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Abstract Let R be a commutative ring with identity, M be a unitary R-module and n be a
positive integer. In this paper, we introduce the concept of ϕ-n-absorbing primary submodule
generalizing the concept of n-absorbing primary submodule. Let ϕ : S(M) → S(M) ∪ {∅}
be a function, where S(M) denotes the set of all submodules of M . A proper submodule N
of M is called a ϕ-n-absorbing primary submodule if whenever a1 · · · anm ∈ N − ϕ(N) for
a1, . . . , an ∈ R andm ∈M , then either a1 · · · an ∈

√
(N : M) or there are n−1 of the a′iswhose

product with m is in N . We prove several results concerning ϕ-n-absorbing primary submodule.
We also investigate ϕ-n-absorbing primary submodule of some well-known modules.

1 Introduction

Throughout this paper, all rings are commutative with 1 ̸= 0 and all modules are unital. Let
R be a ring and M be an R-module. We denote the set of ideals of R by S(R) and the set of
submodules ofM by S(M). For an ideal I ofR, the radical of I is denoted by

√
I and is given by√

I = {r ∈ R : rk ∈ I for some k ∈ N}. For a submoduleN ofM , (N : M) denotes the residual
of N over M and is given by (N : M) = {r ∈ R : rM ⊆ N}. If

√
(N : M) = (N : M), then

we call N to be a radical submodule.
As prime ideals play an important role in commutative ring theory, many authors have gen-

eralized prime ideals in different ways. The concept of weakly prime ideal was introduced by
Anderson and Smith in [1]. Bhatwadekar and Sharma defined almost prime ideal in [2]. Ander-
son and Batanieh in [3] defined ϕ-prime ideal. For a function ϕ : S(R) → S(R) ∪ {∅}, they
called a proper ideal I of R a ϕ-prime ideal if a, b ∈ R with ab ∈ I−ϕ(I) implies a ∈ I or b ∈ I .
A different generalization of prime ideal, called, 2-absorbing ideal, was introduced by Badawi
in [4].

As a generalization of primary ideal, Darani introduced the concept of ϕ-primary ideal in [5].
He called a proper ideal I of R a ϕ-primary ideal if for a, b ∈ R, ab ∈ I − ϕ(I) implies a ∈ I
or b ∈

√
I . Badawi et al. defined 2-absorbing primary ideal and weakly 2-absorbing primary

ideal in [6] and [7] respectively. In [8], Badawi et al. defined a proper ideal I of R to be a ϕ-2-
absorbing primary ideal if whenever a, b, c ∈ R with abc ∈ I − ϕ(I) implies ab ∈ I or ac ∈

√
I

or bc ∈
√
I .

In [9], Anderson and Badawi expanded the definition of 2-absorbing ideal to n-absorbing
ideal for a positive integer n. Becker extended the definition of 2-absorbing primary ideal to
n-absorbing primary ideal in [10]. Ebrahimpour and Nekooei generalized the concept of n-
absorbing ideal to ϕ-n-absorbing ideal in [11]. They defined a proper ideal I of R to be a ϕ-n-
absorbing ideal if a1a2 · · · an+1 ∈ I−ϕ(I) for a1, a2, . . . , an+1 ∈ R implies that there are n of the
a′is whose product is in I . Later, Mostafanasab and Darani in [12] defined a proper ideal I of R
to be a ϕ-n-absorbing primary ideal if a1a2 · · · an+1 ∈ I−ϕ(I) for elements a1, a2, . . . , an+1 ∈ R
implies that either a1a2 · · · an ∈ I or the product of an+1 with (n− 1) of a1, a2, . . . , an is in

√
I .

A natural generalization of prime ideal is the notion of prime submodule. In [13], Zamani
generalized the concept of prime submodule to ϕ-prime submodule. For a function ϕ : S(M) →
S(M) ∪ {∅}, he called a proper submodule N of an R-module M to be a ϕ-prime submodule
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if a ∈ R and m ∈ M with am ∈ N − ϕ(N) implies that a ∈ (N : M) or m ∈ N . Darani and
Soheilnia introduced the concepts of 2-absorbing and weakly 2-absorbing submodules in [14] as
generalizations of prime and weak prime submodules.

As a generalization of primary submodule, Dubey and Aggarwal introduced the concept of
2-absorbing primary submodule in [15]. In [16], Moradi and Ebrahimpour called a proper sub-
module N of an R-module M to be a ϕ-2-absorbing submodule if abm ∈ N − ϕ(N) implies
am ∈ N or bm ∈ N or ab ∈ (N : M), where a, b ∈ R and m ∈ M . They also defined a proper
submodule N of an R-module M to be a ϕ-2-absorbing primary submodule if abm ∈ N −ϕ(N)

implies am ∈ N or bm ∈ N or ab ∈
√
(N : M), where a, b ∈ R and m ∈ M . These two

concepts are also studied by Mostafanasab et al. in [17].
For a positive integer n, the concept of n-absorbing submodule was introduced by Darani

and Soheilnia in [18]. They defined a proper submodule N of an R-module M to be an n-
absorbing submodule if whenever a1 · · · anm ∈ N for a1, . . . , an ∈ R and m ∈ M , then either
a1 · · · an ∈ (N : M) or there are n − 1 of the a′is whose product with m is in N . In [19],
Shaikh and Deore introduced the concept of n-absorbing primary submodule. They defined a
proper submodule N of an R-module M to be an n-absorbing primary submodule if whenever
a1, . . . , an ∈ R, m ∈ M and a1 · · · anm ∈ N , then either a1 · · · an ∈

√
(N : M) or there are

n − 1 of the a′is whose product with m is in N . In [20], Yiarayong and Siripitukdet called a
proper submodule N of an R-module M to be a weakly n-absorbing primary submodule if for
each m ∈ M and a1, a2, . . . , an ∈ R, 0 ̸= a1a2 · · · anm ∈ N , then a1a2 · · · an ∈

√
(N : M)

or a2a3 · · · anm ∈ N or a1a2 · · · aiai+2 · · · anm ∈ N for some i ∈ {1, 2, . . . , n − 1}. The
concept of almost n-absorbing primary submodule was introduced by Shaikh and Deore in [21].
They defined a proper submodule N of an R-module M to be an almost n-absorbing primary
submodule if whenever a1 · · · anm ∈ N−(N : M)N for a1, . . . , an ∈ R andm ∈M , then either
a1 · · · an ∈

√
(N : M) or there are n− 1 of the a′is whose product with m is in N .

We call a proper submodule N of an R-module M to be a ϕ-n-absorbing submodule of M
if whenever a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and m ∈ M , then either a1 · · · an ∈
(N : M) or there are n − 1 of the a′is whose product with m is in N . Note that ϕ-n-absorbing
submodule has been investigated by Ebrahimpour and Nekooei in [22] as (n, n + 1)-ϕ-prime
submodule. In this paper, we define and study the concept of ϕ-n-absorbing primary submodule.
A proper submodule N of an R-module M is called a ϕ-n-absorbing primary submodule of M
if whenever a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and m ∈ M , then either a1 · · · an ∈√
(N : M) or there are n− 1 of the a′is whose product with m is in N .
In section 2, we discuss the relations among n-absorbing primary, weakly n-absorbing pri-

mary, almost n-absorbing primary, ϕ-n-absorbing and ϕ-n-absorbing primary submodules. For
a ϕ-n-absorbing primary submodule N of an R-module M , we define the notion of ϕ-primary-
(n+ 1)-tuple-zero of N . Using this notion, we determine a few conditions under which a ϕ-n-
absorbing primary submodule will be an n-absorbing primary submodule. In Theorem 2.10, we
show that if N is a ϕ-n-absorbing primary submodule of an R-module M that is not n-absorbing
primary, then (N : M)nN ⊆ ϕ(N). We also prove several results concerning characterizations
of ϕ-n-absorbing primary submodule.

In section 3, we investigate ϕ-n-absorbing primary submodule of some well-known modules
such as quotient modules, localization of modules and direct product of modules. In Corollary
3.5, we prove that K is a ϕ-n-absorbing primary submodule of an R-module M if and only if
K/ϕ(K) is a weakly n-absorbing primary submodule of M/ϕ(K). In Theorem 3.12, we take
an R1-module M1, an R2-module M2 and show that if N1 is a weakly n-absorbing primary
submodule of M1, then N1 × M2 is a ϕ-n-absorbing primary submodule of M1 × M2 as an
(R1 ×R2)-module for some ϕ with ϕω ≤ ϕ ≤ ϕ1.

