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Abstract. In this paper, we present a coordinate-free investigation of the generalized ap-
proximation Matsumoto metric. Specifically, for a Finsler metric (M, L) and a one-form B, we
examine various geometric structures associated with the metric

- 20 3y
L(z,y) = L(z,y) + e1B(z,y) + & %;/(53’75) sfz((x’,g))’

where €;, €, and €3 are positive constants. Our analysis expresses these structures in terms of
the corresponding objects of the base metric L. In particular, we derive the metric tensor, Cartan
tensor, and other associated geometric quantities for L, and we establish conditions under which
the metric tensor of L is non-degenerate. To determine the geodesic spray, Barthel connection,
and Berwald connection of Z(m, y), we specialize the one-form 5 to one induced by a concurrent

m-vector field. Additionally, we compute the curvature of the Barthel connection for L, and
provide a concrete example to illustrate our results.

+€3

1 Introduction

In 1941, G. Randers [17] introduced a special class of Finsler spaces defined by the transforma-
tion L = L + B, where B is a one-form on a differentiable manifold M and L is a Riemannian
metric. The motivation behind this construction was to develop a unified field theory that in-
corporated both gravity and electromagnetism. Later, in 1974, M. Matsumoto [10] extended
Randers spaces by allowing L to be a general Finsler metric rather than restricting it to the Rie-
mannian case. Since then, Finsler metrics of Randers type have attracted considerable attention,
leading to numerous local studies and a rich body of literature on their geometric properties.

The theory of special Finsler spaces forms a dynamic and expansive domain of research, of-
fering a wide array of applications in disciplines such as Physics and Biology. Within this frame-
work, the m-tensor fields—particularly those related to torsion and curvature under the Cartan
connection—often adhere to specific structural properties. These conditions give rise to numer-
ous subclasses of Finsler spaces, resulting in a broader spectrum of special spaces compared to
traditional Riemannian geometry.

A considerable body of research has focused on local (coordinate-dependent) methods to
study these spaces, including investigations into approximation Matsumoto metrics [1, 11, 12,
28]. Nonetheless, intrinsic (coordinate-independent) analyses remain relatively scarce. Signifi-
cant progress in this area has been made by A. Tamim, L. Youssef, and others, who have con-
tributed substantially to the development of intrinsic approaches to special Finsler spaces (refer
to [3, 20, 22, 25, 30, 34]).
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Numerous applications of Matsumoto-type metrics have been explored in the literature; for
example, see [2, 9, 14, 15, 16, 18, 19]. Adopting the pullback formalism in Finsler geometry,
recent studies have intrinsically explored several generalized Finsler metrics, such as the first
and second approximation Matsumoto metrics [4, 24], the Shen square metric [23], and the
generalized Randers metric [26]. In this paper, following the same formalism, we present a
coordinate-free investigation of a generalized approximation Matsumoto metric—a broader class
that encompasses the previously studied metrics.

By a generalized approximation Matsumoto metric, we refer to the deformation of a given
Finsler metric L (not necessarily Riemannian) through a one-form B, resulting in:

B(z,y) | B(x,y)
L(z,y) L2 (z,y)’

L(z,y) = L(z,y) + e1B(z,y) + e +e

where €1, €;, €3 are positive constants.
Under this construction, we proceed to compute intrinsic geometric objects associated with
L, such as the supporting form ‘ angular metric tensor 1, Finsler metric g, and the Cartan torsion
T. We further identify the condition under which g is non-degenerate (see Theorem 4.2):

e2(2L°p? — 3B°L) + L* + e3(6BL*p? — 8B°) # 0.

Furthermore, we establish the relationship between the original and modified Barthel con-
nections I" and T, respectively. The associated canonical sprays GG and G are shown to be related
via (see Theorem 5.4):

b—c L? (B* (12B%c 4 3Le3(5B%; + L?) + 4BL*e3) + L6 (8B3e3 — L? + 3B%Ley))
B (Be3 + L3 + BL(Bez + Ley)) (e2(2L3p> — 3B2L) + L3 + e3(6BL2p? — 8B?))

. 204(3Be3 + Ley)
QL —3B2L) 1 L’ + &3 (6BL%2 —8B7) 7

C

where C denotes the Liouville vector field.
To illustrate, consider the Finsler manifold M = {(z,z2,73) € R® | z; # 0} and L be a

conic Finsler metric given by
2,3
x
L= 2 g2,
Y2

where (x1, 72,3, y1,Y2,y3) € TM C R3 x R3. Here, the corresponding 7-form has components
B, = B; = 0, By = 1z, leading to the one-form B(z, y) = z;y;. Consequently, the deformed
metric becomes:

B (z,y)
L2(z,y)

B(z,y)
L(z,y)

2,3 2 3
T T T
= 143 +?J]2+61x1yl+62 (21?1) + €3 (ylyl)
V v /90;}12/3 i 542

where (1,22, 23; 91,2, y3) € TM C R? x R3. The metric L characterizes a specific form of a
generalized approximation Matsumoto metric defined over M.

E($7y> = L(J?,y)-f—E] %(x,y)-l—eg

+63

2 Notations and Preliminaries

Let M be a smooth manifold of dimension n, and consider its tangent bundle (7'M, m, M),
along with the differential bundle (TTM,dr,TM). The vertical bundle of TM, denoted by
V(T M), is defined as the kernel of dr, that is, V(T M) = ker(dr). Additionally, let 7= (T'M)
represent the pullback bundle of the tangent bundle over 7'M . These structures yield the follow-
ing short exact sequence of vector bundle morphisms (see [6]):

0 — 7 ' (TM) L TTM 25 n=Y(TM) — 0,
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where 7 M is the slit tangent bundle, ~ is the natural injection and p := (7, drr).

The almost tangent structure (also known as the vertical endomorphism) on T'M is given by
J =70 p. Let C=(T M) denote the algebra of smooth real-valued functions on 7'M, and let P
represent the C°°(T M )-module consisting of smooth sections of the pullback bundle 7= (T'M).
The sections of this pullback bundle are referred to as m-vector fields and will be denoted using
barred letters such as X.

The Liouville vector field, also called the fundamental 7-vector field, is defined by C := ~7,
where 77(u) = (u,u) forevery u € TM. Here, TM := TM \ {0} denotes the slit tangent bundle.

We begin by briefly reviewing some fundamental concepts and key properties of the Klein—Grifone
framework in Finsler geometry. For a more comprehensive treatment, the reader is referred to
[6,7, 8].

A nonlinear connection on M is defined as a vector 1-form I" on 7'M that is smooth on the slit
tangent bundle 7M = T'M \ {0} and continuous on the entire tangent bundle T'M/. It satisfies
the conditions

JI'=J, I'b=-J.

Associated with such a connection are the horizontal and vertical projectors, denoted respectively
by

1 1
The torsion of I" is defined as |
t:=—|J,
e
while its curvature is given by
1
R :=——|h,hl]
S

Let D be a linear connection on the pullback bundle 7~!(T'M). The corresponding connec-
tion map K is defined as

K:TTM — 7~ (TM), X — DxT,

where 7 is the fundamental 7-vector field. The horizontal space at a point v € T'M is then given
by
H,(TM):={X e T,(TM) | K(X)=0}.

