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Abstract. In this paper, we introduce the concept of 2-absorbing semi-J-primary ideals which
is an extension of 2-absorbing ideals. A proper ideal I of lattice L is called 2-absorbing
semi-d-primary ideal fora,b,c e LifaAbAcel, theneitheraAbe §(I)orbAce §(I) or
a A c € 6(I). We have obtained many properties and characterizations of semi-d-primary ideals.
In addition, we have studied these concepts in the product of lattices.

1 Introduction

The concept of prime ideals is a fundamental and extensively studied topic in both ring theory
and lattice theory. While originating in ring theory, the notion of prime ideals has great
importance and found significant applications in lattice theory. A. Badawi and A.Y. Darani have
introduced some theorems and characterization of 2-absorbing J-primary ideals in commutative
rings. Wasadikar M.P. and Gaikwad K.T.[7] in 2019 introduced a primary ideal, 2-absorbing
primary ideal and a weakly 2-absorbing primary ideal in a lattice. A proper ideal I of a lattice L
is called a 2-absorbing primary ideal if whenevera,b,c e LifaAbAc &1, theneitheraAbel
orbAcéeVIoraAce /I, whereradical of I as the intersection of all prime ideals containing
I and it denote as v/I. Various work on generalization of prime and primary ideals are studied
thoroughly in [1], [2]. In the work of Zhao [2], we find expansion of ideals and §-primary ideals
of commutative rings. Furthermore, §-primary ideals, weakly J-primary ideals and 2-absorbing
d-primary ideals in a lattice introduced by Nimbhorkar and Nehete [4]-[5]. Later on in 2021 Ece
Yetkin Celikel presented paper on 2-absorbing §-semiprimary ideals of commutative rings with
important results [3].

In this paper, we define 2-absorbing semi §-primary ideals and study some of related
properties. Additionally, we define weakly 2-absorbing semi é-primary ideals in lattices. Also,
investigate related properties of a 2-absorbing semi §-primary ideals with respect to a
homomorphism. Furthermore, we studied to define weakly 2-absorbing semi J-primary ideals
in lattices and introduce the notion of a semi-J-triple-zero. Also, we define strongly weakly 2-
absorbing semi J-primary ideals in lattice. In this Paper L denotes a lattice with a least element
0. It is known Id(L), the set of all ideals of a lattice L, forms a lattice under set inclusion.

2 PRELIMINARIES
The following defined by Nimbhorkar and Nehete [4].

Definition 2.1. An expansion of ideals or an ideal expansion is a function ¢ : Id(L) — Id(L),
satisfying the conditions (i) I C 6([) and (ii) J C K implies §(J) C §(K) for all LJ, K € Td(L).

Example 1. (i) The identity function dy : Id(L) — Id(L), where d¢(I) = I for every I € Id(L)
is an expansion of ideals.
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(i) For each ideal I define &, (1) = /T = (\{P € Id(L) | P is a prime ideal where I C P} is
the radical of I. Then 6, () is an expansion of ideals.

(iii) For each proper ideal P, the mapping M: Id(L) — Id(L) defined by

MP)=N{I € Id(L) | P C I, 1is a maximal ideal other than L } and M(L)=L. Then M is an
expansion of ideals.

3 Properties of 2-absorbing semi §-primary ideals

Definition 3.1. Let 6 : Id(L) — Id(L) be an expansion function of lattice. I be a proper ideal of
lattice L is called 2-absorbing semi-d-primary ideal fora, b, c € L ifa A b A ¢ € I, then either a
Abed(MorbAcedDoranced .

Definition 3.2. Let 6 : Id(L) — Id(L) be an expansion function of lattice. I be a proper ideal of
lattice L is called weakly 2-absorbing semi-d-primary ideal fora,b,c € LifO#aAbAc €],
theneitheraAbe d(lorbAcedI)oraAced ).

Theorem 3.3. Let I be a proper ideal of lattice L. Then following statements holds:

1. If I is a 2-absorbing semi-6-primary ideal then I is a weakly 2-absorbing semi-d-primary
ideal.

2. lis a 2-absorbing semi-dy-primary ideal if and only if I is a 2-absorbing ideal.

