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Abstract. This paper is devoted to the study of the Mittag—Leffler—Laguerre polynomials,
which generalize the Mittag—Leffler function and the Laguerre polynomials. We investigate their
fractional calculus properties by employing Saigo operators, deriving results for both fractional
integrals and derivatives. As an application, we obtain the solution to a generalized fractional
reaction—kinetic equation whose kernel involves the Mittag—Leffler—Laguerre polynomials. This
application highlights the practical significance and potential impact of the proposed results in
modeling complex real-world processes.

1 Introduction

The Mittag—Leffler function occupies a fundamental place in fractional calculus, as it provides
a natural generalization of the exponential function and arises as the fundamental solution to a
wide class of fractional differential and integral equations. Its flexibility makes it an essential
tool for solving problems involving fractional derivatives and integrals, particularly in modeling
the memory and hereditary properties of various materials and processes. Numerous initial and
boundary value problems in physics, engineering, and applied sciences can be solved in closed
form using the Mittag—Leffler function. In addition, its close connections with the Laplace and
Mellin transforms, as well as its asymptotic properties, make it a powerful analytic device for
studying fractional dynamical systems. For further details, we refer the reader to the works of
Gorenflo and Mainardi [13], Kilbas and Saigo [15], Kilbas et al. [16], Usman et al. [32], Chaib et
al. [7], and Bin-Saad et al. [4, 5, 6]. The one-parameter Mittag—Leffler function, F,, (=), was first
introduced by the Swedish mathematician Gosta Magnus Mittag-Leffler [20] and subsequently
studied by many authors.by Wiman [34]. It is a special function of z € C that depends on the
complex parameter « and is defined by the power series

0o oo
E(X(I) = ;m, (%(Oé) > O, S C), (11)

where, as usual, I'(\) denotes the Gamma function. Here and in the following, let C, R, and
N denote the sets of complex numbers, real numbers, and positive integers, respectively, while
R* denotes the set of positive real numbers, and Rj =R* U {0}.

The two-parameter Mittag—Leffler function is defined by the series

Eop(z) = Z)F(azﬂtﬂ) (R(a), R(B) > 0; z € C), (1.2)
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and represents the first generalization of the function F,(z) proposed by Wiman [34]. The
polynomials

(k+ 1), - (-1)*T'(k+n+1)z®
F (—n: 1:2) =
nt ! =ikt 152) sz:%8!(n—s)!r‘(,‘i—i—s—l—1)7

L (z) =

n

(R(x) = 0),
(1.3)

are called the associated Laguerre polynomials (see [26]), where (y),, denotes the Pochhammer
symbol, defined in terms of the Gamma function I by (see, e.g., [31]):

(V)n: F(fy) N ’y(’y+1)"'(7+n_l)’ (nENI{I,Za})

A new symbolic approach to studying special functions through the derivation of specific
operators, known as symbolic operators, was introduced by Babusci ef al. [3]. In their work,
Dattoli et al. [10] introduced a symbolic operator denoted by J(a, ), With o, 8 € R*. The
following equations describe how this operator acts on the vacuum function g [18]:

. T(k+ 1)

Ao, 5)P0 = Tk 3) (1.4)
and
Al ei=sym)P0 = rlzgjfiaﬁ))’ (1)
where k& € R. Notably, when k& = 0, Eq. (1.4) yields
1
%o = 3 (1.6)

For this work, we recall the definition of the generalized hypergeometric series as follows
(see [31], p. 42):

F,

ptq

Ly Qs z} :iwﬁ = Far,...,ap:B1,.. .. Biz).  (17)
ﬂlv"?ﬂ(ﬁ :

Next, we recall the following fractional integral operators due to Saigo (see Mathai et al. [19],
p. 104):

n=0

v e - t
(I f)(@) = Jfr(u) /O (z — )1 (u+u, i1 — x) F(t)dt, (1.8)
and
1 o0
(I f)(x) = m/m (t — )" v, F (u + v, =l — %) f(t)dt, (1.9)

where z > 0 and y, v, € C with R(p) > 0.

