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Abstract. In the present paper, we prove that a prime ring R with center Z(R) satisfies
s4, the standard identity in four variables, if R admits a non-identity automorphism 7 such
that ([(2P)", x9)z" + z"[(zP)",29])" € Z(R) for all z € R, whenever either char(R) > n
or char(R) = 0, where p, ¢, , n are fixed positive integers.

1 Introduction

Throughout this article, R is a prime ring with center Z(R). For given z,y € R, the Lie commu-
tator of x, y is denoted by [z, y] and defined by [z,y] = zy — yx. A ring R is said to be prime if
for any a,b € R, aRb = (0) implies a = 0 or b = 0. The standard identity s, in four variables is
defined as follows:

54 = Z(—1)TXT<1)XT(2)XT(3)XT<4)

where (—1)7 is the sign of a permutation 7 of the symmetric group of degree 4.

The theory of commuting and centralizing maps on (semi-)prime rings was motivated by the
result of Posner [20] and was developed by Bresar [3, 4, 5]. Posner’s second theorem states that
if there exists a nonzero centralizing derivation on a prime ring R, then R is commutative. Later,
Mayne [18] obtained an analogous result for automorphisms of prime rings. Many people have
extended Posner’s result in various ways, obtaining numerous powerful results. In [16], Lee and
Lee generalized Posner’s result by showing that if char(R) # 2 and [d(x), z] € Z(R) for all z in
anon-central Lie ideal of R, then R is commutative. In [15], Lanski proved that if [d(z), ], = 0
for all x in a non-commutative Lie ideal of R, then char(R) = 2 and R C M,(F) for a field F.
Mayne obtained a similar extension [19] for automorphisms on Lie ideals.

In 2000, Carini and De Filippis [6] investigated power-centralising derivations on non-central
Lie ideals of prime rings. More precisely, they proved that if char(R) # 2 and [d(z),z]™ € Z(R)
for all z in a non-central Lie ideal of R, then R satisfies s4, the standard identity in four variables.
Recently, Wang [24] obtained a similar result for automorphisms of prime rings. To be more
specific, Wang proved the following: Let R be a prime ring with center Z(R), L be a non-central
Lie ideal of R and 7 be a nontrivial automorphism of R such that [u",u]" € Z(R) forall u € L.
If either char(R) > nor char(R) = 0, then R satisfies s4, the standard identity in four variables.

Moreover, Herstein [11] proved that if there exists a nonzero derivation d on a prime ring
R such that the map = — d(z) is commuting on R, then R may be non-commutative, i.e., the
following relation [d(z), z]d(z) + d(z)[d(x),z] = 0 for all z € R does not imply that d = 0.
Motivated by the above result Cheng [9] proved the following theorem which can be considered
as an extension of Posner’s second theorem: If R is a 2-torsion free non-commutative prime ring
and d be a derivation of R such that [d(z), z]d(z) = 0 for all z € R, then d = 0. In [22] Vukman
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established that R must be commutative if char(R) # 2 and [d(z), x|z — z[d(z),z] = O for
all z € R (see [1, 12, 21, 23] and references therein). Motivated by above results, Lanski [14]
proved that if [d(z), z]y — y[d(z),z] = O for all = in a non-commutative Lie ideal and y € R,
then either R is commutative or char(R) # 2 and R satisfies s4, the standard identity in four
variables.

Inspired by the above-mentioned works, this paper examines the behaviour of a non-identity
automorphism on a prime ring, in the spirit of theorems such as Posner’s second theorem and
Herstein’s theorem on derivations with central values. More precisely, we investigate the situa-
tion when a non-identity automorphism 7 satisfies ([(z?)", x9)z" + z"[(2?)", 29])" € Z(R) for
allz € R.

