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Abstract In this article, we study the statistical (N, sm,tn) convergence, strongly Riesz
convergence, Riesz statistical convergence concepts for double real number sequences. We
also compare the concepts of deferred Riesz convergence, strongly deferred Riesz convergence,
deferred Riesz statistical convergence for double sequences as related to the Jg—power series
method. As an application, a Krovkin’s type approximation theorem related to this method is
given.

1 Introduction

In this paper, deferred Riesz statistical convergence as well as -deferred Riesz statistical con-
vergence in terms of power series method for real or complex sequences are introduced and
studied. Their interconnection with Riesz statistical convergence is explored and illustrative ex-
amples in support of our results are presented. Applications of these convergences in the form
of a Korovkin-type approximation theorem are established and illustrations demonstrating the
superiority of our proven theorem over the classical Korovkin theorem are offered. Finally, the
rate of convergence is computed.

Statistical convergence was first given by [22] in 1951. Then, statistical convergence was
extended to various fields by many authors (see [2], [10], [15], [16], [23], [24], [25], [26], [28],
[31], [32], [34], [35], [36], [39], [40], [44] and [45] etc.)

In 1988, Connor [10] showed that strong Cesaro summability implies statistical convergence,
but the converse requires boundedness. Later, strong convergence and statistical convergence
were generalized and compared by many authors (see for example [42]).

The idea of convergence by a power series method was first given in Tauberian theorems
(see [4], [5] and [30] etc.). Recently, definitions of statistical convergence by the power series
method and convergence by a modulus function and the power series method have been given
and also some of their properties have been investigated (see [6], [7], [8], [48], [49], [51] and [52]
etc. ). Yildiz and Demirci [53] also showed that P,-strong convergence requires F,-statistical
convergence according to the P,-power series method. For double sequences, Cosar et al. in
[11] discussed some other properties and also, statistical convergence and strong convergence
were discussed by Mursaleen et al. [42] with respect to a modulus function and the J;—power
series method. The first statistical Krovkin-type approximation theorem was given by Gadjiev
and Orhan in [25]. Of course, related Krovkin type approximation theorems have also been
discussed by various authors (see [9], [17], [18], [19], [20], [21], [50], [54] and [55], etc.).

In 2003, Moricz [38] and Mursaleen-Edely [39] gave a definition of statistical convergence
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for double sequences, independently. In the same year, Mdricz [37] gave the double Cesaro
statistical (C, 1, 1) definition and showed that double statistical convergence requires double sta-
tistical (C, 1, 1) convergence. Karakaya-Chishti in [29], Mursaleen and co-workers in [41] gave
definition of the Riesz statistical convergence and in [41] they gave the Krovkin type approxi-
mation theorem.

Agnew [1] gave the definition of Deferred Cesaro convergence. After this study, Jena et al.
introduced the statistical Deferred Cesaro convergence and statistical Deferred Cesaro summa-
bility and gave the approximation theorem in [27]. Dagadur and Sezgek gave theorems related
to cluster points with respect to double deferred Cesaro convergence in [14]. Deferred Norlund
and deferred Riesz means were studied in [47], [46] and also Dagadur and Catal dealt with the
deferred Norlund and deferred Riesz means convergence of Mellin-Fourier series in [13].

Cai [9] also gave the concepts of deferred Riesz statistical convergence and strongly deferred
Riesz summability and studied the implications between them. He also defined deferred Riesz
convergence according to the power series method and gave a Krovkin type theorem associated
with it.

In Section 2, the definitions of statistical (W, Sm, tn) convergence, strongly Riesz conver-
gence, Riesz statistical convergence for double sequences were given and it was shown that
Riesz statistical convergence requires the other two convergences with boundedness condition.
In Section 3, the definitions of deferred Riesz convergence, strongly deferred Riesz convergence,
deferred Riesz statistical convergence for double sequences are given and strongly deferred Riesz
convergence and deferred Riesz convergence are compared. It is also shown that deferred Riesz
statistical convergence for double sequences, with the condition of boundedness, requires de-
ferred Riesz convergence and statistical convergence of the deferred Riesz mean. In Section
4, the definitions of Riesz statistical convergence according to the Jg—power series method,

and deferred Riesz statistical convergence according to the J}% —power series method are given.
Examples are given showing that the concepts of J;—power series method, Riesz statistical con-
vergence according to the Ji—power series method, and deferred Riesz statistical convergence

according to the Jg—power series method are incomparable. In the last section, a Korovkin type
theorem is given as an application.

