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his paper investigates the ¢-Stochastic Fractional Differential Equations (s-SFDE), focusing
on their existence, uniqueness, and Ulam-Hyers stability. We establish the continuous depen-
dence of solutions on initial data and their regularity in time. Utilizing the Banach Fixed-Point
Theorem (BFPT) and properties of stochastic calculus, we derive key results. Additionally, we
provide illustrative examples to support our findings.

1 Introduction

Stochastic differential equations (SDEs) may be construed as integral equations or as differential
equations, wherein the stochastic integrals are accompanied by the presence of a Brownian mo-
tion. Initially, Kiyoshi Ito conducted a study on stochastic differential equations (SDE) with the
purpose of constructing diffusions. These diffusions are characterized by being strong Marko-
vian processes and continuous, whose generators are represented by differential operators of
second-order. Furthermore, in order to achieve this objective, he has implemented the use of
stochastic calculus. Alternatively, the SDE could be viewed as ordinary differential equations
disturbed by random noise. This perspective allows for modeling systems subject to random
perturbations.

Over the past few decades, fractional differential equations (FDE) have emerged as a signifi-
cant technique for modeling real-world phenomena. Several studies have been conducted on this
approach (see [1, 2, 3, 4, 5]). Here are some recent papers on stochastic fractional differential
equations (SFDE) (see [6, 7, 8, 9, 10, 11]) that provide the latest developments on the subject.
Recent works on fractional inequalities and stability analysis include [12, 13, 14], which explore
various aspects of fractional calculus and its applications.

R. Almeida in [15] has proposed a fractional derivative with respect to a function ¢. Most of
the works focus on this operator in the deterministic case (see [16, 17, 18, 19, 20, 21, 22, 5]). In
the stochastic case, authors in [24], have studied the existence, uniqueness and HUS for ¢-Caputo
SFDE.

Research has increasingly focused on HUS due to its applications, including when determin-
ing exact solutions is difficult (see [25, 26, 27, 28, 29, 30]).

Our results may find use in control theory and signal processing, where stochastic fractional
models are better able to represent the dynamics of complex systems with random disturbances
and memory effects.

It is to our knowledge that no work has been performed that addresses the existence, unique-
ness, and HUS of ¢-SFDEs. In this context, this work generalizes [30] to ¢-SFDE. The key points
of our article can be summarized as follows:

(1) demonstrate the existence and uniqueness of solutions for ¢-SFDEs based on the BFPT.
(2) discuss the continuity dependence on the initial data.

(3) study the regularity of the solutions of ¢-SFDEs.
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(4) investigate the Ulam-Hyers stability of ¢-SFDEs.

The article is structured as follows: In Section 2, we present the basic definitions of ¢-
fractional derivative and some fundamental notations needed to establish our results. In section
3, we investigate the existence, uniqueness, regularity, continuity dependence on the initial data
and the Ulam-Hyers stability of the solutions of ¢-SFDE. Section 4 is dedicated to illustrating
our theories by exhibiting three examples.

2 Preliminaries

Let consider the interval I = [a,b], a < band ¢ € C'(I) such that<¢’(p) > 0, forall p € I.
Let (@, F, (F,),c(a,5), P) be a complete probability space and B; be a standard Brownian

motion. For p € [a,b], let £, = L*(Q,F,,P) be the set of all F, -mesurable and mean square
integrable functions ¢ = ((y, ..., () : & — R™ with the norm:

” C ”ms: \/ E ” < ”2

Definition 2.1. The fractional integral of f € L' (I) w.r.t.  is defined by

IEf(p) = F(1> [ Y060 - <@y e > o

Definition 2.2. For ¢ € (0, 1), the fractional derivative of a function f w.r.t. < is defined by

Di10) = = (Ta0) | <060 = <)< rwa

We consider the following ¢-SFDE:

{ <Dzu(p) = 01(p.y(p)) + 020 w(0)) G 0 € (., o

I'fy(a) = ¢,
where ¢ € &, is the initial condition and 0,0, : I x R™ — R"™ are two measurable functions.

