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Abstract This study explores a mathematical development of the repunit sequence, consist-
ing of numbers exclusively formed by the digit 1 in a specific numerical base. In this context,
we introduce two new classes of sequences: the bicomplex repunit numbers and the biquater-
nion repunit numbers. These sequences were developed based on the sets of complex numbers,
bicomplex numbers, quaternions, and biquaternions. Accordingly, we discuss their respective
recurrence relations and associated properties, such as the Binet formula, generating function,
and the Taiguri-Vajda, Catalan, Cassini, and d’Ocagne identities. Additionally, we present the
partial sums of the terms of these sequences.

1 Introduction

The repunit numbers {R, },>o are the terms of the sequence {0,1,11,111,1111,1111,...}
where each term satisfies the non-homogeneous recursive formula R,,; = 10R, + 1, with
Ry = 0. In [22] the repunit sequence { R, },>o is defined recursively by a second-order homo-
geneous recurrence, namely,

Ry=0,R; = 1land Ry = 11R, — 10R,_; ,

where R,, denotes the n-th repunit number.

Bicomplex sequences represent a generalization of numerical sequences, being defined in
the context of bicomplex numbers. These numbers constitute a natural extension of complex
numbers, with additional properties that make them relevant in various fields of mathematics and
physics, as explored in the research works [1, 13, 15, 17, 29]. Similarly, biquaternion sequences
are defined in the set of biquaternionic numbers, an expansion of quaternions that incorporates
complex numbers into their structure. Biquaternionic numbers have applications in linear algebra
and geometric transformations, as highlighted in recent studies [2, 20, 27].

In the literature, there are several works that address the representation of Lucas-type se-
quences through bicomplex, such as [6, 8, 17, 19, 26, 28, 29]. As presented by these researchers,
we can recursively define a sequence through bicomplex using Equation (1.1), for all n > 0:

BL,, = Lyp + Lyy1i1 + Ly 2iz + Ly y3is (L.1)

where Lg, L1, L, and L3 are the initial terms of the Lucas sequence.
Here we consider the recurrence

RY,, = 1R — 10K

n—I1

where R} is a bicomplex number or biquaternion number of order n.

In this work, we will present the repunit sequence with bicomplex and biquaternion coeffi-
cients. To begin, we will provide a background on complex, bicomplex, quaternion, biquaternion
numbers, and repunit numbers, aiming to explore essential definitions and properties. Next, we
will introduce two new classes of sequences. Subsequently, we will discuss bicomplex and bi-
quaternion repunit numbers, exploring their recurrence relations, properties, and some identities,
such as the Taiguri-Vajda, Catalan, Cassini, and d’Ocagne identities.
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2 Background and preliminaries results

In this section we discuss some preliminary results as the complex set, the bicomplex set, the
quaternion set, the biquaternion set, and the definition and essential result on repunit numbers.

2.1 Complex, bicomplex, quaternion and biquaternion numbers

Consider the field of complex numbers, denoted by (C, +,-). The set of complex numbers is
defined as C = {a +bi | a, b € R and 4> = —1}, where i is a complex unit. We know that
(C,+) and (C, -) are abelian groups, and then, the conjugate of a complex number z = a + bi is
defined by T = a — bi. A gaussian number is a complex number z = a + bi, where a and b are
integers, (see [7, 8, 24]). For all a, b, ¢, d integer numbers, the following arithmetic operations
in the gaussian set hold:

(a+ bi)? = (a® — b*) + 2abi ,
(a+bi)(c+ di) = (ac — bd) + (ad + bc)i .

The bicomplex numbers, denoted by (B, +, -), are defined by four base elements 1,71, i3, 3
where i1, i, 73 satisfy the following properties:

it = i35 = —1 and i3 = iyip = ini; .

A bicomplex number can be expressed in the following form:
a = ap+ ajt] + axiy + aziz = (CLO + alil) =+ (az + a3i1)i2.

For more details about the bicomplex numbers, one can see in [1, 2, 6, 15, 17].
The set of quaternion (Hamiltonian) numbers, denoted by H), is defined as

H={a+bi+cj+dk]| a, b, ¢, deR with > = j> = k> = ijk = —1}.

