their theoretical significance in geometric function theory.

Let A denote the class of univalent and analytic functions in the open unit disc U = {z € C :

|z] < 1}, and normalized by the conditions f(0) = f’(0) — 1 = 0. It is clear that every function
belonging to the class .4 can be given by the following Maclaurin’s expansion

f2) =24 anz", (1.1)
n=2
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A function f belonging to A is said to be starlike function of order o (0 < o < 1), if

Re{zf/(z)}>a(z€U), (1.2)

f(2)

the subclass of all starlike functions of order « is denoted usually as S*(«). Further, a function
f belonging to A said to be convex function of order o (0 < v < 1), if

Re{l + zJ{,(;’)} >a(zel), (1.3)

we denote by K(«a) the subclass of all convex functions of order «. We note that S*(0) = S*
and K£(0) = K. From (1.2) and (1.3), it is clear that

fEK(a) = g8 (a):g(z) = 2f (2). (1.4)

For details about the subclasses S*(«) and K(a), see MacGregor [18], Pinchuk [11] and Schild
[12].

The modified Hadamard product (or Convolution) of function f € A given by (1.1), and g € A
given by

9(2) = 24> baz", (1.5)
n=2
is defined by
(fx9)(2) = 24> anbnz" = (g% f)(2). (1.6)
n=2

Let T" denote the class of functions analytic in U that are of the form
fz2)=2=> anz", (an >0, z€U) (1.7)
n=2

andlet 7* (o) = TN S*(a), C(a) = TN K (). The class T*(«) and allied classes possess some
interesting properties and have been extensively studied by Silverman [20] and Others [16].

The following definition of fractional derivative will be required in our investigation (see, for
details, [3, 4, 21, 13]).

Definition 1.1. The fractional integral of order § is defined, for a function f, by

- _ @ .
Dz 6f(z) - F(5)/0 (Z*f)lfédf’ (6 >O)a

where f is an analytic function in a simply-connected region of complex z -plane containing the
origin, and the multiplicity of (z — £)°~! is removed by requiring log(z — £) to be real when
z—&>0.

Definition 1.2. The fractional derivative of order ¢ is defined, for a function f, by

_ b d [ f©
Dﬁf(Z)—r(l_é)dz/O Cogrde0sa<),

where f is constrained, and the multiplicity of (z — &)~ is removed, as in Definition 1.1.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative of order (n + §)
is defined by

n

Dn+5 —
() = o

Dif(z) (0<é<1,meNy=NU{0}).
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By virtue of Definitions 1.1, 1.2 and 1.3, we have

. T(n+1)
D ) n _ n+4d
S = Tmtorns | (ENG>0)
and
I'(n+1) _
) n o_ n—ao <
Ddz 7F(n—5+1)2 (neN,0<d<1).

Tremblay [5] studied a fractional calculus operator defined in terms of the Riemann Liouville
fractional differential operator. Ibrahim and Jahangiri [17] extended and studied this operator in
the complex plane.

Definition 1.4. The Tremblay fractional derivative operator T of a function f € A is defined,
forall z € U by

T () = D )

O<pu<l0<o<; u>0,0< p—0<1).

It is clear that, for © = o = 1, we have

T2 f(2) = f(2).
Example 1.1. Let f(z) = 2™. The Tremblay Fractional Derivative of f(z) is

o7 () = RO LRI

(1) T(n+ o)

and for p = o = 1, we have T!(2") = 2"
Recently in [14], Esa et al. defined modified of Tremblay operator of analytic functions in
complex domain as follows:

Definition 1.5. Let f(z) € A. The modified Tremblay operator denoted by ¥+ : A — A and
defined such as:

THOf(2) = %T‘;"’f(Z)

I'(oc+1)

— l—o npu—o u—1
=z+ Z O(n, p,0)ayz" (1.8)
n=2

where
Lo+ 1)I(n+ )

Ip+1)(n+0)

Inspired by the earlier works of [1, 2, 15, 19] we define a new subclass of functions belonging
to the class A.

O(n, p,0) =

(1.9)

Definition 1.6. For 0 < A < 10 < v < l and k > 0, we let ILZ(/\,%k) be the subclass of T’
consisting of functions of the form (1.7) and satisfying the analytic criteriaon

R (if;(zz)) - v) >k ’ZF;;(ZQ) - 7‘ (1.10)

where
Fa(z) _ (L= NTf() + AT ()
2P (2)  2(Tmof(2)) + A2(Tre f(2))" (z€) (1.11)

where TH° f(z) is given by (1.8).
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Example 1.1. For A = 0 we let LS (v, k) be the subclass of T consisting of functions of the
form (1.7) and satisfying the analytic criterion

T f(2)

EGE o)

)

2 Characteristic properties of the class L7 (X, v, k)

We recall the following lemmas, in order to prove our main results.