2 On ϕϕϕ-n-absorbing primary submodule

In this section, we define ϕ-n-absorbing primary submodule and prove several results concerning
its characterizations. We also define ϕ-primary-(n + 1)-tuple-zero of N for a ϕ-n-absorbing
primary submodule N of an R-module M and prove some results using the same.

Definition 2.1. Let M be an R-module, ϕ : S(M) → S(M) ∪ {∅} be a function where S(M) is
the set of submodules of M and n be a positive integer. A proper submodule N of M is called a
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ϕ-n-absorbing primary submodule if whenever a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and
m ∈M , then either a1 · · · an ∈

√
(N : M) or there are n− 1 of the a′is whose product with m is

in N .

Let âi denote the element of R obtained by deleting ai from the product a1 · · · an. Then the
above condition can be written as a1 · · · anm ∈ N − ϕ(N) implies either a1 · · · an ∈

√
(N : M)

or âim ∈ N for some 1 ≤ i ≤ n.

Remark 2.2. Let N be a ϕ-n-absorbing primary submodule of an R-module M where ϕ :
S(M) → S(M) ∪ {∅} is a function. Then

(1) If ϕ(N) = ∅, then we say that ϕ = ϕ∅ and N is called a ϕ∅-n-absorbing primary submodule
of M , and hence N is an n-absorbing primary submodule of M .

(2) If ϕ(N) = 0, then we say that ϕ = ϕ0 and N is called a ϕ0-n-absorbing primary submodule
of M , and hence N is a weakly n-absorbing primary submodule of M .

(3) If ϕ(N) = N , then we say that ϕ = ϕ1 andN is called a ϕ1-n-absorbing primary submodule
of M .

(4) If k ≥ 2 and ϕ(N) = (N : M)k−1N , then we say that ϕ = ϕk and N is called a ϕk-n-
absorbing primary submodule of M . In particular, if k = 2, then ϕ(N) = (N : M)N and
we say that N is a ϕ2-n-absorbing primary submodule of M , and hence N is an almost
n-absorbing primary submodule of M .

(5) If ϕ(N) =
∞⋂
i=1

(N : M)iN , then we say that ϕ = ϕω and N is called a ϕω-n-absorbing

primary submodule of M .

Throughout this paper, ϕ denotes a function from S(M) to S(M) ∪ {∅}. Since for any
submodule N of M , N − ϕ(N) = N − (N ∩ ϕ(N)), without loss of generality, we may assume
that ϕ(N) ⊆ N .

Remark 2.3. For any two functions ψ1, ψ2 : S(M) → S(M) ∪ {∅}, we say that ψ1 ≤ ψ2 if
ψ1(N) ⊆ ψ2(N) for each N ∈ S(M). Hence it is clear that ϕ∅ ≤ ϕ0 ≤ ϕω ≤ · · · ≤ ϕn+1 ≤
ϕn ≤ · · · ≤ ϕ2 ≤ ϕ1.

Lemma 2.4. LetN be a proper submodule of anR-moduleM and ψ1, ψ2 : S(M) → S(M)∪{∅}
be two functions with ψ1 ≤ ψ2. If N is a ψ1-n-absorbing primary submodule of M , then N is a
ψ2-n-absorbing primary submodule of M .

Proof. Let a1, . . . , an ∈ R and m ∈ M such that a1 · · · anm ∈ N − ψ2(N). Then a1 · · · anm ∈
N − ψ1(N) as ψ1 ≤ ψ2. Since N is a ψ1-n-absorbing primary submodule of M , therefore either
a1 · · · an ∈

√
(N : M) or âim ∈ N for some 1 ≤ i ≤ n. Hence N is a ψ2-n-absorbing primary

submodule of M .

Theorem 2.5. Let N be a proper submodule of an R-module M . Then the following statements
hold.

(1) If N is a ϕ-n-absorbing submodule of M , then N is a ϕ-n-absorbing primary submodule
of M .

(2) Let N be a radical submodule. Then N is a ϕ-n-absorbing primary submodule of M if and
only if N is a ϕ-n-absorbing submodule of M .

(3) N is an n-absorbing primary submodule of M ⇒ N is a weakly n-absorbing primary
submodule of M ⇒ N is a ϕω-n-absorbing primary submodule of M ⇒ N is a ϕk+1-n-
absorbing primary submodule ofM for every k ≥ 2 ⇒N is an almost n-absorbing primary
submodule of M .

(4) N is a ϕk-n-absorbing primary submodule of M for every k ≥ 2 if and only if N is a
ϕω-n-absorbing primary submodule of M .
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Proof. (1) It is clear from the definitions of ϕ-n-absorbing and ϕ-n-absorbing primary submod-
ules.

(2) Since N is a radical submodule,
√
(N : M) = (N : M). Hence the result.

(3) The result is clear from Remark 2.2, Remark 2.3 and Lemma 2.4.
(4) Assume that N is a ϕk-n-absorbing primary submodule of M for every k ≥ 2. Let

a1 · · · anm ∈ N − ϕω(N) for a1, . . . , an ∈ R and m ∈ M , that is, a1 · · · anm ∈ N −
∞⋂
k=1

(N :

M)kN . Then a1 · · · anm ∈ N − (N : M)k−1N for some k ≥ 2, that is, a1 · · · anm ∈ N −ϕk(N)
for some k ≥ 2. SinceN is a ϕk-n-absorbing primary submodule ofM for every k ≥ 2, therefore
either a1 · · · an ∈

√
(N : M) or âim ∈ N for some 1 ≤ i ≤ n. Hence N is a ϕω-n-absorbing

primary submodule of M .
The converse is clear from part (3).

Question: If N is a ϕ-n-absorbing primary submodule of an R-module M , then under what
conditions will N be an n-absorbing primary submodule of M?

We obtain a few results that answer this question.

Theorem 2.6. Let N be a ϕ-n-absorbing primary submodule of an R-module M such that ϕ(N)
is an n-absorbing primary submodule of M . Then N is an n-absorbing primary submodule of
M .

Proof. Assume that N is a ϕ-n-absorbing primary submodule of M such that ϕ(N) is an n-
absorbing primary submodule of M . Let a1 · · · anm ∈ N for a1, . . . , an ∈ R and m ∈ M .
If a1 · · · anm ∈ ϕ(N), then either a1 · · · an ∈

√
(ϕ(N) : M) or âim ∈ ϕ(N) for some 1 ≤

i ≤ n as ϕ(N) is an n-absorbing primary submodule of M . Since ϕ(N) ⊆ N , therefore either
a1 · · · an ∈

√
(N : M) or âim ∈ N for some 1 ≤ i ≤ n and we are done. If a1 · · · anm /∈ ϕ(N),

then a1 · · · anm ∈ N − ϕ(N) and N is a ϕ-n-absorbing primary submodule of M . Hence the
result.

Definition 2.7. Let M be an R-module, N be a proper submodule of M , a1, . . . , an ∈ R and
m ∈M .

(1) If N is a weakly n-absorbing primary submodule of M with a1 · · · anm = 0, a1 · · · an /∈√
(N : M) and âim /∈ N for every 1 ≤ i ≤ n, then (a1, . . . , an,m) is called an (n + 1)-

tuple-zero of N .

(2) If N is a ϕ-n-absorbing submodule of M with a1 · · · anm ∈ ϕ(N), a1 · · · an /∈ (N : M)
and âim /∈ N for every 1 ≤ i ≤ n, then (a1, . . . , an,m) is called a ϕ-(n+ 1)-tuple-zero of
N .

(3) If N is a ϕ-n-absorbing primary submodule of M with a1 · · · anm ∈ ϕ(N), a1 · · · an /∈√
(N : M) and âim /∈ N for every 1 ≤ i ≤ n, then (a1, . . . , an,m) is called a ϕ-primary-

(n+ 1)-tuple-zero of N .

Remark 2.8. If N is a ϕ-n-absorbing primary submodule of M that is not an n-absorbing pri-
mary submodule of M , then there exists a ϕ-primary-(n+1)-tuple-zero (a1, . . . , an,m) of N for
some a1, . . . , an ∈ R and m ∈M .