According to [3, 7, 11, 14, 16, 24, 25] , (H, +, -) forms a vector space with a base 1, 4, j, k,
which is composed of unit 1 and its imaginary units ¢, j and k. The addition of two quaternion
numbers is defined by summing their components. So, the addition operation in the quaternion
numbers is both commutative and associative. Zero is the null element. Concerning the addition
operation, the symmetric element of = is —z, which is defined as having all the components of
x changed in their signals. This implies that, (H, +) is an abelian group. The conjugate of a
quaternion number x = a + bi + ¢j + dk is defined by T = a — bi — ¢j — dk. When the real
component is equal to zero, the quaternion is called pure. Quaternion multiplication follows the
usual algebraic multiplication rules from the definition of quaternion numbers; the multiplication
table of the quaternion units is given by Table 1:

Table 1. The multiplication table for quaternion units

e | 1 4 J k

1|1 4 j k
i i —1 k —j
jlg -k -1 1
k|lk j —i -1

The set of biquaternions QQ extends the set of quaternions by incorporating the complex num-
bers. They are often referred to as complex quaternions or bicomplex quaternions. A biquater-
nion is typically written as ¢ = a + be where a and b are quaternions, and ¢> = —1 is the
imaginary unit from complex numbers. If @ and b are given by:

a=ao+ a1t + ayj + azk
b="by+ bii + byj + b3k
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then a biquaternion ¢ € Q can be expressed as:
q=a+be=(ay+ aii+ axj + azk) + (bo + bii + brj + bsk)e

So, the biquaternion algebra Q is a two dimensional vector space over the algebra H of quater-
nion numbers with its basis 1, e satisfying the multiplication rules given by Table 2.

. 1 i J k e et ej ek
1 i Jj k e el ej ek
i i -1 k —-j el —e ek —ej
j J -k -1 i ej —ek —e el

k k j —1i -1 ek ej —ei —e
e e et ej ek -1 —i -7 -k
ei | et —e —ek ej i -1 k —j
ej | ej ek —e —ei j -k -1 i

ek | ek —ej el —e k Jj - —1

Table 2. The multiplication table for biquaternion units

In this case, any element in Q can be represented as ¢ = hg + hie , where hg,h; € H.
From this definition, the real numbers, the complex numbers, and the real quaternions, all can be
regarded as the special cases of biquaternions. It should be pointed out that Q is not a division
algebra over C, namely, there exist non zero a, b € Q such that ab = 0.

2.2 The repunit numbers

The recurrence of the repunit sequence, in its homogeneous form, is given by: R+ = 11R,, —
10R,,_1, with initial conditions Ry = 0, R; = 1, and forn = 1,2,.... Such sequence is the
sequence A002275 of the on-line encyclopedia of integer sequences (see OEIS [23]). This is
a sequence of the type H,,.» = pH, 1 + qH,, with initial terms Hy = a and H; = b. This
sequence was introduced, in 1965, by Horadam [9], and it generalizes many sequences with
characteristic equation of recurrence relation of form x> — pz — ¢ = 0, a recurrence equation of
order 2, (see also [10, 18]). For more details, see the references [21, 22]. Some works explore
the connections of this sequence with the classic Lucas sequence, a sequence Horadam-type,
among which we can highlight [12]. Consider p = 11 and ¢ = —10 fixed, and the recurrence

Rui1 = 1R, — 10R,_1, 2.1)

where R,, denotes the n-th repunit number. The explicit formula for the n—th repunit number is
given by

10" —1
= =5

R, 2.2)

(see [22] and references therein).
In addition, our next auxiliary result presents a generating function for the repunit numbers
and can be accessed at [4, Proposition 1].

Lemma 2.1. The generating function for the repunit numbers {R,, },>o denoted by G, (), is
given by
x

T 1 1lz+ 1022 (2:3)

Gr, ()

Next, in Figure 1, the development of the generating function for repunit numbers is pre-
sented, carried out using the Maxima software.
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Figure 1. Development of the generating function for repunit numbers (Prepared by the authors).

3 Bicomplex repunit sequence

We consider the field of bicomplex numbers, denoted by (B, +, -). In this field, let a, b, ¢, d, e,
and f be real numbers. We define X = (a + biy + ciz + dig) and Y = (e + fi; + giz + hiz).
When working with bicomplex numbers, we will use the following facts:

X? = (a* = 0* — @+ d*) + 2(ab — cd)iy + 2(ac — bd)ig + 2(ad + be)is |
XY = (ad — be — cf) + (ae + bd)i1 + (af + cd)iz + (bf + ce)is .