3. I is a weakly 2-absorbing semi-dy-primary ideal if and only if I is a weakly 2-absorbing
ideal.

4. If I is a (weakly) semi-0-primary ideal then I is a (weakly) 2-absorbing semi-§-primary
ideal.

5. If lis a (weakly) 2-absorbing §-primary ideal then I is a (weakly) 2-absorbing
semi-d-primary ideal.

6. Every 2-absorbing ideal is an 2-absorbing semi-d-primary ideal but the converse is not
necessary true.

7. Let § and v be two ideal expansion functions with 6(I) C v(I). If I is a (weakly)
2-absorbing semi-0-primary ideal of lattice L then I is a (weakly) 2-absorbing
semi-~y-primary ideal of lattice L.

Example 3.4. Consider the lattice shown in Figure 1.

AT
™X]

0

Figure 1. L1
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In figure 1, consider the ideal P=(a] is 2-absorbing, weakly 2-absorbing, 2-absorbing primary,
weakly 2-absorbing primary, 2-absorbing J-primary ideal, 2-absorbing semi-§-primary ideal,weakly
2-absorbing semi-J-primary ideal. But the ideal T=(c] of the given lattice L1 is neither
2-absorbing d-primary ideal nor 2-absorbing semi-j-primary ideal as i A j A h =c € T but
iNj¢d(T)orjAh¢&ds(T)oriANh¢s(T)

Example 3.5. Consider the lattice shown in Figure 2.

Figure 2. 1.2

Consider the ideal P=(1] is 2-absorbing §-primary ideal, 2-absorbing semi-J-primary ideal, weakly
2-absorbing semi-J-primary ideal. But the ideal S=(a] of the given lattice L2 is neither
2-absorbing §-primary ideal nor 2-absorbing semi-J-primary ideal as &k A [ A m = a but
kENl=egd(S)orilAm=g¢d(S)orkAm=f¢5S).

Example 3.6. Consider the lattice shown in Figure 3.

Figure 3. L3

Consider the ideal I=(0] in figure 3. Thus, /T = (n]. Here I is not 2-absorbing ideal. However,
iNjANl=0eclIbutinj=a¢IorjAl=d¢IloriAl=e¢ Ibutitis2-absorbing
semi-J-primary ideal.
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Theorem 3.7. Let § be an expansion function of Id(L) and 1 is a proper ideal of lattice L.

1. If 0(1) is a (weakly) 2-absorbing ideal of lattice L then I is a (weakly) 2-absorbing
semi-0-primary ideal of lattice L.

2. Let 6(6(I)) = 6(I). Then (1) is a (weakly) 2-absorbing semi-6-primary ideal of L iff 6(I)
is a (weakly) 2-absorbing ideal of L. Moreover, if 6 (1) is 2-absorbing semi-§-primary then
| Min §(I) |< 2.

Proof. 1. Supposethat O ZaAbAcell)aAbAacelandanb¢ ). Since I C 6(1) and
§(I) is 2-absorbing then we have a A ¢ € §(I) orb A ¢ € §(I). Thus I is a (weakly) 2-absorbing
semi-J-primary ideal.

2. Suppose that §(7) is a (weakly) 2-absorbing semi-é-primary ideal of lattice L. Since

5(6(1)) = 6(I), 6(1) is (weakly) 2-absorbing by the definition. The converse is clear from (1).
Suppose that 6(1) is a 2-absorbing semi-d-primary ideal of L then §(I) is 2-absorbing and so
| Min 5(I) |< 2. i

Theorem 3.8. Let § be an intersection preserving expansion function of Id(L). If I, I»,..., I,

are 2-absorbing semi-6-primary ideals of L with §(I;) = K foralli € 1,2,...n then I = ﬂ I;
i=1
is a 2-absorbing semi-o-primary ideal of L.

Proof. Supposea AbAcelthenaAb¢ §(I)andb A c ¢ ¢ () for some a,b,c € L since

5(1) :5(ﬂl,;) = ﬂé([i) =K ,wehaveaAb¢ KandbAc¢ K,AsaAbAcé€ I;and I;
i=1 i=1

is 2-absorbing semi-d-primary a A ¢ € 6(I;) = K = 6(I). ]

Theorem 3.9. Let 6 be an expansion function of ideals of lattice L and I is (weakly) 2-absorbing
semi-d-primary ideal of L.
If J CIandd(J) = 6(I) then J is a (weakly) 2-absorbing semi-5-primary ideal of L.