The operator I(’)‘, "(-) includes both the Riemann-Liouville and the Erdélyi-Kober fractional
integral operators, as seen from the following relationships [19, 24]:

(RE ) (@) = (177 f) () = r(l,) /0 o= e () dt (1.10)
and i e
(&0 @) = U2 e) = o / (& — )R (1) . (L11)

Similarly, the operator I+%."(-) defined by Eq. (1.9) unifies the Weyl-type and Erdélyi—Kober
fractional integral operators. Indeed, we have

(WEf) () = (It f) () = F(lu) [ e—apra (1.12)
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and
ol

Krn ) (z) = (1420 f)(z) = —/ t— )R () dt. (1.13)
(7)()(’)()F(u)z( ) (t)

In the sequel, we shall use the following image formulas, which are consequences of the opera-
tors given by Egs. (1.8) and (1.9) (see Mathai et al. [19], p. 107):
FMNCA—v+n)

e (a) = 1.14
(™" 7)) TO— )T+t 1) ’ (1.14)
and Ty — A+ )= A+ 1)
_ — A+ n—A+ o
JHvn gA=1 — v A=v=1 1.1
If we take v = —p in Egs. (1.14) and (1.15), we obtain
_ () _
b1 _ Ap—1
and (1 N
Wt (@) = (Y K 3 gl (1.17)
Similarly, for v = 0 in Egs. (1.14) and (1.15), we have
_ C(A+1n) _
w,n tk 1 _ A—1 1.18
and

o A—1 - T=X2+1) A—1
(et )0 = e (1.19)

In the present work, we introduce and investigate several properties of the Mittag—Leffler—
Laguerre polynomials (MLLPs), denoted by ELgf’é)(;z:; a, 3), which are defined symbolically

based on the Laguerre polynomials in Eq. (1.3) and the symbolic operator in Eq. (1.5) as follows:

1 A A
K,0 . _ K 5—1
L) (230, 8) = 00 L%)@d(a,a(l%)w)) Ay a(1-5)+5) PO (1.20)

Using Eq. (1.3), we obtain from Eq. (1.20) the symbolic series representation:

1(59) ~ (DT +n+D)a .5y

Ly w0, 6) = Z; st(n—8)!T(k+s+1)I(0) (@,a(1-6)+6) PO

(1.21)

According to the symbolic operator (1.5), we can express EL%K"S) (z; v, B) as the following

series.
Definition 1.1. Letx +s+ 1 ¢ {0,—1,-2,...} fors =0,...,n,and § ¢ {0,—1,-2,...}.
Under these conditions, the Mittag—Leffler—Laguerre polynomials are defined by the series

n

L (w0, 8) =Y

s=0

I(k+n+1)(=1)%(0)s2*
slin—s)!T(k+s+1)T(as+3)"

(1.22)

In comparison with other hybrid polynomial families involving the Mittag—Leffler func-
tion and various classical polynomials, such as Hermite, Sheffer-type, Gegenbauer, Konhauser,
and Jacobi polynomials (see, e.g., [17, 22, 29, 21]), the Mittag—Leffler—Laguerre polynomials
BL) (z; v, B) stand out by combining the operational simplicity of Laguerre polynomials with
the fractional versatility of Mittag—Leffler functions. This dual structure provides enhanced flexi-
bility for analytic continuation, modeling memory-dependent phenomena, and solving fractional
differential equations with a wider range of parameter control.
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From Egs. (1.22) and (1.7), we can easily infer, for o € N, the following explicit represen-
tation:

(1 + H)n

EL(H 5)(.%- o B) Vr(ﬁ) 2F1+a

—n, 5a xr
—, (1.23)
1+ k, A(o; B); @

where A(«; 3) denotes the array

1 ~1
potl ptesl o5y

(0% « (0%

In [8, 9], Dattoli and Torry introduced the Laguerre polynomials of two variables in the

form
S

n(,y) _”'Z =D (1.24)

S

together with the use of operational techniques combined with the principle of monomi-
als [11], providing a new analytical approach for deriving solutions to large classes of partial
differential equations often encountered in physical problems.

