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Abstract This study examines the Banach contraction theorem in soft neutrosophic met-
ric spaces, introducing a χ-contraction function by restricting the soft neutrosophic metric to
soft points of the absolute soft set. We explore fixed-point results for soft mappings with χ-
contraction, ensuring the continuity of soft t-norms and t-conorms. Examples demonstrate the
effectiveness of the χ-contraction, leading to a new soft neutrosophic Banach contraction the-
orem and related fixed-point results. These findings advance fixed-point theory in this context.

1 Introduction

Fuzzy set theory, introduced by Zadeh [20], has been instrumental in representing uncertainty
in decision-making processes across various fields. Atanassov [2] extended this concept by
introducing intuitionistic fuzzy sets, which added a degree of non-membership to the existing
framework. Building on these foundational concepts, Molodtsov [15] proposed soft set theory,
offering a more flexible approach to handling uncertainty without requiring additional parame-
ters, a concept further developed by Maji et al. [14].

Several studies have explored the development and applications of Soft Fuzzy Metric Spaces
(SFMSs), including contributions by Das et al. [4], Erduran et al. [5], and Yazar et al. [19],
who worked on expanding the understanding of soft metrics and applying them to fixed-point
theorems. In similar research, Sonam et al. [18] and Sabri et al. [16] investigated properties
such as compactness and completeness in SFMSs.

Fuzzy and intuitionistic fuzzy metric spaces have also been explored by George and Veera-
mani [6], as well as Kramosil and Michalek [13], contributing significantly to the development of
fuzzy topology and metric spaces. Jeyaraman et al. [12] investigate common fixed point theorems
within the setting of intuitionistic generalized fuzzy cone metric spaces, focusing on (Φ,Ψ)-weak
contractions and providing valuable insights into their properties and applications.

Additionally, Gupta and Gondhi [7] provided important results on tripled coincidence fixed
points in SFMSs, further enhancing the application of soft set theory in complex mathematical
problems.

In this study, a novel approach to the Banach contraction mapping in Soft Neutrosophic
Metric Spaces (SNMSs) is presented, introducing the χ-contraction function and establishing
fixed-point results supported by examples, with implications for various metric spaces and ap-
plications in handling uncertainty.

2 Preliminaries

Definition 2.1. [18] A soft set (Λ,ϒ) defined over the universal set Γ consists of a function Λ

mapping elements from a parameter set ϒ to subsets of Γ.
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Definition 2.2. [18] An absolute soft set (Λ,ϒ) over Γ is characterized by the condition that
Λ(ζ) = Γ holds for every ζ belonging to the parameter set ϒ. The absolute soft set Γ defined
over the parameter set ϒ is denoted by Γ̃ϒ.

Definition 2.3. [4] A soft set (Λ,ϒ) defined over the universal set Γ is termed as a null or void
soft set if Λ(ζ) = {} for every ζ in the parameter set ϒ. This condition is denoted as φ̃.

Let R denote the set of all real numbers. We use B̆(R) to represent the collection of all
non-empty bounded subsets of R.

Definition 2.4. [18] A soft real set is defined as a set consisting of (Λ,ϒ) where Λ chooses every
member of ϒ to a non-empty bounded subset of R. A soft real number is defined by a soft real
set (Λ,ϒ) where Λ(ζ) denotes a single real number inside a finite subset of R for each ζ in ϒ.
The representation of the value for this is denoted as η̆. The function η̆(ζ) = {k} for a given k
in the set R is represented as k̄.

Definition 2.5. [5] When there is only one parameter ζ ∈ ϒ such that Λ(ζ) = {x}, where x ∈ Γ,
and Λ(µ) = φ for all µ ∈ ϒ except ζ, then a soft set defined over the universal collection Γ is
called a soft point. It is represented by η̆ζ. A soft point η̆ζ is considered to be a component of a
soft set (Λ,ϒ) if η̆ζ = {x} is a subset of Λ(ζ). This relation is also represented as η̆ζ ∈ (Λ,ϒ).
The set containing all soft points of (Λ,ϒ) is denoted by SP (Λ,ϒ).

Definition 2.6. [5] The function ϕ, representing soft elements, transfers parameter sets ϒ to the
universal set Γ. That is ϕ : ϒ → Γ signifies a soft element. The soft set formed by grouping the
collection Ŭ of soft elements is denoted as SS(Ŭ).

The set R(ϒ) represents all non-negative soft real numbers, whereas R(ϒ)∗ represents all soft
real numbers with a parameter set ϒ. The sets [a, b](ϒ) and [0,∞)(ϒ) represent the collections
of all soft real numbers corresponding to the intervals [a, b] and [0,∞), respectively.

Definition 2.7. [18] The operations defined for two soft real numbers λ̆ and ϱ̆ are as follows:

(λ̆⊕ ϱ̆)(ζ) = {λ̆(ζ) + ϱ̆(ζ), ζ ∈ ϒ},

(λ̆⊖ ϱ̆)(ζ) = {λ̆(ζ)− ϱ̆(ζ), ζ ∈ ϒ},

(λ̆ ◦ ϱ̆)(ζ) = {λ̆(ζ) · ϱ̆(ζ), ζ ∈ ϒ}.

Definition 2.8. [18] On a universal set, we consider Γ̃ϒ to be an absolute-soft set. A metric over
Γ̃ϒ is defined as a mapping Ξ : SP (Γ̃ϒ)× SP (Γ̃ϒ) → R(ϒ)∗ if the following conditions hold:

(SM1) Ξ(ς̆ξi , ν̆ξj )≥̃0̄ for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ,

(SM2) Ξ(ς̆pi , ν̆ξj ) = 0̄ ↔ ς̆ξi = ν̆ξj

(SM3) Ξ(ς̆ξi , ν̆ξj ) = Ξ(ν̆ξj , ς̆ξi) for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ,

(SM4) Ξ(ς̆ξi , ϖ̆pk
)≤̃Ξ(ς̆ξi , ν̆ξj ) + Ξ(ν̆ξj , ϖ̆pk

) for each ς̆ξi , ν̆ξj , ϖ̆pk
∈̃Γ̃ϒ.

A soft metric space is formed by combining the soft metric Ξ with the absolute soft set Γ̃. It is
represented as (Γ̃ϒ,Ξ) or (Γ̃ϒ,Ξ,ϒ).