The connection D is called regular if every tangent space 7., (7'M ) can be decomposed as a direct
sum of vertical and horizontal components:

T (TM) = V,(TM) & H,(TM), Yue TM.

For a regular connection, the restrictions p| (7 and K|y (rar) act as vector bundle isomor-
phisms. The inverse of p restricted to H (7'M ), denoted by
B = (pluran) "

Let D be a regular connection on the pullback bundle 7=!(T'M), with horizontal map £,
and let T and K denote its classical torsion and curvature tensor fields, respectively. Then the
following hold:

(i) Covariant Derivatives: For any w-tensor field A of type (0, p), the horizontal and vertical

h v
covariant derivatives, denoted by D and D, are defined as:

(D A)(X,X,...,X,) = (DygA) (X1, ..., X,),

v _ J— J— J—
(DA)X,Xy,..., X)) = (DVYA)(Xl, e X)),
(i) Torsion Tensors: The torsion tensor T gives rise to the following derived tensors:

e (h)h-torsion: Q(X,Y) := T(BX, BY),
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e (h)hv-torsion: T(X,Y) := T(vX, 8Y),
e (h)v-torsion: V(X,Y) := T(vX,7Y).
(iii) Curvature Tensors: The curvature tensor K leads to the following tensors:
e Horizontal curvature: R(X,Y)Z := K(8X,3Y)Z,
e Mixed curvature: P(X,Y)Z :=K(8X,7Y)Z,

e Vertical curvature: S(X,Y)Z := K(vX,7Y)Z

(iv) Contracted Torsion Tensors: By applying these curvature tensors to the fundamental vector
field 77, we obtain:

o~ o~ ~

R(X.Y) = RX.Y), P(X.Y):=PX. V) S(XY):=S5XYn
A Finsler manifold is defined as follows:

Definition 2.1. Let M be an n-dimensional smooth manifold. A Finsler manifold is a pair
(M, L), where
L:TM —R

is a function, known as the Finsler structure, satisfying the following conditions:

(@) L(u) >0forallu e TM :=TM \ {0}, and L(0) =0,

(b) L is of class C*° on 7 M and continuous on 7'M,

(¢) L is positively homogeneous of degree one in the directional variable y, i.e., LcL = L,
(d) The 2-form Q :=dd;E, with E = %Lz, is non-degenerate (i.e., has maximal rank).

The function F is referred as the energy function associated with L. The Finsler metric g,
induced by L on the pullback bundle 7! (7'M), is defined by:

g(pX,pY) :=Q(JX,Y), VX, Y € X(TM).

If the function L satisfies the above conditions only on a conic subset U C TM (i.e., u €
U = Mu € U for all A > 0), then (M, L) is called a conic Finsler manifold.

A semispray is a vector field G on T'M, which is smooth on the slit tangent bundle 7M :=
TM \ {0} and of class C' on all of TM, satisfying the condition JG = C, where C denotes
the Liouville vector field. When a semispray G is 2-homogeneous with respect to the fiber
coordinates—that is, [C, G] = G—it is referred as a spray.

Proposition 2.2 ([8, 7]). For a Finsler manifold (M, L), the following are associated:
(a) The canonical spray G, defined by the equation i ddj;E = —dFE.
(b) The Barthel connection T, given by T' = [J, G].

The existence and uniqueness of a particular linear connection on a Finsler manifold are
established in the following theorem:

Theorem 2.3 ([31]). Let (M, L) be a Finsler manifold, with g denoting the metric derived from
L. There exists a unique regular connection V on 7~ (T M) that satisfies:

(i) V preserves the metric: Vg = 0,
(ii) The horizontal-horizontal torsion vanishes: @Q = 0,

(iii) The horizontal-vertical torsion tensor T satisfies the symmetry condition:

g(T(X,?),?) = g(T(Y,Z),?).

This unique connection V is known as the Cartan connection associated with the Finsler struc-
ture (M, L).
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The next lemma provides a useful characterization related to the metric properties of both the
Cartan and Berwald connections.

Lemma 2.4 ([31]). Let (M, L) be a Finsler manifold, and let 3 be the horizontal lift correspond-
ing to the Cartan connection V. Then:

(a) (nyyg)(?, Z) =2T(X,Y,Z), and V g =0,

(b) (D°%49)(Y,Z) = —2P(X,Y,Z), and V 459 = 0,

5x9
where P is the (v)hv-torsion of type (0,3), defined by P(X,Y,Z) := g(P(X,Y),Z), with P
being the corresponding (v)hv-torsion tensor of the Cartan connection.

For a more comprehensive treatment of the pullback approach in global Finsler geometry, we
refer the reader to [13, 20, 27, 35, 36].

Lemma 2.5. Let (M, L) be a Finsler manifold. Then, the following identities hold:
(a) d;jL(vX) =0, and DiyL =dL(yX) =d;L(BX) = ((X),

(b) dL(8X) = D5 L = dL(5X) = 0,

© (D2h)(Y) = (V,50)(V) = L~'A(X, V),

(@) dd;E(vX,5Y) = g(X,Y),

where g is the Finsler metric induced by L, and { is the normalized supporting element, given by
{ = L_llﬁg

3 Generalized approximation Matsumoto metric

In this section, we undertake an intrinsic study of the approximation Matsumoto metric. Our
approach involves generalizing the classical construction by substituting the underlying Rie-
mannian metric with a more general Finsler metric. The resulting formulation is referred as the
generalized approximation Matsumoto metric. This study serves to broaden and unify several
earlier developments presented in [4, 23, 24, 26].

Definition 3.1 ([33]). Let (M, L) be a Finsler manifold and let D° denote the Berwald connection
on the pullback bundle 7! (T'M). A m-vector field Y € X (w(M)) is said to be independent of

the directional argument y if and only if D°¢Y" = 0 for every X € X(m(M)). Similarly, a scalar
or vector w-form w is independent of y if it satisfies D° ¢ w = 0 for all X € X(m(M)).

Definition 3.2. Let (M, L) be a Finsler manifold. Consider a deformation of the Finsler structure
L given by:
7 B(z,y) | B(z.y)
L(z,y) = L(z,y) + e1B(z,y) + & : €3 s
() = 1) 0T T y) L2 (x,y)

where €1, €, €3 are positive constants, and B(x,y) := B(7) is a scalar w-form that does not
depend on the directional variable y.

If L satisfies the properties of a Finsler structure on M, it is called a generalized approxima-
tion Matsumoto metric. _

In particular, by choosing specific values for €j, €3, €3, L reduces to various well-known met-
rics:

(i) A Generalized Randers Metric (GRM) whene; = 1, ¢; = 0, e3 = 0, [26].
(i) A Generalized Shen Square Metric (GSSM) when ¢; =2, ¢; = 1, 3 = 0, [23].

(iii)) A Generalized First Approximation Matsumoto Metric (GFAMM) when ¢; = 1, ¢; = 1,
e3 =0, [4].

(3.1

(iv) A Generalized Second Approximation Matsumoto Metric (GSAMM) when all ¢; = ¢, =
e3 =1, [24].
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To study the geometric objects associated with L, we need the following lemmas.
Lemma 3.3. Under the change L — L, the vertical counterpart for Berwald connection Df{Y?
. . . . ~O X7 . o X7
is invariant. i.e. DWY Y = D»yY Y.