2 Basic definitions

In this section, the concept of double deferred Riesz statistical convergence and strong double
deferred Riesz summability means for double sequences of real numbers will be presented and
some inclusion relations between them will be established.

Definition 2.1. [43, p.10] Let {z,,} be a complex sequence. Let {s,} be a sequence of non-
negative real numbers such that so > 0,

n
Rn = E Sk,
k=0

and .
1
Rn (T) = an Z Sk
k=0
If
lim R, (z) =L

n—oo

then {x,,} is said to be Riesz (weighted mean) summable to L and is written as
Tj — L, (W, Sn> .
The Riesz mean is regular < R,, — oo.

Definition 2.2. [3] Let (s,,) and (t,,) be two sequences of positive real numbers such that

m n
S ::Zsj—>ooandTn ::Ztk—>ooform,n—>oo
j=0 k=0
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where sy > 0, to > 0 and s,, # 0, t,, # 0. Let

n

SN sitezi .1
SmTn §=0 k=0

Roum () =

If Ry, () — L for m, n — oo in the Pringstime sense, that is, if p — lim R, (z) = L, then

Tk — L7 (Na smatn)

is written and the double sequence (i) is said to be Riesz convergent to L. Of course, since
Sy, T,y = o0 (for n — o0), the Riesz mean (N, s,,, t,,) is also regular.

If s, = t, = 1is taken (C, 1, 1) Cesaro mean is obtained.

Definition 2.3. [12] If

lim —|{(], k):5<mk<nve |z;,—L|>ec}|=0

n,m—00 MnN

for ech ¢ > 0, then the double sequence {z,} is said to be statistically convergent to L and
S? —lim ), = L is written.

Definition 2.4.If S> — lim R, (z) = L, i.e;

n,Mm—00

lim
n, '77L—>OO m 'IL

{(j,k) 15 < S, k < T, ve |Rpm (x) — L| > €}| =0,

2 — lim zj, = L and () is statistically convergent (N, s,,,t,) to

then we write S
(N 85 fk) Jyk—00

some number L.

Definition 2.5. If

lim
n, m—r 00

sjtg |z — Ll =0

3=0 k=0

then

(N,s,t)| or |(N,s,t)| —limz;, =L
is written and the double sequence (z ;) is said to be strongly Riesz convergent to L.

Definition 2.6. If

lim
n, 7”—>OC m ’Il

{(G, k) 1§ < Smok < T ve sjtpajn — LI > €} =0

for ech ¢ > 0, then the double sequence {x;;} is said to be Riesz statistically convergent to L
and RS? — lim ), = L is written.

If s; = ¢, = 1 is taken, then it reduces to the statistical convergence of the sequence double
{:L'jk} to L.

Theorem 2.7. Let sty |z, — L| < M for j,k € N If RS? — limz;;, = L, then (N, S, t,,) —

lim z _LandS( lim z;, = L.

N,sj, Ic) J,k—o00

Proof. Let
Apr ' ={(J, k) : j < Sp.k < T, and sty |xjp — L] > €}

for each ¢ > 0. Since RS? — limzj;, = L,

. 1
n,flrlLIl)loo an |Amn| =0
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Let’s say
B = {(j, k) 1§ < S,k < T, and sty |zjr — L] <e}.