Definition 2.9. [18] We examine a pair of soft metric spaces. (Γ̃ϒA ,Ξ,ϒA) and ( ˜̆UϒB̆
,Ξ,ϒB).

We contemplate a function.(U ,Φ) : (Γ̃ϒA ,Ξ,ϒA) → ( ˜̆UϒB̆
,Ξ,ϒB̆). A soft mapping is repre-

sented by the pair (U ,Φ), where U : Γ̃ϒA → M̃ϒB̆
and Φ : ϒA → ϒB̆.

Definition 2.10. We examine function ⊗̈ : [0, 1](ϒ) × [0, 1](ϒ) → [0, 1](ϒ). This function is
proposed to be a continuous soft t-norm (CSTN) provided it satisfies the following conditions:

(i) The function ⊗̈ obeys both the commutative and associative properties.

(ii) ⊗̈ needs to be continuous.

(iii) ŭ⊗̈1̄ = ŭ for every ŭ ∈ [0, 1](ϒ),
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(iv) ŭ⊗̈v̆ ≤ σ̆⊗̈ρ̆ whenever ŭ ≤ v̆ and σ̆ ≤ ρ̆ for ŭ, v̆, σ̆, ρ̆ ∈ [0, 1](ϒ).

Definition 2.11. We consider function ⊕̈ : [0, 1](ϒ)×[0, 1](ϒ) → [0, 1](ϒ); then, ⊗̈ is considered
a continuous soft t-conorm (CSTCN) if it satisfies the conditions listed below:

(i) ⊕̈ obeys both commutativity and associativity.

(ii) ⊕̈ needs to be continuous.

(iii) ŭ⊕̈0̄ = ŭ for all ŭ ∈ [0, 1](ϒ),

(iv) ŭ⊕̈v̆ ≤ σ̆⊕̈ρ̆ whenever it ocuurs ŭ ≤ v̆ and σ̆ ≥ ρ̆ for ŭ, v̆, σ̆, ρ̆ ∈ [0, 1](ϒ).

Example 2.12. β̃⊗̈δ̃ = min{β̃, δ̃}, β̃⊕̈δ̃ = max{β̃, δ̃}

Definition 2.13. We assume SG as a mapping SG,SH,SJ : SP(Γ̃ϒ)×SP(Γ̃ϒ)×(0,∞)(ϒ) →
[0, 1](ϒ).Then, SG,SH,SJ is claimed to constitute a soft fuzzy metric on Γ̃ϒ if

(SNM1) SG(ς̆ξi , ν̆ξj , ĺ) +SH(ς̆ξi , ν̆ξj , ĺ) +SJ(ς̆ξi , ν̆ξj , ĺ)≤3̄

(SNM2) SG(ς̆ξi , ν̆ξj , ĺ)≥̃0̄ for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM3) SG(ς̆ξi , ν̆ξj , ĺ) = 1̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM4) SG(ς̆ξi , ν̆ξj , ĺ) = SG(ν̆ξi , ς̆ξj , ĺ) for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM5) SG(ς̆ξi , ϖ̆pk
, ĺ ⊕ q̆)≥̃SG(ς̆ξi , ν̆ξj , ĺ)⊗̈SG(ν̆ξj , ϖ̆pk

, q̆) forall ς̆ξi , ν̆ξj , ϖ̆pk
∈̃Γ̃ϒ, ĺ, q̆>̃0̄,

(SNM6) SG(ς̆ξi , ν̆ξj , .) : (0,∞)(ϒ) → [0, 1](ϒ) is a continuous map.

(SNM7) SH(ς̆ξi , ν̆ξj , ĺ)≤̃0̄ for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM8) SH(ς̆ξi , ν̆ξj , ĺ) = 0̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM9) SH(ς̆ξi , ν̆ξj , ĺ) = SH(ν̆ξi , ς̆ξj , ĺ) for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM10) SH(ς̆ξi , ϖ̆pk
, ĺ ⊕ q̆)≤̃SH(ς̆ξi , ν̆ξj , ĺ)⊕̈SH(ν̆ξj , ϖ̆pk

, q̆) forall ς̆ξi , ν̆ξj , ϖ̆pk
∈̃Γ̃ϒ, ĺ, q̆>̃0̄,

(SNM11) SH(ς̆ξi , ν̆ξj , .) : (0,∞)(ϒ) → [0, 1](ϒ) is a continuous map.

(SNM12) SJ(ς̆ξi , ν̆ξj , ĺ)≤̃0̄ for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM13) SJ(ς̆ξi , ν̆ξj , ĺ) = 0̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM14) SJ(ς̆ξi , ν̆ξj , ĺ) = SJ(ν̆ξi , ς̆ξj , ĺ) for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ, ĺ>̃0̄,

(SNM15) SJ(ς̆ξi , ϖ̆pk
, ĺ ⊕ q̆)≤̃SJ(ς̆ξi , ν̆ξj , ĺ)⊕̈SJ(ν̆ξj , ϖ̆pk

, q̆) forall ς̆ξi , ν̆ξj , ϖ̆pk
∈̃Γ̃ϒ, ĺ, q̆>̃0̄,

(SNM16) SJ(ς̆ξi , ν̆ξj , .) : (0,∞)(ϒ) → [0, 1](ϒ) is a function that exhibits continuity.

The Soft Neutrosophic Metric Space (SNMS) is defined as the combination of the soft fuzzy met-
rics SG, SH, and SJ, together with the absolute soft set Γ̃ϒ. It is symbolized as (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈)
.

Example 2.14. We consider an SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈). We let β̃⊗̈δ̃ = min{β̃, δ̃} and
β̃⊗̈δ̃ = max{β̃, δ̃} be defined in (Γ̃ϒ,Ξ). We define SG, SH and SJ are the mappings from
SP(Γ̃ϒ) × SP(Γ̃ϒ) × (0,∞)(ϒ) to [0, 1](ϒ) as SG(ς̆ξi , ν̆ξj , ĺ) = ĺ

ĺ⊕Ξ(ς̆ξi ,ν̆ξj
)
, SH(ς̆ξi , ν̆ξj , ĺ) =

Ξ(ς̆ξi ,ν̆ξj
)

ĺ⊕Ξ(ς̆ξi ,ν̆ξj
)
, SJ(ς̆ξi , ν̆ξj , ĺ) =

Ξ(ς̆ξi ,ν̆ξj
)

ĺ
, where ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄.

