Palestine Journal of Mathematics

Vol 15(2)(2026) , 371-384 © Palestine Polytechnic University-PPU 2026

ON ¢-n-ABSORBING PRIMARY SUBMODULES
Nilofer I. Shaikh and Rajendra P. Deore

Communicated by: Ayman Badawi

MSC 2020 Classifications: 13A15, 13C05, 13C13.

Keywords and phrases: ¢-n-absorbing primary submodule, n-absorbing primary submodule, weakly n-absorbing pri-
mary submodule, almost n-absorbing primary submodule.

Corresponding Author: Nilofer I. Shaikh

Abstract Let R be a commutative ring with identity, M be a unitary R-module and n be a
positive integer. In this paper, we introduce the concept of ¢-n-absorbing primary submodule
generalizing the concept of n-absorbing primary submodule. Let ¢ : S(M) — S(M) U {0}
be a function, where S(M) denotes the set of all submodules of M. A proper submodule N
of M is called a ¢-n-absorbing primary submodule if whenever a;---a,m € N — ¢(N) for
ai,...,a, € Randm € M, then either a; - - - a,, € /(N : M) or there are n— 1 of the a/;s whose
product with m is in N. We prove several results concerning ¢-n-absorbing primary submodule.
We also investigate ¢-n-absorbing primary submodule of some well-known modules.

1 Introduction

Throughout this paper, all rings are commutative with 1 # 0 and all modules are unital. Let
R be aring and M be an R-module. We denote the set of ideals of R by S(R) and the set of
submodules of M by S(M). For an ideal I of R, the radical of I is denoted by /T and is given by
VI ={r € R:r* ¢ Iforsomek € N}. For asubmodule N of M, (N : M) denotes the residual
of N over M andis givenby (N : M) ={re R:rM C N}. If /(N : M) = (N : M), then
we call N to be a radical submodule.

As prime ideals play an important role in commutative ring theory, many authors have gen-
eralized prime ideals in different ways. The concept of weakly prime ideal was introduced by
Anderson and Smith in [1]. Bhatwadekar and Sharma defined almost prime ideal in [2]. Ander-
son and Batanieh in [3] defined ¢-prime ideal. For a function ¢ : S(R) — S(R) U {0}, they
called a proper ideal I of R a ¢-prime ideal if a,b € Rwithab € I —¢(I) impliesa € Torb € I.
A different generalization of prime ideal, called, 2-absorbing ideal, was introduced by Badawi
in [4].

As a generalization of primary ideal, Darani introduced the concept of ¢-primary ideal in [5].
He called a proper ideal I of R a ¢-primary ideal if for a,b € R, ab € I — ¢(I) implies a € [
or b € v/I. Badawi et al. defined 2-absorbing primary ideal and weakly 2-absorbing primary
ideal in [6] and [7] respectively. In [8], Badawi et al. defined a proper ideal I of R to be a ¢-2-
absorbing primary ideal if whenever a, b, ¢ € R with abc € I — ¢(I) implies ab € I or ac € VT
or be € V1.

In [9], Anderson and Badawi expanded the definition of 2-absorbing ideal to n-absorbing
ideal for a positive integer n. Becker extended the definition of 2-absorbing primary ideal to
n-absorbing primary ideal in [10]. Ebrahimpour and Nekooei generalized the concept of n-
absorbing ideal to ¢-n-absorbing ideal in [11]. They defined a proper ideal I of R to be a ¢-n-
absorbing ideal if ajay - - - apt1 € I—¢(I) foray, az, . .., ans1 € Rimplies that there are n of the
a;s whose product is in I. Later, Mostafanasab and Darani in [12] defined a proper ideal I of R
to be a ¢-n-absorbing primary ideal if aja; - - - an 1 € [—¢(I) forelements ay, az, ..., an 1 € R
implies that either a;a; - - - a,, € I or the product of a,,,; with (n — 1) of a1, as, . .., a, is in /1.

A natural generalization of prime ideal is the notion of prime submodule. In [13], Zamani
generalized the concept of prime submodule to ¢-prime submodule. For a function ¢ : S(M) —
S(M) U {0}, he called a proper submodule N of an R-module M to be a ¢-prime submodule
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ifa € Rand m € M witham € N — ¢(N) implies that a € (N : M) or m € N. Darani and
Soheilnia introduced the concepts of 2-absorbing and weakly 2-absorbing submodules in [14] as
generalizations of prime and weak prime submodules.

As a generalization of primary submodule, Dubey and Aggarwal introduced the concept of
2-absorbing primary submodule in [15]. In [16], Moradi and Ebrahimpour called a proper sub-
module N of an R-module M to be a ¢-2-absorbing submodule if abm € N — ¢(N) implies
am € Norbm € Norab € (N : M), where a,b € Rand m € M. They also defined a proper
submodule N of an R-module M to be a ¢-2-absorbing primary submodule if abm € N — ¢(N)
implies am € N or bm € N or ab € /(N : M), where a,b € R and m € M. These two
concepts are also studied by Mostafanasab et al. in [17].

For a positive integer n, the concept of n-absorbing submodule was introduced by Darani
and Soheilnia in [18]. They defined a proper submodule N of an R-module M to be an n-
absorbing submodule if whenever a; - --a,m € N for ay,...,a, € R and m € M, then either
aj---ap, € (N : M) or there are n — 1 of the a}s whose product with m is in N. In [19],
Shaikh and Deore introduced the concept of n-absorbing primary submodule. They defined a
proper submodule N of an R-module M to be an n-absorbing primary submodule if whenever
ap,...,a, € R, m € M and a; ---a,m € N, then either a;---a,, € /(N : M) or there are
n — 1 of the a}s whose product with m is in N. In [20], Yiarayong and Siripitukdet called a
proper submodule N of an R-module M to be a weakly n-absorbing primary submodule if for
eachm € M and a;,ay,...,a, € R, 0 # ajaz---a,m € N, then ajaz---a, € /(N : M)
or azaz---ay,m € N or ajay---a;a;12- -a,m € N for some i € {1,2,...,n — 1}. The
concept of almost n-absorbing primary submodule was introduced by Shaikh and Deore in [21].
They defined a proper submodule N of an R-module M to be an almost n-absorbing primary
submodule if whenever a; - - - a,m € N— (N : M)N foray,...,a, € Rand m € M, then either
ap---a, € /(N : M) or there are n — 1 of the a}s whose product with m is in N.

We call a proper submodule N of an R-module M to be a ¢-n-absorbing submodule of M
if whenever a; ---a,m € N — ¢(N) for ay,...,a, € R and m € M, then either a;---a, €
(N : M) or there are n — 1 of the a}s whose product with m is in N. Note that ¢-n-absorbing
submodule has been investigated by Ebrahimpour and Nekooei in [22] as (n,n + 1)-¢-prime
submodule. In this paper, we define and study the concept of ¢-n-absorbing primary submodule.
A proper submodule N of an R-module M is called a ¢-n-absorbing primary submodule of M
if whenever a; ---a,m € N — ¢(N) for ay,...,a, € R and m € M, then either a;---a, €
/(N : M) or there are n — 1 of the a}s whose product with m is in N.