Moreover, two interesting unifications and generalizations of the Laguerre polynomials
L, (z,y) were considered by Dattoli et al. [9] in the forms:

n _ _
yn 5 pS—p

IL"’”(I"”):”!;sz(n—s)!r(pﬂﬁ)’ (1.25)
and
L) (@,y) = (m+np S Y (1.26)

~ st(n—s)!(m+s)!

For the present study, we also recall the explicit expression for the Konhauser polynomials
Z%(xz; k) [14, 25]:

o/ F(k}n + a+1) & ks

wherea > —land k =1,2,....

For k = 1, these polynomials reduce to the Laguerre polynomials L%M (z), and their special
case for k = 2 was encountered earlier by Spencer and Fano [30] in a calculation involving the
penetration of gamma rays through matter.

It is worth noting that the series representation (1.22), in particular, yields the following
relationships:

eI (2;1,1) = L (2), (1.28)
EL(571’5>($a;a,ﬁ+ 1) — % Zﬁ(x;Oé), (1.29)
" IF'lan+38+1)""
J)
L‘“*‘”<x;1 + 1) — Oy eN 1.30
E&n y ,m y”(m+n)' n (x,y), m ) ( )
y" ELS?’”CC; L, 1) = Ly (z,y), (1.31)
Yy

T 8),, P
ELSE“v“(—y;l,B+1) = (y) = 1Ly s(2,y). (1.32)



44 Maged G. Bin-Saad and Waleed K. Mohammed

2 Fractional calculus via Saigo operators

In this section We will establish some fractional integrals and derivatives formulas for the poly-
nomials EL,L (t a, ).

Theorem 2.1. Let o« € N, pu, v, m, 5, 8,0 € C, 2 > 0 and n a non — negative integer. Then

o [A=1 1 (50) (4. _ v (1 FR), TNTA—v+n)
(B [Pt el 00 )] ) (@) = TE) T =) T+ 1 1)
7”355A7)‘7V+77;
X 4F310 Z 1. @
L+ Kk, A =1, A+ p+n,A(e; B);

Proof. Denoting the L.H.S. of equation (2.1) by Q, using definition (1.22) and then interchang-
ing the order of integration and summation, we obtain

= n)s (6)5 u,v,mn +s—
Q= Zr )as(l +r), 5! (IM t* 1) (@)- 2.2)

s=0

Employing the relation (1.14), we arrive at

P > 1—1—.% (—n), (), TA+s) TA=v+n+s)a®
ZF ) (I+£),sITA=v+s) TN+ pu+n+s)

rvo1_(L+8), T)TA = v +n)
C(B)n!' T\ — ) T+ i+ 1)

(=n), (0), N, A—v+n),z°
(B)as T+ R),(A=v), (At ptmn),s!

M8

s=0
(2.3)
Finally, by the definition (1.7), we lead to the formula (2.1). O
Corollary 2.2. As a consequence of (1.16) and Theorem 2.1 with v = —pu, we have
B 1 (T4k), TN
o A—1 L(n,&) . — Atpu—1 ( n
(Re. [P oLl 0)]) (0) =X e
—n, 0, \;
X 3F2+a o;% . (24)
14+ 8, A+ p,Ala; B);
If we putting A = 1 + «, Eq(2.4) yields
I'(1+x+n)
1% K K+
(R [trp 2l 0, 9)] ) () =0 T nl T+ + 1)
-n,d;
X 2Fi1a =z | @3
L+ 5+ p,A(a; B);
Note that, given the result (1.23), the assertion (2.5) reduces to the elegant formula
Ik+n+1)
Iz K1 (K,8) (1. — retp (k+1,8) ( -
(RE. [rpLie? 0. 0)]) (0) = ot g o s @ 00p). 26)
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Corollary 2.3. As a consequence of (1.18) and Theorem 2.1 with v = 0, we have

IR o1 (I+k), T(A+n)
(g8 [P et 0, 9)]) (@) = 2 T Ao )
—n, 8, A+ mn;
><3F2+a o% . (27)