We say that the process y(p) is a solution of the ¢-SFDE (2.1) if it satisfies the following
equation:

F(1€) /P <()(s(p) = <) oa(t,y(t))dBr. (2.2)

Now, we introduce the following assumptions:
Assumption 2.3. Assume that
| o1(l,21) = o1(l,22) || + || 021, 21) — 02(1, 22) IS M || 21 — 22 ||, V(1 21, 22) € I x R" x R™,
where M > 0.
Assumption 2.4. Assume that the functions o1 (., 0), o2(., 0) satisfying

[02(-,0) loo= ess sup [ o2(1,0) || < o0
lel

and

b
/ llo1(1,0) |2 dl < oo.
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3 Main results

Let the Banach space H?(7) which contains all process f which are [F;-adapted and measurable
which satisfies ess sup 1 [[(s(p) = s(a))' == f(p)[lms < oo with the norm | - || given by:

1 fllge = ess sup 1(s(p) — (@)~ £(p)lms>

and consider an operator G on H?(I) defined as follows:

Gon(p) = SO 4 b [ sto) <oty

! ) / ") (s(p) — (1) oal,y()dBy, Wy € BE(I), 0 € . (i)

* I'(e

3.1 Ecxistence, uniqueness and continuity dependence on the initial data

In this section, we establish the results concerning the existence, uniqueness, and continuity
dependence on the initial data of the solutions of the ¢-SFDE defined by equation (2.1).

Lemma 3.1. For every ¢ € E,, G, is well-defined.
Proof. Lety € H?(I), then

2
I650) = (@) = Gl < 2L

+ et (I <060 - <@ 6(0) = st ont )

o (I 060 = ) 60— ) et y@)izl?) . 32

Using the Cauchy-Schwartz inequality and Fubini’s theorem, we obtain:

+

B (1 [ ¢ 060) = <0 sl0) - @)@,y )?)
= E(] /ap < (D(s(p) = s (1) (s(p) = s(a))'~
(6(0) = (@)= (s(D) = s(a)* "o L.y )
< ([ Q0P = 022 600) = ) 2 (s0) ~ )2
E( [ 160 - s@) “ o) Pa). 33)

With the change of variables u = %, for p > a and the Beta function

1
B(ri,m) = / u" (1 —w)? du, >0,
0

we obtain:

J € 0P ) = <07 Hslo) - @) (6(0) @) a

< K(s(p) = (a))! ( / - u)25_2du>

0

< K(s(b) = <(a))* 'B(a, ), (34)
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where

K =supd’(t)and a = = 2¢ — 1.
tel

Therefore using Assumption 2.3, we have:

1(s() = s(@)' o1 (L yM)IIP < 2M2([(s () = s (@) =y (D> +2(s (1) = s(a))***[lona (1, 0)[|*.
Then,

E ( J 160 = st =<a, <zvy<z>>|2dz)

b
<2M?* (b —a)|lyllfe + 2(s(b) — <(a))** / o (1,0)[*dl.  (3.5)

Thus, by (3.3), (3.4) and (3.5), we obtain:

(1[0t - 01 60) - st~ @y 0)at?)
< 2K (s(b) = <(@))* ' Bla, B) (M2 (b — @)yl
H60) <@ [ lo@olra). 6o
On the other hand, using Ito’s isometry formula and applying Assumption 2.3, we get:
E(| / TS0~ s <o)  5(a)“Co2(1.y(1)dB?)
— E( /ap(<’(l))2(<(p) = ()72 (s(p) = 5(a) (1) — s(a))* 72
I (s) = <(@))'“era(t, y(0) )
< 2M2||y||%p(/ap(d(l))z@(p) —6(a))*7(s(1) = s(a))**(s(p) — <(l))2€‘2dl)
+2[|oa (-, 0)]13 ( /p(<’(l))2(§(p) —(a))*7*(s(p) — C(Z))szl). 3.7)

a

Since,

[ €000~ <o) ()~ st

< K(«®) — @) max ["CO(0) - ) a

< g () ~<(a), G

then, using (3.4) and (3.8), we get

E (1 [ ¢0lsto) - <)) - ) onlt s0)aBil?)