In section 2, we discuss the relations among n-absorbing primary, weakly n-absorbing pri-
mary, almost n-absorbing primary, ¢-n-absorbing and ¢-n-absorbing primary submodules. For
a ¢-n-absorbing primary submodule N of an R-module M, we define the notion of ¢-primary-
(n + 1)-tuple-zero of N. Using this notion, we determine a few conditions under which a ¢-n-
absorbing primary submodule will be an n-absorbing primary submodule. In Theorem 2.10, we
show that if V is a ¢-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, then (N : M)"N C ¢(N). We also prove several results concerning characterizations
of ¢p-n-absorbing primary submodule.

In section 3, we investigate ¢-n-absorbing primary submodule of some well-known modules
such as quotient modules, localization of modules and direct product of modules. In Corollary
3.5, we prove that K is a ¢-n-absorbing primary submodule of an R-module M if and only if
K/¢(K) is a weakly n-absorbing primary submodule of M/¢(K). In Theorem 3.12, we take
an R;-module M, an Ry-module M, and show that if N; is a weakly n-absorbing primary
submodule of M, then N} x M, is a ¢-n-absorbing primary submodule of M; x M, as an
(R1 x Ry)-module for some ¢ with ¢, < ¢ < ¢.

2 On ¢-n-absorbing primary submodule

In this section, we define ¢-n-absorbing primary submodule and prove several results concerning
its characterizations. We also define ¢-primary-(n + 1)-tuple-zero of N for a ¢-n-absorbing
primary submodule N of an R-module M and prove some results using the same.

Definition 2.1. Let M be an R-module, ¢ : S(M) — S(M) U {0} be a function where S(M) is
the set of submodules of M and n be a positive integer. A proper submodule N of M is called a
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¢-n-absorbing primary submodule if whenever a; - --a,m € N — ¢(N) for ay,...,a, € R and

m € M, then either a; - - - a,, € /(N : M) or there are n — 1 of the a}s whose product with m is
in V.

Let a; denote the element of R obtained by deleting a; from the product a; - - - a,,. Then the
above condition can be written as a; - - - a,m € N — ¢(N) implies either a; - - - a,, € \/(N : M)
ora;m € N forsome 1 < i <n.

Remark 2.2.Let N be a ¢-n-absorbing primary submodule of an R-module M where ¢ :
S(M) — S(M) U {0} is a function. Then

(1) If p(N) = 0, then we say that ¢ = ¢y and N is called a ¢pg-n-absorbing primary submodule
of M, and hence N is an n-absorbing primary submodule of M.

(2) If () = 0, then we say that ¢ = ¢y and N is called a ¢p-n-absorbing primary submodule
of M, and hence N is a weakly n-absorbing primary submodule of M.

(3) If ¢(N) = N, then we say that ¢ = ¢; and N is called a ¢, -n-absorbing primary submodule
of M.

(4) If k > 2 and ¢(N) = (N : M)*~!N, then we say that ¢ = ¢, and N is called a ¢p-n-
absorbing primary submodule of M. In particular, if k¥ = 2, then ¢(N) = (N : M)N and
we say that N is a ¢,-n-absorbing primary submodule of M, and hence N is an almost
n-absorbing primary submodule of M.

oo

(5) If (N) = (N : M)'N, then we say that ¢ = ¢, and N is called a ¢,,-n-absorbing

primary subfﬁodule of M.

Throughout this paper, ¢ denotes a function from S(M) to S(M) U {@}. Since for any
submodule N of M, N — ¢(N) = N — (N N ¢(N)), without loss of generality, we may assume
that ¢(N) C N.

Remark 2.3. For any two functions ¢1,v¢, : S(M) — S(M) U {0}, we say that ¢»; < v, if
1 (N) C (V) for each N € S(M). Hence it is clear that ¢y < ¢p < ¢y < -+ < Py <
¢n §S¢2§¢1

Lemma 2.4. Let N be a proper submodule of an R-module M and 1,1, : S(M) — S(M)U{0}
be two functions with 1y, < 1py. If N is a 11-n-absorbing primary submodule of M, then N is a
p-n-absorbing primary submodule of M.

Proof. Letay,...,a, € Rand m € M such thata;---a,m € N —¢»(N). Thena; ---a,m €
N — 1 (N) as ¢ < 1),. Since N is a ¢;-n-absorbing primary submodule of M, therefore either
aj---ap € /(N : M) ora;m € N for some 1 <4 < n. Hence N is a 1,-n-absorbing primary
submodule of M. O

Theorem 2.5. Let N be a proper submodule of an R-module M. Then the following statements
hold.

(1) If N is a ¢-n-absorbing submodule of M, then N is a ¢p-n-absorbing primary submodule
of M.

(2) Let N be a radical submodule. Then N is a ¢p-n-absorbing primary submodule of M if and
only if N is a ¢-n-absorbing submodule of M.

(3) N is an n-absorbing primary submodule of M = N is a weakly n-absorbing primary
submodule of M = N is a ¢,-n-absorbing primary submodule of M = N is a ¢yr1-n-
absorbing primary submodule of M for every k > 2 = N is an almost n-absorbing primary
submodule of M.

(4) N is a ¢i-n-absorbing primary submodule of M for every k > 2 if and only if N is a
¢.,-n-absorbing primary submodule of M.
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Proof. (1) It is clear from the definitions of ¢-n-absorbing and ¢-n-absorbing primary submod-
ules.

(2) Since N is a radical submodule, /(N : M) = (N : M). Hence the result.

(3) The result is clear from Remark 2.2, Remark 2.3 and Lemma 2.4.

(4) Assume that N is a ¢j-n-absorbing primary submodule of M for every k > 2. Let
ay---apm € N — ¢,(N) foray,...,a, € Rand m € M, thatis, a;---a,m € N — [ (IV :

k=1

M)*N.Thena ---a,m € N— (N : M)k~!N for some k > 2, thatis, aj - - - a,m € N — ¢ (N)
for some k& > 2. Since N is a ¢-n-absorbing primary submodule of M for every k > 2, therefore
either aj -+ -a, € /(N : M) or a;m € N for some 1 <4 < n. Hence N is a ¢,,-n-absorbing
primary submodule of M.

The converse is clear from part (3). O

Question: If N is a ¢p-n-absorbing primary submodule of an R-module M, then under what
conditions will N be an n-absorbing primary submodule of M ?

We obtain a few results that answer this question.

Theorem 2.6. Let N be a ¢-n-absorbing primary submodule of an R-module M such that $(N)

is an n-absorbing primary submodule of M. Then N is an n-absorbing primary submodule of
M.

Proof. Assume that N is a ¢-n-absorbing primary submodule of M such that ¢(N) is an n-
absorbing primary submodule of M. Let a;---a,m € N for aj,...,a, € Rand m € M.
If ay---a,m € ¢(N), then either a; ---a, € \/(¢(N): M) or a;m € ¢(N) for some 1 <
i < n as ¢(N) is an n-absorbing primary submodule of M. Since ¢(N) C N, therefore either
aj---ap € \/(N : M) oraym € N for some 1 <i < n and we are done. If ay - --a,m ¢ ¢(N),
then a; ---a,m € N — ¢(NN) and N is a ¢-n-absorbing primary submodule of M. Hence the
result. O

Definition 2.7. Let M be an R-module, N be a proper submodule of M, ay,...,a, € R and
m € M.