L+ r, A+ p+n,AM0;3);

Theorem 2.4. Let o € N, p,v,n, A\, k, 5,8 € C, x > 0, and n be a non-negative integer. Then

v | aA—1 (k,9) l o A—v—1 (1+R)1LF(1_>\+V)F(1_>\+77)
(Iﬁm) [t £l (t’a’B>D(x)_$ TB) ! T(1I—NT(1 = A+ p+v+7)

—n,0,1 = A+v,1 —A+n;

X 4F544 ai z
I+r1-XNI-A+p+v+n+1,Aa;p);
(2.8)
Proof. By considering the operator given in equation (1.15) and following the same procedure
as in the proof of theorem 2.1, we can easily establish theorem 2.4. O
Corollary 2.5. As a consequence of equation (1.17) and theorem 2.4, with v = —p, we obtain
_ . 1 (1 +r), T —X—p)
WH t>\ 1 L(n,é) —a, — pAtu—l n
( W{ el \ e B)] ) (@) = T(B)n!T(1 - A)
—n,0,1 — XA — 3
X 3F54q 1. 9
14+ 5,1 =XA(x; 8);
Corollary 2.6. As a consequence of (1.19) and theorem 2.4 with v = 0, we have
_ 1 o (I+k) T(1=X+n)
JCHm t)\ 1 L(m.ﬁ) ~a, | n
—n,0,1 — XA+ n;
X 3F2a s
L+ k,1 =X+ p+nAq;B);
(2.10)

Another way to express the Saigo fractional integral operators (1.8) and (1.9) is as follows:
(D7 1®) (2) = (271 0)) (@)

B %)m (Toptmvemmit o= (1)) (2), Re(u) > 0im = [Re(u)] +1,  (2.11)

(DREEf(1)) (2) = (I "1 f(1)) ()

- (_Czc)m (I etmmv=mntn £(4)) (x), Re(u) > O;m = [Re(u)] + 1. (2.12)

In the sequel, we shall use the following image formulas, which are straightforward conse-
quences of the operators given by equations (2.11) and (2.12):

TN\ +v+p+n) A1

YV, g A—1
(Défz "t )(I)— FOt ) TO 1) : (2.13)
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and

TA-A=)l(ptn—A+1) sor

DE ™) ) = = F T = -3+ 1)

(2.14)

The operator f)g:”() defined by equation (2.11) contains the Riemann-Liouville frac-
tional derivative operator, using the following relationship:

(D6.£) (@) = (Dh "7 F0)) (@) = (I 5 (9) (@) = (Ro (1)) ()

B (di)m (R&c_“ ) (), (Re(n)>0,m = [Re(u)] +1), (2.15)

whereas the operator Dg;g(;”(.) defined by equation (2.12) contains the Weyl type fractional
derivative operator. Indeed, we have

(D e f) (@) = (DELTF(B) (@) = (L5 (1) (2) = Wk f (1) (@)

_ <_;;>m(w;70—ofL )(2), (Re(p)>0,m=[Re(u)] +1).  (2.16)

If we take v = —p in equations (2.13) and (2.14), we have

(D5.7") (@) = F(i@u) A 2.17)

and

F(l +u— )‘)xk—u—l.

(Droct™™) () = (- )

(2.18)

Theorem 2.7. Let « € N, pu, v, 5,1, 5,0 € C,x > 0 and n a non — negative integer. Then
vt (L 6), TNTA + v+ p+1n)
L@E)n!T'(A+v)L(A+n)
—n, A+ v+ u+mn;
X 4F34q = |- (@19
L4 6, A+ v, A +1,A(a; B);

(Dgr [ e L) (0, 8)] ) (@) =

Proof. Denoting the L.H.S. of equation (2.19) by Q, using definition (1.22) and then differenti-
ation of the order of integration and summation, we obtain

_ - (1+K)n (_n)s (6)5 VM g A+s—1 T
Q_S; O )S!<D0w ) (@), (2.20)