2K
2e —

Therefore, by (3.1),(3.6) and (3.9), G, is well defined. O

< 2K M?|ylfFp(s(b) — <(a))* ' B(a, B) +

L (s(0) =s(@)loa(, 0l 3.9

Theorem 3.2. The ¢-SFDE (2.1) has a unique solution.
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Proof. For T > 0, let the norm || - || on H?(1) b

y
el = sup \/]E (tste) el D) ve e wen).

We have (H?(I),|| - ||,) is a Banach space because || - ||g2 and || - || are equivalent.
We will show that G, is contractive for some 7 > 0.
Let y1,y2 € H2(I). Using (3.1), we get for all p € I:

E ([[(s(p) = s(a)' == Goun(p) = (s(p) — s(a))' *Goun(p)I)
< e (1 Y060 — <0 6) — (o) o 0) — o))l

e (1 060 = <0 6(0) = @) (2. (0) = ot m(1)aBIP)

(3.10)
By applying the Cauchy-Schwarz inequality, we get

E (II /p (N (s(p) — (1) (s(p) = s(a)' (o1 (L yr (1)) — 01(l,yz(l)))dl||2>

< KM*(p—a) /p () (s(p) — (1)) 2(s(p) — s(a))* > (s(1) — s(a))*?
E ([[(s(t) = s(a)' (51 (1) — (1)) dl.~ (3.11)

Moreover, using Ito’s isometry, we obtain
(1 <06t - S0 60) — @)= (oalt n(1) ~ ox(t.120))a5
=E( [ €0 cl0) ~ s slo) - @) (5(0) - ()
16(0) = (@) (o2l 31 (1)) = 20, 1a0)))| P
< KM /ap S (D(s(p) = s0)*7*(s(p) = s(a)* (1) = 5(a))* 72
E(I6(0) = <(a)) (s (1) = 22(0))dl. (3.12)

Then,
E (1(s(6) — 5(0))! Gt (9) — ((5) — s(@)'“Copt)I)
<X b-ary [0 222 () — (@) (s(0) - o(a)
E (| <<<; <€ T)()g(”igw)()) P OIP) erion g
< zﬁjﬁz b—a+ 1y — wl2Z(s), G.13)
where

Z(p) = /p J(D(s(p) — (1) 2(s(p) — s(a))* 72 (s(1) — s(a))* 27O gy,

Thanks to the change of variable v = ¢(I) — ¢(a), we can derive that

9
Z(p) — ,192—25/ ,1)26—2(,'9 _ ’U)ZE_ZGUTd'U,
0
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with ¢ = ¢(p) — s(a).
Thus, by using Lemma 3.2 in [27], with the positive constant A,._ |, we get
TY

e I'2e — 1
Z(P) < P (AZsl + (225—2)> .

Therefore, we have

E (|(0"“Genn(p) = ' “Gomn(p)IP) _  2KM
7Y = 2e—1 2[
e T2e-1T(g)

b—a-+1] (Aot + 2552 llyn — o2

Hence,
Gyt — Gonall- < Crllyr — 2|+,

2K M2 (2 —1)

where

We choose 7 > 0 such that C; < 1, therefore G, has a unique fixed point. Hence the ¢-SPDE
(2.1) has a unique solution. O

Theorem 3.3. Let 71y, mp, € E, such that w1 # . Then,

lim sup [|(s(p) — s(a))' ~*(©1(p) = O2(p))llms =0,

T —> T2 p€1
where ®1(p) and O, (p) are the solutions of (2.1) with initial conditions m, and T, respectively.