(1) If N is a weakly n-absorbing primary submodule of M with a; ---a,m = 0, a;---a, ¢
V(N : M) and a;m ¢ N forevery 1 < i < n, then (ai,...,a,,m) is called an (n + 1)-
tuple-zero of V.

(2) If N is a ¢-n-absorbing submodule of M with ay---a,m € ¢(N), a1---an, ¢ (N : M)
and a;m ¢ N forevery 1 <i < n, then (ay,...,a,, m) is called a ¢-(n + 1)-tuple-zero of
N.

(3) If N is a ¢-n-absorbing primary submodule of M with a; ---a,m € ¢(N), a1---a, ¢
V(N : M) and a;m ¢ N for every 1 <4 < n, then (ay,...,a,,m) is called a ¢-primary-
(n + 1)-tuple-zero of N.

Remark 2.8. If N is a ¢-n-absorbing primary submodule of M that is not an n-absorbing pri-
mary submodule of M, then there exists a ¢-primary-(n + 1)-tuple-zero (ay, . .., a,, m) of N for
some ajp,...,a, € Rand m € M.

Proposition 2.9. Let N be a ¢-n-absorbing primary submodule of an R-module M. If (ay, . ..,
an,m) is a p-primary-(n+1)-tuple-zero of N for ay, ..., a, € Randm € M, then the following
inclusions hold.

(1) a;---a,N C ¢(N).
(2) ai,---ai, (N:M)*m C ¢(N)foralll <k <n-—1andiy,iy,..., in € {1,2,...,n}.
(3) (N : M)"m C $(N).
(4) a;,---a;,_(N:MEN C ¢(N)foralll <k <n-—1landiy,iz,... 01 € {1,2,...,n}
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Proof. Since (ay,...,a,,m) is a ¢-primary-(n + 1)-tuple-zero of N, we have a;---a,m €
d(N), a1+ -an &/ (N:M)and a;m ¢ N forevery 1 <i <mn.

(1) Assume that a; - - - a, N € ¢(N). Then there exists ng € N such thata; - - - a,ng ¢ ¢(N).
Therefore a; - - - a,(m + ng) ¢ ¢(N), which gives a; ---a,(m +mng) € N — ¢(N). As Nisa
¢-n-absorbing primary submodule of M and a; - --a, & /(N : M), we have @;(m + ng) € N
for some 1 < ¢ < n. Hence a;m € N for some 1 < ¢ < n, which is a contradiction as
(a1,...,an,m)is a ¢p-primary-(n + 1)-tuple-zero of N. Thus a; - - - a, N C ¢(N).

(2) We use induction on k. Let k = 1. Assume that a;, ---a;, (N : M)m ¢ ¢(N). Then
there exists 7 € (N : M) such that a;, - - - a;, ,rm ¢ ¢(IN). Therefore a;, - aln*l( in + T)m ¢
¢(N).Soa;, -+~ a;,_,(a;, +r)m € N—¢(N). Since N is a ¢-n-absorbing primary submodule of
M, therefore either a;, - --a;,_ (a;, +7) € \/(N : M)oras ---a;,_m € N orag,(a;, +r)m €
N forsome 1 < j < n— 1 where C/L; denotes the element of R obtained by deleting a;, from the
product a;, - - -a;, ,. This implies that either a;, - --a;, € /(N : M) or a;, ---a;, ;m € N or
cf,; a;,m € N forsome 1 < j < n—1, acontradiction. Hence the result holds for k¥ = 1. Suppose
k > 1 and assume that the result holds for all positive integers less than k. Now we prove the
result for k. Assume thata;, -~ a;, (N : M)*m ¢ ¢(N). Then there existry,72,...,7 € (N :
M) such that a;, - - a;,_,r172 - - 7xm ¢ ¢(N). By induction hypothesis, we conclude that there
exists ng € ¢(N) such that a;, ---a;,_, (ai,_,_, +71)(ai,_,_, +r2) - (ai, +r)m=no+
a;, ---a;,_,riry--rem & ¢(N). Soay, - 'ain—k(a’inf(kfl) +7r)--(a;, +75)m € N — ¢(N).
Since N is a ¢-n-absorbing primary submodule of M, therefore either a;, - -~ a;,  (ai,_,_, +
1) - (ai, +rx) € V(N : M)orag;(ai,_ ., +ri)(ai,_,_,+r2)- - (ai, +ry)m € N for some
1 < j < n — k where a;, denotes the element of R obtained by deleting a;, from the product
a;, -+ a;,_, Or a; ~~~a1-n7k(ain_<k_t) +r)m € N for some 1 < ¢t < k where (ain_(k_t) + )
denotes the element of R obtained by deleting (a;,_,_, + r¢) from the product (a;,_,_, +
r1) - -+ (ai, + ri). This implies that either a; ---a;, € \/(N : M) or a;,a;,

n—(h—p) @iy MM eN

for some 1 < j < n—kor a ~-~ain7ka%/_(k\_”m € N for some 1 < t < k where ai:(:t)
denotes the element of R obtained by deleting a;,_,_, from the product a;,_, , ---a;,, a

contradiction. Hence a;, - -~ a;, _, (N : M) m C ¢(N )

(3) Assume that (N M)"m ¢ ¢(N). Then there exists ry,...,7, € (N : M) such
that ry---r,m ¢ ¢(N). By hypothesm and part (2), there exists ng € ¢(N) such that (a; +
r1)~-~(an+rn)m:no—|—r1-~-rnm ¢ ¢(N). So (a; +71) -+ (an +7,)m € N —p(N) and N
is a ¢-n-absorbing primary submodule of M. This implies that either (a; +71) - - (an, +7,) €

(N : M) or (a; +r;)m € N for some 1 < i < n. Therefore either a; ---a,, € /(N : M) or
a;m € N for some 1 <14 < n, a contradiction. Hence (N : M)"m C ¢(N).

(4) We use induction on k. Let & = 1. Assume that a;, ---a;, (N : M)N ¢ ¢(N).
Then there exists r € (N : M) and ng € N such that a; ---a;, ,7ng ¢ ¢(N). Therefore
a;, - ai,_ (a;, +r)(m+ng) & ¢(N). Soa;, ---a;,_ (a;, +7)(m+ny) € N—¢(N). Since N
is a ¢-n-absorbing primary submodule of M, therefore either a;, - - - a;,_,(a;, +7) € /(N : M)
ora; ---a;,_ (m+mng) € N orag,(a;, +r)(m-+ng) € N forsome 1 < j < n— 1 where a;, de-
notes the element of R obtained by deleting a;; from the product a;, - - - a;,_,. This implies that
either a;, ---a;, € /(N : M)ora; ---a;,_ m &€ N ora;a;, m €N forsome 1 <j<n-—1,
a contradiction. Hence the result holds for £ = 1. Suppose & > 1 and assume that the re-
sult holds for all positive integers less than k. Now we prove the result for k. Assume that
ai, - ai, (N :M)*N ¢ ¢(N). Then there exist r1,72,...,7, € (N : M) and ng € N such
that a;, -+~ a;,_,m1r2- - rEgno € ¢(N). By part (1), part (2) and induction hypothesis, we con-
clude that there exists n’ € ¢(N) such that a;, - -~ a;, (@i, _,_, +71)(ai,_,_, +72) - (ai, +
ri)(m+mno) =n' +a; - a,_ riry--ryno € ¢(N). Soag, - ai,  (ai,__ +r1) - (aq, +
ri)(m +ng) € N — ¢(N). Since N is a ¢-n-absorbing primary submodule of M, therefore
either a;, -~ a;, ,(ai,_,_, + 1) (ai, +r5) € \/(N: M) ora;(ai,_,_, +71) - (a;, +
re)(m 4 ng) € N for some 1 < j < n — k where a;, denotes the element of R obtained by