2 Preliminaries

For the sake of completeness, we shall touch upon a few preliminary notions required for the
exposition of the main theorem. Some of these notions are classical, and we present them briefly.
Let R be a prime ring with centre Z(R) and Q@ = @Q,,,,-(R) is the maximal right ring of quotients
of R. Note that @ is also a prime ring and the center C' of (), which is called the extended
centroid of R is a field. Moreover, Z(R) C C (for a more detailed explanation, we refer to [2]).
It is well known that any automorphism of R can be uniquely extended to an automorphism of
Q. An automorphism 7 of R is called Q-inner if there exists an invertible element g € @ such
that 2" = gxg~! for all x € R. Otherwise, 7 is called Q-outer. We denote by G the group of all
automorphisms of R and by A; the group consisting of all @-inner automorphisms of R. Recall
that a subset 2 of G is said to be independent (modulo A;) if for any a;,a; € 2, aja; le 4,
implies a; = ay. For instance, if a is an outer automorphism of R, then 1 and a are independent
(modulo A;). We present some well-known facts which will be used in the sequel.

Suppose that R is a prime ring and 2 is an independent subset of G modulo A;. Let ¢ =
x(x?) = 0 be a generalized identity with automorphisms of R reduced with respect to 2(. If
forall z; € X, a; € 2, the x;’-word degree of ¢ = () is strictly less than char(R) when
char(R) # 0, then x(z;;) = 0 is also a generalized polynomial identity of R.

Let R be a prime ring and L be a non-central Lie ideal of R. If char(R) # 2, then there
exists a nonzero ideal I of R such that 0 # [I,R| C L. If char(R) = 2 and dim.RC > 4,
then there exists a nonzero ideal I of R such that 0 # [I, R] C L. Thus either char(R) # 2 or
dimcRC > 4, then we may conclude that there exists a nonzero ideal I of R such that [, ] C L.

Let R be a prime ring with extended centroid C'. Then the following conditions are equivalent:

(1) dimcRC < 4.

(i) R satisfies s4, the standard identity in four variables.
(iii) R is commutative or R embeds in M,(F) for IF a field.
(iv) R is algebraic of bounded degree 2 over C.

(v) R satisfies [[22,y], [z, y]].

3 The results

We begin with the following proposition, which is crucial for proving our main result.

Proposition 3.1. Let R be a prime ring and n be a non-identity automorphism of R such that
([l y]", [z ([, w2] + 22, wal [, y]", [2, pi]])™ = 0 for all 2y, x1,91,22,y2 € R, where
n is a fixed positive integer. If either char(R) > n or char(R) = 0, then R satisfies s4, the

standard identity in four variables.

Proof. First assume that dimcRC > 4. By the hypothesis, we have

([, 91", [21, pil[w2, w2l + [w2g0][[2, 9", [21, 91]])" = 0 3.1
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for all x,y € R. If n is an inner automorphism, then there exists an invertible element ¢ € )
such that 2" = gzq~! for all z € R. By Theorem 2 in [7],

(lalz vla™", [z, yill (22, o] + 2, w2, yla ™" [, 1)) = 0

is also an identity for RC'. By Martindale’s theorem [17], RC' is a primitive ring with a nonzero
socle. Since RC is primitive, then there exists a vector space V over a division ring D such that
RC is a dense ring of D-linear transformations over V. We divide the proof into two steps:

Step 1. Our aim is to show that for any v € V, v and vq are linearly D-dependent. If v and vq
are linearly D-independent for some v € V, then we consider the following cases.

If vg~! ¢ Spanp{v,vq}, then the set {v, vg,vg~'} is linearly D-independent. By the density
of RC there exist x,y, x1,y1, 22, y» € RC such that

VT = U, vqr = v, vqilx =—v, vr; =0, wvgr =, Uqflsc] =,

1

vy =0, wvgry=v, vg 'z, =0, vy=v, wvy=0, wvg ly=0,

vy =vg, vgyr =0, vg'ly1 =0, wvyp=v, vgy =0, vg 'y, =0.

Then

vlz,y] = 0, val,y] = v, vg~ [z, y] = 0, vfer, 1] = —v,

vqil[xlayl] = vq, 'U[xZayZ] =, UCI[fzayz] =, vqil[xbyZ] =0
and hence we can easily see that

1

0 = v([gle,ylq™", [z, m1]][22, v2) + [22, ol lalz, ylg ™", [z, 00]))" = v # O,

a contradiction.