By substitutinga =e= f=g=h =1, b =10, ¢ = 100, and d = 1000 into the preceding
relations, we obtain

Lemma 3.1. Let X = 14 10i; + 100i3 + 1000i3 and Y = 1+iy +is +i3 be bicomplex numbers.
Then, we have:

(a) X2 =989901 — 199980i; — 19800is -+ 20005 ,
(b) XY =891 — 1089i; — 909is + 1111iz .

Definition 3.2. For all integers n > 0, the set of bicomplex repunit sequence is defined as
{BR,}n>0 and the n + 2-th term is given by

BR, 2 = Ry, + Ryppiin + Rpiz + Ry y3is (3.1
where R; is the j-th repunit number.

The bicomplex { BR,, } ,>0 is the bicomplex repunit sequence that satisfies the Equation (3.1),
and the first two terms are BRy = iy + 11iz + 111ig and BR; = 1 + 11iy + 111ip + 1111i3.
As a consequence of the recurrence relation given by Equation (2.1) we have:

Proposition 3.3. The sequence { BR,,},>0 of bicomplex repunit numbers satisfies the following
second order recursive relation:

BR,+» = 11BR,,+; — 10BR,, , (3.2)
with initial values BRo = i1 + 11is + 111ig and BRy = 1 + 11iy + 111ip + 1111i3.
Note that the recurrence (3.2) has the same characteristic equation given by

2 —11r+10=0, (3.3)
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whose distinct roots are r; = 10 and r, = 1. Then, for n > 0, the expression
zn, = c1(x1)" + c2(22)"

with ¢y, ¢ bicomplex numbers that are solutions of Equation (3.3). Let us determine the bicom-
plex constants ¢; and ¢, considering that BRy = iy + 1lis 4+ 111ig and BR; = 1 + 11i; +
111i5 + 1111i3, and we obtain the linear system,

ip + 1lig + 11lis=c¢| +
1+ 11i; + 111lig + 1111iz = 10¢; + 5

— l+]011+]09012+100013 and ¢ = _]+117;12+13

Solving the linear system we find ¢; . So we have

just shown the Binet formula for the bicomplex repunit sequence { BR,, },,>0.
Proposition 3.4 (Binet’s formula). For all non-negative integers n, we have

1o" -1 10"+ -1, 10"2 — 1, 10n3 —1,

BRn = 9 + 9 17 + 9 1 + 9 13 , (34)

where BR,, is the n-th bicomplex repunit number.

Proof. We have that a general solution to Equation (3.2) is of the form BR,, = ¢;(10)" +c,(1)™.
So
BR,, =¢;(10)" + o (1)"

:1+1011+18012+100013(10)n_ 1+11—;12+13(1)n

10" — 1 N 10n+1 _ 1. N 10n+2_ 1. N 10n+3 _ 1-
= 1 1 1
9 9 1 9 2 9 3

which completes the proof O

Now consider the sequence of the partial sums, denoted by BS,, = BRy + BR; + BR; +
--++ BR,,, where n > 0. Here, { BR,, },,>0 represents the bicomplex repunit sequence.

Proposition 3.5. Let { BR,, } ,>0 be the bicomplex repunit sequence. For all non negative integers
n, we have

pe = 10711090 1072 19— 9n, 10"~ 190~ 9n, 10"~ 1981 —9n,
n= 81 81 h 81 12 81 13-

Proof. We have that

BS,, =BRy + BRy + BR, + --- + BR,,
Z(Rl+R2+"‘+Rn)+(R1+R2+"'+Rn+1)i1
+(Ri+Ri+ R+ Ry+- -+ Rypo)iz + (B3 + - + Ryp2)is

Now, it follows from Proposition 6.1 in [21] that

C10(10" — 1) —9n  10(10™' —1) —=9(n+1),  10"*3 — 109 — 9n,

BS, = 21 + ’1 1; + g1 13
n 10"t* — 1981 — 9,
81 '8
then, we obtain the result . m|

Using the Binet formula, we obtain the Tagiuri-Vajda identity for the bicomplex repunit be-
low.
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Theorem 3.6. [Tagiuri-Vajda’s identity] Let m, n, k be any natural number, we have
BRyyynBRyik — BRyBRyyntr = 10™(891 — 1089i; — 909ip + 1111i3) R Ry,
where BR,, is the n-th bicomplex repunit number, and R,, is the n-th repunit number.