deleting a;, from the product a;, - - - a;,_, or a;, ---a;,_, (ai,_,_, +r¢)(m+mng) € N for some
1 <t <k where (a;,_, _, + 1) denotes the element of R obtained by deleting (a;, ,_, + )
from the product (a;, , _,, +71)--(a;, +7i). This implies that either a;, - - - a;, € \/(N : M)
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or @ain—(k—l) ---a;,m € N forsome 1 < j <n—kora; ~~~ain7kaﬁt>m € N for some
1 <t < k where aﬁt) denotes the element of R obtained by deleting a;,_, _, from the
producta;,_, , ---a;,,acontradiction. Hence a;, cova;, (N :M)EN C ¢(N). O

Theorem 2.10. Let N be a ¢-n-absorbing primary submodule of an R-module M that is not
n-absorbing primary. Then (N : M)"N C ¢(N).

Proof. Since N is a ¢-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, therefore there exists a ¢-primary-(n + 1)-tuple-zero (ay,...,a,,m) of N for some
ai,...,a, € Rand m € M. Assume that (N : M)"N ¢ ¢(N). Then there exists ri,...,r, €
(N : M) and ny € N such that ry---r,ng ¢ ¢(IN). By Proposition 2.9, (a; + r1)--- (an +
rn)(m +ng) & ¢(N). So (a1 +71) - (an + r)(m +np) € N — ¢(N) and N is a ¢-n-
absorbing primary submodule of M. Therefore either (a; + 1) (a, +7,) € /(N : M) or
(a; +7i)(m + ng) € N for some 1 < ¢ < n. This implies that either a; ---a, € \/(IN : M) or
a;m € N for some 1 < i < n, a contradiction. Hence (N : M)"N C ¢(N). O

Corollary 2.11. If N is a ¢p-n-absorbing primary submodule of an R-module M that is not n-
absorbing primary, then \/(N : M) = \/(¢(N) : M).

Proof. Since N is a ¢-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, by Theorem 2.10, we have (N : M)"N C ¢(N). Then (N : M) = (N : M)"(N :
M) = ((N : M)"N : M) C (¢(N) : M). Therefore \/(N: M) C /(¢(N): M). As
#(N) C N, \/(¢(N): M) C /(N :M). Thus /(N : M) = /(¢(N) : M). o
Theorem 2.12. Let N be a ¢-n-absorbing primary submodule of an R-module M that is not
n-absorbing primary, where ¢ < ¢, 2. Then (N : M)"N = (N : M)""!N.

Proof. Clearly, (N : M)"*'N C (N : M)"N. Since N is a ¢-n-absorbing primary submodule
of an R-module M that is not n-absorbing primary, by Theorem 2.10, we have (N : M)"N C
#(N). As ¢ < ¢y,12, therefore ¢(N) C (N : M) N. Thus (N : M)"N = (N : M)""'N. o

Corollary 2.13. If N is a ¢p-n-absorbing primary submodule of an R-module M with ¢ < ¢p12,
then N is a ¢,,-n-absorbing primary submodule of M.

Proof. If N is an n-absorbing primary submodule of M, then N is a ¢,-n-absorbing primary
submodule of M by Theorem 2.5(3). So assume that IV is not an n-absorbing primary submodule
of M. Then by Theorem 2.12, (N : M)"N = (N : M)"*'N. Therefore ¢,,(N) = (N :
i=1
M)'N = (N : M)"N. By hypothesis, ¢ < ¢,4, and by Remark 2.3, ¢,,12 < ¢piq. SO
¢ < ¢n+1 and N is a ¢p-n-absorbing primary submodule of M. Therefore by Lemma 2.4, N is a
¢n+1-n-absorbing primary submodule of M and ¢, 1(N) = (N : M)"N = ¢,,(N). Hence N
is a ¢,-n-absorbing primary submodule of M. O

Let M be a multiplication R-module. Then N = (N : M)M for every submodule N of
M. Let N be a ¢-n-absorbing primary submodule of M. Then for any k& > 2, ¢ (N) = (N :
M='N = (N : M)*"'(N : M)M = (N : M)*M = N*. If we consider M to be a
multiplication R-module, then Theorem 2.10 and Theorem 2.12 give the following results.

Corollary 2.14. If N is a ¢-n-absorbing primary submodule of a multiplication R-module M
that is not n-absorbing primary, then N"*! C ¢(N).

Proof. Since N is a ¢-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, by Theorem 2.10, we have (N : M)"N C ¢(N), thatis, ¢, +1(N) C ¢(N). Since M is
a multiplication R-module, therefore ¢,,,1(N) = N"*!1. Hence N*! C ¢(N). O

Corollary 2.15. Let N be a ¢-n-absorbing primary submodule of a multiplication R-module M
that is not n-absorbing primary, where ¢ < ¢,,o. Then N*T1 = N"+2,

Proof. Since N is a ¢-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, by Theorem 2.12, (N : M)"N = (N : M)"*'N, that is, ¢,,11(N) = ¢,,.2(N). Since
M is a multiplication R-module, this implies that N**! = N"+2, O
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We prove several results concerning characterizations of ¢-n-absorbing primary submodule.

Theorem 2.16. Every ¢-n-absorbing primary submodule of an R-module is a ¢-m-absorbing
primary submodule for m > n.

Proof. 1t is sufficient to prove that every ¢-n-absorbing primary submodule of an R-module is a
¢-(n+ 1)-absorbing primary submodule. Assume that N is a ¢-n-absorbing primary submodule
of an R-module M. Leta; - - - anant1m € N — ¢(N) foray,...,an,an41 € Rand m € M. De-
note a, Gyt 1 by anr. Thenay -+ - anrm € N—¢(N) and N is a ¢-n-absorbing primary submodule
of M. Therefore either a; ---a, € /(N : M) or azm € N forsomei € {1,2,...,n—1,n'}.
If i # n’/, then we are done. If i = n/, then we have a;---a,_1m € N, which implies that
aj-+-ap_1ap,m € N Or aj---anp—1a,41m € N. Hence N is a ¢-(n + 1)-absorbing primary
submodule of M. O

Theorem 2.17. [19, Theorem 2.5] Let N be an n-absorbing primary submodule of a cyclic
multiplication R-module M. Then /(N : M) is an n-absorbing ideal of R.

Theorem 2.18. If N is a ¢-n-absorbing primary submodule of a cyclic multiplication R-module
M suchthat \/(¢(N) : M) is an n-absorbing ideal of R, then \/(N : M) is also an n-absorbing
ideal of R.

Proof. If N is an n-absorbing primary submodule of M, then by Theorem 2.17, /(N : M) is
an n-absorbing ideal of R. So assume that NV is not an n-absorbing primary submodule of M.
Then by Corollary 2.11, /(N : M) = /(#(N) : M). By our hypothesis, \/(¢(N) : M) is an
n-absorbing ideal of R. Therefore /(N : M) is an n-absorbing ideal of R. O

Theorem 2.19. Let f : M — M’ be an epimorphism of R-modules M and M', ¢ : S(M) —
S(M)u{0}and ¢’ : S(M') — S(M') U {0} be functions. Then the following statements hold.