On the other hand if vg~! € Spanp{v,vq}, then vg~! = v\ + vbs for some \,§ € D. If
§ = 0, then vg~! = \v and v = \vq, this yields {v,vq} is D-independent, a contradiction. Thus
0 # 0. In view of the density of RC, there exist x,y, x1, y1, 2, y2 € RC such that

VT =, vgr =v, wvx; =0, vgr;=wv,
vep =0, wvgry=v, vy=v, wvqy=0,
vyr =vgq, vgyr =0, wvya =wv, wvqy =0.

By computation, we see that

0 =v(lglz, ylg ", [z, yi)[w2, 2] + [z, wa2)[alw, yla™ ', [wr, m]])™ = 2760 # 0,

a contradiction, for some v € D. So, v and vgq are D-dependent for every v € V.

Step 2. As v and gv are D-dependent for every v € V, then for each v € V, we write vg = v,
where A\, € D. Now, for fix 0 # u € V, let 0 # v € V and we write vqg = vA,. Suppose first that
v and w are D-independent. Then (u + v) Ay, = (u + v)g = ug + vg = uA, + vA,. Moreover,
U(Auto — M) = v(Ay — Autw), and hence Ay = Ay = A, Suppose next that u and v are
D-dependent. Indeed, for any w € V, w and u are D-independent and using the same arguments
as above, we have \,, = A,. Clearly, w and v are D-independent. So A\, = A,, implying that
Auw = Ay. Thus )\, is the independent choice of v € V. Consequently, vg = vA for all v € V,
where A = \,. By standard arguments, we see that ¢ € C, a contradiction. Thus dim¢cRC < 4,
and by Fact 2, R satisfies sq4, the standard identity in four variables.

Next we assume that 7 is not an inner automorphism, then by Chuang [9, Main Theorem], R
satisfies

[z, 4", [z1, ni]][z2, yo] + w2, 2] [[2", y"], [z1, 11]])™ = 0.
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Since either char(R) > n or char(R) = 0, it follows from Fact 2 that ([[r, s], [z1, y1]][22, v2] +
[%2, y2][[w, 2], [x1,11]])™ = Oforall r, s, z1, y1, T2, y2 € R. Note that this is a polynomial identity,
and thus there exists a field F such that R C M (IF), the ring of & x k matrices over a field F,
where k > 1. Moreover, R and My, (F) satisfy the same polynomial identity [15, Lemma 1], that
is (Hrv S]a [xh yl]][xZa yZ] + [$27 yZ][[wa Z]a [xh yl]])n = 0 for all TS, T1,Y1,T2,Y2 S Mk(F) But
by ChOOSiIlg Tl = €12,Y1 = €21, 7 = €21, 8 = €11, T2 = €12, Y2 = €22 WE get
0= (HT, S]a [xlv yl]] [-rZa yZ] + [$2a yZ] [[w7 Z]? [1'17 yl]])n
= ([lea1, e11] [e12, e21]] + [e12, €22] + [e12, ex][[ea1, €11]; [€12, €21]])"
=2"(exn +e€11) #0,

which leads to a contradiction. Thereby, the proof is completed. O

Theorem 3.2. Let R be a non-commutative prime ring and 7 is a non-identity automorphism of
R such that ([(2P)", z9)z" + 2" [(2P)", z9])™ € Z(R) for all z € R, where p,q,r,n are fixed
positive integers. If either char(R) > n or char(R) = 0, then R satisfies sa, the standard
identity in four variables.

Proof. By the assumption, we have
([(P)", 22" + 2" [(a?)", 27])" € Z(R) (3.2)

forall z € R. Let Y, Y and Y5 be the additive subgroups generated by {s? | s € R}, {s?|s € R}
and {s" | s € R}, respectively. Thus,

([x",y]z + z[z", y])" € Z(R) (3.3)

forall z € Y|, y € Y, and z € Y3. Therefore, either Y| contains a non-central Lie ideal
Uy or s € Z(R) for all s € R. The latter case forces that the ring must be commutative, a
contradiction. Analogously, we may assume that there exist U, and Us, non-central Lie ideals of
R, which are contained in Y, and Y3, respectively. In view of [10, pp 4-5], there exist non-zero
ideals I, I and I5 of R such that [I}, R] C Uy, [I2, R] C U and [I3, R] C Us. Hence,