Employing the relation (2.13), we arrive at

- 12 1+F~' ) (1), ), TN+ s)TA+v+n+pu+s)a’
n! (B),. 14+&), s!ITA+v+s)T(A+n+s) ’

_ ot (LHR), TYT(A V+n+u)§:(*n)s(f?)s(A)S(A+V+n+u)sws
L@ TA+)TA+n) = (B)as (1 +5), (A +v), (A+n), !
2.21)

Finally, by the definition (1.7), we lead to the formula (2.19). O
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Corollary 2.8. As a consequence of (2.17) and theorem 2.7 with v = —pu, we have

e [A=1 L) (4 _ peumt_(148), TR
(Db [ Lt 8)]) (@) = o e
—n, 0, \;
X 3P0 z | (2.22)

If we putting A = 1 + s, Eq(2.22) yields

. N I'(1+x+n)
K (1,6) (4- — ph—H
(Dfiw [t L (t’a’ﬁ)]) @) = By T+ % — )
—n, 0;

X 2F1a = |- (2.23)
1+ Kk —p,Ala; B);

Note that, given the result (1.23), the assertion (2.23) reduces to the elegant formula

(08, [rore9ia,0)]) (@) = ot EERE Do), @29

Theorem 2.9. Let o € N, p, v, 1, A\, 6, 3,0 € C,x > 0 and n a non — negative integer. Then

R - 1 (14K, T =A=)T(1 = A+ pu+7)
4, -1 (k,0) [ 2. _ A=l n
<D5v°°n [t Bln (t’o"f8>}>($)_x+ T(B)n!T(1 - \NT(1—A—v +7)

—n, 0,1l —A—v,1 =X+ pu+mn;
X4F3+oz ﬁ
T+k,1=-XMN1=-A—v+nAxB):;
(2.25)

Proof. By considering the operator (2.16) and proceeding in a same way as in the proof of
Theorem 2.3, we can easily prove theorem 2.9.

O

Corollary 2.10. As a consequence of (2.17) and theorem 2.9 with v = —u, we have

. _ 1 1 (+R), T(1 =X+ p)
Dr A—1 L(/{,&) . — pA—p—1 n
( e {t sl (FresB )| ) o) = T(3)n!T(1 — \)
—n,0, 1 — A+ p;
X3P q 1. (2206
1+k,1—=XA(a; B);

Remark 2.11. The results presented in this section are of a general nature. By considering the

particular cases (1.28)—(1.32), we can deduce several fractional integral and derivative formulas
for the polynomials defined in (1.3) and (1.24)—(1.27).

For instance, in view of relation (1.28), theorems 2.1, 2.4, 2.7 and 2.9 yield the following
fractional calculus formulas for the associated Laguerre polynomials Lgf) (z) defined in (1.3):
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Corollary 2.12. Let ,p,v,n,k € C,x > 0 and n a non — negative integer. Then

v [ A=17 (k) _ v (ER), CA)T(\—v417)
(IM [t L (t)D (z) =2 T =) LA+ + 1)
—n, A\ A —v+n;
X 3F3 T |, (2.27)

I+r, A=, A+ pu+mn;

Corollary 2.13. Let ,pu,v,n, M\, k € C, z > 0 and n a non — negative integer. Then

(s ()] - G

—n, 1 =A+rv,1-
X 3F3
l+r,1=XA1=-X+
(2.28)
Corollary 2.14. Let py,v,k,n € C,x > 0 and n a non — negative integer. Then

L+£), TNTA+v+p+n)
n!TA+v)T(A+n)
_n7A7)‘+V+/L+n7
X 3F3 z |, (2.29)
14+, A+, A+1n;

(Dgf:’” [tk—ng-e)(t)D (z) = $A+y_1(

Corollary 2.15. Let j1,v,n, A\, k € C,z > 0 and n a non — negative integer. Then
Dg)gén t)\—llen) l (x):mk'ﬁ/—l(l—’—ﬁ)nr(l_)\_V)F(l_)‘+u+77)
’ t ! T(1 =M1 =X —v+1n)
—n,l—/\—V,l—)\+p—|—7];
x 3k Ll (230
I+k,1=AN1=-A-v+mn