Then, (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is an SNMS. Furthermore, the soft fuzzy metrics SG, SH , and
SJ , which are derived from the soft metric Ξ, are referred to as the standard soft neutrosophic
metric.

Definition 2.15. In the context of (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) being an SNMS, let’s introduce a
collection of soft sets denoted as Ω. The collection Ω is considered a soft open cover of Γ̃ϒ

if every set in Ω is a soft open set that fully contains Γ̃ϒ. An SNMS is defined as compact if,
for any soft open cover of Γ̃ϒ within (Γ̃ϒ,SG, ⊗̈), there exists a finite set of soft open sets that
collectively cover Γ̃ϒ.
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Definition 2.16. Any soft sequence {ς̆mξi } in SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is considered to
converge towards a soft point ν̆ξj ∈̃Γ̃ϒ if lim

m→∞
SG(ς̆

m
ξi , ν̆ξj , ĺ) = 1̄, lim

m→∞
SH(ς̆

m
ξi , ν̆ξj , ĺ) = 0̄,

lim
m→∞

SJ(ς̆
m
ξi , ν̆ξj , ĺ) = 0̄,∀ĺ>̃0̄. Similarly, for any given value τ̃ belonging to the interval (0̄, 1̄)

and ĺ greater than 0̄, there exists a positive integer N0 such that ς̆mξi belongs to the soft set
SS(B̆SG

(ν̆ξj , τ̃ , ĺ)) for all m greater than or equal to N0, where B̆SG
(ν̆ξj , τ̃ , ĺ) represents a

soft open ball centered at ν̆ξj with radius τ̃ with respect to ĺ. This means SG(ς̆
m
ξi
, ν̆ξj , ĺ)>̃1̄ ⊖

τ̃ , ∀ĺ>̃0̄,m ≥ N0.

Definition 2.17. Any soft sequence {ς̆mξi } in SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is considered to be a
Cauchy sequence in SNMS if lim

m→∞
SG(ς̆

m
ξi , ς̆

t
ξi , ĺ) = 1̄, lim

m→∞
SH(ς̆

m
ξi , ς̆

t
ξi , ĺ) = 0̄, lim

m→∞
SJ(ς̆

m
ξi , ς̆

t
ξi , ĺ) =

0̄,∀ĺ>̃0̄. Alternatively, for any specified τ̃ belonging to the interval (0̄, 1̄) and ĺ greater than 0̄,
there exists N0 in the set of positive integers such that SG(ς̆

m
ξi
, ς̆tξi , ĺ)>̃1̄⊖ τ̃ ,SH(ς̆

m
ξi
, ς̆tξi , ĺ)>̃0̄⊖

τ̃ ,SJ(ς̆
m
ξi
, ς̆tξi , ĺ)>̃0̄ ⊖ τ̃ , ∀m, t ≥ N0.

Definition 2.18. An SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is considered complete if all Cauchy se-
quences in the SNMS converge.

Definition 2.19. In a Soft Neutrosophic Metric Space (SNMS) (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈), com-
pactness implies that every sequence of soft fuzzy elements within Γ̃ϒ has at least one subse-
quence which converges.

3 Main Results

Definition 3.1. Considering (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as an SNMS, a soft mapping (U ,Φ) from
this SNMS to itself is considered a soft neutrosophic contraction if there exists a value ᾱ in the
interval [0̄, 1̄) that satisfies a certain condition.

SG((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , ĺ)≥̃SG(ς̆ξi , ν̆ξj , ĺᾱ)

SH((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , ĺ)≤̃SH(ς̆ξi , ν̆ξj , ĺᾱ) and

SJ((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , ĺ)≤̃SJ(ς̆ξi , ν̆ξj , ĺᾱ)∀ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄.

Definition 3.2. A function θ : R(ϒ) → [0,∞)(ϒ) is considered a χ-function if it meets the
following requirements:

(i) θ(ĺ) = 0̄ ↔ ĺ = 0̄,

(ii) The function θ is monotonically increasing, and as ĺ approaches infinity, θ(ĺ) tends to posi-
tive infinity,

(iii) The function θ is left-continuous whenever ĺ exceeds 0̄,

(iv) At ĺ = 0̄, θ exhibits continuity.

Example 3.3. Let R(ϒ) denote the set of all soft real numbers equipped with a soft topology,
and let [0,∞)(ϒ) represent the non-negative subset of R(ϒ). We define the function θ : R(ϒ) →
[0,∞)(ϒ) as follows:

θ(ĺ) =

{
0̄ if ĺ = 0̄

¯√
3k if ĺ ̸= 0̄.

Thus, θ satisfies all the criteria to be considered a χ-function.

Definition 3.4. Considering (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as an SNMS, a soft mapping (U ,Φ) :
(Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) → (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is called a χ-contraction mapping on an
SNMS if there exists a soft real number ᾱ ∈ [0̄, 1̄) that satisfies the following condition:

SG((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ))≥̃SG ⊖ ς̆ξi , ν̆ξj , θ(ĺᾱ)⊖,

SH((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ))≤̃SH ⊖ ς̆ξi , ν̆ξj , θ(ĺᾱ)⊖, and

SJ((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ))≤̃SJ ⊖ ς̆ξi , ν̆ξj , θ(ĺᾱ)⊖,∀ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄,
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where θ is defined as a χ-function.

Theorem 3.5. We consider (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as a complete SNMS wherein

lim
ĺ→+∞s

SG(ς̆ξi , ν̆ξj , ĺ) = 1̄,

lim
ĺ→+∞s

SH(ς̆ξi , ν̆ξj , ĺ) = 0̄,

lim
ĺ→+∞s

SH(ς̆ξi , ν̆ξj , ĺ) = 0̄ for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ. (3.1)

Hence, the soft neutrosophic contraction mapping (U ,Φ) on Γ̃ϒ possesses exactly one unique
soft fixed point.

Proof. We start with a soft point ς̆0
ξi

in Γ̃ϒ and create a soft sequence {ς̆mξi } where each ς̆mξi is
obtained by applying (U ,Φ) repeatedly to ς̆0

ξi
.