([z7, 9]z + z[", y])" € Z(R) 3.4)

forall x € [I1, 1], y € [I2, 2] and z € [I3, [3]. Since Iy, I», I5 and R satisfy same generalized
polynomial identities with automorphisms (see [8, Theorem 1]), so we have

([=",y]z + =z[z",y])™" € Z(R) (3.5)

for all z,y, 2z € [R, R]. Next, assume that dimcRC > 4. Then for x1, y1, 2, Y2, ¥3, 3, 2 € R,
we have

(=1, 971 [w2, wallls, 93] + [w3, 93] [[2], 0], [, 0] 1), 2] = O (3.6)

for all xy,y1, %2, ¥2,%3,¥3, 2 € R. Since either char(R) > n or char(R) = 0, so by Fact 2 one
can have

[([s, 2], [z2, yallws, ya] + [w3, ws][[s, 1], [w2, 92]])", 2] = O

for all s,t,z2,y2,73,y3,2 € R. It is well known that there exists a field F such that R and F,,
satisfy the same polynomial identities [13, p. 57 and 89]. Since dimcRC > 4, we see that
m > 2. By choosing Tl = €12, Y1 = €21, S = €31, t=ei, x2 = €2, Y2 = €22, 2 = €23 W€ get a
contradiction as follows
0= [(Hsa t]7 [xZa y2]] [%3, y3] + [xfiv y3] [[87 t]a [1‘2, y2]])n7 Z]
= [([[ea1, e11], [e12, ea1]][en2, exa] + [e12, exn][[ear, ent], [e12, e21]])™, €23]

= 2”623.
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Secondly, we now assume that 7 is an inner automorphism, so there exists an invertible element
q € Qsuchthat 2" = gzqg~! forall 2z € R. Since ) and I satisfy the same generalised polynomial
identities [7]. Therefore, @ satisfies the following generalised polynomial identities

[([[=Y 0], 22, w3, a] + [23, sl ([, 97, [22, 92]])", 2] = O 3.7

for all 1, y1, 22, y2, 23,3, 2 € Q. Since g ¢ C and (3.7) is a nontrivial generalized polynomial
identity on Q). Therefore, by Martindale’s theorem [17], () is a primitive ring. Let V be a faithful
irreducible right R-module with commuting ring D = End(V), a finite-dimensional division
algebra over C'. By density theorem, @ acts densely on Vp. If Vp is infinite dimensional, then

(=1, 971 [22, walllx3, ya] + [23, 3] [[=], 971, [22,92]])" = 0

holds on H, the socle of (), and hence it also holds on ). Thus, by Proposition 3.1 we prove
the theorem in this case. So Vp must be finite-dimensional. Thus @ is isomorphic to D;, the
s x s matrix ring over D for some s. Since D is finite-dimensional over C, if C is finite, then
D is a finite division ring and thus is a field by Wedderburn’s theorem. In this case, @) = Cs.
On the other hand, if C' is infinite and F is a maximal subfield of D, then by a Vandermonde
determinant argument, we know that the condition

(=1, 971 [w2, walllws, 93] + [3, 3] [[2], 0], [, 0] )" € ©

for all 1, y1, 22,2, 23, ys € Q carries over to

(=1, 971 [w2, walllws, wa] + [w3, ws]([2], 0], w2, 0]])" € F

for all z1,y1, 22,92, 23,3 € Q ¢ F. Bt Q @¢c F = D, @ F = (D ®c F)s = F, for some
m. In either case, we may suppose that () = F,,, for some m > 1. Since dimc@Q > 4, we see
that m > 2. Let V be an m-dimensional vector space over F, and () can be realised as a ring
consisting of all F-linear transformations of V. For any given v € V, we claim that v and vq are
F-dependent. Suppose, on the contrary, that v and vq are F-independent.