Proposition 2.9. Let N be a ϕ-n-absorbing primary submodule of an R-module M . If (a1, . . . ,
an,m) is a ϕ-primary-(n+1)-tuple-zero ofN for a1, . . . , an ∈ R andm ∈M , then the following
inclusions hold.

(1) a1 · · · anN ⊆ ϕ(N).

(2) ai1 · · · ain−k
(N : M)km ⊆ ϕ(N) for all 1 ≤ k ≤ n− 1 and i1, i2, . . . , in−k ∈ {1, 2, . . . , n}.

(3) (N : M)nm ⊆ ϕ(N).

(4) ai1 · · · ain−k
(N : M)kN ⊆ ϕ(N) for all 1 ≤ k ≤ n− 1 and i1, i2, . . . , in−k ∈ {1, 2, . . . , n}.
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Proof. Since (a1, . . . , an,m) is a ϕ-primary-(n + 1)-tuple-zero of N , we have a1 · · · anm ∈
ϕ(N), a1 · · · an /∈

√
(N : M) and âim /∈ N for every 1 ≤ i ≤ n.

(1) Assume that a1 · · · anN ⊈ ϕ(N). Then there exists n0 ∈ N such that a1 · · · ann0 /∈ ϕ(N).
Therefore a1 · · · an(m + n0) /∈ ϕ(N), which gives a1 · · · an(m + n0) ∈ N − ϕ(N). As N is a
ϕ-n-absorbing primary submodule of M and a1 · · · an /∈

√
(N : M), we have âi(m+ n0) ∈ N

for some 1 ≤ i ≤ n. Hence âim ∈ N for some 1 ≤ i ≤ n, which is a contradiction as
(a1, . . . , an,m) is a ϕ-primary-(n+ 1)-tuple-zero of N . Thus a1 · · · anN ⊆ ϕ(N).

(2) We use induction on k. Let k = 1. Assume that ai1 · · · ain−1(N : M)m ⊈ ϕ(N). Then
there exists r ∈ (N : M) such that ai1 · · · ain−1rm /∈ ϕ(N). Therefore ai1 · · · ain−1(ain + r)m /∈
ϕ(N). So ai1 · · · ain−1(ain+r)m ∈ N−ϕ(N). SinceN is a ϕ-n-absorbing primary submodule of
M , therefore either ai1 · · · ain−1(ain +r) ∈

√
(N : M) or ai1 · · · ain−1m ∈ N or âij (ain +r)m ∈

N for some 1 ≤ j ≤ n− 1 where âij denotes the element of R obtained by deleting aij from the
product ai1 · · · ain−1 . This implies that either ai1 · · · ain ∈

√
(N : M) or ai1 · · · ain−1m ∈ N or

âijainm ∈ N for some 1 ≤ j ≤ n−1, a contradiction. Hence the result holds for k = 1. Suppose
k > 1 and assume that the result holds for all positive integers less than k. Now we prove the
result for k. Assume that ai1 · · · ain−k

(N : M)km ⊈ ϕ(N). Then there exist r1, r2, . . . , rk ∈ (N :
M) such that ai1 · · · ain−k

r1r2 · · · rkm /∈ ϕ(N). By induction hypothesis, we conclude that there
exists n0 ∈ ϕ(N) such that ai1 · · · ain−k

(ain−(k−1) + r1)(ain−(k−2) + r2) · · · (ain + rk)m = n0 +

ai1 · · · ain−k
r1r2 · · · rkm /∈ ϕ(N). So ai1 · · · ain−k

(ain−(k−1) + r1) · · · (ain + rk)m ∈ N − ϕ(N).
Since N is a ϕ-n-absorbing primary submodule of M , therefore either ai1 · · · ain−k

(ain−(k−1) +

r1) · · · (ain+rk) ∈
√
(N : M) or âij (ain−(k−1)+r1)(ain−(k−2)+r2) · · · (ain+rk)m ∈ N for some

1 ≤ j ≤ n − k where âij denotes the element of R obtained by deleting aij from the product

ai1 · · · ain−k
or ai1 · · · ain−k

̂(ain−(k−t)
+ rt)m ∈ N for some 1 ≤ t ≤ k where ̂(ain−(k−t)

+ rt)

denotes the element of R obtained by deleting (ain−(k−t)
+ rt) from the product (ain−(k−1) +

r1) · · · (ain + rk). This implies that either ai1 · · · ain ∈
√
(N : M) or âijain−(k−1) · · · ainm ∈ N

for some 1 ≤ j ≤ n − k or ai1 · · · ain−k
̂ain−(k−t)

m ∈ N for some 1 ≤ t ≤ k where ̂ain−(k−t)

denotes the element of R obtained by deleting ain−(k−t)
from the product ain−(k−1) · · · ain , a

contradiction. Hence ai1 · · · ain−k
(N : M)km ⊆ ϕ(N).

(3) Assume that (N : M)nm ⊈ ϕ(N). Then there exists r1, . . . , rn ∈ (N : M) such
that r1 · · · rnm /∈ ϕ(N). By hypothesis and part (2), there exists n0 ∈ ϕ(N) such that (a1 +
r1) · · · (an + rn)m = n0 + r1 · · · rnm /∈ ϕ(N). So (a1 + r1) · · · (an + rn)m ∈ N − ϕ(N) and N
is a ϕ-n-absorbing primary submodule of M . This implies that either (a1 + r1) · · · (an + rn) ∈√
(N : M) or ̂(ai + ri)m ∈ N for some 1 ≤ i ≤ n. Therefore either a1 · · · an ∈

√
(N : M) or

âim ∈ N for some 1 ≤ i ≤ n, a contradiction. Hence (N : M)nm ⊆ ϕ(N).
(4) We use induction on k. Let k = 1. Assume that ai1 · · · ain−1(N : M)N ⊈ ϕ(N).

Then there exists r ∈ (N : M) and n0 ∈ N such that ai1 · · · ain−1rn0 /∈ ϕ(N). Therefore
ai1 · · · ain−1(ain + r)(m+n0) /∈ ϕ(N). So ai1 · · · ain−1(ain + r)(m+n0) ∈ N −ϕ(N). Since N
is a ϕ-n-absorbing primary submodule of M , therefore either ai1 · · · ain−1(ain +r) ∈

√
(N : M)

or ai1 · · · ain−1(m+n0) ∈ N or âij (ain + r)(m+n0) ∈ N for some 1 ≤ j ≤ n−1 where âij de-
notes the element of R obtained by deleting aij from the product ai1 · · · ain−1 . This implies that
either ai1 · · · ain ∈

√
(N : M) or ai1 · · · ain−1m ∈ N or âijainm ∈ N for some 1 ≤ j ≤ n − 1,

a contradiction. Hence the result holds for k = 1. Suppose k > 1 and assume that the re-
sult holds for all positive integers less than k. Now we prove the result for k. Assume that
ai1 · · · ain−k

(N : M)kN ⊈ ϕ(N). Then there exist r1, r2, . . . , rk ∈ (N : M) and n0 ∈ N such
that ai1 · · · ain−k

r1r2 · · · rkn0 /∈ ϕ(N). By part (1), part (2) and induction hypothesis, we con-
clude that there exists n′ ∈ ϕ(N) such that ai1 · · · ain−k

(ain−(k−1) + r1)(ain−(k−2) + r2) · · · (ain +

rk)(m+ n0) = n′ + ai1 · · · ain−k
r1r2 · · · rkn0 /∈ ϕ(N). So ai1 · · · ain−k

(ain−(k−1) + r1) · · · (ain +

rk)(m + n0) ∈ N − ϕ(N). Since N is a ϕ-n-absorbing primary submodule of M , therefore
either ai1 · · · ain−k

(ain−(k−1) + r1) · · · (ain + rk) ∈
√
(N : M) or âij (ain−(k−1) + r1) · · · (ain +

rk)(m + n0) ∈ N for some 1 ≤ j ≤ n − k where âij denotes the element of R obtained by

deleting aij from the product ai1 · · · ain−k
or ai1 · · · ain−k

̂(ain−(k−t)
+ rt)(m+n0) ∈ N for some

1 ≤ t ≤ k where ̂(ain−(k−t)
+ rt) denotes the element of R obtained by deleting (ain−(k−t)

+ rt)

from the product (ain−(k−1) + r1) · · · (ain + rk). This implies that either ai1 · · · ain ∈
√
(N : M)
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or âijain−(k−1) · · · ainm ∈ N for some 1 ≤ j ≤ n − k or ai1 · · · ain−k
̂ain−(k−t)

m ∈ N for some
1 ≤ t ≤ k where ̂ain−(k−t)

denotes the element of R obtained by deleting ain−(k−t)
from the

product ain−(k−1) · · · ain , a contradiction. Hence ai1 · · · ain−k
(N : M)kN ⊆ ϕ(N).