By induction, we derive:

SG(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≥̃SG(ς̆
0
ξi , ς̆

1
ξi , ĺ/ᾱ

m),

SH(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃SH(ς̆
0
ξi , ς̆

1
ξi , ĺ/ᾱ

m),

SJ(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃SJ(ς̆
0
ξi , ς̆

1
ξi , ĺ/ᾱ

m). (3.2)

Now, by conditions (3.2) and (SNM5,SNM10,SNM15), for any c ∈ Z+, we have

SG(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≥̃SG(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ/c̄) ⊗̈ . . . ⊗̈︸ ︷︷ ︸
c−times

SG(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, ĺ/c̄)

≥̃SG(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱm) ⊗̈ . . . ⊗̈︸ ︷︷ ︸

c−times

SG(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱ

m+c−1),

SH(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≤̃SH(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ/c̄) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SH(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, ĺ/c̄)

≤̃SH(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱm) ⊕̈ . . . ⊕̈︸ ︷︷ ︸

c−times

SH(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱ

m+c−1),

SJ(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≤̃SJ(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ/c̄) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SJ(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, ĺ/c̄)

≤̃SJ(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱm) ⊕̈ . . . ⊕̈︸ ︷︷ ︸

c−times

SJ(ς̆
0
ξi , ς̆

1
ξi , ĺ/c̄ᾱ

m+c−1).

Now, using (3.1), we obtain

lim
ĺ→+∞s

SG(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≥̃ 1̄ ⊗̈ 1̄ ⊗̈ . . . ⊗̈ 1̄︸ ︷︷ ︸
c−times

= 1̄,

lim
ĺ→+∞s

SH(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≤̃ 0̄ ⊕̈ 0̄ ⊕̈ . . . ⊕̈ 0̄︸ ︷︷ ︸
c−times

= 0̄,

lim
ĺ→+∞s

SJ(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≤̃ 0̄ ⊕̈ 0̄ ⊕̈ . . . ⊕̈ 0̄︸ ︷︷ ︸
c−times

= 0̄.

Therefore, the soft fuzzy sequence {ς̆mξi } is considered to be convergent in (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈)

because it satisfies the Cauchy property. Additionally, as (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is complete,
this implies that the sequence converges. We let {ς̆mξi } → ν̆ξj , ν̆ξj ∈̃Γ̃ϒ, i.e.,

lim
m→∞

SG(ς̆
m
ξi , ν̆

t
pj
, ĺ) = 1̄, lim

m→∞
SH(ς̆

m
ξi , ν̆

t
pj
, ĺ) = 0̄, lim

m→∞
SJ(ς̆

m
ξi , ν̆

t
pj
, ĺ) = 0̄. (3.3)
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Then,

SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≥̃SG((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊗̈SG((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄)

≥̃SG(ν̆ξj , ς̆
m
ξi , ĺ/2̄ᾱ) ⊗̈SG(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄)

SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SH((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SH((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄)

≤̃SH(ν̆ξj , ς̆
m
ξi , ĺ/2̄ᾱ) ⊕̈SH(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄)

SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SJ((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SJ((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄)

≤̃SJ(ν̆ξj , ς̆
m
ξi , ĺ/2̄ᾱ) ⊕̈SJ(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄)

From (3.3), we obtain

lim
m→∞

SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ)≥̃1̄⊗̈1̄ = 1̄, or lim
m→∞

SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) = 1̄,

lim
m→∞

SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ)≤̃0̄⊕̈0̄ = 0̄, or lim
m→∞

SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) = 0̄,

lim
m→∞

SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ)≤̃0̄⊕̈0̄ = 0̄, or lim
m→∞

SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) = 0̄.

Hence, (U ,Φ)ν̆ξj = ν̆ξj . Therefore, ν̆ξj serves as a soft fixed point of (U ,Φ).
It is easy to verify that there is only one soft fixed point for the soft neutrosophic contraction
mapping (U ,Φ).

Theorem 3.6. Regard (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as a complete SNMS wherein

lim
ĺ→+∞s

SG(ς̆ξi , ν̆ξj , ĺ) = 1̄, lim
ĺ→+∞s

SH(ς̆ξi , ν̆ξj , ĺ) = 0̄, lim
ĺ→+∞s

SJ(ς̆ξi , ν̆ξj , ĺ) = 0̄∀ĺ>̃0̄. (3.4)

Also, we consider a χ-contraction (U ,Φ) : (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) → (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈).
Then,(U ,Φ) possesses only one soft fixed point.

Proof. Start with a soft point ς̆0
ξi

belonging to Γ̃ϒ and create a soft sequence {ς̆mξi } where each
ς̆mξi is obtained by applying (U ,Φ) repeatedly to ς̆0

ξi
.

Based on conditions i) and iv) in Definition (2.11), for any ĺ greater than 0̄, there exists a q̆ greater
than 0̄ such that θ(q̆) is less than ĺ. Now, through the process of induction, we derive:

SG(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≥̃ SG(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱ

m)),

SH(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃ SH(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱ

m)),

SJ(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃ SJ(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱ

m)). (3.5)
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By utilising conditions (3.5), we have, for any c ∈ Z+,

SG(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≥̃SG(ς̆
m
ξi , ς̆

m+c
ξi

, θ(q̆)),

≥̃SG(ς̆
m
ξi , ς̆

m+1
ξi

, θ(q̆/c̄)) ⊗̈ . . . ⊗̈︸ ︷︷ ︸
c−times

SG(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, θ(q̆/c̄)),

≥̃SG(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m)) ⊗̈ . . . ⊗̈︸ ︷︷ ︸
c−times

SG(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m+c−1)),

SH(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≤̃SH(ς̆
m
ξi , ς̆

m+c
ξi

, θ(q̆)),

≤̃SH(ς̆
m
ξi , ς̆

m+1
ξi

, θ(q̆/c̄)) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SH(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, θ(q̆/c̄)),

≤̃SH(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m)) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SH(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m+c−1)),

SJ(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ)≤̃SJ(ς̆
m
ξi , ς̆

m+c
ξi

, θ(q̆)),

≤̃SJ(ς̆
m
ξi , ς̆

m+1
ξi

, θ(q̆/c̄)) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SJ(ς̆
m+c−1
ξi

, ς̆m+c
ξi

, θ(q̆/c̄)),

≤̃SJ(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m)) ⊕̈ . . . ⊕̈︸ ︷︷ ︸
c−times

SJ(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/c̄ᾱ

m+c−1)).