Proof. Under the change L — L, the difference between the horizontal maps E and 3 is a vertical
vector field, means that 5 = B + ~f, for some 7-vector field 7z. Hence, the proof follows from
[31] by the property

DY = py X, BY],
together with the facts that p o ~ vanishes identically and the vertical distribution is integrable.
In more details

D25Y = phX, BY| = ply X, BY | + ply X, viI] = ply X, BY] = D2 Y.
Hence, the result follows. m|

Lemma 3.4. Let (M, L) be a Finsler manifold equipping a scalar w-form B which is independent
of the directional argument y, and p its the associated w-vector field given by i g := B. Then,
the one form B (x,y) := B(7) has the following properties

@) d;B(yX) =0,D°%B = dB(yX) = d;B(8X) = B(X).
(b) dy, B(3X) = D5 B = dB(8X) = LUDb), dB(G) = LUDEP).
(€) D’xp=—-2T(X,p).

Proof. The proof follows from the facts that po~y and K o 8 vanish identically, po 8 = idx(x(ar)),
K o v =idy ), iﬁl?’ =0, DzyB = 0 and taking into account Definition 3.1 and Lemma

2.4. In more details, we have the following.
(a) For d;B(yX), we have

d;B(1X) = (JoyX) B =7(poy)X B =0.
Moreover, d ;B (yX) can be obtained as follows:
d;B(BX) = J(BX B)=7(poB)X B=+X B
= (D3 B)(@) +B(D )
~ B(X).

(b) One can see that

B BEX) = (BopofX) B = GX - B = dB(X)
= BX-9(B.7) = (Dix 9)®.7) + 9(Dix b, 7) + 9(, D7)
= —2P(X,p.7) +9(D 1) +0
= Le(Dgyfy).
That is, we get that dB(G) = L{(Dg D).
(¢) We have
0 = (ng B)(Y)

= D¢ B(Y)-B(DyY)

- D:Yg(ﬁ7y)_g(ﬁ7D2Y?)
= (Dix9)®.Y)+9(Dixp,Y)
= 2T(p,X.Y)+9(Dxp.Y).

Thus, we conclude that D2p= —2T(X,p). i
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Adopting to the normalized supporting element £ and the angular metric tensor 7, we have
the following proposition.

Proposition 3.5. Under the generalized approximation Matsumoto metric (3.1), we have
(i) The supporting form ( and { are related by

~— 1

i) =3 (- 1

2%363 + L3 — %21162) K(Y) + L2

(% (3%63 + 2L62) + E]Lz) B(X)
(3.2)

(ii) The angular metric tensors h and h are related by

1

WX)Y) = 76 (= 2863 + L — B’Ler) (Bes + L + BL%¢; + B*Lex) H(X,Y)

+(3Be; + Lea) (Bles + L + BL26 + BLer) (5 BX) B(Y)

LA
2982 2982

+ X)) - - {BOUY) + BT )X} ). (3.3)

Proof. Under the generalized approximation Matsumoto metric (3.1), taking Lemma 3.4 into
account, we have the following:

(i) Due to the facts that poy =0and that po 8 = po B = idx(x(nr))» it follows that

((X) = dsL(BX)=d,L(8X)
oL oL
= 3L dsL(BX) + %8 d;B(5X)
= 23 (286 + L? — B%Ler) (X) + 22 (B (3Bes + 2Ler) + €1 L) B(X).

(i) Applying the previous item, Lemma 3.4, Lemma 2.5, together with Lemma 3.3, one can

show that
WMX.Y) = LD H(Y)=LDO)
~ —2%B3e; + L3 — B2 Le — B (3Be3 +2Le —
- LD7X{< > 3 2)£(Y)+< ( 22 2) +61> B(Y)}
B2 B3 R —2B3¢; + L3 — B2 Le, —
= (L+€1%+62L+63L2> (D"/X < JE )) (oY)
(3B 2L —
+<L+6153+62+63 ) < ( EZ;_ <) +61)> B(Y)
B3 2833 + L3 — B2L o —
+<L+61%+62 +€3L ) < = I3 62> (Dwié)(y)
B3 (3B + 2L . —
+ (L +aB+ 62 S L2> ( 63 @) , 61> (D25 B)(Y).
Hence, the result follows. O

4 The metric and Cartan tensors

In this section, we derive several geometric quantities related to the deformed metric Z(o:, y), ex-
pressed in terms of those corresponding to the original metric L. The next proposition establishes
the relation between the fundamental tensor g and its counterpart g.
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Proposition 4.1. The Finsler metric g associated with the special generalized approximation
Matsumoto metric (3.1) is given by the following relation:

1
76 (=
1
4
xB(X)B(Y )+7(%3(12%3e +3Les (3B%; + L2) + 4B L)

JX)Y) = 28763+ L — B2Ley) (Bes + L + BL%¢; + B Ley) g(X,Y)

+ ((% (3%63 + 2L62) + 61L2)2 +2 (3%63 + Lez) (%363 + L’ + %LZQ + %2L€2)>

+%L261 (8%363 A + 3%21162) )K(Y) E(?) + % <L261 (—8%363 + L’ - 3’321162)
—B2 (363 (4B% 63 + L) + 4BL% + 1587 Leres) ) {B(X)((Y)+B(Y)(X)}.

Consequently, the Cartan torsion T of the special generalized approximation Matsumoto metric
has the form

2

76 (-2B% + L? = BLey) (Bles + L7 + BLe + B’Le)) T(X,Y, Z)

2T(X, 7Y, 7)
(%* (12B°63 + 3Le3 (5B%e; + L?) + 4BL%6;) + BL%¢ (8Be3 — L + 3B Ley))
— o o - 1
x {h(X, Z)UY) + (Y, Z)((X)} + 75 (L261 (—8B%e; + L? — 3B Ley)
—B2 (3e; (487 + L) + 4BL% + 158 Leres) ) {(BX)WY,Z)+B(Y)WX,2Z)}

+D25 ( L16 (2863 + L? — B2Ler) (Bes + L + BL%e + sB?LQ)) 9(X.Y)
1

73 (B(3Bes +2Ler) + e1L?)* +2(3Be3 + Ley) (B e3 + L + BL%¢ (4.1)

+D2, (
+%2L62)))B(Y)B(?) + D2, ( B3 (12836 + 3Le3 (5B, + L2) + 4BL%6)

+%L261(8%363 . + 3%2L62)))€(Y) K( ) + Do (25 ( 261(—8%363 + L’ - 3%2[462)

—B?(36;(4B%¢; + L) + 4BL2E + 152321:6263))) {B(X)(Y)+B(Y)4(X)}.

where D°+ f(L,%) = d; f(5X) = 2 UX) + A BX).