(1) If N is a ¢'-n-absorbing primary submodule of M" and ¢(f~1(N")) = f~1(¢/(N')), then
f~Y(N') is a ¢p-n-absorbing primary submodule of M.

(2) If N is a ¢-n-absorbing primary submodule of M containing Ker(f) and ¢'(f(N)) =
F(A(N)), then f(N) is a ¢'-n-absorbing primary submodule of M’

Proof. (1) Since f is an epimorphism, therefore f~!(N’) is a proper submodule of M. Let
ay---apm € fYN') — o(f~Y(N')) for ay,...,a, € Rand m € M. As aj---a,m €
f~Y(N"), we have a; - --a, f(m) € N'. Since a; ---a,m ¢ ¢(f'(N)) = f~1(¢'(N'), there-
fore aj---anf(m) ¢ ¢'(N’'). Soay---a,f(m) € N' — ¢'(N’) and N’ is a ¢'-n-absorbing
primary submodule of M’. Therefore either a; - - - a,, € \/(N’: M’) or a;f(m) € N’ for some
1 < i < n. This implies that either a; - --a,, € \/(f~"(N'): M) or a;m € f~'(N') for some
1 <i < n.Hence f~!(N’) is a ¢-n-absorbing primary submodule of M.

(2)Leta; - --a,m’ € f(N)—¢'(f(N))foray,...,a, € Randm’ € M'. Thenay - --a,m’ =
f(no) for some ny € N. Asm’ € M’ and f is an epimorphism, there exists m € M such that
f(m) =m/'. Therefore a; - - - a, f(m) = f(ng), thatis, f(a; - - - anm—ng) = 0. This implies that
ay---apm—mng € Ker(f) C N and hence a; - --a,m € N. Since ay - --a,m’ & ¢'(f(N)), we
have f(a;---a,m) ¢ f(#(N)) and so a; - -a,m ¢ ¢(N). Therefore ay ---a,m € N — ¢(N)
and N is a ¢-n-absorbing primary submodule of M. So either a; ---a, € /(N : M) or a;m €
N for some 1 < i < n. This implies that either a; - - - a,, € \/(f(N): M’) or a;m’ € f(N) for
some 1 < i < n. Hence f(N) is a ¢/-n-absorbing primary submodule of M. O

Theorem 2.20. Let N be a proper submodule of an R-module M. Then the following conditions
are equivalent.

(1) N is a p-n-absorbing primary submodule of M.

n—1
(2) Foray,...,an—1 € Randm € M withay---an—1m ¢ N, (N :a;---ap,—1m) C |J (N :
i=1
aym)U (\/(N: M) :ay---an_1)U(H(N) : ay---a,_1m), where a; denotes the element
of R obtained by deleting a; from the product a| - - - a,, 1.



378 Nilofer I. Shaikh and Rajendra P. Deore

Proof. (1) = (2)Letr € (N : a1---an—1m), thatis, ra;---ap—1m € N. If ra; -+ ap_1m €
d(N),thenr € (¢(N) : ay---ap—1m). Iif ray---ap,_1m ¢ ¢(N), then ray ---a,_1m € N —
¢(N). Since N is a ¢-n-absorbing primary submodule of M and a; - - - a,—1m ¢ N, therefore
either raj ---an—1 € /(N : M) or ra;m € N for some 1 < ¢ < n — 1 where a; denotes
the element of R obtained by deleting a; from the product a; - - - a,—;. This implies that r €
(VIN:M):ay--ap_y)orr € (N :aym)forsomel <i<n—1.Thus (N :a;---a,—1m)C

éUll(N cam)U(V/(N:M):ay-an_1)U(d(N):ay---a,_m).

2)= (1) Letay---aym € N — ¢(N) for ay,...,a, € Rand m € M. Suppose that
n—1

aj-+-anp—1m ¢ N. Then by assumption, (N : ay---an—ym) C J (N : @am) U (/(N : M) :
i=1

ay---an_1) U (@p(N) = ay---apn_1m). As ay---apm € N — ¢(N), we have a,, € (N :
aj---anp—ym) but a, ¢ (¢(N) : ay---a,—1m). Therefore either a,, € (N : a;m) for some
l<i<n-1lora, € (//(N:M) : ay---an_1), that is, either a;a,m € N for some
1<i<n-1lora--a, € /(N:M). Hence N is a ¢-n-absorbing primary submodule
of M. O

Theorem 2.21. N is a ¢-n-absorbing primary submodule of an R-module M if and only if for
a,...,an € R such that ay---an, ¢ /(N :M), (N :a1---ap) = N : a;) U (¢(N) :

i=1

aj---ap).

Proof. Assume that N is a ¢-n-absorbing primary submodule of M and a; - --a,, ¢ /(N : M)
for ai,...,an, € R. Letm € (N : ay---ay), thatis, a;---a,m € N. If a; ---a,m € ¢(N),
then m € (¢(N) : ar---ayn). Ifa;---a,m ¢ ¢(N), then a; ---a,m € N — ¢(N). Since N
is a ¢-n-absorbing primary submodule of M and a;---a, ¢ /(N : M), therefore a;m € N
for some 1 < i < n, thatis, m € (N : a;) for some 1 < i < n. Hence (N : a;---a,) C

UMWV @)U (¢p(N):ay---ay). Weknow that (N : a;) C (N :aj---a,) foreveryl <i<n
i=1

and (¢(N) : a;---an) € (N :ay---ay). Therefore (N : ay---a,) = Q(N sa;) U(p(N) :

ap---ap).
Conversely, assume that for ay,...,a, € Rifa;---a, ¢ /(N : M), then (N :a;---ay,) =

n

UWN:a)U(é(N):ar--ay). Leta;---a,m € N — ¢(N) foray,...,a, € Rand m € M.

i=1

Thenm € (N : a1 --an,)and m ¢ (¢(N) : ay---ayn). far---a, € /(N : M), then we are

n

done. If ay ---a, ¢ /(N : M), then by assumption, (N : a;---a,) = J IV : @;) U (p(N) :

i=1
aj -+ - ay). Therefore m € (N : a;) for some 1 < ¢ < n, that is, a;m € N for some 1 < i < n.
Hence N is a ¢-n-absorbing primary submodule of M. O

As defined in [23], a commutative ring R is called a um-ring provided R has the property
that an R-module which is equal to a finite union of submodules must be equal to one of them.

Theorem 2.22. Let R be a um-ring, M be an R-module and N be a submodule of M. Then the
following conditions are equivalent.

(1) N is a ¢p-n-absorbing primary submodule of M.

(2) Ifay---an ¢ /(N : M) foray,...,an, € R, then either (N : a1---a,) = (N : a;) for
some 1 <i<mnor(N:aj---ap)=(d(N):ar--ap)

3) Ifar---an,K C N — ¢(N) for ay,...,a, € R and a submodule K of M, then either
ay---an € \/(N:M)ora;K C N forsome 1 <i<n.