By the definition of R, (x) (2.1), there exists ng (¢) € N such that

1 m n m n
R (z) — L| = |57 Z > stk + Z > sjtk | xjr— L
7=0k=0 7=0Ek=0
Sjtk‘aijk—L|ZE Sjtklek—L|<E
1 m n m n
S 22 sitkt 2 X site | |z — L
j=0k=0 7=0k=0
S]tklekalzs Sjtk|:1:jka|<5

< 2Mﬁ | Apn| + € < 2¢, (because S,,, Ty, — oo for m,n — 00)

mdn

for m,n > ng (¢). Hence lim Ry, (z) = L. Thus (N, s, t,) — limaz;, = L. Also from

m,n— 00
here we get
G5 < Sk < Toy and [Romn (2) — L > 22} < 29 4 70 a1 N > m
San J» ) S OmyR S An, mn = ,SM TN’ ) 0-

Hence for all e > 0,

1
1m
M,N—o0 S]WTN

{(. k) : J < Sm.k < Ty, and Ry (z) — L| > 2} =0,

. 2 .
ie. S — lim z;, = L. O
(stj,tk) jk—oo 7

3 Double Deferred Riesz statistical convergence

Let us consider the sequences a = {a,}, b = {b,}, ¢ = {¢,} and d = {d,,} consisting of non-
negative integers with the conditions a (m) < b(m), ¢(n) < d(n), b(m) — oo and d (n) — oo
as (for n,m — 00).

Definition 3.1. [56] Let = {z} be a double sequence. If

e KGR e (m)+ 1< <bm) e(m)+1<k<d(m): o — L2l

n,m—»00 (b (m) —a (m)) (d (n) —-C (n)) ’

for ech ¢ > 0, then the double sequence {z;} is said to be deferred statistically convergent to L
and is denoted by z;;, — L (DS%).

The situation is the same when a (m) < j < b(m),c(n) < k < d(n) is used instead of
a(m)+1<j<b(m),c(n)+ 1<k <d(n)in Definition 3.1 (see [12]).

If b(m) =m,d(n) =n,a(m) = c(n) = 0is taken in this definition, then double deferred
statistically convergent is reduced to double statistically convergent.

Definition 3.2. Let z = {x;;} be a double sequence and

1 b(m) d(n)
(DRG®) 0 = G D D Siteiyn 3.1)
MEN j=a(m)+1 k=c(n)+1
where
b(m) d(n)
Sy = Z s; =00, T, 1= Z tr, — oo for m,n — oo. 3.2)
j=a(m)+1 k=c(n)+1

If lim (DR¢x) = L,then thedoublesequence {x;;} issaid to be deferred Riesz summable
n,Mm—00 mn

in L and is denoted by x;;, — L (DRSY) or DREG — limxjy, = L.
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Of course, since S, T — oo (for n — o0), for every choice of sequences a = {a,},

b= {b,}, c={c,} and d = {d,,} that satisfies the above condition, DR¢ method is regular. If
sj =t = 1 is taken, then it reduces to the deferred convergence of the sequence double {x ;. }
to L.

Definition 3.3. Let z = {x;;} be a double sequence. If
im 5 T* Z Z sty |z, — L] =0, (3.3)
j=a(m)+1 k=c(n)+1

then the double sequence {z;;} is said to be strongly deferred Riesz summable on L and is
denoted by z;, — L (DR%) or DR — limx, = L.

If s; = ¢, = 1 is taken, then it reduces to the strongly deferred summable of the double
sequence {z;} to L.

Definition 3.4. Let DR} be a regular Riesz summability method. If

f 0GR 1 < S5k < T and sty Jagn — L] 2 €}

n,m—oo SZ,LT,;:

=0

for each € > 0, then the sequence {xz} is said to be deferred Riesz statistically convergent to L
and

DRS* —limaj, = L
is written.

The following theorem compares strong double deferred Riesz convergence with statistical
double deferred Riesz convergence.

Theorem 3.5. Let {x;1.} be double sequences. If xj; — L (DR%), then xj;, — L (DRELS?).
But the converse is not true.

Proof. Assume that z;, — L (DRZ%) and let

cd
Ut () :={(j k) : 5 < S, <k < T and st |y — L] > &}

Now, we have

1 b(m) d(n)
T o> sitela - L

MEN j=a(m)+1 k=c(n)+1

| b(m) d(n) b(m) d(n)
= S Tx Z Z Sjtk “Tjk L‘ + S* T* Z Z Sjtk |$jk — L|
j=a(m)+1k=c(n)+1 " j=a(m)+1 k=c(n)+1
Red red
(] k) n (5) (] k)¢U7Lm ( )
. b(m) d(n) b(m) d(n)
> S T Z Z 85ty |$Jk L| > Z £

min . ( nL n .

m)+1 k=c(n)+1 =a(m)+1 k= c(n)+1
cd
(k) EUab (c) (G k)eULih ()

o (5)\ .