Proof. According to Proposition 3.4, and considering X = (1 + 10i; + 100iz + 1000i3) and
Y = (1 +1i; + iz + i3), we obtain that

9 9

_X2102m+n+k _ XYl0m+n _ XYlOm+k + YZ
B 81 ’

X10mtn Yy X10mtk —y

and, on the other hand,

X10m —Y X1 m+n+k_Y
BRmBRWH-’rH-k = ( 0 ) < 0 )

9 9
_X2102m+n+k —XYlom — XYI()ernJrk + YZ
N 81 '

Hence, Binet’s formula for the repunits numbers (Equation (2.2)), and once again, Proposi-
tion 3.4 lead to

]Om+n+k _ 10m+k _ 10m+n 10™
BRyysnBRynsr — BRyBRypsnsr =XY +

81
_ (10m+’“ —10m)(10™ — 1)
=XY 21
10% — 1 10" — 1
=XY10™ .
o (55) ()
To establish this result, we use Lemma 3.1. O

The following identities arise as a direct consequence of the Tagiuri-Vajda Identity, as estab-
lished in Theorem 3.6. The subsequent results will present the detailed derivation.

Proposition 3.7 (Catalan’s identity). Let m, n be any natural number. For m > n we have
(BRm)? — BRyy_nBRy iy = 10m77(891 — 1089i; — 909y 4 1111i3) - (BR,,)?*,
where BR,, is the n-th bicomplex repunit number.
Proposition 3.8 (Cassini’s identity). For all m > 1, we have
(BR,,)* — BR,,_BR,,y1 = 10m71(891 — 1089i; — 909i + 1111i3) ,
where BR,, is the n-th bicomplex repunit number.
Proposition 3.9 (d’Ocagne’s identity). Let m, n be any natural number. For m > n we have
BRy,11BR,, — BR,BR,, 11 = 10™(891 — 1089i; — 909i, + 1111i3)BR,,_, ,
where BR,, is the n-th bicomplex repunit number.
Next, we will present the generating function for the bicomplex repunit sequence.

Proposition 3.10. The generating function for the bicomplex repunit numbers is given by

B T N 1 - 11— 10z - 11110z,
Tz 1022 T T -1z 41022 T T 1z 410222 " 1T -1z + 1022 3

Gpr, ()
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Proof. Consider the generating function for the sequence of bicomplex repunit numbers given

by Ggg, (z) = Z B,z". Combining expressions — 112G gr, () € 102°Gpg, (), we obtain

n=0
GRy + (BRl — llBR())J}
G =
B, (7) 1— 11z + 1022

B T N 1 - 11— 10z - 11110z,
11l 41022 1 —1lz+1022 " " 111z + 10222 " 111z + 1022 2

which concludes the proof. O

4 Biquaternion repunit sequence

Similar to the previous section, we now introduce biquaternion repunit numbers and explore
some of their properties. We present the Taiguri-Vajda identity and, as a consequence, the classi-
cal identities of Catalan, Cassini, and d’Ocagne. Furthermore, we investigate partial sums of the
terms sequence . Complementing the work in [4], we prove two results about quaternion repunit
numbers, which are crucial for the proofs of the main results in this section.

Consider the following definition of the biquaternion repunit sequence.

Definition 4.1. For all integers n > 0, the set of biquaternion repunit numbers is denoted by
{QR,,} >0 and the n-th term of this set is defined by

QRn = Rn + Rn+1i + Rn+2j + Rn+3k + (Rn+4 + Rn+5i + Rn+6j + Rn+7/€)€ ) (41)
with initial conditions
QRy = Ry + Rii + Ryj + Rsk + (R4 + Rsi + Rej + Rik)e

and
QR = Ry + Ryi + R3j + Ryk + (Rs + Re¢i + R7j + Rgk)e ,

where R,, is the n-th repunit number.

According [4] the quaternion repunit is HR,, = R,, + R,11i + R,4+2j + R,3k, SO we can
rewrite the Equation (4.1) in the form

QR,, = HR,, + HR,, 4¢ . 4.2)

The following proposition establishes the same recurrence relation for the biquaternion re-
punit numbers.