Proof. In view of the special generalized approximation Matsumoto metric (3.7), using Propo-
sition 3.5 together with the fact that & := g — ¢ ® ¢, then we have
IXY) = MXY)+UX)UY)

1

76 (2Ba + [P = BLey) (Bles + L' + BLer + B*Lea) (X, Y)

+% (3Be3 + Ley) (Bes + L + BL% + B’Le;) B(X) B(Y)
+3%2 (3Bes + Leo) (Bes + L + BL%e; + B’ Ley) ((X) ((Y)
2%2 3 3 2 2 ~N\o (N Y Ia'a
(3Bes + Ley) (Bes + L° + BL%€e; + B’ Ley) {B(X)U(Y) + B(Y)U(X)}

2%363 +13— %2L€2) (Y) 22 (sB (3%63 + 2L€2) + €1L2) B(X))

(-
— (2B’ + L’ — B°Ley) (V) + :

o
1
+L3
><1
L j

(% (3Bez +2Ley) + ele) B(Y))
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Consequently, using the expression of the metric g, taking into account the fact that (Df/fg) (X,Y) =

2T(X,Y,Z) (Lemma 2.4), it follows the expression of the Cartan torsion T of the special gen-
eralized approximation Matsumoto metric. This completes the proof. O

Theorem 4.2. The metric tensor g of Lis non-degenerate if and only if
e2 (2L°p* = 3B°L) + L’ + €3 (6BL*p* — 8B7) # 0. 4.2)

That is, the generalized approximation Matsumoto metric is a Finsler structure (or, conic Finsler
structure) if and only if the condition (4.2) is satisfied.

Proof. Let g denote the Finsler metric corresponding to the generalized approximation Mat-
sumoto metric, as defined in equation (3.1). To verify that g is non-degenerate, assume that
§(X,Y) = 0forevery X € 7~ !(T'M). Applying Proposition 4.1, we derive

1 -
0 = 5 (-2B%: + L' = B’Le) (Bles + L'+ BLe + B’Ley) g(X,Y)
1 2
+F ((% (3%63 + 2L€2) + 61L2) +2 (3%63 + Lez) (%363 + 3 + %Lzel + %ZLQ))

xB(X)B(Y) + % (%3 (12%B°€3 + 3Le; (5%B%e; + L?) + 4BL%6;)
+%L2€1 (8%363 - L3 + 3%21162) )f(Y) f(?) + % <L2€1 (—8%363 + L3 — 3%2[/62)
—B7 (3e3 (48B3 + L?) + 4BL%6 + 1587 Leges) ) {BX)(Y)+B(Y){(X)}.

From which, by substituting X = p, noting that £(p) = % and B(p) = ¢(p,p) =: p*, one can
show that

&LY)+&BY) =0, 4.3)
where
& = % (232 (—12B°€3 — 3Le3 (5B%e; + L?) — 4BL*) (Lp — B)(B + Lp)
+ (L2 (-8B + [P — 3B2Ler)) (Lp — B)(B + Lp)),
& = L16 (L8Pt + L8 + 26 (LSp? + B Les (10179 — 9B2)) + & (6B2L*p? — 5B°L?)

+2B L% (2 3L7p* —2B°L) + L* + Bes (6L°p* — 5B?))
+Bes (61°p? — 4B7L + Bes (15L2p% — 14%87)) ).

Similarly, by substituting X = 7, taking into account the facts that £(7) = L and B(7) = B, we
obtain

GUY)+&4B(Y) =0, 4.4)
with

& (%363 + L3+ 8L (%62 + Lel)) (L3 — B2 (2%63 + Lez))

3 =

L3 ’

e (%363 + L3+ BL(Bey + Lel)) <L261 + B (3Be; + 2L62))

4 = .

IA

Now, the system of the algebraic equations (4.3) and (4.4) has non-trivial solution for £(Y")

or B(Y) if and only if

(Bes + L? + BL% + B’Ley) *
11

(e2 (2Lp* = 3B°L) + L’ + €5 (6BL*p* — 8B°)) = 0.
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Hence, as L = 0 over 7 M, then we conclude that
e2 (2L°p* = 3B°L) + L’ + &3 (6BL*p* — 8B%) = 0.

Therefore, £(Y) = B(Y) = 0 if and only if the Finsler structure L and the w-form B satisfy the
condition
& (2L°p* = 3B°L) + L’ + 3 (6BL*p* — 8B%) # 0.

Combining this result with the initial relation in the proof, the assumption that L # 0, and
the known non-degeneracy of the original Finsler metric g, we conclude that Y must be zero.
Therefore, the generalized approximation Matsumoto metric tensor g is non-degenerate if and
only if the condition given in (4.2) holds. This concludes the proof. O

Form now on, we consider that the generalized approximation Matsumoto metric L satisfies
the condition (4.2).

5 Geodesic spray and Berwald connection

To simplify the resulting expressions and facilitate the computation of the geodesic spray for the
generalized approximation Matsumoto metric, we consider a specific case of the 1-form. This
leads us to the following definition.

Definition 5.1. [33] Let (M, L) be a Finsler manifold. A w-vector field p € X(w(M)) is said to
be concurrent if it satisfies the following conditions:

VoxP=-X =DixP, V,xp=0=D%P. (5.1)

Furthermore, if B denotes the w-form corresponding to p through the metric duality given by
g, that is, B = i3 g, then B satisfies the following properties:

(VexB)(Y) = —9(X,Y) = (DiB)(Y), (V,xB)(Y)=0=(DxB)(Y).

If the -vector field p(x, y) associated with the given scalar 7-form B, means that B is a con-
current vector field over (M, L), then Z(x, y) will be called a special generalized approximation
Matsumoto metric.

In [33], Nabil et al. investigated an intrinsic study of concurrent 7-vector fields in Finsler
geometry. Moreover, they characterized the concurrent m-vector fields. That is, we have the
following.

Lemma 5.2. Let (M, L) be a Finsler manifold equipping a scalar w-form B which is independent
of the directional argument y, and p its the associated w-vector field is concurrent m-vector field.
Then dB(G) = —L>.

Proof. The proof follows by applying Lemma 3.4 (b) and taking Definition 5.1 into account. O

Theorem 5.3. [33] A concurrent m-vector field p and its associated w-form B are independent of
the directional argument y.

Now, we find the relationship between the canonical (geodesic) spray G corresponding to the
special generalized approximation Matsumoto metric L, in terms of the geodesic spray G of L.
Precisely, we have the following theorem.

Theorem 5.4. The canonical spray G associated with the special generalized approximation
Matsumoto metric (3.1), is given by

G- o L* (B2 (1283 + 3Les (5B%; + L?) +4BL%E) + L€ (8B%e; — L? + 3B’ Le,))

(B33 + L3+ BL (Bey + Ley)) (e2 (2L3p? — 3B2L) + L + e3 (6B L>p* — 8B3))

204 (3%Be3 + Ley)

TG QL 3B + [P + & (6817 —8%3) P

where, C is the Liouville vector field defined by C := 7 and p* :== B(p) = g(p, D).
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Proof. Due to the special generalized appr0x1mat10n Matsumoto metric (3.7), taking into ac-
count the expression of the exterior m-form Q= 1dd 7 L2, the fact that the difference between

two sprays is a vertical vector field (i.e. G=0G+ ~ii, for some w-vector field %) and using
Proposition 2.2, one can show that