€

>€S* =

Taking the limit for j, k — oo, we obtain z;;, — L (DRE4S?). That is, (DR%) C (DRS?).
o

Now let us give a counter-example to show that the converse of the theorem is not true.
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Example 3.6. Let’s define the sequences {z; } as follows:

B 52k ,b(m) —/b(m) <j<b(m),d(n)—+/d(n)<k<d(n)
Tik = 0 , otherwise

where
a(m)+1<b(m)—+/b(m)<b(m) ,b(m)— oo
c(n)+1<d(n)—+/dn)<d(n) ,d(n)— oo
and let’s take s; = t; = 1 for each j. for an arbitrary ¢ > 0, we have

1 _ .
g 10 k) ra(m) <j <b(m),c(n) <k <d(n) and sty |zjx — L| 2 €}

Ha(m)+1<j<b(m)c(n)+1<k<d(n): |z —L| > e}
(b(m) —a(m)) (d(n)—c(n))
= Vb (m) v (n) — 0, (for n, m — o0).

(b(m) —a(m)) (d(n) —c(n))

This ensures that 2, — 0 (DR.S?). On the other hand, we see that

b(m) d(n

S* T* Z Z Sth |xjk - O‘

j=a(m)+1 k=c(n)+1

b(m) d(n)

- m)—a(m n)—c(n E Lk
(5G] =alm) ) <>>J it

VT (bm) — VBT ) (4n) — T))
- <b<m>—a<m>> <<> ()

Hence we have x;, - 0 (DR% . That is, double deferred Riesz statistical convergence does

— 00 as n,m — o0.

not require strongly deferred Riesz convergence.

Theorem 3.7. Let sty |1, — L| < M for each j,k € N*. If x,, — L (DRELS?), then xj, — L
(773).

Proof. Assume that z;;, — L (DRS?), sty |z, — L] < M for j, k € N* and let

cd
av (e) = {(j,k):j < S, k< T and stk |xjr — L] > €}

again. Then, we have
b(m) d(n)

S* T Z Z sjtk |6 — L]

" j=a(m)+1 k=c(n)+1

| b(m) d(n) . b(m) d(n)
=g 2 > Sitklrie — LI+ 57 X > sjtilzik — L
T j=a(m)+1 k=c(n)+1 T j=a(m)+1 k=c(n)+1
cd Cd
(G R)EV,E (2) (U R)EUmS" (&)
< g Ujkab (E)‘ + e — ¢, (for n = 00).
Hence we obtain zj;, — L (DRZ%) O

Now we show that if the double sequence (z,i) is deferred Riesz statistically convergent,
then (z,y,) is deferred Riesz convergent and the sequence (z;x) is (DRSS )-convergent to L.

Theorem 3.8. Let sty |zjx — L| < M for j, k € N°. If DR%S? — limzj, = L, then DRSS —
limaj, = L and $? — lim (DR%z) "= L.

n
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Proof. Let DR¢4S? — limx;;, = L. Then, we have

. an; (6)’
lim

n,m—00 S;“nT;'Z

=0

where
cd
e () == {(j, k) : j < S%, <k < T* and sty |z, — L| > €}
for each e > 0. Since s;t; |25 — L| < M for j,k € N?> and DR¢S? — limzj, = L, it can be
seen that |L| < M. Hence, there exists ng (¢) € N such that

J . b(m) d(n) b(m) d(n)
|((DRGG2),, — Ll =g | X X sitt 2 site | @k — L
o j=a(m)+1 k=c(n)+1 j=a(m)+1 k=c(n)+1
(j,k)eUfr‘:%i(s) (j,k)ggUZiég(s)
| b(m) d(n) b(m) d(n)
< T > > Stk + > > Stk |:L‘jk — L]
- | j=alm)+1 k=c(n)+1 j=a(m)+1 k=c(n)+1
GRIEUE () (GRRUSE (0
b(m) d(n) b(m) d(n)