Proof. Assumethat (0 #aAbAcel)aAbAce]forsomea,b,ce L. Since J C I, we have
(O#anbAceDaAnbAcel Aslis (weakly) 2-absorbing semi-J-primary then we have

aAbed@orbArced(oranced(l).Since (1) =d(J), HereJ is a (weakly) 2-absorbing
semi-d-primary ideal of lattice L. O

Theorem 3.10. Let 0 be an expansion of Id(L). Every proper principal ideal is a 2-absorbing
semi-0-primary ideal of L iff every proper ideal is a 2-absorbing semi-§-primary ideal of lattice
L.

Proof. Suppose that every proper principal ideal is a 2-absorbing semi-J-primary ideal of lattice
L. Let I be a proper ideal of L and a,b,c € L withaAbAcel. ThenaAbAce(aAnbAc),
Since (a A b A ¢) is 2-absorbing semi-d-primary ideal of L with assumption we have eithera A b
ed(anbArc)Cd@orbArced(anbArc)yCd@oranced(@anbAc)C ). Thus,Iis
a 2-absorbing semi-J-primary ideal of lattice L. O

Definition 3.11. Let § be an expansion function of Id(L) and I is a weakly 2-absorbing semi-4-
primary ideal of lattice L. We have triple (a, b, ¢) a semi-d-triple zero of I if a A b A ¢ =0 for
some elements a, b, ¢ € L and neithera Ab e 6(I) norbAce d(f)noraAced(I).

Remark 3.12. Let 6 be an expansion function of Id(L) and I a weakly 2-absorbing
semi-d-primary ideal of L. Then I is not 2-absorbing semi-§-primary ideal of L if and only if
there exist at least one semi-é-triple zero of 1.

Theorem 3.13. Let § be an expansion function of I1d(L) and I weakly 2-absorbing semi-d-primary
ideal of lattice L. If I is not a 2-absorbing semi-6-primary ideal of L then I> = 0.

Proof. Suppose that I is a weakly 2-absorbing semi-J-primary ideal of L which is not 2-absorbing
semi-d-primary. Hence there exist a semi-d-triple zero (z, y, z) of I by remark 3.12 then
xAyAz=0andneitherz Ay € §(I)nory Az € §(I) nor z A z € §(I) for some y, z € L. Now
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we show that z Ay AT = 0. Assume that x Ay Ai # 0 for some i € I. Since 0 # zAyA(2Vi) € T
and I is a weakly 2-absorbing semi-d-primary ideal, we conclude zAy € 6(I) or zA(2Vi) € §(1)
oryA(zVi) € §(I) is a contradiction. Similarly it is easy to show that t AzAT =yAzAT = 0.
Now, we have to show that 2 A I? = 0. Assume that = A i; A iy # O for some i;,i, € I. Since
s AYNT =yAzANT =xAzAT =0,wehave 0 £ xA(yVii)A(2Via) =xAijAip € I. AsTisa
weakly 2-absorbing semi-d-primary which contradicts our assumption that neither z A y € (1)
nory Az € 6(I) norx A z € §(I). Thus, x A I> = 0 can easily show that y A I> = 2 A I? = 0.

Now, we show that I> = 0. Assume that i; A iy A i3 # O for some i;,4,,i3 € I. Since
e AYyANl =yANzAN] =axA2AN] =aANI? =yAI* = 2AI*> = 0. Observe that
0# (zVir)A(yVia) A(2Viz) = i3 Aig Az € 1. Since Lis a weakly 2-absorbing semi-d-primary
which is a contradiction. Thus, I° = 0. O

Nehete and Nimbhorkar defined ~d-lattice homomorphism [5].

Definition 3.14. Let f: L— K be a lattice homomorphism § be an ideal expansion of K and ~ be
an ideal expansion of L. We say that f is a homomorphism of the
~yd-lattice if y(f~1(I)) = f=1(6(1)) forall I € Id(K).

If f is a surjective d-lattice homomorphism and I € Id(L) is such that ker(f) C I then
(D) = 5(F(1D)).
Particularly if f is a yd-lattice isomorphism, then f(y(I)) = §(f (1))

Theorem 3.15. Let f: L — K be a vd-lattice homomorphism where vy and § are ideal expansion
function of Id(L) and Id(K) respectively. Then the following holds:

1. If P is a 2-absorbing semi-0-primary ideal of K then f~'(P) is a 2-absorbing
semi-y-primary ideal of lattice L.

2. If P is a weakly 2-absorbing semi-6-primary ideal of K and Ker(f) is a weakly 2-absorbing
semi-y-primary ideal of L then f~'(P) is a weakly 2-absorbing semi-y-primary ideal of L.