—dE(X) = g ﬁ(X)~: iG+om (3 ddyL?)(X) 5.2)
= Jigdd;L*(X) + Yiypdd;L*(X). '
Therefore, after some computation together the fact thats g7 = G and X = hX + vX =
BpX + vK X, together with Lemma 3.4, we have
dE(X) = %dEZ(X) _ Ddi(x)
B2 B3\ [ 2B + L — BL
- (L+el%+ezL+egL2) ( €3+L3 62) dL(X)
B2 B3 B (38 2L
+(L+61%+€2L+63L2> ( ( 62; 62)+61> dB(X).
1. ~ 1 ~
506 dd;L3(X) = S{dd;L*(57, X)}
= % {G dyLX(X) — X -ds;L*(G) — d s L?[G, X]}
1 — — ~
= 5 {&- CLipx)) - X - (2Lilm)) - 2Le(plG. X)) |
— (G- D)pX) +LG-UpX)) - (X - I?) — LU(plG, X)),
From which taking into account Lemmas 3.4, and the following facts
G-L = dL(G)
_om3 3,2
_ ( 28 63-1—5; %LQ) dL(G)+(%(3%622+2L62)+61) d%(G)
= —(B(BBes+2Le)+eal?),
X-L = dL(X)
_2%R3 3_ ;2
_ ( 283 63—|—ng B Leg) dL(X)+(%(3%622+2L62)+61> d%(X),
~— —2983 L? —B2L — B (3B 2L —
ix) = (FEOELEEER) ) (RSN ) Ben),
plG,X] = p[G,hX +vX]=DgpX — KX,
(ng B)(Y) 79(Y, ﬁ) = 7L€(Y)a
(D& 0)(X) (Ve 0)(X) =0,
dB(X) = B(KX)-—Li{pX),
dL(X) = dL(yKX)=((KX).
The above relation reduces to
~ 3 3 2
%z‘g dd; TP (X) = — (B (3Bes + 2Ler) + ¢ L) ( —2Be = i LQ) (pX)
2L
— (B (3Be; +2Ler) + €1 L) (% (3%63 -+ 62) +q> B(pX)
B2 B3 —2%3 + L — B’L
+<L+61%—|—62L+63L2)G-(< G 73 62) K(PX)>
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B2 B3 B (38 2L
+<L+61%+62L+63L2)G-<< (3Bes + 62)+61>B(PX)>

L2
-2 (L +eaB+e %2 +6 Q;j) <_2%363 +LL33 — %ZLQ) dL(X)
) (L +e B+ e %2 te fj) <% (3&2; 2Lea) | 61> dB(X)
- (L taB+te %2 + 3 ?j) (_2%363 +LL33 - %ZLQ) (p[G, X))
- (L +eB+e %2 + € ?j) (% (3%62;_ 2Le) + 61) B(p|G, X])

Hence, we get

~ _Hm3 3 2
i dd, TH(X) = — (B (3%Be; + 2Ler) + o Lz)( 2%B%; + L %Lez>

3 £(pX)

B (3Be; + 2L
—(%(3%63+2L62)+61L2)( ( Ezj €2>+61> B(pX)

+ (L3 + e BL>+ 6, BL + 5 %3) (2SB (3%Be; + Lez)) (pX)

I3

L2

B2 B3 —2B3; + L3 — B’ Ley
+<L+61‘B+62L+63LZ>< 3 )

B2 B3 B (3B 2L
<L+61‘B—|—62+63 ) < ( ez;_ 62>—|—61>G-(B(PX))

3 3 2
o >< —28 63+L %Lez> dL(X)

. 2)

%2 B3 —2B3¢; + L3 — B2 Le,
<L+61%+62L+63Lz)( 3 )

B2 B\ (B (3Be + 2Le) .
_<L+€1%+€2L+63B) ( L2 +E]) B(DGpX—KX))
LZE] —8%363 + L - 3%21;62

( 3 ) t(pX)
L
B2 (3¢5 (483 L’ 4B 22 + 15B2L
+ ( €3 ( €3 + ) 23 € + 6263) f(pX)
B (3Be3 + 2Le g
—12 ( ( 22 2) | q> B(pX)

2 (3Be; + Ley) (B3es + L3 + BL%; + B2Le,

B2 B3 —2PB3e; + L3 — B2 e,
<L+61%+62L+63L2)( JE )dL(X)

B2 B3\ (B (3Be; + 2L
—<L+el%+ezL+e3L2)( ( 622 62)—!—61) dB(X)).

2L
— (L’ +eaBL*+ 6 B°L+ e B?) (6%6”62> B(pX)

G- (L(pX))

—2<L+61%+62

_l’_
3 2L
-2 (L +6 B+ 62 + B ( %63 + &)

+61> dB(X)

(D pX — KX)
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On the other hand, using Proposition 4.1, we have

1. ~ _
5 i ddy L2 (X) = §(71, pX)

(—2%363 + 13— ‘BzLEZ) (%363 + I3+ %qu + %ZLEZ) -
= 76 g(m, pX)

( <% (3%Be3 + 2Le,) )2 2(3Be; + Lea) (Bez + L + BL2% + B2Le,) >
+ + €1 +

L2 L4
xB(7)B(pX)
n (%3 (12%36% + 3Les (5‘3262 + Lz) + 4%[/26%) + B L% (8%363 - L3+ 3%2[/62))

Lo

xU(m) £(pX)
N <L2q (—8B3¢; + L% — 3B%Ley) — B2 (3¢5 (4B%¢; + L) + 4BL2S + 15%2Leze3)>

L5
< {B() £(pX) + B(pX) ()} -

Plugging the last two relations into Equation (5.2), after some calculation, it follows that

952 B3\ [ 2B + L} — B2Le,
—<L+61‘B—|—62L+63L2>< I3

B2 B3\ (B (3Be; + 2L
<L+61£B+e2+e3 ) ( ( GZ; 62)—1—61) dB(X)) =

> dL(X)

L 2
L6 (—8B%¢; + L? — 3B Le,) B2 (3e3 (4B%e; + L) + 4BL2E + 158 Leses)

- 3 U(pX) + iE U(pX)

B (3Bes + 2L 2 2
_LZ( ( GZ;_ 62)—|—61) B(pX)—

B2 B3 —2PB3e; + L3 — B2 Le,
—<L+61‘B—|—62L—|—63LZ>< I3

B2 B3 B (3B 2L
—<L+61‘B+62+63 >< ( 622_‘_ 62)-1—

(3%63 + L62) (%363 + I3+ %Lzel + SBZLEZ)
LZ

) dL(X)

B(pX)

A ) B(x)

—2%363 + 13— ‘BzLEZ %363 + I3+ %qu + %ZLEZ -
+( )(L6 )g(/wX)

( (SB (3Be3 + 2Le,) )2 2(3Be; + Lea) (Bez + L + BL2% + B2Ler) >
+ +e ) +

L? LA
xB(f1)B(pX)
n (%3 (12%36% + 3Le3 (5%262 + Lz) + 4‘BL26%) +BL% (8%363 B 3%2L€2)>

Lo

(1) £(pX)
. (qu (—8B3e; + L — 3B%Ley) — B2 (33 (4863 + L) +4BL2S + 1582 Leres) >
L3

x{B() £(pX) + B(pX) £(1)} -
In view of the non-degenerate property of the Finsler metric g, one can show that

(—2%363 + 13— ‘BzLEZ) (%363 + I3+ %qu + %ZLEZ) .
LS a
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{L2€1 (—8%363 + 13— 3%2L62) — B2 (363 (4%363 + L3) + 4%Lze% + 15%2L6263)
T4
<L261 (—8%363 i g 3‘32L62) — B2 (363 (4%363 + L3) + 4%Lze% + IS’BZLQQ))
_ 5

(%3 (12836 + 3Les (5B + L?) + 4BL2S) + BL; (8Be; — L + 3B2Ley) ) .