Lemma 2.1. If x is a real number and w is a complex number, then

R(w) = x & [w+ (1 —x)|—w-(1+x) 0.

Lemma 2.2. If w is a complex number and x, k are real numbers, then

R(w) > klw— 1|+ x & R{w(l + kew) - keig} >y, —7m<0<m.
Theorem 2.3. A function f of the form (1.7) is in L5, (X, v, k) if and only if

Z (1 +nA— /\)|(1 +k) —’I’L(’}/"—k)l@ (n,/.L,O')|CLn| <1 ) (21)

n=2
where 0 <A< 1,0<~y <1,k >0and® (n,p,o ) is given by (1.9).

Proof. Let a function f of the form (1.7) and such that f € T satisfy the condition (2.1). We
will show that (1.10)) is satisfied and so f € LZ()\, v, k). Using Lemma (2.2), it is enough to
show that

F . .
R (Z;;(ZZ)) (14 kei®) — keza) >, —w<O< T 22)

That is, suppose f € L7 (), 7, k). Then by Lemma 2.2, we have (2.2).
Choosing the values of z on the positive real axis the inequality(2.2) reduces to

(1 =) = 20 [(1+ k) — n(y + ke)[(1+ An = N)O (n, 1, ) |an|" !
R ( 21 =3, n(1+nA—=X)O (0, p,0)a,z""! > 2 0.

Since R(—e?) > —e? = —1, the above inequality reduces to

(1=9) = S5 (L+ A = N)[(E+ 1) = nly + B)]O (0,10, 0 Janr™!
R ( 1 _22;;2 n(l+ 1A —N)® (1, 11,0 Japr— ) > 0.

Letting » — 1~ and by the mean value theorem we get desired inequality (2.1).
Converesely, let (2.1) hold we will show that (1.10) is satisfied and so f € }LZ()\, v, k). In
view of Lemma 2.1,

Rw) >y jw—(1+7)] <|w+(1-9)
it is enough to show that

5 (el )l <l + (-l 1)

9

where
A = (= N6+ 2 (520) |

:z—Z(l +An = N0 (n,p,0 )|an|"

n=2
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and

B(z) = [2( %0/ (2)) + A2(%00(2)"]]

:Z_Z n(l14+ M —X)0 (n,p,0)|a,|z"

n=2

Hence, we have

-1

B(z) B(z)

’ +Z +nA=AN[n—1—~v+n(y+k)]®(n,u o )a,z

IZ\

< |B|fz)| (2—7)—i(1+n)\—)\)[(n+1+’Y)—n(7+k)]®(n7/la0)anzn
n=2
_|A(z) kAR ]
<r=[ag+ (=55 1))

and it is easy to show that R — L > 0, by the given condition (2.1). This completes the proof. O
Theorem 2.4. A function f of the form (1.7) is in LS] (v, k) (0 <~y < 1,k > 0) if and only if

oo

Y0 +k) =n(y+ k)@ (n,p,0)an| <17, (2.3)

n=2
where ® (n, p, 0 ) is given by(1.9)
Theorem 2.5. A function f(z) of the form (1.7) is in LC] (7, k) (0 < v < 1,k > 0) if and only if

o0

Do nl(1+k) = n(y+ k)00, 1, 0)an| <1 -7, 24
n=2

where @(n, u, o) is given by (1.9).

Corollary 2.6. If f € L7 ()\, v, k) , then

l—~y
< <A<1.0< 1.k >
|an|_‘P()\,’y,k,n)’ 0_/\_ 70_’Y< )k_07
where
Y\ v, k,n)=1+nA=N)|1+k)—n(y+k)|®(n,u,o0) (2.5)

and O(n, p, o) is given by (1.9). Equality holds for the function

1 —~

f(z)=2— Wz"
For the sake of brevity we let,
YA, k,2)=(1+X)|1 —k—29|0(2, u,0) (2.6)
and
02, 1, 0) = i% @.7)

unless otherwise stated.
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3 Distrotion Bounds and Extreme Points

By a routine procedure one can find the distortion property and extreme points for function
L7 (X, 7, k) so we state the results without proof.

Theorem 3.1. Let the function f defined by (1.7) belong to IL§,(\, 7, k). Then we have

-~ 2 11—~ 2
_ -~ < < = .1
POk ST gn sy G
" (=) (1-1)
2(1 -~ ) 2(1 —
- r < <1 R B —— = 2
P08 =S R gy T 2
Equalities are sharp for the function
f(z)=2- ﬁzz , where W(\, v, k,2) is given by (2.6).
Next we discuss the extreme points for the class.
Theorem 3.2. The extreme points of L7, (A, v, k) are
filz) = zand folz) = 2 — \Mz",for n=2734,... (3.3)

where (A, v, k,n) is defined in (2.5). Then f € IL(X\,~, k) ifand only if f(z) = >0 | wn fn(2),
forw, >0and 377 | w, = 1.