Theorem 2.10. Let N be a ϕ-n-absorbing primary submodule of an R-module M that is not
n-absorbing primary. Then (N : M)nN ⊆ ϕ(N).

Proof. SinceN is a ϕ-n-absorbing primary submodule of anR-moduleM that is not n-absorbing
primary, therefore there exists a ϕ-primary-(n + 1)-tuple-zero (a1, . . . , an,m) of N for some
a1, . . . , an ∈ R and m ∈ M . Assume that (N : M)nN ⊈ ϕ(N). Then there exists r1, . . . , rn ∈
(N : M) and n0 ∈ N such that r1 · · · rnn0 /∈ ϕ(N). By Proposition 2.9, (a1 + r1) · · · (an +
rn)(m + n0) /∈ ϕ(N). So (a1 + r1) · · · (an + rn)(m + n0) ∈ N − ϕ(N) and N is a ϕ-n-
absorbing primary submodule of M . Therefore either (a1 + r1) · · · (an + rn) ∈

√
(N : M) or

̂(ai + ri)(m+ n0) ∈ N for some 1 ≤ i ≤ n. This implies that either a1 · · · an ∈
√
(N : M) or

âim ∈ N for some 1 ≤ i ≤ n, a contradiction. Hence (N : M)nN ⊆ ϕ(N).

Corollary 2.11. If N is a ϕ-n-absorbing primary submodule of an R-module M that is not n-
absorbing primary, then

√
(N : M) =

√
(ϕ(N) : M).

Proof. SinceN is a ϕ-n-absorbing primary submodule of anR-moduleM that is not n-absorbing
primary, by Theorem 2.10, we have (N : M)nN ⊆ ϕ(N). Then (N : M)n+1 = (N : M)n(N :
M) = ((N : M)nN : M) ⊆ (ϕ(N) : M). Therefore

√
(N : M) ⊆

√
(ϕ(N) : M). As

ϕ(N) ⊆ N ,
√
(ϕ(N) : M) ⊆

√
(N : M). Thus

√
(N : M) =

√
(ϕ(N) : M).

Theorem 2.12. Let N be a ϕ-n-absorbing primary submodule of an R-module M that is not
n-absorbing primary, where ϕ ≤ ϕn+2. Then (N : M)nN = (N : M)n+1N .

Proof. Clearly, (N : M)n+1N ⊆ (N : M)nN . Since N is a ϕ-n-absorbing primary submodule
of an R-module M that is not n-absorbing primary, by Theorem 2.10, we have (N : M)nN ⊆
ϕ(N). As ϕ ≤ ϕn+2, therefore ϕ(N) ⊆ (N : M)n+1N . Thus (N : M)nN = (N : M)n+1N .

Corollary 2.13. If N is a ϕ-n-absorbing primary submodule of an R-module M with ϕ ≤ ϕn+2,
then N is a ϕω-n-absorbing primary submodule of M .

Proof. If N is an n-absorbing primary submodule of M , then N is a ϕω-n-absorbing primary
submodule ofM by Theorem 2.5(3). So assume thatN is not an n-absorbing primary submodule

of M . Then by Theorem 2.12, (N : M)nN = (N : M)n+1N . Therefore ϕω(N) =
∞⋂
i=1

(N :

M)iN = (N : M)nN . By hypothesis, ϕ ≤ ϕn+2 and by Remark 2.3, ϕn+2 ≤ ϕn+1. So
ϕ ≤ ϕn+1 and N is a ϕ-n-absorbing primary submodule of M . Therefore by Lemma 2.4, N is a
ϕn+1-n-absorbing primary submodule of M and ϕn+1(N) = (N : M)nN = ϕω(N). Hence N
is a ϕω-n-absorbing primary submodule of M .

Let M be a multiplication R-module. Then N = (N : M)M for every submodule N of
M . Let N be a ϕ-n-absorbing primary submodule of M . Then for any k ≥ 2, ϕk(N) = (N :
M)k−1N = (N : M)k−1(N : M)M = (N : M)kM = Nk. If we consider M to be a
multiplication R-module, then Theorem 2.10 and Theorem 2.12 give the following results.

Corollary 2.14. If N is a ϕ-n-absorbing primary submodule of a multiplication R-module M
that is not n-absorbing primary, then Nn+1 ⊆ ϕ(N).

Proof. SinceN is a ϕ-n-absorbing primary submodule of anR-moduleM that is not n-absorbing
primary, by Theorem 2.10, we have (N : M)nN ⊆ ϕ(N), that is, ϕn+1(N) ⊆ ϕ(N). Since M is
a multiplication R-module, therefore ϕn+1(N) = Nn+1. Hence Nn+1 ⊆ ϕ(N).

Corollary 2.15. Let N be a ϕ-n-absorbing primary submodule of a multiplication R-module M
that is not n-absorbing primary, where ϕ ≤ ϕn+2. Then Nn+1 = Nn+2.

Proof. SinceN is a ϕ-n-absorbing primary submodule of anR-moduleM that is not n-absorbing
primary, by Theorem 2.12, (N : M)nN = (N : M)n+1N , that is, ϕn+1(N) = ϕn+2(N). Since
M is a multiplication R-module, this implies that Nn+1 = Nn+2.
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We prove several results concerning characterizations of ϕ-n-absorbing primary submodule.

Theorem 2.16. Every ϕ-n-absorbing primary submodule of an R-module is a ϕ-m-absorbing
primary submodule for m > n.

Proof. It is sufficient to prove that every ϕ-n-absorbing primary submodule of an R-module is a
ϕ-(n+1)-absorbing primary submodule. Assume that N is a ϕ-n-absorbing primary submodule
of an R-module M . Let a1 · · · anan+1m ∈ N − ϕ(N) for a1, . . . , an, an+1 ∈ R and m ∈M . De-
note anan+1 by an′ . Then a1 · · · an′m ∈ N−ϕ(N) andN is a ϕ-n-absorbing primary submodule
of M . Therefore either a1 · · · an′ ∈

√
(N : M) or âim ∈ N for some i ∈ {1, 2, . . . , n − 1, n′}.

If i ̸= n′, then we are done. If i = n′, then we have a1 · · · an−1m ∈ N , which implies that
a1 · · · an−1anm ∈ N or a1 · · · an−1an+1m ∈ N . Hence N is a ϕ-(n + 1)-absorbing primary
submodule of M .

Theorem 2.17. [19, Theorem 2.5] Let N be an n-absorbing primary submodule of a cyclic
multiplication R-module M . Then

√
(N : M) is an n-absorbing ideal of R.

Theorem 2.18. If N is a ϕ-n-absorbing primary submodule of a cyclic multiplication R-module
M such that

√
(ϕ(N) : M) is an n-absorbing ideal ofR, then

√
(N : M) is also an n-absorbing

ideal of R.

Proof. If N is an n-absorbing primary submodule of M , then by Theorem 2.17,
√
(N : M) is

an n-absorbing ideal of R. So assume that N is not an n-absorbing primary submodule of M .
Then by Corollary 2.11,

√
(N : M) =

√
(ϕ(N) : M). By our hypothesis,

√
(ϕ(N) : M) is an

n-absorbing ideal of R. Therefore
√
(N : M) is an n-absorbing ideal of R.

Theorem 2.19. Let f : M → M ′ be an epimorphism of R-modules M and M ′, ϕ : S(M) →
S(M) ∪ {∅} and ϕ′ : S(M ′) → S(M ′) ∪ {∅} be functions. Then the following statements hold.

(1) If N ′ is a ϕ′-n-absorbing primary submodule of M ′ and ϕ(f−1(N ′)) = f−1(ϕ′(N ′)), then
f−1(N ′) is a ϕ-n-absorbing primary submodule of M .

(2) If N is a ϕ-n-absorbing primary submodule of M containing Ker(f) and ϕ′(f(N)) =
f(ϕ(N)), then f(N) is a ϕ′-n-absorbing primary submodule of M ′.