Proof. 1. LetzAyAz € f~1(P)forsomex,y,z e L. Then f(zAyAz) = f(z)Af(y)Af(z) € P
which implies () A f(y) = f(zAy) € 8(P) or f(y)AF(2) = f(yAz) € 6(P) or f(x)Af(z) =
f(xAz) € §(P). Thus, wehave z Ay € f~1(5(P))oryAz € f~1(§(P))orxnz € f~1(5(P)).
Since f~1(6(P)) = y(f~'(P) then f~'(P) is a 2-absorbing semi-y-primary ideal of L.

2. when 0 # xAyAz € f~1(P) for some z,y,z € L. Then f(zAyAz) = f(z)Af(y)Af(2) € P.
If f(x Ay A z) # 0 it can be proved as part 1 that f~!(P) is a weakly 2-absorbing semi--
primary ideal of L. Assume that f(z Ay A z) = 0. Hence x Ay A z € Ker(f). Since Ker(f)
is a weakly 2-absorbing semi-vy-primary. We get z Ay € v(Ker(f)) ory A z € v(Ker(f)) or
2 2 € y(Ker(f). since (Ker(f)) = 1(f~1(0) CA(f~(P). o

We introduce the notion of 2-absorbing semi-J-primary ideals in the context of direct prod-
ucts of lattices.

Let Ly, Ly, ... L, where n > 2 be lattices with 1 # 0. Assume that §;, d,, . . . d,, are expansion
functions of ideals of Ly, L, ... L,, respectively.

Let L =Ly x Ly X ... x Ly, Define a function é, : Id(L) — Id(L) such that §, (I; x I x
X Ip) =61(1) x 02(L2) X ... x 0, (1) forevery I; € Id(L;), where 1 < i < n. Clearly d is
an expansion function of ideals of L. Note that every ideals of L is of the form I} x Ip X ... X I,
where each I; is an ideal of L; for 1 <i < n [6].

The next four theorems are devoted to characterizing the 2-absorbing and weakly 2-absorbing
semi-J-primary ideals in the finite direct product of lattices.

Theorem 3.16. Let L; and L, be lattices with 1 # 0 and L = Ly x Ly and let 61, 6, be expansion
Sunctions of Id(L) and Id(L,) respectively. Suppose 6« (I) is a proper ideal of L for any proper
ideal of L then the following statements are equivalent:

1. I =1, x I, is a 2-absorbing semi-d -primary ideal of lattice L.

2. Either 1) is a 2-absorbing semi-0\-primary ideal of Ly and 0,(12) = L, or I is a 2-
absorbing semi-6,-primary ideal of L, and 6,(I}) = Ly or Iy, I, are semi-6,-primary ideal
of Ly and semi-d,-primary ideal of L, respectively.
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Proof. (1) = (2) Suppose I = I x I, is a 2-absorbing semi-J -primary ideal of lattice L.
Since I is a proper ideal of lattice L such that §, (I) = §1(I;) X 2(I2). So we have three cases:
Case(1): Let §1(I1) # L and 0,(l) = L, we have to show that I; is a 2-absorbing semi-d;-
primary ideal of L,. Suppose that zAyAz € I} and z Ay ¢ 6,([;) then (z,0)A(y,0)A(2,0) € T
and (z,0) A (y,0) ¢ d«(I) implies that (y,0) A (2,0) € dx(I) or (z,0) A (2,0) € 6 (I). Thus
yAz € §(l)orxzAz e d(l). Hence I; is 2-absorbing semi-d;-primary ideal of L; with
(52(]2) = L,.

Case(2): Let 6;(I;) = L; and d,(I) # L,. we have to show that I, is a 2-absorbing semi-d,-
primary ideal of L,. Suppose that t AyAz € I, and z Ay ¢ 62(12).Then (0,2)A(0,y)A(0,2) € I
and (0,2) A (0,y) ¢ 0« (I) implies that (0,y) A (0, z) & dx(I) or (0,z) A (0,2) ¢ 6« (I). Thus
y Az € &(I)orxz Az € d(I). Hence proved.