]

<mmo X Y Migs ¥ €

" j=a(m)+1 k=c(n)+1 ™ j=a(m)+1 k=c(n)+1
red red
(jvk)eliymgb (5> <j~,k)¢Unn%b (5)
ed
< Ml \Uni? (2)| + € < 2e, (because S}, Ty — oo for m,n — o)

for m,n > ng (¢). Hence DR4 — lim x;, = L. Additionally,

b
SuTy

Rred no no
VR ‘ <0 L0 ar N s
(&) < Sur + T ng

where
cd
Vai® (€)= {(j.k) 1 j < i, <k < Ty and |(DRSz) ——L| >2¢}

for all € > 0. Therefore

lim
* *
M,N—o0 SMTN

{(.k):§ < Sy, k <Tx,and |(DRGx) ——L|>2e}| =0,

foralle > 0,i.e. S* —lim (DRYx) — — L. O

mn

4 Deferred Riesz statistical convergence via power series method

Let (p;1) be a non-negative real double sequence with poy > 0 such that the corresponding power
series

o0
p(s,t) = Z pixt!s*

J:k=0
has radius of convergence R = 1. Let
| :
oz (8,t) i= — E pies’ iz, for0 < st < 1. “.1)
( ) P (S, t) bt J J

(see [4]).
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Definition 4.1. [4] Let {z, } be a sequence of real numbers. If

lim o, (s,t) = lim =1L,

s, t—1— s,;t—=1— D

JJC 0

for all (s, ) € (0,1) x (0,1), then {x;;} is convergent to L with respect to .J2-power series

method and .J; — lim ;. = Lis written. If
s,t—1—

J>—limzj, =L and sup |0, (t,s)| < oo,
t,s€(0,1)

then double sequence = = () is called boundedly summable to = = (x;;) by J2—power series

method and we write b.J2- hn} zjk = L.
st—1—

Under the conditions, for 0 < s, < 1

J2 is regular & lin}_ 2 =0
o pu(t) _ 0 for any fixed )‘a M eN (42)

and lim

where

D ij,\s and pu Zpukt

J

(see [4]).
Let C C N2, where N? denotes set of non-negative integers. If the limit

Z pjrs’th

]k 0
(4,k)eC

6]}27 (C) - hm

sit—1— P ,

exists, then 4 2 (C) is called the double density of C with respect to J, 2. Let {zx} be a double
sequence of real numbers. If (A (¢)) = 0, where A (¢) = {(j. k) € N> : |z, — L| > ¢} for
all ¢ > 0, then, {z,;} is said to be statistically convergent to L according to Jg—power series
method and is denoted by =, — L (st.];) or stJIz) —limz;, = L [42].

We define deferred Riesz statistical convergence using Jg —power series method for sequences
of real numbers.

Definition 4.2. A sequence {z,;} is Riesz statistically convergent via Jg—power series method
to L if

lim
s,t1—>l* p(s,t)

> pas’tt =0, (4.3)

(j1k>EAn7n (5)

where
rwn( ) - {(]7 ) .7 S S’rn, k S Tn and Sjtk |xjk - L| Z 5}

for all ¢ > 0. Then we write it as RS — limx;, = L.

Definition 4.3. A sequence {z;;} is deferred Riesz statistically convergent via J;—power series
method to L if

lim

sit—=1- D (s,1)

> pustt =0, 4.4)

(j,k)EAnm ()

where
Bum (€) = {(4, k) 15 < Sy, k < T,y and sty [z, — L] > €}

forall € > 0. Then we write it as DR.S ;2 — lim z;; = L.
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Example 4.4. Let

0 ,j,kissquare
ppo=4 o chrEN (4.5)

jk , otherwise.

am = 2m, by, =4m, ¢, =2n,d, =4n, L =0and s; =t;, = 1, forall j, k € N. Also let
)L Lk is square
Pik = 0 , otherwise.
Then, since
Z pjksjtk =0
(j,k)GAnm(E)
where
Apm (€) ={(4, k) : 2m < j <4m, 2n < k < 4n and j, k is not square} ,
li k87t =0
st p(s,t) Z Pik? ’