3 Fractional Kinetic equation

Very recently, several authors have addressed the solution of generalized fractional reaction
equations. For instance, in [1, 2, 23, 33], Ahmed, Pawar, Patil, and collaborators developed
transform-based methods for solving fractional kinetic equations, expressing solutions in terms
of special functions and orthogonal polynomials. By employing Sumudu, Laplace, and Mellin
transforms, they obtained closed-form or series solutions involving Laguerre polynomials, gen-
eralized g-Bessel and k-Bessel functions, and V-functions. These works expand the toolkit of
fractional kinetics by connecting special-function theory with fractional dynamics and providing
new avenues for both analytic and applied studies. In this section, we highlight the relevance
of the Mittag—Leffler—Laguerre polynomials EL;"”""” (z; o, B) by formulating a fractional kinetic
equation in which these polynomials appear in the kernel. Saxena and Kalla’s fractional kinetic
equations are defined as follows (see [27]; also [28]):

N(7) — Nof(r) = —£%0D;"N(7), (Re(v) > 0), (3.1)

where N(7) is the number density of a given species at time 7 and ¢ is a constant. When 7 = 0,
then Ny = N(0). Consider f € L(0,00) and Riemann-Liouville integral operator ¢ D" (see
[27, 28] as follows

- /O = 8P f(s)ds, (Re(v) > 0). (3.2)
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Theorem 3.1. If u > 0 and v > 0 then solution of equation

N(7) — No 77 L) (1750, 1) = —w”o D7 "N(7), 3.3)
is given by
- (=D )y urvst
YT By s "), 4
Z; (n—s)(c+1), vtws (—(wT)") (34

where E,, , (z) is the Mittag-Leffler function (1.2).

Proof. The Laplace transform of the Riemann-Liouville fractional integral operator is given by
[12]:
LoDV f(7):p] =p "F(p), (3.5)

where

Fp) = /0 T e f () dr, (Re(p) > 0). (3.6)

Applying the Laplace transform to both sides of (3.3) gives

1)S (5)5 —VSs— v, _ —UV
Nozs'n—s p #—w"p "N(p)

~¢-1)S
VS pEGaals <—1>S<5>s -

Taking the Laplace inverse of (3.7) and using

—1 —v 7.1/71
L p ] = ) (3.8)
we find that
—1 _ ([i + 1) S s = r vrr—1 ) —(vr+vs+p)
LYN(p)} = Nosz% T ;- Z L {p b6
which can be rewritten as
n ( ) ( 5) o0 wvT l/S—H/’I‘-‘r,u*l
N(7) = 3
(7) Sz:;) '(n—s)!( +1)S; Fyr+us+u)
n ( ) ( 1) (5) N 1 'r’ vr VT’
=N SpveThT .1
DB ey er+us+u> (.10
using (1.2), we get the desired result (3.4). O

4 Conclusion

In this work, we introduced and studied a new class of special functions that generalize the
Mittag-Leffler function and Laguerre polynomials. By employing Saigo operators, we estab-
lished several fractional calculus properties, including explicit formulas for fractional integrals
and derivatives of the Mittag-Leffler-Laguerre polynomials. Furthermore, we applied these re-
sults to solve a generalized fractional reaction-kinetic equation with a kernel involving the pro-
posed polynomials, thereby demonstrating both the theoretical depth and the practical relevance
of the new family.



50

Maged G. Bin-Saad and Waleed K. Mohammed

The novelty of our approach lies in combining the operational structure of Laguerre poly-

nomials with the fractional adaptability of the Mittag-Leffler function, resulting in a richer an-
alytic framework with broader applicability. These findings not only extend the existing theory
of hybrid fractional polynomials but also provide new tools for modeling memory-dependent
and anomalous dynamical systems. Future research may focus on developing orthogonality re-
lations and generating functions for these polynomials, exploring their asymptotic behavior, and
applying them to fractional boundary value problems, control theory, and numerical methods in
applied sciences.
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