Proposition 4.2. For all n > 0, the biquaternion repunit sequence {QR,, },,>o satisfies the recur-
rence relation
QRni2 = 11QRy 1 — 10QR, 4.3)

Proof. Making use from the Equation (4.2), we have
11QR,+1 — 10QR,,
=11(HRy+1 + HRp15¢) — 10(HR,, + HR,14€)
=HR, 2+ HR .6 = QR,12,
since HR,,1» = 11HR,,+| — 10HR,,, see [4, Proposition 8]. O
The next auxiliary result presents the Binet formula for quaternions repunit numbers.
Lemma 4.3. [4, Proposition 12] For all non-negative integers n, we have

10" —1 10mtl—1  10m2—1 10n+3—1
HR, — : ; K, 4.4
g T 't It @4

where HR,, is the n-th term of the quaternion repunit sequence.




Bicomplex and Biquaternion Repunit 515

The next result provides the Binet formula for biquaternions repunit numbers.
Proposition 4.4 (Binet’s Formula). For all non-negative integers n, we have
10" — 1 10n+1 -1 ]()nJrZ -1 lon+3 -1

QR, = 9 + 9 1+ ) J+ 9 k
10n+4 -1 10n+5 -1 ) 10n+6 -1 ' 10n+7 -1
+ 9 e+ 9 ie + ) je+ 9 ke . 4.5)
Proof. By combining Lemma 4.3 with Equation (4.2), we obtain the result. O

4.1 Some sums

In this section, we present the results of our investigation of partial sums of the terms of the
biquaternion repunit numbers with a variable integer number of terms. We consider the sequence
of partial sums, defined as the sum of terms of the biquaternion repunit sequence, for a given
integer value of n

> QRi = QRo + QRy + QRy + QR3 + ... + QR ,
k=0
for n > 0, and {QR,, }»>0 is the biquaternion repunit sequence.
According to Equation (4.2), the partial sums of the biquaternion repunit sequence can be
expressed in terms of the partial sums of the quaternion repunits. In this sense, before exhibiting
the partial sums of {QR,, },,>0, we need to demonstrate the following result.

Proposition 4.5. Let { HR,, } ,>0 be the quaternion repunit sequence, we have the following iden-
tities:

- 10R,, — 10R+1 — 1). 10R,42 — 11) . 10R,4+3 — 111

(a) Y HRj = n J0Rn (4 1), 10— (nt 11) ;| 10Rnss — (n+ 111)

k
9 9 ! 9 J 9
k=0
(b)
- 1Ry, —11n Rapyz—11(n+1)—=1. 10°Ry, 42 — 11(n+1)
HRyj, = ’ j
D HRa 99 + 99 " 99 J
k=0
Ropas — 11(n+ 11) -1
k
+ 99
(c)
d Ropz—11(n+1) =1 10%Ry0 —11(n+1) . Rypis—11(n+11) -1
> HRyyy = + i+ J
99 99 99
k=0
102Ry,, 14 — 11(n + 101)
k
+ 99 ’
where R, is the n-th repunit number.
Proof.

(a) It suffices to consult Proposition 13 in [4].
(b) Note that

Z HRy, =HRy+ HRy» + HR4 + ... + HR»,
k=0

=(Ro + Rii + Roj + R3k) + ... + (Ran + Ront1i + Rans2j + Ran3k)
:<R0+R2++R2n) + (R] ++R2n+1)l+ (R2++R2n+2)j
+ (Ri+R3+Rs+ ...+ Ropis — Rk

n n n+1 n+1
:ZR% + (ZRZIC-H) 14 (ZR%> Jj+ (ZRzkH - R]) k.
k=0 k=0 k=0 k=0

The result is a consequence of Proposition 11 in [5].
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(c) The proof exhibits similarities to that of item (b) and then we omit the proof. O

It follows from the previous proposition that:

Proposition 4.6. For all integers n > 0, we have the following identities:

" 1022 — 1 1023 - 10 1024 — 100 . 10275 — 1000
“1*HR, = — - j — | — k
(a) ;( ) HERy 99 99 99 99 :
if n is odd, and

. 1073 — 10 10T — 1 10" 489 10?776 4 989
b —1)*HR,, = j j k
(b) g( ) HERy 99 "t oo ‘T T 99 ’

if n is even, where {R,, },,>0 is the repunit sequence, and {HR,, },,>¢ is the quaternion repunit
sequence.