Proof. (1) Since f is an epimorphism, therefore f−1(N ′) is a proper submodule of M . Let
a1 · · · anm ∈ f−1(N ′) − ϕ(f−1(N ′)) for a1, . . . , an ∈ R and m ∈ M . As a1 · · · anm ∈
f−1(N ′), we have a1 · · · anf(m) ∈ N ′. Since a1 · · · anm /∈ ϕ(f−1(N ′)) = f−1(ϕ′(N ′), there-
fore a1 · · · anf(m) /∈ ϕ′(N ′). So a1 · · · anf(m) ∈ N ′ − ϕ′(N ′) and N ′ is a ϕ′-n-absorbing
primary submodule of M ′. Therefore either a1 · · · an ∈

√
(N ′ : M ′) or âif(m) ∈ N ′ for some

1 ≤ i ≤ n. This implies that either a1 · · · an ∈
√
(f−1(N ′) : M) or âim ∈ f−1(N ′) for some

1 ≤ i ≤ n. Hence f−1(N ′) is a ϕ-n-absorbing primary submodule of M .
(2) Let a1 · · · anm′ ∈ f(N)−ϕ′(f(N)) for a1, . . . , an ∈ R andm′ ∈M ′. Then a1 · · · anm′ =

f(n0) for some n0 ∈ N . As m′ ∈ M ′ and f is an epimorphism, there exists m ∈ M such that
f(m) = m′. Therefore a1 · · · anf(m) = f(n0), that is, f(a1 · · · anm−n0) = 0. This implies that
a1 · · · anm − n0 ∈ Ker(f) ⊆ N and hence a1 · · · anm ∈ N . Since a1 · · · anm′ /∈ ϕ′(f(N)), we
have f(a1 · · · anm) /∈ f(ϕ(N)) and so a1 · · · anm /∈ ϕ(N). Therefore a1 · · · anm ∈ N − ϕ(N)

and N is a ϕ-n-absorbing primary submodule of M . So either a1 · · · an ∈
√
(N : M) or âim ∈

N for some 1 ≤ i ≤ n. This implies that either a1 · · · an ∈
√
(f(N) : M ′) or âim′ ∈ f(N) for

some 1 ≤ i ≤ n. Hence f(N) is a ϕ′-n-absorbing primary submodule of M ′.

Theorem 2.20. Let N be a proper submodule of an R-module M . Then the following conditions
are equivalent.

(1) N is a ϕ-n-absorbing primary submodule of M .

(2) For a1, . . . , an−1 ∈ R and m ∈ M with a1 · · · an−1m /∈ N , (N : a1 · · · an−1m) ⊆
n−1⋃
i=1

(N :

âim) ∪ (
√
(N : M) : a1 · · · an−1) ∪ (ϕ(N) : a1 · · · an−1m), where âi denotes the element

of R obtained by deleting ai from the product a1 · · · an−1.
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Proof. (1) ⇒ (2) Let r ∈ (N : a1 · · · an−1m), that is, ra1 · · · an−1m ∈ N . If ra1 · · · an−1m ∈
ϕ(N), then r ∈ (ϕ(N) : a1 · · · an−1m). If ra1 · · · an−1m /∈ ϕ(N), then ra1 · · · an−1m ∈ N −
ϕ(N). Since N is a ϕ-n-absorbing primary submodule of M and a1 · · · an−1m /∈ N , therefore
either ra1 · · · an−1 ∈

√
(N : M) or râim ∈ N for some 1 ≤ i ≤ n − 1 where âi denotes

the element of R obtained by deleting ai from the product a1 · · · an−1. This implies that r ∈
(
√
(N : M) : a1 · · · an−1) or r ∈ (N : âim) for some 1 ≤ i ≤ n−1. Thus (N : a1 · · · an−1m) ⊆

n−1⋃
i=1

(N : âim) ∪ (
√
(N : M) : a1 · · · an−1) ∪ (ϕ(N) : a1 · · · an−1m).

(2) ⇒ (1) Let a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and m ∈ M . Suppose that

a1 · · · an−1m /∈ N . Then by assumption, (N : a1 · · · an−1m) ⊆
n−1⋃
i=1

(N : âim) ∪ (
√
(N : M) :

a1 · · · an−1) ∪ (ϕ(N) : a1 · · · an−1m). As a1 · · · anm ∈ N − ϕ(N), we have an ∈ (N :
a1 · · · an−1m) but an /∈ (ϕ(N) : a1 · · · an−1m). Therefore either an ∈ (N : âim) for some
1 ≤ i ≤ n − 1 or an ∈ (

√
(N : M) : a1 · · · an−1), that is, either âianm ∈ N for some

1 ≤ i ≤ n − 1 or a1 · · · an ∈
√
(N : M). Hence N is a ϕ-n-absorbing primary submodule

of M .

Theorem 2.21. N is a ϕ-n-absorbing primary submodule of an R-module M if and only if for

a1, . . . , an ∈ R such that a1 · · · an /∈
√
(N : M), (N : a1 · · · an) =

n⋃
i=1

(N : âi) ∪ (ϕ(N) :

a1 · · · an).

Proof. Assume that N is a ϕ-n-absorbing primary submodule of M and a1 · · · an /∈
√
(N : M)

for a1, . . . , an ∈ R. Let m ∈ (N : a1 · · · an), that is, a1 · · · anm ∈ N . If a1 · · · anm ∈ ϕ(N),
then m ∈ (ϕ(N) : a1 · · · an). If a1 · · · anm /∈ ϕ(N), then a1 · · · anm ∈ N − ϕ(N). Since N
is a ϕ-n-absorbing primary submodule of M and a1 · · · an /∈

√
(N : M), therefore âim ∈ N

for some 1 ≤ i ≤ n, that is, m ∈ (N : âi) for some 1 ≤ i ≤ n. Hence (N : a1 · · · an) ⊆
n⋃

i=1
(N : âi) ∪ (ϕ(N) : a1 · · · an). We know that (N : âi) ⊆ (N : a1 · · · an) for every 1 ≤ i ≤ n

and (ϕ(N) : a1 · · · an) ⊆ (N : a1 · · · an). Therefore (N : a1 · · · an) =
n⋃

i=1
(N : âi) ∪ (ϕ(N) :

a1 · · · an).
Conversely, assume that for a1, . . . , an ∈ R if a1 · · · an /∈

√
(N : M), then (N : a1 · · · an) =

n⋃
i=1

(N : âi) ∪ (ϕ(N) : a1 · · · an). Let a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and m ∈ M .

Then m ∈ (N : a1 · · · an) and m /∈ (ϕ(N) : a1 · · · an). If a1 · · · an ∈
√
(N : M), then we are

done. If a1 · · · an /∈
√
(N : M), then by assumption, (N : a1 · · · an) =

n⋃
i=1

(N : âi) ∪ (ϕ(N) :

a1 · · · an). Therefore m ∈ (N : âi) for some 1 ≤ i ≤ n, that is, âim ∈ N for some 1 ≤ i ≤ n.
Hence N is a ϕ-n-absorbing primary submodule of M .

As defined in [23], a commutative ring R is called a um-ring provided R has the property
that an R-module which is equal to a finite union of submodules must be equal to one of them.

Theorem 2.22. Let R be a um-ring, M be an R-module and N be a submodule of M . Then the
following conditions are equivalent.

(1) N is a ϕ-n-absorbing primary submodule of M .

(2) If a1 · · · an /∈
√
(N : M) for a1, . . . , an ∈ R, then either (N : a1 · · · an) = (N : âi) for

some 1 ≤ i ≤ n or (N : a1 · · · an) = (ϕ(N) : a1 · · · an).

(3) If a1 · · · anK ⊆ N − ϕ(N) for a1, . . . , an ∈ R and a submodule K of M , then either
a1 · · · an ∈

√
(N : M) or âiK ⊆ N for some 1 ≤ i ≤ n.

Proof. (1) ⇒ (2) Let N be a ϕ-n-absorbing primary submodule of M such that a1 · · · an /∈√
(N : M) for a1, . . . , an ∈ R. Then by Theorem 2.21, we have (N : a1 · · · an) =

n⋃
i=1

(N :
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âi) ∪ (ϕ(N) : a1 · · · an). Since R is a um-ring, therefore either (N : a1 · · · an) = (N : âi) for
some 1 ≤ i ≤ n or (N : a1 · · · an) = (ϕ(N) : a1 · · · an).