Now, letting ĺ → +∞s and using (3.4), we obtain

lim
ĺ→+∞s

SG(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≥̃ 1̄ ⊗̈ 1̄ ⊗̈ . . . ⊗̈ 1̄︸ ︷︷ ︸
c-times

= 1̄,

lim
ĺ→+∞s

SH(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≤̃ 0̄ ⊕̈ 0̄ ⊕̈ . . . ⊕̈ 0̄︸ ︷︷ ︸
c-times

= 0̄,

lim
ĺ→+∞s

SJ(ς̆
m
ξi , ς̆

m+c
ξi

, ĺ) ≤̃ 0̄ ⊕̈ 0̄ ⊕̈ . . . ⊕̈ 0̄︸ ︷︷ ︸
c-times

= 0̄.

Thus, the soft fuzzy sequence {ς̆mξi } is Cauchy in (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) and hence it is
convergent as (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is complete. We let {ς̆mξi } → ν̆ξj , ν̆ξj ∈̃Γ̃ϒ, i.e.,

lim
m→∞

SG(ς̆
m
ξi , ν̆

t
pj
, ĺ) = 1̄, lim

m→∞
SH(ς̆

m
ξi , ν̆

t
pj
, ĺ) = 0̄, lim

m→∞
SJ(ς̆

m
ξi , ν̆

t
pj
, ĺ) = 0̄. (3.6)

Also,

SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≥̃SG((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊗̈SG((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≥̃SG(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊗̈SG(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄),

SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SH((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SH((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≤̃SH(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊕̈SH(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄),

SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SJ((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SJ((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≤̃SJ(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊕̈SJ(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄).

From (3.6) and the fact that ⊗̈ is a CSTN and ⊕̈ is CSTCN, we get SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 1̄,
SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 0̄, SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 0̄, asm → ∞.
Therefore, ν̆ξj serves as a soft fixed point for the mapping (U ,Φ). The uniqueness of the soft
fixed point for the χ-contraction mapping (U ,Φ) on (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is easily demon-
strable.
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Theorem 3.7. Consider (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as a complete SNMS, and let (U ,Φ) : (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) →
(Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) be a χ-contraction mapping. Additionally, assume that for a soft point
ς̆0
ξi

∈ Γ̃ϒ, the iterated soft sequence {ς̆mξi }, defined by ς̆mξi = (U ,Φ)ς̆m−1
ξi

for m = 1, 2, 3, . . . , is
convergent. As a result, there exists a unique soft fixed point of (U ,Φ) in (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈)
to which the sequence {ς̆mξi } converges.

Proof. We examine a χ-contraction mapping (U ,Φ) operating on (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈). Sub-
sequently, a soft real number ᾱ exists within the range [0̄, 1̄) that fulfills the specified condition.

SG((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ)) ≥̃ SG

(
ς̆ξi , ν̆ξj , θ

(
ĺ

ᾱ

))
,

SH((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ)) ≤̃ SH

(
ς̆ξi , ν̆ξj , θ

(
ĺ

ᾱ

))
,

SJ((U ,Φ)ς̆ξi , (U ,Φ)ν̆ξj , θ(ĺ)) ≤̃ SJ

(
ς̆ξi , ν̆ξj , θ

(
ĺ

ᾱ

))
,∀ς̆ξi , ν̆ξj ∈̃ Γ̃ϒ, ĺ >̃ 0̄,

where θ is a χ-function.
According to conditions (i) and (iv) outlined in Definition (2.11), for any ĺ > 0̄, there exists a
q̆ > 0̄ such that ĺ > θ(q̆). As a result, we conclude

SG(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≥̃ SG(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱm)),

SH(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃ SH(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱm)),

SJ(ς̆
m
ξi , ς̆

m+1
ξi

, ĺ) ≤̃ SJ(ς̆
0
ξi , ς̆

1
ξi , θ(q̆/ᾱm)). (3.7)

We let m → ∞ in condition (3.7). Then, SG(ς̆
m
ξi
, ς̆m+1

ξi
, ĺ) → 1̄,SH(ς̆

m
ξi
, ς̆m+1

ξi
, ĺ) → 0̄,

SJ(ς̆
m
ξi
, ς̆m+1

ξi
, ĺ) → 0̄.

Given that {ς̆mξi } is convergent, there exists a soft point ν̆ξj ∈ Γ̃ϒ such that {ς̆mξi } → ν̆ξj , meaning
that,

SG(ς̆
m
ξi , ν̆

t
pj
, ĺ) → 1̄,SH(ς̆

m
ξi , ν̆

t
pj
, ĺ) → 0̄,SJ(ς̆

m
ξi , ν̆

t
pj
, ĺ) → 0̄ asm → ∞. (3.8)

Thus,

SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≥̃SG((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊗̈SG((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≥̃SG(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊗̈SG(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄),

SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SH((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SH((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≤̃SH(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊕̈SH(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄),

SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) ≤̃SJ((U ,Φ)ν̆ξj , (U ,Φ)ς̆mξi , ĺ/2̄) ⊕̈SJ((U ,Φ)ς̆mξi , ν̆ξj , ĺ/2̄),

≤̃SJ(ν̆ξj , ς̆
m
ξi , θ(q̆/2̄ᾱ)) ⊕̈SJ(ς̆

m+1
ξi

, ν̆ξj , ĺ/2̄).

From (3.8) and the fact that ⊗̈ is a CSTN, ⊕̈ is CSTCN
SG((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 1̄,SH((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 0̄,SJ((U ,Φ)ν̆ξj , ν̆ξj , ĺ) → 0̄ as m → ∞.
Therefore, ν̆ξj is a fixed point of (U ,Φ). Lastly, the uniqueness of the soft fixed point for the
χ-contraction map (U ,Φ) on (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) can be easily confirmed.