4 Closure Theorem
Let the functions f;(z)(j = 1,2) be defined by
fi(2) :Z_Z an, ;2" fora, ; >0,z € U. 4.1)

n=2

Theorem 4.1. Let the functions f;(z)(j = 1,2,...m) defined by (4.1) be in the classes L5, (X, v;, k)(j =
1,2, ...m) respectively. Then the function h(z) defined by

h@_zz(zam) :

n=2
is in the class L5 (X, v, k), where v = min <<, {v;} with —1 < ~; < 1

Proof. Since f;(z) € Lg(\, v, k) (5 = 1,2,3,..m) (j = 1,2,3,..m) (j = 1,2,3,...m), by
applying Theorem 2.3 to 4.1, we observe that

o0 1 m
;‘P(A,%k,n) (m; an7j>
%Z (Z‘P 'y,knanj>
j=1 =2
1 m
—Z (I1—75)<1-—¥
j=1

where and (), v, k, n) is defined in (2.5) which, in view of Theorem 2.3, again implies that
h(z) € Lg(X, 7, k). So, the proof is complete. i

3
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5 Integral Transform of the class LY, (X, v, k)

In this section, we prove that the class L§, (), v, k) is closed under integral transform.
For f € A we define the integral transform

where v is a real valued, non-negative weight function normalized so that fol v(t)dt = 1. Since
special cases of v(t) are particularly interesting, such as v(t) = (1 + ¢)t,¢ > —1, for which V),
is known as the Bernardi operator and

(c+1)° . 1\
= — — _ >
v(t) 20) t logt ,c>—1,8>0,

which gives the Komatu operator. For more details, see [?].
First we show that the class IL§ (A, v, k) is closed under V, (f)(2).

Theorem 5.1. Let f € LG (N\, 7, k). Then V,(f)(2) € L7, (A, v, k)

Proof. By definition, we have

A il o ST ERy I

n=2

= (_1)6;1(((54—1)57.13& l/l t¢(logt)°~! (z - i |an|z”t"_1>1 .

A simple calculation gives

oo C+1 )
N =% (550) lanl
n=2
We need to prove that
W\, y, k,n) fe4 149
<1 .
Z 1 —x (c+n) jan] < 1 -1

n=2

On the other hand by Theorem 2.3, f € L7, (A, v, k) if and only if

|an| <1,

i Y\ v, k,n)

1 —~

n=2

where W (), v, k,n) is defined in (2.5). Hence %}L < 1. Therefore (5.1) holds and the proof
is complete.
O

The above theorem yields the following two special cases.
Theorem 5.2. If f(z) is starlike of order ~y then V,,(f)(z) is also starlike of order .
Theorem 5.3. If f(z) is convex of order ~y then V,,(f)(2) is also convex of order ~.

Theorem 5.4. Let f € L (A, v, k) . Then V,(f)(z) is starlike of order 0 < & < lin |z| < R,
where

1

(c+ n>5 (1— ¥\, v, kn) | ™

=R\ 1) Tmoan-)

n

,(n=>2)

where W(\, v, k,n) is defined in (2.5).
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Proof. 1t is sufficient to prove

<1-¢ (5.2)

The last expression is less than (1 — &), since

s
ot < (20 L= QF k)
ct1 (n—=&)(1—7)
Therefore the proof is complete. O

Using the fact that f(z) is convex if and only if z f’(2) is starlike, we obtain the following.

Theorem 5.5. Let f € ILG()\, 7, k) . Then V,(f)(z) is convex of order 0 < § < 1in |z| < Ry
where

1

(c+n>5 (1 5)‘1’(%,%’%”)] o ,(n>2)

Rz =inf

n

ct1)  nn-&01-7)

where W(\, v, k,n) is defined in (2.5).

6 Neighbourhood Results

In this section, we discuss neighbourhood results of the class L7 (A, v, k). Following [?, ?], we
define the ¢ - neighbourhood of function f € T by

Ns(f): = {heT h(z _Z—Z |d,,|2" and Z n|an — dp |<5} (6.1)

Particulary for the identity function e(z) = z, we have

Nj(e): = {heT g(z —Z—Z \d|2" andz n|dy| <5} (6.2)
Theorem 6.1. If
_ 2(1=9)
P W0 k2) ©3)

then L7 (X, v, k) C Ns(e), where W(X, v, k,2) is defined in (2.6).
Proof. For f € L7 (A,v,k), Theorem 2.1 immediately yields

lP()V’Yvkaz)Z ‘anl S 1 -7

n=2
so that

Z an| < ,%k Ok (6.4)

On the other hand, from (2.1) and (6.4) that
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o0

—(k+9)(1+XN)0(2,u,0) Z nlan|

n=2

<=7 (1401 PO Ja

< (1 - 7) - (1 + )‘)(1 + k)®(27Na U)

" (1-7)
(I4+X)|1 =k —290(2, p,0)

< 20 =)(k+1)

S T i—k-24]
that is
c- 2(1-7) 2(1-9)
< = = .
2 anl S (T 2 e T F k) (©2)
which, in view of the definition (6.2), proves Theorem 6.1. O

Now we determine the neighborhood for the class L7, (p, A, 7, k) which we define as follows.