Proof. From (2.1), we get

01(p) — Oa(p) =

I'(e)
+ 1"(15) /,, S (s(p) =) o1 (1,1 (1) = 01(1,©(1))] dl
+ F(le) /” S (D(s(p) = (D)) oo (1, 01(1)) — 02(1, (1)) dB;. (3.14)

Then,

3|y — m |2,

I(5(0) = 5(@)' = (@1(p) = @a(p) s < 7

+ 1_‘(3€>2E (” /ap J(D(s(p) — g(l))s—l(g(p) - g(a))l—f [01(1,0,(1)) — o1 (1,0,(1))] dl||2>
+ Fé)zE <|| /p S(1)(s(p) = ()= (s(p) — s(a))' == [o2(1, 01 (1)) — 02 (1, ©a(1))] de||2)
- r(i)z (E (llm1 = m2l1?) + Ii(p) + I2(p)) - (3.15)

Using Assumption 2.3 and Cauchy-Schwarz inequality, we get:

Ii(p) < KM?*(p —a) / ' (D (s(p) = <(1)*72(s(p) — s(a)**(s(1) — s(a))*?
E (II(s(1) = () ~=(®1(1) — ©:(1))|I*) dl. (3.16)

Using Ito’s isometry, we get:
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L(p) < KM? /ap <(D(s(p) = <(1)*72(s(p) = <(a))>*(s(1) = ()72

E ([I(s(1) = s(a))' = (©1(1) = @:(1))|1*) dI.  (3.17)

I(6(6) = <(@)'~*(@1(5) ~ ©a()
<E (I - mlf) + 02K -+ 1) [ W(sle) - <0

(s(p) — <(a))* > (s(1) = <(a))** °E (I (s() — s(a))' =(® (1) — @(1))||*) dl. (3.18)

Hence, we obtain

I(e) —<(a)'*(®1(p) — ©:2(p))II
(3) E(I(<(p> < )e)r(g@(_gl(gﬁ) 2(p))] )

%H@)l - 67 /p ' (D(s(p) = s(0))*?
(s(p) — <(a)) 2 (s(1) — ¢(a)) > 2ersW=s(a) g

KM?*(b—a+1 (2 —1
% (A2€1 + (2251)) 101 — ©f2. (3.19)

<E (||7r1 — 7r2||2) +

<E (||7r1 — 772H2) +

Thus, we have

LV 6, — 02 < B (Im - malP) + x(7) 01 — G2,
where 2
x(1) = w (Akl F(jf_zl))
Therefore,
(F(§)2 - x(ﬂ) 181 = 827 < [Im1 — 2|7
Hence,

lim sup [[(s(p) — <(a))'~*(®1(p) — ©2(p))llms = 0.

T —> T2 pel

3.2 Regularity
Theorem 3.4. Suppose that Assumptions 2.3 and Assumptions 2.4 hold. Then, the solutions of
the s-SFDE (2.1) satisfy:

(i) for any c €la, b],

limE ‘(g(p) —s(a)'=y(p) — (s(c) — §(a>)176y(C)H2 =0,

p—c

and
(ii)
lim E

p—a

‘(<(p) —<(a)' "cy(p) - FZ)HZ = 0.

Proof. Leta < 1 < pp < b. We have
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(s(u2) — s(a)' "y (p2) = (s(m1) — (@) y(u)
] M1

=1 ), CO60R) = ) (clm) = (@) @y

IS}

/le <D (s(m) = s(0) (s(m) = s(a)' o1 (1, y(1))dl
s SO ) )~ (@)t p0)as

1
-5 (T1 + AT+ T4). (3.20)

Taking the expectation of both sides, we obtain

9 2 2
LD B s 02) (@)= 2) (s ) ~s(a)) =) < BITIPHEI TP+ BT AT

By using some classical stochastic calculus tools, we derive the following inequalities:

BITIE =B [ ¢0[602) — 0y (i) - )
~ (sm) — sO) s (@)~ or(y@)ar]|
< [ 2 [(sto) = <)) ~ sl

2

~ (slm) — ) () — 5(@))'=] (s0) (@)
B( [ 6 - @y [ o10.y@) | i)
<ar [ 0[in) - 0 sl ~ )

2

— (1) =< M (s(r) — q(a))l—E} (c(l) — (a))="2dl
=z1— 2z, (3.21)
where

b
er = E( / (1) = (@) | o1 (Ly(0) I ).

We have
= el [ L) = 0P Hm) = (@) 0) — sla))

=1 K(s(p) —s(a)*7'B(2e — 1,2 — 1).  (3.22)

Using the change of variables © = &Ejz;fg(?gg), we obtain,
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2= el [ L) = <0 ) = (@) ) — sla)) 2l
(s(py)=s(a))
— e K (s(12) — o(a))"! /0 ST 22 () 2 2y, (3.23)

Then by (3.22) and (3.23), we get

EIT P < K (s(m) — o(a)*~ B(2s — 1,22~ 1)
s
~(st) = sta) et [T 2 w2
0

< KOy (pr,pm2). (3.24)

Concerning the 7>, we have

E|T2|* =E

<) = 0 sl = )
~ (slm) — @) (5(n) — s(a) = oa(t v 325)

By Ito’s isometry, we get

E|D|* = E(/M ¢ (1)? {(C(Mz) — (1)) Ns(p2) —<(a))' =

a

2

~ (slom) — )7 (5(o) — 5(@))' =] (6l0) ()
1(60) (@)~ oa(0,y(0)) )
<Kyl [ O[(6) — <) () - (@)
(sl — )7 (o) = 5(@))' =] (s0) (@)
2 ) [ (60 - <07 () = s(a))'
~ () = <0 () — (@) ] a1, 326)

Thus,

BB < (202Kl + 2K((n) — s(@)**[oa( 0% ) @a(ur, ). (3:27)
where

D3 (ju1, 12) = /M <'(1) [(<(uz)—<(l))€*1(c(uz)—G(a))”—(c(m)—C(Z))E”(@(m)—<(a))”]2

(s(1) = ¢(a))*2dl. (3.28)

For T3, we apply Cauchy-Schwartz inequality, Assumptions 2.3 and Assumptions 2.4 yielding
that



5-STOCHASTIC FRACTIONAL DIFFERENTIAL EQUATIONS 487

E|T5|* = EH /M J(1)(s(p2) = <)) (s(p2) — s(a))' 0y (l,y(l))dl”z
< /M (17 (s(u2) = <(1))** (s (p2) — s(a))>7**(s(1) — s(a))**2dl

M1

E(<<<z> —<(@) 7 o (L y(D) |1 dz)

<akK(s )22 /mg )2 72(s(l) — s(a))*72dl.  (3.29)
I

1

. . _ (s()=s(a) .
Using the change of variables u = () —<(a))> Ve obtain,

(s(pa) — g(a))Z—ze /M g'(l)(C(M) _ g(l))zs’z(g(l) _ g(a))zs’zdl

w73 (1 — u)*2du.  (3.30)

Therefore,

E| T3> < e1 K (s(p2) — (a))* ™! [g-(m)ﬂ(a)) W2 (1 — u)*2du
(<(uz)—=<(a))

< aK(s(u) —s(a)* '3 (pur, m2).  (3.31)

Applying Ito’s isometry, we get

w2 2
E|T:| = E] / <((sh2) = <) (s(p12) = 5(@)) 02 (L,y(0)dB

- E( /M ¢ (12(s(12) = (1) (s (112) = <(a)* oL, y(1)) )
/ s () = @) (D) — o)
1(s(1) — <(a))1_802(l,y(l))||2dl>

<202kl ( [ " ) 6) — P25 ) — (@) () — s(a) )

M1

+2||02(.,0)||§o(/m (D25 (m2) = (1) 2 (s (12) fc(a))z’%dl). (3.32)

Then,
1
BT < 22Kyl (slen) — <@ [ a1
((/é) ())
2K B
502 Ol s 2) — (@) (s (1) = () P!