L7

B (3Be3 + 2Le 2 2(3Be; + Ley) (Bies + L3 + BL%, + B2 Ley
+{1? << ( 22 2) +el> + ( 7 )

L? L4

B(n)

(m)}m

(5.3)

2(3 L L L L
_((%(3%63+2L62)+€1) L 2(3%Be + ) (B3es + L + BL%; + B 62)>B(u)

<L2q (—8B%¢; + L? — 3B2Ley) — B2 (3¢5 (48%; + %) + 4BL2 + 15%2L6263)>
_ =

where £(zz) and B(zz) are geometric quantities determined by the following two equations

((7)}p.

A U(p) + B B(r) = O, (54)
where
A (%363 + L3 +BL (%62 + Lel)) (L3 — B2 (2%63 + Lez))
1 = .
L6
B (B3es + L + BL (Bey + Ley)) (L% + B (3Be3 + 2Le))
1 = .
I3
o (53363 + L3 +BL (Bey + Lel)) (L2€1 + B (3Bes + 2L62))
1 = .
.3
 (L%e (-8B%e;s + LP —3B’Ley) ) (L*p* — B?)
Ay = 7
N (B2 (—12B363 — 3Les (5B%e; + L?) — 4BL%e3)) (L*p* — B?)
L '
B —14%%% + Lspze% + L0+ 6%L5p263 — 48336 + 15%4L2pze§
2 =
L6
+2€2 (L6p2 + €3 (10‘B3L3p2 — 9%5L)) + 6% (6%2[/4])2 — 5%4L2)
L6
2BL (0 (3L - 2BL) + I + 3 (6BL2 — 5%7))
Lo '
B (L% (-8B%e; + LP —3B?Ley) — B2 (1283} + 3Le3 (5B%e; + L?) + 4BL*))
C, = 73
12 < (% (3%62 2+ 2Ler) 61>2 L 2(3Be+ Le) (Bes JLF4L3 +BL2 + 2321:62)) .
» = B().

Making use of the condition (4.2), the system (5.4) has the following solution

3 (L3 — B2 (2Be; + Lez)) (L261 + B (3Be3 + 2L62))
(B33 + L3+ BL (Bey + Ley)) (e2 (2L3p? — 3B2L) + L3 + e3 (6BL>p*> — 8B3))
L* (BLey (e2 (2L7p* — 3B%) + L?) 4 26, (L*p* + e (B2L*p* — 2B%)))
(B33 + L3+ BL (Bep + Ley)) (e2 (2L3p? — 3B2L) + L3 + e3 (6B L*p* — 8B3))
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BLes (6L*p? + € (6BL3p* — 8B3L) — 3B2L% + e (8B2L2p? — 15B4))
B + L3 + BL (Bea + Le1)) (€2 (2L3p2 — 3B2L) + L3 + 63 (6BL2p? — 857))
6B* 122 (L2p* — 2B7)
B + L3 + BL (Bea + Ley)) (€2 (2L3p2 — 3B2L) + L3 + €3 (6BL2p? — 8B3))

T

T

Consequently, in view of Equation (5.3) taking into account the assumption G=G+ Y, it
follows that the canonical sprays G and G, are related by

. L2 (%2 (12B° + 3Les (5%, + L2) + 4BL22) + L2¢; (8%%e; — L + 3B Ley))

¢ =6 (B33 + L3+ BL (Bey + Ley)) (e2 (2L3p? — 3B2L) + L3 + e3 (6B L>p? — 8B3))

n 2L* (3Be; + Ley)
e (2L3p? — 3B2L) + L3 + e3 (6BL>p? — 8B3)

D
Hence, the proof is completed. O

Theorem 5.5. The Barthel connection U associated with the special generalized approximation
Matsumoto metric (3.1) is given by

f‘:F—)\lJ—dJ)q@’yﬁ—i—dJ/\z@’yﬁ,

where
N L? (B* (12B°¢3 4 3Les (5B% + L) + 4BL*E) + L?e; (8B%e; — L + 3B Le,))
YT (B + L3+ BL(Bey + Ley)) (e L3P — 3B2L) + L3 + €3 (6BL2p? — 8B3))
2L* (3Be; + Ley)
)\2 =

2 (2L3p% — 3B2L) + L + 3 (6BLYp? — 88B3)

Consequently, the horizontal map B associated with the special generalized approximation Mat-
sumoto metric has the form

_— 1 _ _ _
BX = BX — 5 {MAX +dsA(BX) v — ds2a(BX) D} -
Proof. From Theorem 5.4 and the formula [5]:
[fX,J) = fIX,J]+df NixJ —dy;f @ X,

and using the given assumption for A; and A, one can show that

L = [JG)=[J,G—\j+ D] = [J,G] + [\ 47 — XD, J]
= [J,G]+)\1[’}/ﬁ,J]+d)\1/\7;~mJ—dJ)\1®’yﬁ
*)\2[’}@, J] —dX\ Niap J +djha @ P.

On the other hand, we obtain

djp* = 0
iy d = 0=riypdJ, (asJ oy =0),
whereas
. JIX = [yp,JX] - J[vp, X]
= N{VippX = Vix D} = 1{Vi5pX = T(p,pX)} =0.
7, J] X = —JX.
Therefore,

f‘:F—AIJ—dJA]®’Yﬁ+dJA2®'Yﬁ-
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Consequently, using the fact that ' = 250 p— I, the horizontal map E associated with the special
generalized Matsumoto metric has the form

-~ 1 _ _ _
BX =X — 5 {MAX + dyMi(BX) 47— ds X (BX) vP}
This completes the proof. O

Theorem 5.6. The Barthel curvature tensor R associated with the special generalized second
approximation Matsumoto metric (3.1) is determined by

R=%R-[hL] - N,
where N, 1= %[]L, 1] is the Nijenhuis torsion of a vector 1-form 1L defined by

1
Li=—5{\J +ds\ @97 — dsh ® 7P} (5.5)

Proof. In view of Theorem 5.5, we conclude that the horizontal projection 1 and vertical projec-
tion v associated with the special generalized approximation Matsumoto metric has the form
h=h+L, o=v-L,

where L is defined by (5.5). Now, the proof follows from the fact that R = —%[E, E], and taking
into account the proprties of the Frolicher-Nijenhuis bracket. O

The Berwald vertical counterpart is given by Lemma 3.3 and the Berwald horizontal coun-
terpart is given by the following result.

Proposition 5.7. For the special generalized approximation Matsumoto metric (3.1), the Berwald
horizontal counterpart is given by

DO

N o A 1 o /5 B o ¥/
gxY = D°axY — (MDY +d(BX) D55 Y

~dsM(BX)Y = ds\(BY) X — dyh(BX) D35 Y}
43 {dd s\ (Y, 5X) 7~ dd 2oy, 5X)) 7}

Proof. The proof follows from the fact that v := vy o K, h := 0 p, vD°,x Y := v[hX, JY] and
D° xPY = plvX, BY] ([31, Proposition 4.4]), taking into account Theorem 5.6, and the facts

that the map v : 7' (T'M) — VT'M is an isomorphism, the Berwlad (v)v-curvature S° =0,
[JX,JY]=J[X,JY]+ JJX,Y],vJ = J and Jv = 0.
In more details.