(2) ⇒ (3) Let a1 · · · anK ⊆ N − ϕ(N) for a1, . . . , an ∈ R and a submodule K of M . Then
K ⊆ (N : a1 · · · an) and K ⊈ (ϕ(N) : a1 · · · an). If a1 · · · an ∈

√
(N : M), then we are

done. If a1 · · · an /∈
√
(N : M), then by assumption, either (N : a1 · · · an) = (N : âi) for some

1 ≤ i ≤ n or (N : a1 · · · an) = (ϕ(N) : a1 · · · an). Therefore K ⊆ (N : âi) for some 1 ≤ i ≤ n,
that is, âiK ⊆ N for some 1 ≤ i ≤ n.

(3) ⇒ (1) Let a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and m ∈M . Then a1 · · · an⟨m⟩ ⊆
N − ϕ(N) where ⟨m⟩ denotes the submodule of M generated by m. By assumption, either
a1 · · · an ∈

√
(N : M) or âi⟨m⟩ ⊆ N for some 1 ≤ i ≤ n, that is, either a1 · · · an ∈

√
(N : M)

or âim ∈ N for some 1 ≤ i ≤ n. Hence N is a ϕ-n-absorbing primary submodule of M .

Theorem 2.23. Let M be an R-module, k ≥ 2 be an integer, m ∈ M such that Rm ̸= M and
(0 : m) ⊆

√
(Rm : M). Then Rm is a ϕ-n-absorbing primary submodule of M for some ϕ with

ϕ ≤ ϕk if and only if Rm is an n-absorbing primary submodule of M .

Proof. Assume that Rm is a ϕ-n-absorbing primary submodule of M for some ϕ ≤ ϕk. Let
a1, . . . , an ∈ R and m′ ∈ M such that a1 · · · anm′ ∈ Rm. If a1 · · · anm′ /∈ (Rm : M)k−1Rm,
then a1 · · · anm′ ∈ Rm − ϕ(Rm) as ϕ ≤ ϕk. Since Rm is a ϕ-n-absorbing primary submodule
of M , therefore either a1 · · · an ∈

√
(Rm : M) or âim′ ∈ Rm for some 1 ≤ i ≤ n and we

are done. So assume that a1 · · · anm′ ∈ (Rm : M)k−1Rm. We have a1 · · · an(m′ + m) ∈
Rm. If a1 · · · an(m′ +m) /∈ (Rm : M)k−1Rm, then a1 · · · an(m′ +m) ∈ Rm − ϕ(Rm) and
Rm is a ϕ-n-absorbing primary submodule of M . Therefore either a1 · · · an ∈

√
(Rm : M) or

âi(m′ +m) ∈ Rm for some 1 ≤ i ≤ n, that is, either a1 · · · an ∈
√
(Rm : M) or âim′ ∈ Rm

for some 1 ≤ i ≤ n and we are done. So assume that a1 · · · an(m′ +m) ∈ (Rm : M)k−1Rm.
Therefore a1 · · · anm ∈ (Rm : M)k−1Rm. This implies that there exists r ∈ (Rm : M) such
that a1 · · · anm = rm. Therefore a1 · · · an − r ∈ (0 : m) ⊆

√
(Rm : M). Thus a1 · · · an ∈√

(Rm : M), which shows that Rm is an n-absorbing primary submodule of M .
Conversely, if Rm is an n-absorbing primary submodule of M , then Rm is a ϕ-n-absorbing

primary submodule of M for any ϕ.

Let R be an integral domain. An R-module M is said to be torsion-free if rm = 0 implies
r = 0 or m = 0, where r ∈ R and m ∈M .

Corollary 2.24. Let R be an integral domain, M be a torsion-free R-module, m ∈ M with
Rm ̸= M and k ≥ 2 be an integer. Then Rm is a ϕ-n-absorbing primary submodule of M for
some ϕ with ϕ ≤ ϕk if and only if Rm is an n-absorbing primary submodule of M .

Theorem 2.25. Let M be a multiplication R-module, r be an element of R such that rM ̸= M
and (0 : r) ⊆ rM . Then rM is an almost n-absorbing primary submodule of M if and only if
rM is an n-absorbing primary submodule of M .

Proof. Assume that rM is an almost n-absorbing primary submodule of M . Let a1 · · · anm ∈
rM for a1, . . . , an ∈ R and m ∈ M . If a1 · · · anm /∈ r2M , then either a1 · · · an ∈

√
(rM : M)

or âim ∈ rM for some 1 ≤ i ≤ n as rM is an almost n-absorbing primary submodule of
M and we are done. So assume that a1 · · · anm ∈ r2M . Note that (a1 + r)a2 · · · anm ∈ rM .
If (a1 + r)a2 · · · anm /∈ r2M , then either (a1 + r)a2 · · · an ∈

√
(rM : M) or â1m ∈ rM or

(a1 + r)a2 · · · ̂̂ai · · · anm ∈ rM for some 2 ≤ i ≤ n where a2 · · · ̂̂ai · · · an denotes the element of
R obtained by deleting ai from the product a2 · · · an. Therefore either a1 · · · an ∈

√
(rM : M)

or âim ∈ rM for some 1 ≤ i ≤ n and we are done. So assume that (a1 + r)a2 · · · anm ∈ r2M .
Then ra2 · · · anm ∈ r2M . This implies that there exists m0 ∈M such that ra2 · · · anm = r2m0.
Therefore a2 · · · anm − rm0 ∈ (0 : r) ⊆ rM . Hence a2 · · · anm ∈ rM , that is, â1m ∈ rM ,
which shows that rM is an n-absorbing primary submodule of M .

The converse follows by Theorem 2.5(3).
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3 ϕϕϕ-n-absorbing primary submodule of some well-known modules

Let N be a submodule of an R-module M and ϕ : S(M) → S(M) ∪ {∅} be a function. Define
the function ϕN : S(M/N) → S(M/N) ∪ {∅} by ϕN (K/N) = (ϕ(K) + N)/N if ϕ(K) ̸= ∅
and ϕN (K/N) = ∅ if ϕ(K) = ∅, where K is a submodule of M such that N ⊆ K.

Theorem 3.1. Let N and K be submodules of an R-module M with N ⊆ K. If K is a ϕ-
n-absorbing primary submodule of M , then K/N is a ϕN -n-absorbing primary submodule of
M/N .

Proof. Let a1 · · · an(m + N) ∈ K/N − ϕN (K/N) for a1, . . . , an ∈ R and m ∈ M , that is,
a1 · · · an(m + N) ∈ K/N − (ϕ(K) + N)/N . Then a1 · · · anm ∈ K − ϕ(K) and K is a ϕ-n-
absorbing primary submodule of M . Therefore either a1 · · · an ∈

√
(K : M) or âim ∈ K for

some 1 ≤ i ≤ n. Hence either a1 · · · an ∈
√
(K/N : M/N) or âi(m + N) ∈ K/N for some

1 ≤ i ≤ n. Thus K/N is a ϕN -n-absorbing primary submodule of M/N .

Corollary 3.2. Let N and K be submodules of an R-module M with N ⊆ K. If K is a ϕ-
n-absorbing primary submodule of M with ϕ(K) ⊆ N , then K/N is a weakly n-absorbing
primary submodule of M/N .

Proof. Let N ̸= a1 · · · an(m + N) ∈ K/N for a1, . . . , an ∈ R and m ∈ M . As ϕ(K) ⊆ N ,
we have ϕN (K/N) = N . Therefore a1 · · · an(m + N) ∈ K/N − ϕN (K/N). Since K is a
ϕ-n-absorbing primary submodule of M , by Theorem 3.1, K/N is a ϕN -n-absorbing primary
submodule of M/N . This implies that either a1 · · · an ∈

√
(K/N : M/N) or âi(m+N) ∈ K/N

for some 1 ≤ i ≤ n. Hence K/N is a weakly n-absorbing primary submodule of M/N .

Theorem 3.3. Let N and K be submodules of an R-module M with N ⊆ K. If N ⊆ ϕ(K)
and K/N is a ϕN -n-absorbing primary submodule of M/N , then K is a ϕ-n-absorbing primary
submodule of M .