Assuming first that v,vq,vg~! are F-independent, we extend v,vq,vq”! to F-base

v,vq,vq" ", v, -+ v, of Vr, where i = 4,5,---  m if it exists. Then by density theorem,
there exist z,y, z1,y; € @ such that

v =, vgr = v, vg e =—v, v =0, wvgr; =v,
vg 'z =v, vz =0, vy =0, vgry =v, vq 'z, =0,
vy =, vqy =0, vy =0, v =0, wy =g,
vy =0,  wgTly1 =0, vy =v, vqyy =0, vg'y2 =0
fori =4,5,--- ,m. Thus, we have
’U[xhyl] = 07 UQ[l‘hyl] =, Uq_l[xlvyl] = 07 U['riayi] = 07 U[$27y2] = -7,

v~ [22,30] = vq, v[z3, 53] = v, vqlrs,y3] = v, vg~ w3, 93] = 0.
Since rank of [z, y] is 1, therefore
(=7, 9], [22, wo][23, 3] + [23, ws] [l 9], [, o))"
is of rank at most 2. Being in F, we get that
(=7, 9], (w2, wol[23, 3] + [23, 3] ([ 7], [, 2]])" = O
and hence we get a contradiction as

0 =v([glz1,y1)q™", [22, vallws, y3] + w3, wsllaler, yilg ™", [22, o] ])™ = v.

On the hand if v, vq, vg~"! are F-dependent. Since v and vq are F-independent, we extend v, vq

to be an F-base v, vq, v;, - - - , Uy of Vr, where s = 3,4, --- ,m. We have that vg~!' = va + vg3
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for some «, 3 € F. Moreover, we claim that 3 # 0. Indeed, if 5 = 0, then v¢~' = av and
v = awgq, a contradiction. By density of @, there exist =,y € () such that

vey =wv, wvgry=v, vy =0, wvgry; =",
VT3 = 07 vqr3 = v, VY =7, vqyr = 07
vip =vq, vqyy =0, wvys3=wv, wvqys, ve; =0, vy; =0.

We can easily see that
v[z1, y1] = 0,vg[z1, y1] = v, vglza, o] = v, v[zi, 4] =0
fori=3,4,---  m. Moreover, we see that [x;,y;] is of rank 1. So
([aler,yila™" [e2, wolllas, ys] + s, sllaler wila ™" a2, 92]])"
is of rank at most 2. Being in F, we get

(lalev,mla™", (w2, o)l s, ys] + [w3, w3l laler, mi)a ™", [22, 92]])™ = 0.

We also get a contradiction as follows:

0 = v(lglrr,yila™" w2, v2l[ws, 3] + w3, wsllalzn, vala " o2, 02]])"
— 2"AMy £ 0.

From the above, we have proven that vg = A(v)v for all v € V, where A(v) € D depends on
v € V. A standard argument shows that ¢ € C, a contradiction. Thus dimcRC < 4, so by
Fact 2, R satisfies s4, the standard identity in four variables. This completes the proof of the
theorem. O

We immediately write the following corollaries in view of the above theorem.
Corollary 3.3. Let R be a non-commutative prime ring and n is a non-identity automorphism of
R such that ([z",z]x + z[z", z])" € Z(R) for all = € R, where n is a fixed positive integer. If
either char(R) > n or char(R) = 0, then R satisfies sa, the standard identity in four variables.
Corollary 3.4. Let R be a non-commutative prime ring and n be a non-identity automorphism of
R such that ([(zP)", 292" + 2" [(2P)", 27]) € Z(R) for all x € R, where p,q,r are fixed positive
integers. If char(R) # 2, then R satisfies s4, the standard identity in four variables.

Corollary 3.5. Let R be a non-commutative prime ring and n be a non-identity automorphism
of R such that ([u",v]w + w[u",v])" € Z(R) for all u,v,w € L, where L a non-central Lie
ideal R and n is a fixed positive integer. If char(R) > n or char(R) = 0, then R satisfies s4, the
standard identity in four variables.
Proof. By the hypothesis, we have

([, v]w + w[u",v])" € Z(R) for all u,v,w € L.
In view of Fact 2, there exists an ideal I of R such that [/, R] C L. This implies that

([z",y]z + z[2",y])" € Z(R) for all z,y, 2 € [I,I].

Since I and R satisfies same generalized polynomial identities with automorphisms (see [8,
Theorem 1]), so we have

([#",ylz + 2", y])" € Z(R) forall z,y, z € [R, R,

which is same as (3.5). Therefore, using the same arguments, we get the required result. O
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