Proof. (1) = (2) Let N be a ¢-n-absorbing primary submodule of M such that a;---a, ¢

n

V(N : M) for ay,...,a, € R. Then by Theorem 2.21, we have (N : a;---a,) = J (N :
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a;) U (¢(N) 2 ay---ayn). Since R is a um-ring, therefore either (N : a;---ay,) = (N : ;) for
somel <i<nor(N:aj---a,)=(¢N):a - ap).

2)= (3)Leta;---a, K C N — ¢(N) for ay,...,a, € R and a submodule K of M. Then
K C (N :aj--ay,) and K € (¢(N) : a1---ap). Ifay---a, € /(N : M), then we are
done. If a; - - - a,, ¢ /(N : M), then by assumption, either (N : ay---a,) = (N : a;) for some
1<i<nor(N:aj---ay)=(d(N):as- -ay). Therefore K C (N : a;) for some 1 <i < n,
thatis, a; K C N forsome 1 <7 < n.

B)= () Leta,---apm € N — ¢(N) foray,...,a, € Randm € M. Then ay - --a,(m) C
N — ¢(N) where (m) denotes the submodule of M generated by m. By assumption, either
aj---an € /(N : M) ora;(m) C N for some 1 < i < n, that is, either a; - - - a,, € /(N : M)
or a;m € N for some 1 < i < n. Hence N is a ¢-n-absorbing primary submodule of M. O

Theorem 2.23. Let M be an R-module, k > 2 be an integer, m € M such that Rm # M and
(0:m) C \/(Rm : M). Then Rm is a ¢p-n-absorbing primary submodule of M for some ¢ with
¢ < ¢ if and only if Rm is an n-absorbing primary submodule of M.

Proof. Assume that Rm is a ¢-n-absorbing primary submodule of M for some ¢ < ¢. Let
ai,...,a, € Rand m’ € M such thata; ---a,m’ € Rm. If a; ---a,m' ¢ (Rm : M)*"'Rm,
then a; - --a,m’ € Rm — ¢(Rm) as ¢ < ¢. Since Rm is a ¢-n-absorbing primary submodule
of M, therefore either a; ---a, € \/(Rm: M) or a;m’ € Rm for some 1 < i < n and we
are done. So assume that a; ---a,m’ € (Rm : M)*~'Rm. We have a;---a,(m’' + m) €
Rm. If a;---a,(m' +m) ¢ (Rm : M)*~'Rm, then a; - --a,(m’ + m) € Rm — ¢(Rm) and
Rm is a ¢-n-absorbing primary submodule of M. Therefore either a; - --a,, € \/(Rm : M) or
a;(m’ +m) € Rm for some 1 < i < n, that is, either a; - - - a,, € \/(Rm : M) or a;m’ € Rm
for some 1 < i < n and we are done. So assume that a; - - - a,(m’ +m) € (Rm : M)~ Rm.
Therefore a; - --a,m € (Rm : M)*~!'Rm. This implies that there exists r € (Rm : M) such
that a; - - -a,m = rm. Therefore a;---a, —7 € (0 : m) C /(Rm: M). Thus a;---a, €

(Rm : M), which shows that Rm is an n-absorbing primary submodule of M.

Conversely, if Rm is an n-absorbing primary submodule of M, then Rm is a ¢-n-absorbing
primary submodule of M for any ¢. O

Let R be an integral domain. An R-module M is said to be torsion-free if »m = 0 implies
r=0orm =0, where r € Rand m € M.

Corollary 2.24. Let R be an integral domain, M be a torsion-free R-module, m € M with
Rm # M and k > 2 be an integer. Then Rm is a ¢-n-absorbing primary submodule of M for
some ¢ with ¢ < ¢y, if and only if Rm is an n-absorbing primary submodule of M.

Theorem 2.25. Let M be a multiplication R-module, r be an element of R such that rM # M
and (0 : r) C rM. Then rM is an almost n-absorbing primary submodule of M if and only if
rM is an n-absorbing primary submodule of M.

Proof. Assume that M is an almost n-absorbing primary submodule of M. Let a;---a,m €
rM foray,...,a, € Randm € M. If ay ---a,m ¢ r*M, then either a; - --a,, € \/(rM : M)
or a;m € rM for some 1 < i < n as rM is an almost n-absorbing primary submodule of
M and we are done. So assume that a; - - -a,m € r*M. Note that (a; + r)ay---a,m € rM.

If (a1 +7)ay---a,m ¢ r>M, then either (a; + r)ay---a, € /(rM : M) or aym € rM or
(a1 +r)ay--- aﬁi <vapm € rM for some 2 < i <n whereay--- cﬁ - - a,, denotes the element of
R obtained by deleting a; from the product a; - - - a,,. Therefore either a; - - - a,, € \/(rM : M)
or a;m € rM for some 1 < < n and we are done. So assume that (a; + r)ay -+ - ap,m € 2 M.
Then ra, - - - a,,m € r>M. This implies that there exists mg € M such that ra; - - - a,m = r*mo.
Therefore a - - - ap,m — rmg € (0 : ) C rM. Hence ay---a,m € rM, that is, aym € rM,
which shows that M is an n-absorbing primary submodule of M.

The converse follows by Theorem 2.5(3). O
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3 ¢-n-absorbing primary submodule of some well-known modules

Let N be a submodule of an R-module M and ¢ : S(M) — S(M) U {0} be a function. Define
the function ¢y : S(M/N) — S(M/N) U {0} by ¢n(K/N) = (¢(K) + N)/N if ¢(K) # 0
and ¢ (K/N) = 0 if ¢(K) = (), where K is a submodule of M such that N C K.

Theorem 3.1. Let N and K be submodules of an R-module M with N C K. If K is a ¢-

n-absorbing primary submodule of M, then K/N is a ¢ n-n-absorbing primary submodule of
M/N.

Proof. Let a;---an(m + N) € K/N — ¢n(K/N) for ay,...,a, € Rand m € M, that is,
ai---ap(m+ N) € K/N — (¢(K) + N)/N. Then a; ---a,m € K — ¢(K) and K is a ¢-n-
absorbing primary submodule of M. Therefore either a; ---a, € /(K : M) or a;m € K for
some 1 < ¢ < n. Hence either a;---a, € \/(K/N : M/N) or a;(m + N) € K/N for some
1 < i < n. Thus K/N is a ¢-n-absorbing primary submodule of M /N. O

Corollary 3.2. Let N and K be submodules of an R-module M with N C K. If K is a ¢-
n-absorbing primary submodule of M with $(K) C N, then K/N is a weakly n-absorbing
primary submodule of M/N.

Proof. Let N # aj---a,(m + N) € K/N for aj,...,a, € Rand m € M. As ¢(K) C N,
we have ¢n(K/N) = N. Therefore a;---a,(m + N) € K/N — ¢n(K/N). Since K is a
¢-n-absorbing primary submodule of M, by Theorem 3.1, K/N is a ¢y-n-absorbing primary
submodule of M /N. This implies that either a; - - - a,, € \/(K/N : M/N)ora;(m+N) € K/N
for some 1 < i < n. Hence K/N is a weakly n-absorbing primary submodule of M/N. O

Theorem 3.3. Let N and K be submodules of an R-module M with N C K. If N C ¢(K)
and K /N is a ¢ n-n-absorbing primary submodule of M /N, then K is a ¢-n-absorbing primary
submodule of M.