(4,k)EALm(g)

i.e. DRSJé —limx;, = 0. At the same time, RSJé —limz;, = 0. From (4.5), we have
1
lim — [{(j,k):j <mk < d |z > 0,
pdim — [{(,k) 15 < mk <moand o] 2 e} #
for ech e > 0. Hence R.S? — limzj, # 0.
Example 4.5. Define a sequence {x;;} as:
o — Vvjk ,jand k is square
A Y , otherwise.
Lets; =t =1, forall j,k € N. Then
. 1 . .
nrlr?lloo T H(j, k)7 < Sk, k<T;and s;ty |xj, — 0] > e}
1
= lim —|{(j,k):j<m,k<nand |z;, —0| >¢}| = lim ymyn =0
n,m—o0 Mmn 7,1M—> 00 mn

Hence, {x;;} is Riesz statistically convergent to 0.

1 ,j,kissquare
Pjk = .
0 , otherwise.

and consider a,,, = 2m, b,, = 4m, ¢, = 2n, d,, = 4n in (4.3). Then, DRSJI% —limx;, # 0. At
the same time, RS a2 limz;;, # 0. because

lim
sit—=1- p(s,t)

Z pjksjtk #0,

(G,k)€Anm(e)

where App (€) = {(j,k) : 2m <j < 4m, 2n <k < 4nand j, k is square}. Thus, DRS; —
lim z;, # 0, but since

1
lim 7‘{(Jak)JSSmakSTn andetk |xjk_0|25}|:(),

n,Mm—00 San
we have RS? — limz 5, = 0.

The examples given above show that the Riesz statistical convergence via the Jg-power series

method (DRS J]zg) and the Riesz statistical convergence (RSz) are incomparable.
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5 Korovkin type Theorem with respect to DR.S;;

Korovkin’s theorem, as presented by Korovkin [33], holds considerable importance in mathe-
matics as it provides important insights into the uniform approximation of continuous functions
on compact metric spaces. The theorem states that it is possible to uniformly approximate these
functions through a sequence of positive linear operators.

Let C (K) be the vector space of all real-valued continuous functions f on a compact subset
K of real numbers. Then C (K) is a Banach space with norm

IfIl = sup |f ()], f € C(K).
ze

Let £L : C(K) — C(K) be a linear operator. Then, we say £ is a positive linear operator if
L(f,z) >0,V f(x) >0, where x € K.

Theorem 5.1. [33] Let (L,,) be a sequence of positive linear operators such that L,, : C (K) —

C(K). If
where

fo) =1L AW =v ) =9
then

lim | Ly, (/) ~ | = 0for vf € C (K) 5.2)
Let K C R? be a compact subset and
C(K):={f] f:K — R continuous} .
The space of continuous functions C (K) is a Banach space with norm

Ifll="sup [f(z,y)], feC(K).

(z,y)EK

Let £:C (K) — C (K) be a linear operator. If f > 0 implies £f > 0, then £ is called a
positive linear operator. In the literature, the value of £f for the point (z,y) € K is denoted by

L(frz,y).

Theorem 5.2. Let {L; .} be a sequence of positive linear operators such that L;, : C (K) —

C(K). If
DRS ; —lim |5 () = foll = 0, for (r =0,1,2,3), (5.3)
P J»
where
fo(z,y) =1 fi(z,y) == fr(z,y) = yand f3 (z,y) = 2> + ¢,
then

DRSy; ~lim|[ Ly () = £ = 0.¥f € C (K). (54

Proof. Let f € C (K). Then, since K C R? is compact and f is continuous in K, | f (z,y)| < | f||
for each (z,y) € K. Also, again from the definition of continuity of f in I,

[f (&, s) = [ (z,y)l < |If] forV (z,y) € K (5.5)
and for every € > 0 there exists 35 > 0 such that
If (t,s) — f(z,y)| <e with |t —z| < dand |s —y| < 4. (5.6)
From (5.5) and (5.6), we have