YD°hx pY = O[hX,JY] = (v—L)[hX +LX,JY]

= o[hX,JY] 4+ 0[LX, JY] - L[hX, JY] - L]LX, JY]

= D°uxY — 20 KX JY] +dphi(X) K 7, 7]~ dyda(X) K47, 7Y}
+2 ALY M) pX + (JY - dyhi (X)) = (JY - dyda(X)) B}
+% O p([hX, JY]) + dy ([RX, TY]) T — dyha([hX, JY]) T}

= AD%xpY — %{Al Sx pY +dy\(X) DS pY
—dsM(X) pY —dsM(Y) pX — dyra(X) D35 pY'}
+3 {dds A (TY, X)7 — dd;2a(JY, X)) P}

Consequently,

o S %) Do T
DOEYY = D /jYY_ 5{)\1 D,YYY_‘_dJ)‘l(ﬂX)D'YﬁY
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—dg\(BX)Y = dsM(BY) X — dyho(BX) DY}
1 - -
) {dd;\ (7Y, BX) 7 — dd ;)2 (VY, X)) D} -
This completes the proof. O

We now present an example of a Finsler metric that admits a concurrent 7-vector field and
proceed to compute the associated w-form. It is worth mentioning that the presence of concur-
rent vector fields on Finsler manifolds was initially explored by Tachibana [29]. This concept
has since been extended through the introduction of semi-concurrent vector fields; for further
information, see [38].

Complete calculations for the following example are available in the accompanying PDF and
Maple files, which are provided at:
https://github.com/salahelgendi/-Generalized-Matsumoto-metric_Examplel.git

Example 5.8. Let M = {(x1,72,23) € R | 21 # 0} and L be a conic Finsler metric given by

2,3
x

L= [T5 42,
Y2

where (z1,22,23;91,Y2,y3) € TM C R? x R3,
The metric tensor has the following non-vanishing components g;;:

2,3 2,2 2
1Y 3x1y 3z Y3

=1, gn="3, gn=-5"3 gn="=
Y2 2 Ys Y2

The inverse metric tensor has the following non-vanishing components g :

3 2

n_ »_ 4y »_ 2p% 33_f Y2

g - g - 2.3 - 2 29 _3 2 .
T1Y3 T1Y3 T1Y3

The the Cartan tensor has the following non-vanishing components Cijy,:

3 x2y3 3 nyZ 3 $2y3 3 .1’2
0222:_5%43’ 02232517337 C233:—§172, 33325*1.
Yo Y Y5 Y2

The coefficients G of the geodesic spray are given by

Gl — _1@ RV s Y
2y ’ x x

By performing direct computations, or alternatively using the Finsler package [37], one can
obtain the coefficients of the Cartan connection. For instance,

1 1
F%z = 5871’ F% = ;17 F%l = F§3 =0.

It is evident that this metric supports a concurrent w-vector field of the form p = Pt 0;,
where O; are the local basis vectors of the fibers of ©7~' (T M )_, with components defined by
p*(z) = p*(z) = 0 and p' (x) = x1. In this case, it follows that p'C;j, = 0, and for instance, we
compute 4 4 4 _ ,

Pl = 0p' +p"Thy = p" +p'T;
phi=06p +p'Th =1, ph=0p+p'Th=1, ph=0p’ +p'Ti;=1.
While all other components of pfj vanish. In addition, the corresponding m-form B has

components B> = B3 = 0, B! = xy, which implies the associated 1-form is given by B = xy,.
Hence, we obtain

Fey) = Lizy)+aBy) +ea by B@y)
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[ 2,3 2 3
1Y L1Y1 L1Y1
= =2ty ey te (23) + e x(zyz )27
”2 B 42 -ty

193
Y2 Y2

which defines a special generalized approximation Matsumoto metric over M.

6 Applications

6.1 Projectively related metric

Every two Finsler manifolds (M, L) and (M, f) are said to be projectively related [32] if each
geodesic of (M, L) is a geodesic of (M, L) and vice versa. Here, we study some special cases of
the generalized approximation Matsumoto metric (3./) which are projectively related.

Also, we have

Definition 6.1. [32] Two Finsler manifolds (M, L) and (M, L) are projectively related if, and
only if, the associated canonical sprays G and G are related by
G =G —2\(z,y)C,
for some function A(x,y) on T'M, positively homogenous of degree 1 in y and called the projec-
tive factor.
In view of the above definition and Theorem 5.4, we obtain the following important result.

Theorem 6.2. Let (M, L) and (M, L) be two Finsler manifolds are related by the special gener-
alized B-change (3.1). If the Finsler structure L satisfies the condition 3Be3 + Ley = 0, then the
two Finsler structures L and L are projectively related with projective factor \(x,y) given by

L2 (B* (12B° 4 3Les (5B%x + L) + 4BL*E) + L% (8B°e3 — L 4 3B%Ley))
(%363 + L3+ 8L (%62 + LE])) (62 (2L3 2 — 3%211) + L3+ €3 (6%L2 2 — 8%3)) ’

A=

Definition 6.3. The special generalized approximation Matsumoto metric (3./) which satisfies
the condition 3Bes + Le; = 0 is called the special generalized conditionally approximation
Matsumoto metric.

In view of the above definition 6.3, Theorem 6.2 and using the results of [32], we have

Theorem 6.4. Under the special generalized conditionally approximation Matsumoto metric, we
obtain

(a) The associated Barthel connections I' and T are related by
I=T-2{\J]+d;A®C}.

(b) The curvature tensors ‘R and R of the associated Barthel connections I" and [ are related
by
R=R+ (dh/\—)\dj)\) ANJ+dpdsA®C.

(¢) The associated Berwald connections D° and De are related by
D%Y = DY 4+ w(Y)pX + w(pX)Y + (D°w) (Y, pX)7,
where X is the projective factor given by Theorem 6.2 and w is the w-form defined by

Theorem 6.5. Under the special generalized conditionally approximation Matsumoto metric

(3.1), the h-curvature and hv-curvature tensor fields associated to the Berwald connection are
: 1

given by

REXY)Z = RXY)Z+(D5QV)X —(D:Q)X)Y +e(X,Y)Z + (D25 e) (X, V)

1 : YV 7
6?,?,7 means the cyclic sum over X, Y, Z.



APPROXIMATION MATSUMOTO METRICS 415

_ v v

P(X,Y)Z = P°(X,Y)Z+65x77{((D°w)(Y,2))X}+ (D°D° w)(X,Y.Z)7,

Moreover, the (v)h-torsion R® and the deviation tensor H := iﬁﬁo are related respectively by

R(X)Y) = RXEY)+QYV)X - QX)Y +X,Y)7.
H(X) = H(X)-QmMX +{Q(X)+e(7X)}7,
where w is the w-form defined above, () and e are m-forms defined respectively by

BX - — Aw(X),

Q(X)
e(X,Y)

Adopting to the results of [32], together with Theorems 6.2, 6.4 and 6.5, we are in a position
to obtain the following invariant objects.
Theorem 6.6. Under the special generalized conditionally approximation Matsumoto metric
(3.1), if the factor of projectivity A\ has the property that the m-form @) vanishes, then the de-
viation tensor H, the (v)h-torsion tensor ]/%\O, the (h)h-curvature tensor R° and the curvature
tensor ‘R of Barthel connection are invariant.