Proof.
(a) If nis odd, so the last term is negative. Then

2n+1
Z (—=1)*HRy, =HRy — HR| + HRy — HR3 + - - - + HRa,, — HRa,, 1,
k=0

:(HRO + HRy +--- + HRzn) — (HR] + HR3 +---+ HRan)
n n
= Z HRyy, — Z HRopy1 -
k=0 k=0

According to Proposition 4.5, and items (b) and (c), it follows that:

102742 _ 1 10273 — 10 10274 - 100 . 1027+5 — IOOOk

99 99 99 99

(b) In case that the last term is positive, we have

2(n+1)
> (=1)*HRy =HRo — HRy + HR, — HR3 + - -+ + HRpy, — HRyp, 1
k=0
n+1 n
= Z HRy, — Y HRopyy .
k=0 k=0
As in item (a), the result is established by applying Proposition 4.5, items (b) and (c). O

Now, we present some partial sums of terms of the biquaternion repunit numbers, which
constitute the main results of this section.

Proposition 4.7. Let {QR,,},>0 be the biquaternion repunit sequence, we have the following
identities:

(a)

> QR
k=0

_10R, —n  10Rn —(n+1),  10Ryn— (n+11) . 10Rys — (n+111)

9 9 1+ 9 7+ 9 k
+ 10Rn+4—9(n—|— llll)e—i— 10R,,15 — (9n+ 11111)ie+ 10R,, .6 — (;L—i— llllll)je

1 ~(n+ 1111111
4 10Rni7 <7;+ ) e
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(b)
ZQRZk
k=0
C10%Ray — 11n Rons—1(n+1) =1 10°Ranis — 11(n+1)
99 + 99 ot 99 J
R2n+5—11(n—|—11)—1 102R2n+4—11(n—|—101) R2n+7—11(n—|—1011)—1,
+ 99 k+ 99 e+ 99 ie
102R2n+6 — ll(n + 10101) . Ropi9 — ll(n + 101011) -1
+ 99 je+ 99 ke
(c)
ZQR2k+1
k=0
_R2n+3 — 11(71-‘1- 1) -1 4 102R2n+2 — 11(n+ 1) 1 Ronts — 11(n+ 11) -1
- 99 99 ! 99
10%Raypos — 11(n+101) . Ropsy — 11(n+1011) =1 102Ranss — 11(n + 10101)
+ 99 i 99 et 99
_ _ 2 _
, Banso 11(71949r 10101) ~ 1. 10°Ra0.s 1één+ 1010101), -

where R,, is the n-th repunit number.

Proof. (a) Follows from the definition of partial sums of terms of the biquaternion repunit se-
quence that we have

> QRr =QRo+ QRy + QRy + - -+ + QRy,
k=0

HR; + HRy+ -+ HR,,)+ (HRy + HR, + --- + HR,,)e
:HR0+---+HRn)+(HR0+-~-+HRn+4—HR0—HR1—HRQ—HR;J,)@

(3w )« (S yom)

k=0 k=0 k=0

:10Rn —-n n 10R,+1 — (n + l)i—i— 10R, 12 — (n+ ll)j L 10R,43 — (n 4+ 109)
9 9 9 9
L 10R,s— (n41111) | 10R,us— (n+11111) | 10R,6 = (n+ 111111)
9 9 9
. 10Rn+7—(r;+1111111)k6

k

je

ie
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(b) In a similar way we have

ZQRZk =QRo+ QR+ QR4+ QR + ... + QRy,,
=0

Z(HRO + HR46) + (HRZ + HR6€) +...+ (HRzn + HR2n+4e)
_lOszn —1ln  Rypisz—1l(n+1)—1 o 102R2n+2 —11(n+1) .

99 99 ! 99 J
Ronis —11(n+11) =1, 10%Rans — 11(n+101)  Ryny7 — 11(n+1011) — 1 _
+ 99 k+ 99 e+ 99 e
102 —11 10101 — 11 101011) — 1
n 0 R2n+6 99(7’L+ 010 )jeJr Rzn+9 (n949r 010 ) ke

(c) Note that

> QRoy1 = QRi+ QRs + -+ + QRapy
k=0

n n+2
:ZHR2k+1 + (ZHR%-H —HRy — HR3) e
k=0 k=0

Ry —1l(n+1)—1 n 10 Ry 0 — 11(n + 1)1' Rypys —11(n+11) =1
N 99 99 99
102 R4 — 11(n + 101) Rypy7 — 11(n+1011) — 1 10°Ry,,46 — 11(n + 10101) |
+ 99 k+ 99 e+ 99 ie
n Rypi9 — 11(n+101011) — lje n 10°Ry8 — 11(n + 1010101>ke ,
99 99
as required. O

A direct consequence of Proposition 4.7 is the next result.