Proof. Let a1 · · · anm ∈ K − ϕ(K) for a1, . . . , an ∈ R and m ∈M , that is, a1 · · · an(m+N) ∈
K/N − ϕ(K)/N . As N ⊆ ϕ(K), we have a1 · · · an(m+N) ∈ K/N − ϕN (K/N). Since K/N
is a ϕN -n-absorbing primary submodule of M/N , therefore either a1 · · · an ∈

√
(K/N : M/N)

or âi(m + N) ∈ K/N for some 1 ≤ i ≤ n. This implies that either a1 · · · an ∈
√
(K : M) or

âim ∈ K for some 1 ≤ i ≤ n. Hence K is a ϕ-n-absorbing primary submodule of M .

Theorem 3.4. Let N and K be submodules of an R-module M with N ⊆ K. If N is a ϕ-n-
absorbing primary submodule of M , ϕ(N) ⊆ ϕ(K) and K/N is a weakly n-absorbing primary
submodule of M/N , then K is a ϕ-n-absorbing primary submodule of M .

Proof. Let a1 · · · anm ∈ K − ϕ(K) for a1, . . . , an ∈ R and m ∈ M . If a1 · · · anm ∈ N , then
a1 · · · anm ∈ N−ϕ(N) as ϕ(N) ⊆ ϕ(K). SinceN is a ϕ-n-absorbing primary submodule ofM ,
therefore either a1 · · · an ∈

√
(N : M) or âim ∈ N for some 1 ≤ i ≤ n. As N ⊆ K, we have√

(N : M) ⊆
√
(K : M). This implies that either a1 · · · an ∈

√
(K : M) or âim ∈ K for some

1 ≤ i ≤ n and we are done. If a1 · · · anm /∈ N , thenN ̸= a1 · · · an(m+N) ∈ K/N andK/N is a
weakly n-absorbing primary submodule of M/N . Therefore either a1 · · · an ∈

√
(K/N : M/N)

or âi(m+N) ∈ K/N for some 1 ≤ i ≤ n, that is, either a1 · · · an ∈
√
(K : M) or âim ∈ K for

some 1 ≤ i ≤ n. Thus K is a ϕ-n-absorbing primary submodule of M .

Corollary 3.5. K is a ϕ-n-absorbing primary submodule of an R-module M if and only if
K/ϕ(K) is a weakly n-absorbing primary submodule of M/ϕ(K).

Proof. Assume that K is a ϕ-n-absorbing primary submodule of M . In Corollary 3.2, set N =
ϕ(K). Then K/ϕ(K) is a weakly n-absorbing primary submodule of M/ϕ(K).

Conversely, assume that K/ϕ(K) is a weakly n-absorbing primary submodule of M/ϕ(K).
Let a1 · · · an(m + ϕ(K)) ∈ K/ϕ(K) − ϕϕ(K)(K/ϕ(K)) for a1, . . . , an ∈ R and m ∈ M . But
ϕϕ(K)(K/ϕ(K)) = ϕ(K). Therefore ϕ(K) ̸= a1 · · · an(m + ϕ(K)) ∈ K/ϕ(K) and K/ϕ(K)
is a weakly n-absorbing primary submodule of M/ϕ(K). This implies that either a1 · · · an ∈√
(K/ϕ(K) : M/ϕ(K)) or âi(m+ ϕ(K)) ∈ K/ϕ(K) for some 1 ≤ i ≤ n. Hence K/ϕ(K) is a

ϕϕ(K)-n-absorbing primary submodule of M/ϕ(K). Setting N = ϕ(K) in Theorem 3.3 implies
that K is a ϕ-n-absorbing primary submodule of M .
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Theorem 3.6. Let N be a ϕ-n-absorbing primary submodule of an R-module M . Then for
a1, . . . , an ∈ R and m ∈ M , (a1, . . . , an,m) is a ϕ-primary-(n+ 1)-tuple-zero of N if and only
if (a1, . . . , an,m+ ϕ(N)) is an (n+ 1)-tuple-zero of N/ϕ(N).

Proof. Suppose that (a1, . . . , an,m) is a ϕ-primary-(n + 1)-tuple-zero of N . So a1 · · · anm ∈
ϕ(N), a1 · · · an /∈

√
(N : M) and âim /∈ N for every 1 ≤ i ≤ n. This implies that a1 · · · an(m+

ϕ(N)) = ϕ(N), a1 · · · an /∈
√
(N/ϕ(N) : M/ϕ(N)) and âi(m + ϕ(N)) /∈ N/ϕ(N) for every

1 ≤ i ≤ n. Since by Corollary 3.5, N/ϕ(N) is a weakly-n-absorbing primary submodule of
M/ϕ(N), therefore (a1, . . . , an,m+ ϕ(N)) is an (n+ 1)-tuple-zero of N/ϕ(N).

The converse part can be easily proved by the same argument.

Let S be a multiplicatively closed subset of R and M be an R-module. We know that ev-
ery submodule of S−1M is of the form S−1N for some submodule N of M . Let ϕ : S(M) →
S(M)∪{∅} be a function. Define ϕS : S(S−1M) → S(S−1M)∪{∅} by ϕS(S−1N) = S−1ϕ(N)
if ϕ(N) ̸= ∅ and ϕS(S−1N) = ∅ if ϕ(N) = ∅ for every submodule N of M . Note that
ϕS(S−1N) ⊆ S−1N .

We denote the set of all zero divisors of an R-module M by Zd(M), which is given by
Zd(M) = {r ∈ R : rm = 0 for some 0 ̸= m ∈M}.

Theorem 3.7. Let S be a multiplicatively closed subset of R and N be a proper submodule of
an R-module M . If N is a ϕ-n-absorbing primary submodule of M with (N : M)∩ S = ∅, then
S−1N is a ϕS-n-absorbing primary submodule of S−1M .

Proof. Assume that N is a ϕ-n-absorbing primary submodule of M . Let a1
s1

· · · an

sn
m
s ∈ S−1N −

ϕS(S−1N) for a1, . . . , an ∈ R, s1, . . . , sn, s ∈ S and m ∈M . Then there exists s′ ∈ S such that
s′a1 · · · anm ∈ N . Also, s′a1 · · · anm /∈ ϕ(N) for if s′a1 · · · anm ∈ ϕ(N), then a1

s1
· · · an

sn
m
s =

s′a1···anm
s′s1···sns ∈ S−1ϕ(N) = ϕS(S−1N), a contradiction. Hence a1 · · · an(s′m) ∈ N − ϕ(N)

and N is a ϕ-n-absorbing primary submodule of M . Therefore either a1 · · · an ∈
√
(N : M)

or âis′m ∈ N for some 1 ≤ i ≤ n. This implies that either a1
s1

· · · an

sn
∈ S−1

√
(N : M) =√

S−1(N : M) ⊆
√
(S−1N : S−1M) or âi

ŝi
m
s = âis

′m
ŝis′s

∈ S−1N for some 1 ≤ i ≤ n where
ŝi denotes the element of S obtained by deleting si from the product s1 · · · sn. Thus S−1N is a
ϕS-n-absorbing primary submodule of S−1M .

Lemma 3.8. [16, Lemma 1] Let R be a ring, S a multiplicatively closed subset of R, M an
R-module and N a submodule of M . If S ∩ Zd(M/N) = ∅, then S ∩ Zd(R/(N : M)) = ∅.

Theorem 3.9. Let S be a multiplicatively closed subset of R and N be a proper submodule of
a finitely generated R-module M . If S−1N is a ϕS-n-absorbing primary submodule of S−1M
with S ∩Zd(N/ϕ(N)) = S ∩Zd(M/N) = ∅, then N is a ϕ-n-absorbing primary submodule of
M .