Proof. Leta;---a,m € K — ¢(K) foray,...,a, € Randm € M, thatis, a;---ap,(m+ N) €
K/N —¢(K)/N. As N C ¢(K), wehave a; ---an(m + N) € K/N — ¢n(K/N). Since K/N
is a ¢ y-n-absorbing primary submodule of M /N, therefore either a; - - a,, € \/(K/N : M/N)
or a;(m + N) € K/N for some 1 < i < n. This implies that either a; ---a,, € /(K : M) or
a;m € K for some 1 <+ < n. Hence K is a ¢-n-absorbing primary submodule of M. O

Theorem 3.4. Let N and K be submodules of an R-module M with N C K. If N is a ¢-n-
absorbing primary submodule of M, ¢(N) C ¢(K) and K /N is a weakly n-absorbing primary
submodule of M /N, then K is a ¢-n-absorbing primary submodule of M.

Proof. Letay---ap,m € K — ¢(K) for ay,...,a, € Randm € M. If a;---a,m € N, then
aj---ap,m € N—¢(N)as p(N) C ¢(K). Since N is a ¢-n-absorbing primary submodule of M,
therefore either a; - --a, € /(N : M) or a;m € N forsome 1 <i < n. As N C K, we have
V(N : M) C /(K : M). This implies that either a; - - - a,, € /(K : M) or aym € K for some
1 <i<nandwearedone. Ifa;---a,m ¢ N,then N #a;---a,(m+N) € K/N and K/N is a
weakly n-absorbing primary submodule of M /N. Therefore either a; - - - a,, € /(K/N : M/N)
ora;(m+ N) € K/N for some 1 < i < n, thatis, either ay - - - a,, € \/(K : M) or a;m € K for
some 1 <4 < n. Thus K is a ¢-n-absorbing primary submodule of M. O

Corollary 3.5. K is a ¢-n-absorbing primary submodule of an R-module M if and only if
K/¢(K) is a weakly n-absorbing primary submodule of M /p(K).

Proof. Assume that K is a ¢-n-absorbing primary submodule of M. In Corollary 3.2, set N =
¢(K). Then K/¢(K) is a weakly n-absorbing primary submodule of M/¢(K).

Conversely, assume that K/¢(K) is a weakly n-absorbing primary submodule of M/¢(K).
Let aj---an(m + ¢(K)) € K/¢(K) — dyr)(K/d(K)) for ay,...,a, € Rand m € M. But
Dotse) (/6(K)) = 6(K). Therefore () # ar---an(m + 6(K)) € K/6(K) and K/$(K)
is a weakly n-absorbing primary submodule of M/¢(K). This implies that either a; - - - a,, €
VK/$(K) : M/¢(K)) or @;(m + ¢(K)) € K/¢p(K) for some 1 < i < n. Hence K/¢(K)is a
b4(1)-n-absorbing primary submodule of M/$(K). Setting N = ¢(K ) in Theorem 3.3 implies
that K is a ¢-n-absorbing primary submodule of M. O
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Theorem 3.6. Let N be a ¢-n-absorbing primary submodule of an R-module M. Then for
ai,...,an € Randm € M, (ay,...,an,m) is a ¢-primary-(n + 1)-tuple-zero of N if and only
if (ar,...,an,m~+ ¢(N)) is an (n + 1)-tuple-zero of N/p(N).

Proof. Suppose that (ay, ..., a,, m) is a ¢-primary-(n + 1)-tuple-zero of N. So ay ---a,m €
d(N),ar--an & /(N : M)and a;m ¢ N forevery 1 <i < n. This implies that a; - - - a,,(m +
$(N)) = &(N), a1--an & \/(N/$(N) : M/$(N)) and @i(m + $(N)) ¢ N/¢(N) for every
1 < i < n. Since by Corollary 3.5, N/¢(N) is a weakly-n-absorbing primary submodule of
M/$(N), therefore (ay,...,an,m~+ ¢(N))is an (n + 1)-tuple-zero of N/¢(N).

The converse part can be easily proved by the same argument. O

Let S be a multiplicatively closed subset of R and M be an R-module. We know that ev-
ery submodule of S~!'M is of the form S~!'N for some submodule N of M. Let ¢ : S(M) —
S(M)U{0} be a function. Define ¢5 : S(S™IM) — S(STIM)U{0} by ¢s(S7IN) = S~1¢(N)
if (N) # 0 and ¢s(S™'N) = 0 if ¢(N) = 0 for every submodule N of M. Note that
¢s(STIN) C S~IN.

We denote the set of all zero divisors of an R-module M by Zd(M), which is given by
Zd(M) ={r € R:rm =0forsome 0 # m c M}.

Theorem 3.7. Let S be a multiplicatively closed subset of R and N be a proper submodule of
an R-module M. If N is a ¢-n-absorbing primary submodule of M with (N : M)NS = (), then
S~IN is a ¢5-n-absorbing primary submodule of S~' M.

Proof. Assume that N is a ¢-n-absorbing primary submodule of M. Let g --- ¢=72 € S “IN -

Sn

¢s(S™'N)forai,...,a, € R, s1,...,5,,5 €S and m € M. Then there exists s’ € S such that
s'ay -+ aym € N. Also, s'a ---apym ¢ ¢(N) forif s'ay ---ap,m € $(N), then £ .-~ £2 2 =

gaanm o G-lg(N) = ¢g(S~IN), a contradiction. Hence a; ---an(s'm) € N — ¢(N)

ELCTRERE
and N is a ¢-n-absorbing primary submodule of M. Therefore either a;---a,, € /(N : M
or a;s'm € N for some 1 < ¢ < n. This implies that either ‘;—]‘“—: € S7/(N: M)

S

S=I(N:M) C \/(S7IN:S5"1M) or ‘;;ﬂ = &sm ¢ G-IN for some 1 < i < n where

s 5:8's

~—

5; denotes the element of S obtained by deleting s; from the product s; - - - 5,. Thus S™!N is a
$5-n-absorbing primary submodule of S~! M. O

Lemma 3.8. [16, Lemma 1] Let R be a ring, S a multiplicatively closed subset of R, M an
R-module and N a submodule of M. If SN Zd(M/N) =0, then SN Zd(R/(N : M)) = 0.

Theorem 3.9. Let S be a multiplicatively closed subset of R and N be a proper submodule of
a finitely generated R-module M. If S~'N is a ¢s-n-absorbing primary submodule of S~' M
with SNZA(N/$(N)) = SN Zd(M/N) = 0, then N is a ¢-n-absorbing primary submodule of
M.