Theorem 3.8. Considering (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) as a complete SNMS with β̃⊗̈δ̃ = min{β̃, δ̃}, β̃⊕̈δ̃ =
max{β̃, δ̃} and a χ-contraction (U ,Φ) : (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) → (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈),
then (U ,Φ) possesses a unique soft fixed point.
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Proof. We begin with a soft point ς̆0
ξi

in Γ̃ϒ and generate a soft sequence {ς̆mξi } defined by ς̆mξi =

(U ,Φ)mς̆0
ξi

. According to Theorem (3.7), the proof is concluded, establishing that {ς̆mξi } is a
Cauchy soft sequence. Now, suppose that {ς̆mξi } is not a Cauchy soft sequence. In this case, there
exist soft real numbers ĺ > 0̄ and τ̃ > 0̄, such that for any N0 ∈ Z+, there exist m(N0), t(N0) ≥
N0 that satisfy:

SG(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)>̃1̄ ⊖ τ̃ ,SH(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)<̃0̄ ⊖ τ̃ ,SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)<̃0̄ ⊖ τ̃ , (3.9)

choosing m(N0) < t(N0). In this case, t(N0) represents the smallest positive integer concerning
m(N0) that fulfills condition (3.9).
Consequently, there are ĺ > 0̄ and τ̃ > 0̄ for which two increasing sequences {t(N0)} and
{m(N0)}, with t(N0) > m(N0), can be generated, satisfying the following:

SG(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, ĺ)≤̃1̄ ⊖ τ̃ ,

SH(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, ĺ)≥̃0̄ ⊖ τ̃ ,

SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, ĺ)≥̃0̄ ⊖ τ̃ , (3.10)

and

SG(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)>̃1̄ ⊖ τ̃ ,SH(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)<̃0̄ ⊖ τ̃ ,SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, ĺ)<̃0̄ ⊖ τ̃ . (3.11)

To construct these sequences, we need to locate a soft point ς̆t(N0)
ξi

such that:

ς̆
t(N0)
ξi

/̃∈ ∈ {ν̆ξj : SG(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≤̃1̄ ⊖ τ̃}, ς̆t(N0)−1
ξi

∈̃{ν̆ξj : SG(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≤̃1̄ ⊖ τ̃},

ς̆
t(N0)
ξi

/̃∈ ∈ {ν̆ξj : SH(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≥̃0̄ ⊖ τ̃}, ς̆t(N0)−1
ξi

∈̃{ν̆ξj : SH(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≥̃0̄ ⊖ τ̃},

ς̆
t(N0)
ξi

/̃∈ ∈ {ν̆ξj : SJ(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≥̃0̄ ⊖ τ̃}, ς̆t(N0)−1
ξi

∈̃{ν̆ξj : SJ(ς̆
m(N0)
ξi

, ν̆ξj , ĺ)≥̃0̄ ⊖ τ̃}.

The construction of such a sequence is feasible since we assumed that {ς̆mξi } is not a Cauchy soft
sequence.
Since for ν̆ξj ∈̃Γ̃ϒ, τ̃ >̃0̄ and 0̄<̃ĺ1<̃ĺ2,

{ν̆ξj : SG(ς̆ξi , ν̆ξj , ĺ1)≤̃1̄ ⊖ τ̃}⊂̃{ν̆ξj : SG(ς̆ξi , ν̆ξj , ĺ2)≤̃1̄ ⊖ τ̃},

{ν̆ξj : SH(ς̆ξi , ν̆ξj , ĺ1)≥̃1̄ ⊖ τ̃}⊃̃{ν̆ξj : SH(ς̆ξi , ν̆ξj , ĺ2)≥̃1̄ ⊖ τ̃},

{ν̆ξj : SJ(ς̆ξi , ν̆ξj , ĺ1)≥̃1̄ ⊖ τ̃}⊃̃{ν̆ξj : SJ(ς̆ξi , ν̆ξj , ĺ2)≥̃1̄ ⊖ τ̃},

Therefore, whenever it is possible to form such a sequence for ĺ > 0̄ and τ̃ > 0̄, the construction
of {ς̆m(N0)

ξi
} and {ς̆t(N0)

ξi
} satisfies Conditions (3.10) and (3.11) for any q̆ > 0̄, where q̆ < ĺ. Since

θ is a χ-function, for any ĺ > 0̄, there exists q̆ > 0̄ such that ĺ > θ(q̆). Therefore, we choose ĺ

in (3.10) and (3.11) as ĺ = θ(ĺ1) for some ĺ1 > 0̄ such that θ(ĺ1/ᾱ) > θ(ĺ1). This selection is
feasible due to the conditions i) and iv) stipulated in Definition (2.11)..
From Conditions (3.10) and (3.11), we derive:

SG(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1))≤̃1̄ ⊖ τ̃ ,

SH(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1))≥̃0̄ ⊖ τ̃ ,

SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1))≥̃0̄ ⊖ τ̃ , (3.12)

and

SG(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1))>̃1̄ ⊖ τ̃ ,

SH(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1))<̃0̄ ⊖ τ̃ ,

SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1))<̃0̄ ⊖ τ̃ . (3.13)
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Thus,

1̄ ⊖ τ̃ <̃SG(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1)),

≤̃SG(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)), or

1̄ ⊖ τ̃ <̃SG(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)),

0̄ ⊖ τ̃ >̃SH(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1)),

≥̃SH(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)), or

0̄ ⊖ τ̃ >̃SH(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)),

0̄ ⊖ τ̃ >̃SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)
ξi

, θ(ĺ1)),

≥̃SJ(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)), or

0̄ ⊖ τ̃ >̃SJ(ς̆
m(N0)−1
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)).

As θ(ĺ1/ᾱ)>̃θ(ĺ1), choosing Γ̃ as Γ̃<̃{θ(ĺ1/ᾱ)⊖ θ(ĺ1)}.
This means θ(ĺ1/ᾱ)⊖ Γ̃>̃θ(ĺ1).
Utilizing Condition (3.7) in Theorem (3.7), we select N0 to be sufficiently large such that:

SG(ς̆
m(N0)
ξi

, ς̆
m(N0)−1
ξi

, Γ̃)<̃1̄ ⊖ τ̃1,

SH(ς̆
m(N0)
ξi

, ς̆
m(N0)−1
ξi

, Γ̃)>̃0̄ ⊖ τ̃1,

SJ(ς̆
m(N0)
ξi

, ς̆
m(N0)−1
ξi

, Γ̃)>̃0̄ ⊖ τ̃1 for 0̄<̃τ̃1<̃τ̃ . (3.14)

With this selection of N0 and Γ̃, and considering Conditions (3.12) to (3.14), we deduce:

1̄ ⊖ τ̃ <̃ SG(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)),

≤̃ SG(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, (θ(ĺ1/ᾱ) ⊖ Γ̃)) ⊗̈SG(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≤̃ SG(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1) )⊗̈SG(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≤̃ (1̄ ⊖ τ̃) ⊗̈ (1̄ ⊖ τ̃1),

0̄ ⊖ τ̃ >̃ SH(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)),

≥̃ SH(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, (θ(ĺ1/ᾱ)⊖ Γ̃))⊕̈SH(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≥̃SH(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1))⊕̈SH(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≥̃(1̄ ⊖ τ̃) ⊕̈ (1̄ ⊖ τ̃1),

0̄ ⊖ τ̃ >̃SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1/ᾱ)),

≥̃SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, (θ(ĺ1/ᾱ)⊖ Γ̃))⊕̈SJ(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≥̃SJ(ς̆
m(N0)
ξi

, ς̆
t(N0)−1
ξi

, θ(ĺ1))⊕̈SJ(ς̆
m(N0)−1
ξi

, ς̆
m(N0)
ξi

, Γ̃),

≥̃(1̄ ⊖ τ̃ ) ⊕̈ (1̄ ⊖ τ̃1),

and using the fact that τ̃1<̃τ̃ , we have (1̄ ⊖ τ̃)<̃(1̄ ⊖ τ̃1).
This introduces a contradiction. As a result, {ς̆mξi } is Cauchy. The proof follows Theorem (3.7)
after that.

4 Illustrations

Example 4.1. Considering, a set Γ = {r, s, t} and a parameter set ϒ = {a, b} with a CSTN
and CSTCN defined as ŭ ⊗̈ v̆ = min{ŭ, v̆} and ŭ ⊕̈ v̆ = max{ŭ, v̆}. Then, SP(Γ̃ϒ) =
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{ς̆ι, ς̆µ, ν̆a, ν̆b, ϖ̆ι, ϖ̆µ}.
We define SG : SP(Γ̃ϒ)× SP(Γ̃ϒ)× (0,∞)(ϒ) → [0, 1](ϒ) as follows: for any pi, pj ∈ ϒ,

SG(ς̆ξi , ν̆ξj , ĺ) = SG(ν̆ξj , ς̆ξi , ĺ) =


0̄ if ĺ = 0̄
0.8 if 0̄ <̃ ĺ ≤̃ 2̄
1̄ if ĺ > 2̄,

,

SG(ϖ̆ξi , ν̆ξj , ĺ) = SG(ν̆ξj , ϖ̆ξi , ĺ) = SG(ς̆ξi , ϖ̆ξj , ĺ) = SG(ϖ̆ξj , ς̆ξi , ĺ) =


0̄ if ĺ = 0̄
0.5 if 0̄ <̃ ĺ ≤̃ 4̄
1̄ if ĺ>̃4̄,

SG(ς̆ξi , ν̆ξj , ĺ) = 1̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄.

SH(ς̆ξi , ν̆ξj , ĺ) = SH(ν̆ξj , ς̆ξi , ĺ) =


0̄, if ĺ = 1̄,

0.1, if 0̄ <̃ ĺ ≤̃ 2̄,

1̄, if ĺ > 2̄,

SH(ϖ̆ξi , ν̆ξj , ĺ) = SH(ν̆ξj , ϖ̆ξi , ĺ) = SH(ς̆ξi , ϖ̆ξj , ĺ) = SH(ϖ̆ξj , ς̆ξi , ĺ) =


0̄, if ĺ = 1̄,

0.4, if 1̄ <̃ ĺ ≤̃ 4̄,

1̄, if ĺ >̃ 4̄,

SH(ς̆ξi , ν̆ξj , ĺ) = 0̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄.

SJ(ς̆ξi , ν̆ξj , ĺ) = SJ(ν̆ξj , ς̆ξi , ĺ) =


0̄, if ĺ = 1̄,

0.6, if 0̄ <̃ ĺ ≤̃ 2̄,

1̄, if ĺ > 2̄,

SJ(ϖ̆ξi , ν̆ξj , ĺ) = SJ(ν̆ξj , ϖ̆ξi , ĺ) = SJ(ς̆ξi , ϖ̆ξj , ĺ) = SJ(ϖ̆ξj , ς̆ξi , ĺ) =


0̄, if ĺ = 1̄,

0.5, if 1̄ <̃ ĺ ≤̃ 4̄,

1̄, if ĺ >̃ 4̄,

SJ(ς̆ξi , ν̆ξj , ĺ) = 0̄ ↔ ς̆ξi = ν̆ξj for all ς̆ξi , ν̆ξj ∈̃Γ̃ϒ and ĺ>̃0̄.
Therefore, (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) forms a complete SNMS. Next, consider a soft self-mapping
(U ,Φ) defined on Γ̃ϒ as follows: (U ,Φ)(ς̆ι) = ν̆a, (U ,Φ)(ς̆µ) = ν̆b, (U ,Φ)(ν̆a) = ν̆b,
(U ,Φ)(ν̆b) = ν̆b, (U ,Φ)(ϖ̆ι) = ς̆µ, (U ,Φ)(ϖ̆µ) = ς̆ι.
Thus, (U ,Φ) forms a soft contraction map on the SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈), satisfying all
the conditions specified in Theorem (3.5). Additionally, it has a unique fixed point, denoted as
ν̆b.

Example 4.2. Take a set Γ = U ∪ V , where U =
{ 1

2 ,
1
3

}
,V = [4, 5], and a parameter set

ϒ = {1, 2}. We describe Ξ : SP (Γ̃ϒ) × SP (Γ̃ϒ) → R(ϒ)∗ as follows: Ξ(ς̆p, ν̆q) = |α̇ − β̇| +
|γ̇ − δ̇|∀ς̆p, ν̆q ∈ SP (Γ̃ϒ).
In (Γ̃ϒ,Ξ), we define ς̆⊗̈ν̆ = ς̆ ◦ ν̆ or ς̆⊗̈ν̆ = min{ς̆ , ν̆} and ς̆⊗̈ν̆ = max{ς̆ , ν̆}. We define
SG,SH,SJ : SP (Γ̃ϒ)×SP (Γ̃ϒ)×(0,∞)(ϒ) → [0, 1](ϒ) as follows: SG(ς̆p, ν̆q, ĺ) =

ĺ
ĺ⊕Ξ(ς̆p,ν̆q)

,

SH(ς̆p, ν̆q, ĺ) =
Ξ(ς̆p,ν̆q)

ĺ⊕Ξ(ς̆p,ν̆q)
, SJ(ς̆p, ν̆q, ĺ) =

Ξ(ς̆p,ν̆q)

ĺ
for each ς̆p, ν̆q∈̃Γ̃ϒ and ĺ>̃0̄.