Proof. Assume that S−1N is a ϕS-n-absorbing primary submodule of S−1M such that S ∩
Zd(N/ϕ(N)) = S ∩ Zd(M/N) = ∅. Let a1 · · · anm ∈ N − ϕ(N) for a1, . . . , an ∈ R and
m ∈ M . Then a1···anm

1 ∈ S−1N . If a1···anm
1 ∈ ϕS(S−1N) = S−1ϕ(N), then there ex-

ists s0 ∈ S such that s0a1 · · · anm ∈ ϕ(N), a contradiction as S ∩ Zd(N/ϕ(N)) = ∅. So
a1···anm

1 ∈ S−1N − ϕS(S−1N) and S−1N is a ϕS-n-absorbing primary submodule of S−1M .
Therefore either a1···an

1 ∈
√
(S−1N : S−1M) or âim

1 ∈ S−1N for some 1 ≤ i ≤ n. If a1···an

1 ∈√
(S−1N : S−1M), then a1···an

1 ∈
√
S−1(N : M) as S−1(N : M) = (S−1N : S−1M) since M

is a finitely generated R-module. Therefore a1···an

1 ∈ S−1
√
(N : M). So there exists s ∈ S such

that (sa1 · · · an)k ∈ (N : M) for some positive integer k, that is, sk(a1 · · · an)k ∈ (N : M). If
(a1 · · · an)k /∈ (N : M), then sk ∈ S ∩ Zd(R/(N : M)), which is a contradiction because by
Lemma 3.8, S ∩Zd(R/(N : M)) = ∅ as S ∩Zd(M/N) = ∅. Therefore (a1 · · · an)k ∈ (N : M)

which implies that a1 · · · an ∈
√
(N : M). If âim

1 ∈ S−1N for some 1 ≤ i ≤ n, then there
exists s′ ∈ S such that s′âim ∈ N for some 1 ≤ i ≤ n. If âim /∈ N for every 1 ≤ i ≤ n, then
s′ ∈ S ∩ Zd(M/N), which is a contradiction. Therefore âim ∈ N for some 1 ≤ i ≤ n. Hence
N is a ϕ-n-absorbing primary submodule of M .
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Theorem 3.10. Let M1 be an R1-module, M2 be an R2-module, M = M1 ×M2, ψi : S(Mi) →
S(Mi) ∪ {∅} be functions for i = 1, 2, ϕ = ψ1 × ψ2 and N = N1 ×M2 be a proper submodule
of M for a proper submodule N1 of M1. Then the following statements hold.

(1) If N is a ϕ-n-absorbing primary submodule of M , then N1 is a ψ1-n-absorbing primary
submodule of M1.

(2) If N1 is a ψ1-n-absorbing primary submodule of M1 and ψ2(M2) = M2, then N is a ϕ-n-
absorbing primary submodule of M .

(3) If N1 is an n-absorbing primary submodule of M1, then N is a ϕ-n-absorbing primary
submodule of M .

(4) If N is a ϕ-n-absorbing primary submodule of M and ψ2(M2) ̸= M2, then N1 is an n-
absorbing primary submodule of M1.

Proof. (1) Assume that N is a ϕ-n-absorbing primary submodule of M . Let a1 · · · anm1 ∈
N1−ψ1(N1) for a1, . . . , an ∈ R1 and m1 ∈M1. Then (a1, 1) · · · (an, 1)(m1,m2) ∈ (N1×M2)−
(ψ1(N1) × ψ2(M2)) for m2 ∈ M2, that is, (a1, 1) · · · (an, 1)(m1,m2) ∈ N − ϕ(N). Since N is
a ϕ-n-absorbing primary submodule of M , therefore either (a1, 1) · · · (an, 1) ∈

√
(N : M) or

(̂ai, 1)(m1,m2) ∈ N for some 1 ≤ i ≤ n where (̂ai, 1) denotes the element of R1 × R2 ob-
tained by deleting (ai, 1) from the product (a1, 1) · · · (an, 1). This implies that either a1 · · · an ∈√
(N1 : M1) or âim1 ∈ N1 for some 1 ≤ i ≤ n. Hence N1 is a ψ1-n-absorbing primary submod-

ule of M1.
(2) Assume that N1 is a ψ1-n-absorbing primary submodule of M1 and ψ2(M2) = M2. Let

(s1, t1) · · · (sn, tn)(m1,m2) ∈ N −ϕ(N) for (s1, t1), . . . , (sn, tn) ∈ R1 ×R2 and (m1,m2) ∈M .
Then (s1, t1) · · · (sn, tn)(m1,m2) ∈ (N1 × M2) − ϕ(N1 × M2). As ψ2(M2) = M2, we have
s1 · · · snm1 ∈ N1 − ψ1(N1). Since N1 is a ψ1-n-absorbing primary submodule of M1, therefore
either s1 · · · sn ∈

√
(N1 : M1) or ŝim1 ∈ N1 for some 1 ≤ i ≤ n. This implies that either

(s1, t1) · · · (sn, tn) ∈
√
(N : M) or (̂si, ti)(m1,m2) ∈ N for some 1 ≤ i ≤ n where (̂si, ti)

denotes the element of R1 ×R2 obtained by deleting (si, ti) from the product (s1, t1) · · · (sn, tn).
Thus N is a ϕ-n-absorbing primary submodule of M .

(3) Assume that N1 is an n-absorbing primary submodule of M1. Let (s1, t1), . . . , (sn, tn) ∈
R1 ×R2 and (m1,m2) ∈M1 ×M2 such that (s1, t1) · · · (sn, tn)(m1,m2) ∈ N = N1 ×M2. Then
s1 · · · snm1 ∈ N1. As N1 is an n-absorbing primary submodule of M1, we have either s1 · · · sn ∈√
(N1 : M1) or ŝim1 ∈ N1 for some 1 ≤ i ≤ n. This implies that either (s1, t1) · · · (sn, tn) ∈√
(N : M) or (̂si, ti)(m1,m2) ∈ N for some 1 ≤ i ≤ n. Thus N is an n-absorbing primary

submodule of M . Hence N is a ϕ-n-absorbing primary submodule of M for any ϕ.
(4) Let N be a ϕ-n-absorbing primary submodule of M . Then by part (1), N1 is a ψ1-

n-absorbing primary submodule of M1. Assume that N1 is not an n-absorbing primary sub-
module of M1. Then there exists a ψ1-primary-(n + 1)-tuple-zero (a1, . . . , an,m1) of N1 for
a1, . . . , an ∈ R1 and m1 ∈ M1. Therefore a1 · · · anm1 ∈ ψ1(N1), a1 · · · an /∈

√
(N1 : M1)

and âim1 /∈ N1 for every 1 ≤ i ≤ n. As ψ2(M2) ̸= M2, there exists m2 ∈ M2 such that
m2 /∈ ψ2(M2). This implies that (a1, 1) · · · (an, 1)(m1,m2) ∈ (N1 ×M2)− (ψ1(N1)×ψ2(M2)),
that is, (a1, 1) · · · (an, 1)(m1,m2) ∈ N − ϕ(N). Since N is a ϕ-n-absorbing primary submod-
ule of M , therefore either (a1, 1) · · · (an, 1) ∈

√
(N : M) or (̂ai, 1)(m1,m2) ∈ N for some

1 ≤ i ≤ n. This implies that either a1 · · · an ∈
√
(N1 : M1) or âim1 ∈ N1 for some 1 ≤ i ≤ n,

which is a contradiction. Hence N1 is an n-absorbing primary submodule of M1.

Theorem 3.11. [20, Theorem 2.19] Let M be an R-module. If N is a weakly n-absorbing
primary submodule of M that is not n-absorbing primary, then (N : M)nN = {0}.

Theorem 3.12. Let M1 be an R1-module, M2 be an R2-module and R = R1 × R2. If N1 is a
weakly n-absorbing primary submodule of M1, then N = N1 ×M2 is a ϕ-n-absorbing primary
submodule of M =M1 ×M2 as an R-module for some ϕ with ϕω ≤ ϕ ≤ ϕ1.

Proof. If N1 is an n-absorbing primary submodule of M1, then by Theorem 3.10(3), N is a ϕ-
n-absorbing primary submodule of M for any ϕ. Assume that N1 is not an n-absorbing primary
submodule of M1. Then, by Theorem 3.11, (N1 : M1)nN1 = {0}. Therefore (N : M)nN =
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{0}×M2. So ϕω(N) = {0}×M2 andN−ϕω(N) = (N1−{0})×M2. Let (s1, t1), . . . , (sn, tn) ∈
R1 × R2 and (m1,m2) ∈ M such that (s1, t1) · · · (sn, tn)(m1,m2) ∈ N − ϕω(N). This gives
s1 · · · snm1 ∈ N1 − {0} and N1 is a weakly n-absorbing primary submodule of M1. Therefore
either s1 · · · sn ∈

√
(N1 : M1) or ŝim1 ∈ N1 for some 1 ≤ i ≤ n. This implies that either

(s1, t1) · · · (sn, tn) ∈
√
(N : M) or (̂si, ti)(m1,m2) ∈ N for some 1 ≤ i ≤ n. Hence N is a

ϕω-n-absorbing primary submodule of M . Thus, by Lemma 2.4, N is a ϕ-n-absorbing primary
submodule of M for any ϕ with ϕω ≤ ϕ ≤ ϕ1.
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