Definition 6.2. A function f € T is said to be in the class IL,Z(p7 A, v, k) if there exists a function
h € L7, (p, A, 7, k) such that

f(2)
LA - < . .
’h(z) I|<1—p, (€U, 0<p<1) (6.6)
Theorem 6.3. [f h € L7, (p, \, 7, k) and
O¥(A, 7, k,2)
=1- 6.7
=T A0, k2 - (1= )] ©D
then
Ns(h) C LS(p, Ny, k) (6.8)

where W(\, 7, k,2) is defined in (2.6).
Proof. Suppose that f € Ns(h) . Then we find from (5.1) that

o0

Zn|an —dn| <4,

n=2

which implies the coefficient inequality

i|andn| < g

Next, since i € L7 (X, 7, k), we have

so that

5 (N, k,2)
< Z

—2 \P()‘a’77k72)_(1 _7)
l—p

provided that p is given precisely by (6.7).Thus by Definition 6.2, we have f € ]L,Z(p7 A, v, k) for
p given by (6.7). This completes the proof. O
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7 Integral Means Inequality

In [20], Silverman found that the function f,(z) = z — % is often extremal over the family 7.
He applied this function to resolve his integral means in equality, conjectured in [?] and settled
in [?], that

27 27
/|f(rei‘9)’” df < / | fa(re’ | de,
0 0

forall f € T,n>0and 0 < r < 1. In[?], he also proved his conjecture for the subclasses
T*(7), the class of starlike functions, and C(), the class of convex functions with negative
coefficients.

We recall the following definition and lemma to prove our result on integral means inequality.

Definition 7.1. (Subordination Principle) [?].

For analytic functions g and h with g(0) = h(0), g is said to be subordinate to h, denoted by
g < hif there exists an analytic function w such that w(0) = 0, |w(z)| < 1 and g(z) = h(w(z)),
forallz € U

Lemma 7.2. [?] If the functions f and g are analytic in U with g < f, then for n > 0, and

0<r<l,
2 27:r
/|g(rei9)|nd¢9 < / |£(re?)|" ad. (7.1)
0 0

Applying Lemma 7.2, Theorem 2.3 and Theorem 3.2, we prove Silverman’s conjecture for
the functions in the family L7 (X, v, k).

Theorem 7.3. Suppose f € L7 (A, 7,k),n > 0,0 <A< 1,0 <y <1, k>0and fr(2) is
defined by

11—~ 22
V(A k,2)
where (X, 7, k,2) is defined in (2.6). Then for z = re? 0 < r < 1, we have

fa(z)=2—

27T 2w
/ ()] db < / ()| do. (72)
0 0

Proof. For f € T, (7.2) is equivalent to proving that

[ee] n
1= a,z""! d9</’ do.
0/ ; %k YN,k 2)°

By Lemma 7.2, it suffices to show that

1— E n—1 1 —— 7
= ol k)
Setting
_ n—1 e S
1 ngzz lan| 2 1 W, k72)w(z), (7.3)

and using (2.1), we obtain
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W\, k,n e
lw(z)| = ZQ(I P

n
n=2 177

— P\, 7,k n)
< |Z|Zlf‘an|
n=2 v

<|z|.

This completes the proof.

8 Conclusion remarks

In this study, we investigated a new subclass of analytic functions defined via the Tremblay frac-
tional derivative operator. By employing tools from geometric function theory, we established
several important properties of this class, including coefficient estimates, growth and distortion
theorems, and radii results for starlikeness and convexity. The derived conditions offer a deeper
insight into the geometric behavior of functions under the influence of the Tremblay operator.
Additionally, convolution properties and closure theorems were examined, providing structural
robustness to the function class. The results obtained generalize and extend various known
outcomes for standard fractional derivative operators, thereby highlighting the versatility and
effectiveness of the Tremblay-type operator in complex analysis. These findings open avenues
for further research in the context of fractional calculus and its applications to univalent function
theory. Future directions may include exploring analogous subclasses under Tremblay-type in-
tegral operators, studying subordination and superordination results, and applying the theory to
problems in mathematical physics and engineering where such operators naturally arise.
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