Theorem 6.7. Under the special generalized conditionally approximation Matsumoto metric
(3.1), the following tensor field on w-tensor field, provided the dim M > 2, is projectively in-
variant:

WX YV)Z = R(X,Y)Z+

e (D R)(ZT)X

+(DO Rl)(Y, ?)7 + (DODO Rl)(Z, Y, ?)ﬁ}7
where

Ry(X,Y) = Tre {R(X,Z2)7}.

R(X) = ni R (K1) + Ra(, X)) 5 0> 2

In this case, the w-tensor field W, defined above is called the Weyl curvature tensor.

Theorem 6.8. Under the special generalized conditionally approximation Matsumoto metric
(3.1), the following linear connection is invariant

N — 1
VxY =D%Y — ——
X X n—+1

where w(Y) :=Trx {D%Y}and p(X,Y):=Tr',{P°(X,Y)Z}.

{@w(Y)pX + @w(pX)Y + (p (pX,Y))7},

Theorem 6.9. Under the special generalized conditionally approximation Matsumoto metric
(3.1), the w-tensor field

— = == 1
P(X,Y)Z :=P°(X,Y)Z —
XT)Z = PXTZ - —

Gxyz{p(X,Y))Z} - nrl { (D:?p (X, Z)}7.
is invariant. In this case, the m-tensor field P, defined above, is called the Douglas tensor asso-

ciated with the change (3.1).

A Finsler manifold (M, L) [32] is said to be a Berwald manifold if the (h)hv-torsion tensor
T of the Cartan connection V is horizontally parallel (V% T = 0). Also, a Finsler manifold
(M, L) is said to be a Douglas manifold if its Douglas tensor vanishes identically (P = 0).
Furthermore, every Berwald manifold is a Douglas manifold. Consequently, we have

Theorem 6.10. Under the special generalized conditionally approximation Matsumoto metric
(3.1), if the transformed Finsler manifold (M, L) is Berwald, then it is a Douglas manifold.
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6.2 Special cases

Here, we construct and investigate examples as special cases of a special generalized approxima-
tion Matsumoto metric (3.1). Within this section, we assume that (M, L) be a Finsler manifold
admitting concurrent 7-vector field p(z) with the associated w-form B := i; ¢ and the corre-
sponding one form 2B := B(7), where g is the Finsler metric associated with L. Consider the

change

where €;;1 = 1,2, 3 are positive constants and B(x,y) := ¢(p,7) =: B(7).

B (x,y)

O T ay)

Example 6.11. (Special generalized Randers metric [26]):
Assume thate; = 1 and e = 0 = e3.
Hence, we obtain the following Finsler metric (the special GRM):

L(z,y) = L+B.

In this case, we have the following corresponding geometric objects:

+ The supporting form e

I(X) == ¢(X) + B(X).

» The angular metric tensor I

Axy) = L ;%n(x )
« The Finsler metric tensor g:
o L+%B — — S — S — S — 0
J(X,Yy) = T g X, Y)+B(X)B(Y)+B(X){(Y)+B(Y)4(X)— L™ B
« The associated spray G is given by
~ L2
G=G+ I % C.

Example 6.12. (Special generalized Shen square metric [23]):
Assume thate; =2,¢; = 1, and 5 = 0.
Hence, we obtain the following Finsler metric (the special GSSM):

2

In this case, we have the following corresponding geometric objects:

 The supporting form ‘:

i(X)=(1- %2) (X) 2<Lz B) Bx).
+ The angular metric tensor i:
i) = B B (X, 7) + Z(L;%)ZB(Y) B(Y)
2B%(L +B)? T (F) — 2B (L + B)?

>

)4(

~J
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» The Finsler metric tensor g:
Jp—— L—%B)(L+9B)?° —
ixy) = EZBUER xv)

2828 — L)(L+*B)
+ 74

6(L +B)?
L2

" o) 7y + ALY

B(X)B(Y)

{B(X) (V) +B(YV)((X)}.

Moreover, the non-degenerate condition for § becomes L?(1 + 2p?) — 382 # 0.
 The associated spray G is given by

~ 2L2(2%B - L) 214 _
C=C Bir) 3w ¢ T i) 3 P

Example 6.13. (Special generalized first approximation Matsumoto metric [4]):
Assume that e; = 1 = ¢, and 3 = 0.
Hence, we obtain the following Finsler metric (the special GFAMM):

L{w,y) = L(z,y) + Bz, y) + m

In this case, we have the following corresponding geometric objects:

 The supporting form r:

~ B2 2B —
0(X)=(1- ﬁ)E(X) +(1+ T)B(X)"
» The angular metric tensor I
e p— L?—BY)(B*+BL+L*),, — — , 2 B2
FxY) =l JE LB E)E.T) + 2L+ B + 2 )BX)B(Y)
282 B2 - 2B B2

+?(L +B + T)K(Y)E(Y) L+%B+ T) {BX)((Y)+BY)U(X)}.

_ﬁ(

» The Finsler metric tensor g:

(L* —B2)(B> + LB + L?)
LA
4%B* +3B7L — BL?
+ = 4

6B (L + B) + 3L?

12
L} —3B’L — 49B7)
I3

JxX, Y)= 9(X,Y) + B(X)B(Y

~—

@)@ + ¢ (BX)U(T) + BIT)(X)} .

Moreover, the non-degenerate condition for § becomes L?(1 + 2p?) — 382 # 0.
 The associated spray G is given by

G—a_ L4983 +3B2 L - L3) ct 214 _
TV T B2+ BL+ L2)(LA(1 + 2p7) — 3%B2) | L2(1 +2p2) — 382 'V

Example 6.14. (Special generalized second approximation Matsumoto metric [24]):
Assume that e; = ¢y = 3 = 1.
Hence, we obtain the following Finsler metric (the special GSAMM):

o) = 1e) -2 G

In this case, we have the following corresponding geometric objects:

 The supporting form ‘:

~ L3P —9WL-283 _ L[242BL+3Br_ _
IX) = = X))+ - B(X).
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+ The angular metric tensor h:

hxy) = LB+ %21):(6L3 B 0B 2o

238+ L) DI S
= (LB 4+ ) BE)B(Y)

2B2(3%B + L) B2 oW
+T(L+%+T+F)E(X)Z(Y)

_%(L B+ %2 - %3) BE)UY) +BY)UX)} -

» The Finsler metric tensor g:
= — L+ B)(L?+B2)(L3 —B2L - 283 _ _
gxy) = BB Lo(x.7)
N 1584 + 20B3L + 18B2L2% + 12813 + 314 B
L4
129B° + 15B°L + 12B4L2% + 6B3L3 —BIL°
+ ¢
L6
Lo — 12985 — 15B4L — 128312 — 6823 —
+ 73 {B(

Moreover, the non-degenerate condition for g becomes:

s
=
=
_|_
@
=
=
>

20%(3%B + L)p* + L* — 3B°L — 8B # 0.

« The associated spray Gis given by
G- o L2(12985 + 15B*L + B3 L> + 6B L3 — L)
N (B + L)(B2 + L?)(2L*(3B + L)p* + L* — 3B2L — 8B7)

2L4(3B + L) _
(2L2(3%B + L)p? + L3 — 3B2L — 8%B3) -

C

_|_
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