Proof. Assume that S™'N is a ¢g-n-absorbing primary submodule of S~!'M such that S N
ZAd(N/$(N)) = SN Zd(M/N) = 0. Leta;---a,m € N — ¢(N) for ay,...,a, € R and
m € M. Then &=fem ¢ G-IN_ Jf e ¢ ¢o(S-IN) = S~1¢(N), then there ex-
ists so € S such that spa; ---a,m € ¢(N), a contradiction as S N Zd(N/p(N)) = 0. So
ain ¢ 1IN — ¢g(ST'N) and ST'N is a ¢pg-n-absorbing primary submodule of S~'M.
Therefore either “5%= € /(S~'N : S=IM) or ‘ffm € S7'N forsome 1 <i < n. If 29 ¢
V/(STIN : S—IM), then &2 € \/S—I(N: M)as S~ (N : M) = (57'N: S~'M) since M
is a finitely generated R-module. Therefore 4= € S~1\/(N : M). So there exists s € S such
that (sa; ---a,)* € (N : M) for some positive integer k, that is, s*(a; - -- a,)* € (N : M). If
(ar---a,)* ¢ (N : M), then s* € SN Zd(R/(N : M)), which is a contradiction because by
Lemma 3.8, SN Zd(R/(N : M)) =0 as SN Zd(M/N) = (). Therefore (a; ---a,)* € (N : M)
which implies that a; ---a, € /(N : M). If ’ff’” € S7IN for some 1 < i < n, then there
exists s’ € S such that s'a;m € N for some 1 < i < n. If a;m ¢ N forevery | < i < n, then
s’ € SN Zd(M/N), which is a contradiction. Therefore a;m € N for some 1 < i < n. Hence
N is a ¢-n-absorbing primary submodule of M. O
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Theorem 3.10. Let M, be an Ri-module, M, be an Ry-module, M = My x M, ¢; : S(M;) —
S(M;) U {0} be functions for i = 1,2, ¢ = 11 X 1p, and N = Ny x M, be a proper submodule
of M for a proper submodule N| of M. Then the following statements hold.

(1) If N is a ¢p-n-absorbing primary submodule of M, then N is a 1;-n-absorbing primary
submodule of M.

(2) If Ny is a y1-n-absorbing primary submodule of My and v,(M,) = M,, then N is a ¢-n-
absorbing primary submodule of M.

(3) If Ny is an n-absorbing primary submodule of M,, then N is a ¢-n-absorbing primary
submodule of M.

(4) If N is a ¢-n-absorbing primary submodule of M and (M) # M,, then Ny is an n-
absorbing primary submodule of M.

Proof. (1) Assume that N is a ¢-n-absorbing primary submodule of M. Let a;---a,m; €
Ny 71/}1(N1) foral,...,an € Ry and m; € M;. Then (al, 1)(an, 1)(m1,m2) € (Nl XMZ)f
(1(N1) x ¢a(My)) for my € My, thatis, (aj, 1)+ (an, 1)(mi,mz) € N — ¢(N). Since N is
a ¢-n-absorbing primary submodule of M, therefore either (aj, 1)---(an, 1) € /(N : M) or

(ai, 1)(m1,my) € N for some 1 < i < n where (a;, 1) denotes the element of R; x R, ob-
tained by deleting (a;, 1) from the product (ay, 1) - - - (an, 1). This implies that either a; - - - a,, €
V(N1 @ M) or a;my € Ny for some 1 <4 < n. Hence N is a ¢ -n-absorbing primary submod-
ule of M;.

(2) Assume that IV is a 1;-n-absorbing primary submodule of M; and v, (M;) = M,. Let
(Sl,tl) s (sn,tn)(ml,mz) € N—(ﬁ(N) for (Sl,tl), ceey (Sn,tn) € Ry X Ry and (ml,mz) e M.
Then (s1,t1) -« (Sn, tn)(m1,m2) € (N1 x M) — ¢(Ny X Mp). As ¢p(My) = M,, we have
$1++ - spmy € Ny — 1 (Ny). Since Ny is a ¢;-n-absorbing primary submodule of M, therefore
either sy ---s, € /(N7 : M;) or §;my; € Nj for some 1 < ¢ < n. This implies that either

(s1,t1) + (Snstn) € V(N : M) or (si,t;)(m1,mp) € N for some 1 < i < n where (s;,t;)
denotes the element of R; x R, obtained by deleting (s;, ;) from the product (s1,¢1) - - - (S, tn)-
Thus N is a ¢-n-absorbing primary submodule of M.

(3) Assume that IV} is an n-absorbing primary submodule of M. Let (s1,¢1), ..., (Sn,tn) €
Ry x Ry and (ml,TTLz) € M, x M such that (S],tl) cee (Sn,tn)(ml,MQ) € N = Ny x M. Then
s1+--Spmy € Ni. As N| is an n-absorbing primary submodule of M|, we have either s; - - - s, €
V(N1 : M) or $;my € Ny for some 1 < ¢ < n. This implies that either (s1,t1) -+ (sn,tn) €

(N : M) or (si,t;)(m1,mz) € N for some 1 < i < n. Thus N is an n-absorbing primary
submodule of M. Hence N is a ¢-n-absorbing primary submodule of M for any ¢.

(4) Let N be a ¢-n-absorbing primary submodule of M. Then by part (1), N} is a ;-
n-absorbing primary submodule of M. Assume that V| is not an n-absorbing primary sub-
module of M;. Then there exists a ¢;-primary-(n + 1)-tuple-zero (ay, ..., an,m;) of N; for
a,y...,0, € Ry and m; € M,. Therefore a, e apMmy € ’lﬁ](N]), ap---Qan §é \/(N] : M])
and a;m; ¢ N forevery 1 < i < n. As 1(My) # M,, there exists mp € M, such that
my ¢ ’(/Jz(Mz). This implies that (al, 1) S (an, 1)(m1,m2) S (N] X Mz) — (’le(N]) X wz(Mz)),
that is, (a1, 1) - (an, 1)(mi,my) € N — ¢(N). Since N is a ¢-n-absorbing primary submod-
ule of M, therefore either (aj,1)---(an,1) € /(N : M) or (a;,1)(mi,my) € N for some
1 <i < n. This implies that either a; - - - a,, € /(N7 : My) or a;m; € N for some 1 < i < n,
which is a contradiction. Hence Nj is an n-absorbing primary submodule of M;. O

Theorem 3.11. /20, Theorem 2.19] Let M be an R-module. If N is a weakly n-absorbing
primary submodule of M that is not n-absorbing primary, then (N : M )" N = {0}.

Theorem 3.12. Let M| be an R;-module, M, be an Ry-module and R = Ry X Ry. If N is a
weakly n-absorbing primary submodule of M, then N = Ny x M, is a ¢p-n-absorbing primary
submodule of M = M, x M, as an R-module for some ¢ with ¢, < ¢ < ¢y.

Proof. If Nj is an n-absorbing primary submodule of M, then by Theorem 3.10(3), N is a ¢-
n-absorbing primary submodule of M for any ¢. Assume that /V; is not an n-absorbing primary
submodule of M;. Then, by Theorem 3.11, (N : M;)"N; = {0}. Therefore (N : M)"N =
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{0} X M,. So (,ZSW(N) = {0} x M, and N*QSw(N) = (N] 7{0}) x M,. Let (S],tl), ceey (S",tn) €
Ry x Ry and (my,my) € M such that (s1,¢1) -« (8n,tn)(m1,m2) € N — ¢, (N). This gives
s1+--spmy € Ny — {0} and N; is a weakly n-absorbing primary submodule of M. Therefore
either s1---s, € v/(Ny: M) or 5;m; € Nj for some 1 < ¢ < n. This implies that either

(s1,t1) (S, tn) € /(N : M) or (Si,/t\i)(ml,mg) € N for some 1 <4 < n. Hence N is a
¢.,-n-absorbing primary submodule of M. Thus, by Lemma 2.4, N is a ¢-n-absorbing primary
submodule of M for any ¢ with ¢, < ¢ < ¢y. O
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