Proposition 4.8. For all integers n > 0, we have the following identities:

(a)
i 102742 1027+3 — 10 10274 — 100 . 10%"+5 — 1000
—1)k — _ — | — k
é( ) QR 99 99 ' 99 99
102t - 10000@ 10?7 — 100000 i 1027+8 — 10000006,
99 99 99 J
~ 107"+ — 10000000 - 102710 _ 100000000 Lo
99 : 99 :
if n is odd, and
(b)
n 102n+4 —10 102n+4 -1 102n+5 — 89 102n+7 + 978
—1)k = - . I
kz:%( ) QR 99 T 99 99 T o9
N 102747 — 100116 N 10>"8 + 1100989 it 107" ++ 999989 .
99 99 99 J
2n+10
N 10 J; 910999999 hes

if n is even, where {R,, },>0 is the repunit sequence, and {QR,, },>0 is the biquaternion repunit
sequence.
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4.2 The classical identities

In this section, we present the classical identities associated with the biquaternion repunit se-
quence. Since multiplication is not commutative in the set of biquaternions, for each identity,
there are two versions; however, in these notes, we present only the first version of each of these
identities.

Before presenting the identities of the biquaternion repunit sequence, we exhibit an auxiliary
result known as the first Tagiuri-Vajda identity for the quaternion repunit sequence.

Proposition 4.9. (Taguiri-Vajda’s identity) Let m,n, s be any natural numbers. The following
property holds:
HRm+nHRm+s - HRmHRm+n+s

889 .10° 4+ 911 1091 - 10° + 889 911-10% — 1091
- )”( T )”( 5 )k]

=10"R, [—1109RS — (

where {HR,, } ,>0 is the quaternion repunit sequence, and R, is the n-th repunit number.

Proof. According to Lemma 4.3, considering X = (1 4 10i+ 100j + 1000k) and Y = (1 +i+
j+ k), we obtain that

X10mt" —y X10mts -y
HRm+nHRm+s = ( 0 ) ( 0 )

9 9
_X2102m+n+s _ XYloern _ XYl0m+s + YZ
N 81

and, on the other hand,

X10m —-Y X10mtnts _y
HRmHRm+n+s = ( > < >

9 9

_X2102m+n+5 —YX10™ — XYlom—HH—s + Y2
B 81

Applying Equation (2.2), we have that

HRypin HRps — HRyp HRypy s =XY (10 — 1077) 4 Y X (1074745 — 107+)
XY 10" (1 —107) + Y X - 107+ (10" — 1)

81
zlomRnlO YX - XY
9
According to Lemma 15 in [4], it follows that
1omRn10 YX - XY
9
_10"R 105(—1109 — 889i + 10915 +911k) — (—1109 + 911; — 8895 + 1091k)
= " 5
- 108 11 1091 - 10® 11-10% — 1091
—10™R, |—1109R, — 889 -10°+9 it 09 0° + 889 it 911-10° — 1091 k|
9 9 9

this completes the proof. O

Now we present the Tagiuri-Vajda identity for the biquaternion repunit sequence.
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Theorem 4.10. (Taguiri-Vajda’s identity) Let m,n,s be any natural numbers. The following
property is valid:

QRm+n QRm+s - QRm QRm+n+s

=— 10™R, |11 -
9999 - 10 Rn[ 09R, ( 5 5 5

8890889 - 10° + 9110911 . 10911091 - 10° 4+ 8890889\ .
9 1+ 9 J

889~103+911>_ (1091-105+889>_ (911-105—1091>}
—_— )it | —F || | k

+10™R, {11091109]%S — (

9110911 - 10° — 10911091
+ ( 9 ) kz] e,

where {QR,,} >0 is the biquaternion repunit sequence, and R,, is the n-th repunit number.
Proof. Note that
QRpin - QRimss — QR - QRimynts
= (HRy+n + HR i nva€)(HR i s + HR i s1a€e) — (HRyy, + HRypyae) (HRints + HRpgnts+a€)
= (HRm+n - HRpys — HRpyy - HRppinvs) — (HR (i ay1n - HR(myay1s — HRmia - HR (i1 a)1nts)
+ (HRmin - HRyy( (s44y¢ — HRypy - HR 1y (514)€) + (HR (s 4y - HR(gy€ — HR (1,1 4)4nt(s—4)€)
Applying Proposition 4.9, we obtain
(HRm+n “HRpy s — HRyy, - HRm+n+s) - (HR(m+4)+n ’ HR(m+4)+s - HRm+4 : HR(m+4)+n+S)