S 2MPK |lyl[3 (s (p2) — (@) '@y (pua, pi2)

oo O (s(rm2) — (@) s (pa) — ). (333)

+

Therefore,
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B (6(2) — <(@)'~*y(m2) ~ () ~ (@) ~ylom)|

el K@y (1, 1) + <2M2K\|yllﬁz + 2K (s(m) — <(a))2‘25||02(~,0)||§o>‘1>2(u17Mz)

[(e)
+ a1 K (s(p2) — s(a))* ™' @3 (1, p2) + 2M° K |y (s (12) — (a))** ™ @4 (g, pia)

+ o020 us(2) — s(a)* s pz) - <(u1))28_‘] SEEN)

Hence, (i) holds from the last inequality.
The proof of (ii) is similar to (i). O

3.3 Ulam-Hyers stability

In this section, we discuss the Ulam-Hyers stability w.r.t. 6 for the ¢-SFDE (2.1) on I.

Definition 3.5. The ¢-SFDE (2.1) is Ulam-Hyers stable w.r.t. 6, if there is L > 0 satisfying: for
every 6 > 0 and all solution o € H?(I) of the following inequality:

there is & € H2(I) a solution of (2.1), with initial condition <I'~¢(a) = ¢, such that:

Ell(s(p) = s(a))' ~“(w(p) — £(p)II* < LO, Vpe L

Theorem 3.6. Assume that Assumption 2.3 and Assumption 2.4 hold. Then, the ¢-SFDE (2.1) is
Ulam-Hyers stable on 1.

Proof. Let @ > 0 and @ € H?(I) a solution of (3.35).
Let £(p) the solution of (2.1) with <1'=¢£(a) = ¢, then

p 1

£(0) = (slp) — sla ! (5 o+ [ oy g+ ot )i,
(3.36)

Thus,

E[l(s(p) = s(a))'~*(w(p) — ()|

< 2E|(s(p) — §(a))17€(w(p) —(s(p) — g(a»e—l%

p o _ e—1
7/ <(l)(<(plz(6)<(l)) o1(l, @ (1))dl + o2(1,w(1))dB))||*

+ 28 (s(p) —<la)' < [T 1)) — ey

+ (02(1), @ (1)) = o2(1), £))dB|I*. (3.37)

Then, applying Assumption 2.3, Assumption 2.4, Ito’s isometry and Cauchy-Schwartz inequal-
ity, we get
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Ell(s(p) — s(a)' = (w(p) — £(p)) I
<20+ Bl ~ @) [ YO0 — <)ot (0) — orlt Wl
+ Bl — @) [ O — ) sl ) - 2t )P

<ze+réyKM%p—@1fam@@>—«mk*«vo—qwf*%do—«@f%z
E (I(s(2) = s(@))!' (=) = €@)I?)
r(4€)2 KM? /ap < (D(s(p) = s(D)* 2 (sp) — s(a))* > (s(1) = s(a))*
E(I(s() = s(a)) (1) - )12l

<20+ FLKMZ(p —a+1) / < (D(s(p) = (M) 72(s(p) = <(a))**(s(1) = ()72

(e)?
E (II(<(D) = (@) "*(w (1) = €@)IP) dl. (3.38)

+

Therefore,

Ell(s(p) —s(a))' = (w(p) — £(p))II? 4MPK(p—a+1)

1"(5)267(@(0)%(!1))