£ 9~ f ) <2+ 2 (@ 4 (s - ). 57)
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Since L; j, is a positive linear operator, we get
Lk (frzy) — f(2,9)]

IC (f(t,s) = f(@y)smy) — f(2,y) (Lix (fosz,y) — fo(z,y))l

(1 (65) = £ )l sv) + 171 163 (o) = o (@)

(a+ A (=2 + (s = 9)°) s2.) + 11 L5 (fosz) = fo (.9)]
||f|| + 2L (max]al)* + (max|y)?) ) L5 (fos@,9) = fo (2.9)]

D (r52,) — i o)+ ML (max 1) 50 (5 2:9) — f (9)
2”f” |ﬁyk(f3,x y)— fr(zy)|+e

§5{|£g,k(f0»l‘,y) fo (@) + 1Lk (friz,y) = fi (z,y)]

+ Lk (fszy) — fo(z,y)| + |Ln (f332,y) — f3 (2, y) |} + €

ININ

_Ahh

+ IA

(5.8)
where
2 f 2 2\ 4| fl| (max|xz|) 2| f
B:max{ + I fll + —5— H ” ((max|x|) + (max |y|) ), | H(62 | |), !2 | .
For any given p > 0, there exists € > 0 such that € < p. Let’s define sets
Ko =40, Fk) 2 5 < Sy, kb < Ty and piqy [Lj k. (fr2,9) = [ (2,y)] > 6}
and forr =0,1,2,3,
. . Hw—e
Komr = {(J,k) < Sk < Ty and pjae [ L5 (frizy) = fr (2,9)] 2 =75 }
From (5.8), we have
3
Knm C | Knmr (5.9)
r=0
and hence we get
3
j K
( . Z pirtlst <> el S ptist. (5.10)
] kEK,, r=0 (4,k)EKn,m,r
From here, using (5.3), we obtain
DRSp —lim||Lp (f) = f| = 0,Vf € C(K).
Therefore, the proof is complete. O

Corollary 5.3. Let {L; 1} be a sequence of positive linear operators such that L ;, : C (K) —

C(K). If
RSJ’Z - hIEHEJ’k (fr) - fT” = O’for (T = Oa 17273>7
P Js
where
fO (xvy) = 1: fl (.Z’,y) =, f2 (xay) = yandf3 (x,y) = ‘rZ +y2’
then

RSz —lim L (f) = fII=0,vf e C(K).

Remark 5.4. 3.1 Let us consider the Bernstein operators

B (Fin) =33 (£ 2) (0! (1= )" (1= g™
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where (z,y) € D = [0,1] x [0,1] and f € C (K). Let us take the sequence of positive linear
operators defined on C' (KC) as follows:

1, m,n square
Pmn = R
0 , otherwise

and
L (f32,9) = (14 pmn) Bmn (f;2,9). (5.11)
Since
Bm,n (fO;xvy) =1
B (fl;$>y) =
Bm,n f2;$7y) =Yy
B (friz,y) =a?+1p+ 52 i
from, we have
'Cm.,n (fo;x,y) = (1 +pmn) s
ﬁm,n (f1;$,y) = (1 +pmn) z,
Lo (F32,9) = (14 D) 3, 612
Lon (f32,9) = (14 pmn) (xz T y’Tyz) :

Since DRSJZ) — lim py,,, = 0, we get
DRS}% - hInH[’m,TL (fl) - fl” =0forVi= 07 17273

Hence, from Theorem 5.2,

DRS 2 —im||Lp, , (f) = ]| = 0 for vf € C(K).

Since the sequence {p;,,} does not approach zero, L,, , cannot satisfy Theorem 3.1. This
demonstrates that Theorem 5.2 is a non-trivial generalization of Theorem 5.1.

6 Conclusion

In this paper, we have defined the statistical (N, Sims tn) convergence, strongly Riesz conver-
gence, Riesz statistical convergence for double real number sequences. We compared the con-
cepts of deferred Riesz convergence, strongly deferred Riesz convergence, deferred Riesz statis-
tical convergence for double sequences as related to the Jz—power series method. We applied
this new method of summability to prove a Krovkin’s type approximation theorem.
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