889 -10° + 9111 . 1091 - 10° 4889\ . 911 -10° — 1091
—_— ]t —_— )| — | K| .
9 9 9
(4.6)

=-9999-10"R,, {1109Rs — (

Simillary,
(HR7YL+7L ' HR’H’L+(S+4)6 — HR, - HR77L+7L+(8+4)6) + (HR('rrL+4)+n ’ HR(m+4)€ - HR(m+4)+n+(s—4)6)
8890889 - 10° + 9110911> it (10911091 -10° + 8890889> i

=10"R, |—110911 s —
0™R { 091109R < 9 9

(9110911 <105 — 10911091) }
+ k|e

9
4.7

By combining Equations (4.6) and (4.7), we arrive at the desired result. O

The other identities will follow as a consequence of Tagiuri-Vajda’s identity, Theorem 4.10,
as we will see below.

Proposition 4.11. (d’Ocagne’s identity) Let m, n be any natural number. The following property
holds

QR QR 1 — QR QR 11
=—10"R,,_,(11088891 + 10888911: — 133086695 + 8909109k — 11091109¢
—2000200¢i + 13111311ej + 200020¢k),
where {QR,, } >0 is the biquaternion repunit sequence, and R,, is the n-th repunit number.

Proposition 4.12. (Catalan’s identity) Let m, n be any non-negative integer. For m > n the
property holds

QRm+nQRm—n - (QRm)z
=10"""R,, [11088891R,, — (1012121 - 10™ + 987679)i + (987679 - 10™ — 1212101);
9110911 - 10™ + 8890889) ie

9

(8890889 -10™ + 10911091> ) (10911091 -10™ — 9110911) }
9 je — 9 kel ,

—(1212101 - 10™ — 1012121)k 4+ 11091109R,e — (
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where {QR,,},,>0 is the biquaternion repunit sequence, and R,, is the n-th repunit number.
Making n = 1, without effort, follows directly from Proposition 4.12 we have that:
Proposition 4.13. (Cassini’s identity) For all integers m > 1, the following property holds
QR 1QRm—1 — (QR,)* =10™7" (11088891 — 11108889 4 110888915 — 11108889k
+11091109¢ — 2000200ie + 110911095e — 2000200ke)
where QR,, is the biquaternion repunit sequence, and R,, is the n-th repunit number.
Next, we present the generating function for the biquaternion repunit sequence.

Proposition 4.14. The generating function for the biquaternion repunit sequence {QR,}n>0,
denoted by Gor, (), is

G (2) = x . | SR L (N VOV SR 1 (17
Q) T T 41022 T T— 1z + 1022 " 1-1lz+ 10227 " 1= 11z + 1022
L= 110e 1111 = 1110z - 111111111110z 111111~ 111110
-z +1022° T Tz +1020 T 111z +1022 7 11z + 1022 ©

o)

Proof. Let Ggg, (z) = Z @R, z" be the generating function for the biquaternion repunit se-
n=0

quence. Combining the expressions — 112G g, (z) and 1022Ggr, (z), we have

_ QR+ (QR — 11QRy)z

Garn == 11,1 1022
x 1 _ 11—10z . 1111 =110z
Tz 41022 T Tz + 1022 T 1-1lz+1022° T 1= 11z + 1022
1111 — 110z 111 = 11102 . 111111 — 111110z . 111111 — 111110z
il 1102 T T 1121102 T T 1lw+ 1022 9 7 1= 11z + 1022
which verifies the result. O

5 Conclusion

In this work, we explore two new extensions of Horadam-type sequences of: bicomplex repunit
numbers and biquaternion repunit numbers. These extensions are formulated using advanced
algebraic concepts involving bicomplex and biquaternion numbers, which are, in turn, gener-
alizations of complex and quaternion numbers. Additionally, we present a detailed analysis of
quaternion repunit numbers, highlighting, in particular, the Taiguri-Vajda identity and some par-
tial sums of the terms of these sequences.

For each of these new sequences, we provide a series of fundamental properties, including
their recurrence relations and generating functions. We also explore important associated iden-
tities, such as the Taiguri-Vajda, Catalan, Cassini, and d’Ocagne identities. This work makes a
significant contribution to the literature by enlarging the scope of Horadam sequences and their
applications in various areas of mathematics.
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