<20+ leo — 17

/ ") — s (s(0) — (@) (s(1) — ()P 2Ty

a

<20+

AM?’K(p—a+1) '2e—-1) )
F(E)ZTZ‘E_I <A25—1 + 226_2> ||w - 5”7. (339)

We consider 7 > 0 such that B(r) = % (Azs,l + %) < 1. Note that B(1) — 0

as 7 — 00, so such 7 exists. Then,

20
=~ &l < =57y
Hence,
. 5 2e(s(b)=s(a)
Ell(s(p) = <(a)) “(w(p) = &))" < 1_7%9-
Then, the ¢-SFDE (2.1) is Ulam-Hyers stable on 1. O
4 Examples

Our theories are illustrated by three examples in this section.

Example 4.1. Let consider the inequality (3.35) for each # > 0 and p € I where I = [0,5],
cos(w(p)) cos(w(p))

s(0) = p,a1(p,w(p)) = =255 oa(p, @ (p) = =55~
Let (p, @1, @2) € [0,5] x R x R, then

lo1(p, 1) — o1(p, @2)| < w1 — wal, 4.1)
1
lo2(p, 1) — 02(p, w2)| < §|W1 — |, 4.2)

[loa2(:, 0)loc = esssup |oa(p, 0)] < 3, (4.3)

p€[0,5]

W =

and

5
[ ln@.opa<s.
0
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Hence, Assumption 2.3 and Assumption 2.4 are satisfied. Therefore, by Theorem 3.6 the c-SFDE
is Ulam-Hyers stable on [0, 5].

Example 4.2. Let consider the inequality (3.35) for every # > 0 and p € I where [ = [1,3],

$(p) = P o1(p w(p) = 22D 0 (p, w(p)) = 2.

A
Let (p,w1,@2) € [1,3] x R x R, then

lo1(p,@1) — o1(p, @2)| < |1 — =, (4.4)

lo2(p, 1) — 2(p, @2)| < élm — |, (4.5)

o250}l = ess5up |2(p, 0] < “6)

pE(1,3]
and

3
/\M@@Wﬂgz
1

Hence, Assumption 2.3 and Assumption 2.4 are satisfied. Therefore, by Theorem 3.6 the ¢-SFDE
is Ulam-Hyers stable on [1, 3].

Example 4.3. Consider a two-dimensional ¢-SFDE system for every # > 0 with I = [0,2],
s(p) = p, and the coefficients defined as:

a1(p.y) = | e |+ 92(0.9) = | sinlas) | »

4+p2 54+2p?

where y = (y1,12)7 € R2. For any y, 2 € R? and p € [0, 2], we have:

loi(p,y) —o1(p, 2)| < lly — 2|, 4.7
lo2(p,y) — o2(p, 2)|| < [ly — 2|, (4.8)

and

2
l72(-0) oo = O, /Hm@WWKl
0

Thus, Assumptions 2.3 and 2.4 are satisfied, and by Theorem 3.6, this two-dimensional ¢-SFDE
system is Ulam-Hyers stable on [0, 2].

5 Conclusion

This paper focuses on investigating the existence, uniqueness, continuity dependence on the
initial data, regularity of the solutions and the Ulam-Hyers stability of ¢-SFDEs, utilizing BFPT,
Ito’s isometry formula and classical inequalities such as the Cauchy-Schwartz inequality.

Previous efforts on stochastic fractional differential equations are generalized and extended
by our results. Our method offers a unified framework for studying ¢-fractional derivatives with
regard to arbitrary functions, which gives us more freedom in simulating real-world occurrences
than previous research. Although more general than those found in [24], [25], and [26], the
stability results achieved here are compatible with those of those studies.

In our forthcoming endeavors, we aim to extend our investigations to encompass pantograph
s-SFDEs, which integrate both fractional and delay components.We also plan to explore appli-
cations of our results to systems involving Caputo-Erdlyi-Kober and Hilfer fractional derivatives
as referenced in [28], [29], [30], [31], and [32].
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