Then, (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is a complete SNMS.

Now, we consider map (U ,Φ) : Γ̃ϒ → Γ̃ϒ defined by (U ,Φ)(ς̆p) =


(

1̃
2

)
1

if ς̆p ∈ SP (ṼP )(
1̃
3

)
2

otherwise.
.
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Then, (U ,Φ) is a soft contraction map on SNMS (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) and it follows all the
conditions specified in Theorem (3.5). Moreover, it admits only one fixed point, i.e.,

(
1̃
3

)
2
.

Example 4.3. Cconsider Γ =
{ 5

8 ,
3
4 ,

8
9

}
and parameter set ϒ = {1, 2} with a soft t-norm and

soft t-conorm defined as ŭ⊗̈v̆ = min{ŭ, v̆} and ŭ⊕̈v̆ = min{ŭ, v̆} for ŭ, v̆ ∈ [0, 1](ϒ). Then,
SP (Γ̃ϒ) =

{
5̃
81 ,

5̃
82 ,

3̃
41 ,

3̃
42 ,

8̃
91 ,

8̃
92

}
. We define SG : SP (Γ̃ϒ)×SP (Γ̃ϒ)× (0,∞)(ϒ) → [0, 1](ϒ)

as follows: for any p, q ∈ ϒ,

SG

(
5̃

8p
, 3̃

4q
, ĺ
)
= SG

(
3̃

4q
, 5̃

8p
, ĺ
)
=


0̄ if k̄ = 0̄
¯0.9 if 0̄<̃ĺ≤̃3̄

1̄ if ĺ > 3̄,

SG

(
8̃

9p
, 3̃

4q
, ĺ
)
= SG

(
3̃

4q
, 8̃

9p
, ĺ) = SG(

5̃
8p ,

8̃
9q
, ĺ) = SG(

8̃
9q
, 5̃

8p
, ĺ
)
=


0̄ if ĺ = 0̄
¯0.6 if 0̄<̃ĺ≤̃8̄

1̄ if ĺ > 8̄,
SG(ς̆p, ν̆q, ĺ) = 1̄ ↔ ς̆p = ν̆p, for all ς̆p, ν̆q∈̃Γ̃ϒ, ĺ>̃0̄.
We define SH : SP (Γ̃ϒ)× SP (Γ̃ϒ)× (0,∞)(ϒ) → [0, 1](ϒ) as follows: for any p, q ∈ ϒ,

SH

(
5̃

8p
, 3̃

4q
, ĺ
)
= SH

(
3̃

4q
, 5̃

8p
, ĺ
)
=


1̄ if k̄ = 0̄
¯0.1 if 0̄<̃ĺ≤̃3̄

0̄ if ĺ > 3̄,

SH

(
8̃

9p
, 3̃

4q
, ĺ
)
= SH

(
3̃

4q
, 8̃

9p
, ĺ) = SH(

5̃
8p ,

8̃
9q
, ĺ) = SH(

8̃
9q
, 5̃

8p
, ĺ
)
=


1̄ if ĺ = 0̄
¯0.2 if 0̄<̃ĺ≤̃8̄

0̄ if ĺ > 8̄,
SH(ς̆p, ν̆q, ĺ) = 0̄ ↔ ς̆p = ν̆p, for all ς̆p, ν̆q∈̃Γ̃ϒ, ĺ>̃0̄.
We define SJ : SP (Γ̃ϒ)× SP (Γ̃ϒ)× (0,∞)(ϒ) → [0, 1](ϒ) as follows: for any p, q ∈ ϒ,

SJ

(
5̃

8p
, 3̃

4q
, ĺ
)
= SJ

(
3̃

4q
, 5̃

8p
, ĺ
)
=


1̄ if k̄ = 0̄
¯0.4 if 0̄<̃ĺ≤̃3̄

0̄ if ĺ > 3̄,

SJ

(
8̃

9p
, 3̃

4q
, ĺ
)
= SJ

(
3̃

4q
, 8̃

9p
, ĺ) = SJ(

5̃
8p ,

8̃
9q
, ĺ) = SJ(

8̃
9q
, 5̃

8p
, ĺ
)
=


1̄ if ĺ = 0̄
¯0.6 if 0̄<̃ĺ≤̃8̄

0̄ if ĺ > 8̄,
SJ(ς̆p, ν̆q, ĺ) = 0̄ ↔ ς̆p = ν̆p, for all ς̆p, ν̆q∈̃Γ̃ϒ, ĺ>̃0̄.

Then, (Γ̃ϒ,SG,SH,SJ, ⊗̈, ⊕̈) is a complete SNMS.
Now, take a soft self-map (U ,Φ) on Γ̃ϒ as (U ,Φ)

(
5̃
81

)
= 3̃

41 ; (U ,Φ)
(

5̃
82

)
= 3̃

41 ;

(U ,Φ)
(

3̃
41

)
= 3̃

41 ; (U ,Φ)
(

3̃
42

)
= 5̃

82 ;

(U ,Φ)
(

8̃
91

)
= 8̃

92 ; (U ,Φ) 8̃
92 = 8̃

91 . We choose θ(ĺ) = k̄
1
3 . This function θ fits the criteria for a

χ-function. Consequently, the mapping (U ,Φ) meets the conditions outlined in Theorem (3.8),
and uniquely converges to the fixed point 3̃

41 .

5 Conclusion remarks

This work introduces a novel approach to Banach contraction in SNMSs by applying a specific
constraint to link the soft points of the absolute soft set. It extends the contraction concept
through χ-contraction mapping, leading to unique fixed points with continuity of soft t-norms
and t-conorms. The fixed-point results are supported by examples, demonstrating their practical
applications in managing uncertainty. These results can also be extended to various metric
spaces, such as soft fuzzy partial and b-metric spaces. The findings have important implications
for both theoretical and computational mathematics.
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