Case(3): Let 6;(I1) # Ly and 6,(I) # L. Suppose that z Ay € I and x ¢ 6,(I;) for some
z,y € Ly. Observe that (z,1) A (y, 1) A (1,0) € . (z,1) A (y,1) & 6« () and (z,1) A (1,0) ¢
dx (I). Since 1 is a 2-absorbing semi-d  -primary, we conclude that (y, 1) A (1,0) € 6« (I). Thus
y € 01(I1) and so I is semi-d;-primary ideal of ;. Similarly it can be shown that I, is semi-d,-
primary ideal of L.

(2) = (1) If I is a 2-absorbing semi-d;-primary ideal of L and 6,(l;) = L, or I, is 2-
absorbing semi-d,-primary ideal of L, and §;(I;) = L; then clearly I is 2-absorbing semi-d -
primary ideal of L. Now suppose that /; and [, are semi-d;-primary ideals of L; and semi-,-
primary ideals of L, respectively.

Suppose (I],xz) A (y],yz) A\ (2’1,2’2) el =1 x1, (.23],332) N (yl,yz) ¢ Ox (I) and (a:1,x2) A
(21, 22) ¢ 8« (I). Hence we have four cases:

Case(1): Let 1 Ay; ¢ 6;(I1) and =y A 21 ¢ 81(11). Since x; Ay A z1 € I;. It contradicts with
the assumption that /; is semi-d;-primary ideal.

Case(2): Letzp Ayp ¢ 6(12) and w3 A 2, € 8,(12) since z2 Ay A 22 € Ip. Tt contradicts with the
assumption I is a semi-Jp-primary ideal.

Case(3): Letzy Ay ¢ 81(1)) and 25 A 2z, ¢ 6,(I5). Since xy Ay; Az € I and I is a semi-
d1-primary. We have z; € §;(I;). Since 2 Ay A 22 € I, and I is semi-0,-primary. We get
Y € 52([2).Thus <y17y2> A (2’1,2’2) € 0x (I)

Case(4): Letzyi Az ¢ 61(11) and 22 Ays € 02(12). Asxy Ay Az € I1 and I is semi-¢;-primary.
We have y; € §1(11). As 2 Aya A 23 € I and I is semi-0-primary, implies z, € d,(12). Thus
(y1,12) A (21,22) € 8% (I). Therefore 1 is a 2-absorbing semi-d -primary ideal of lattice L. O

Theorem 3.17. Let Ly, Ly, ... L, are lattices with 1 # 0 and L = L; X Ly x ... X L, where
n > 2. Let §; be an expansion function of Id(L;) for each i = 1,2,...n. Then the following
statements are equivalent:

1. Iis a 2-absorbing semi-d-primary ideal of lattice L.

2. I =1 xI) x...x I, and either for some K € {1,2,...n} such that I is a 2-absorbing
semi-0 -primary ideal of lattice L and 6;(1;) = Lj forall j € {1,2,...n}\{K} or Ix and
Ig are semi-6i-primary and dg-primary ideals of Lx and Lg respectively for some K,S
€{l1,2,...n} and 6;(I;) = L; forall j € {1,2...n}\{K,S}

Proof. By using mathematical Induction on n and Theorem 3.16 O

Theorem 3.18. Let Ly and L, are lattices. Let L = Ly X Ly and 91, § be expansion functions of
Id(Ly) and I1d(L,) respectively. Then the following statements are equivalent:

1. I =1, x L, is a weakly 2-absorbing semi-6« -primary ideal of L.
2. I =1y x Ly is a 2-absorbing semi-0 -primary ideal of L.
3. I, is a 2-absorbing semi-,-primary ideal of L,

Proof. (1) = (2) Suppose that I = I} x L; is a weakly 2-absorbing semi ¢ -primary ideal of
L. since I? # 0,1 = I; x L, is 2-absorbing semi-d, -primary ideal of L by Theorem 3.13.
(2) = (3) = (1) is can be proved with the Theorem 3.16. O

Following definition is introduced by Nehete and Nimbhorkar [5].
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Definition 3.19. Let P and Q be ideals of a lattice L, the residual division of P by Q is defined to
betheideal P: Q={x € L|axAye PVyecQ}

Theorem 3.20. Let § be an expansion function of Id(L) and I a proper ideal of L. Then following
are equivalent:

1. 1is a 2-absorbing semi-d-primary ideal of lattice L.
2. Forevery elements x,y € Lwithz Ny ¢ 6(I),(I:xAy) C (6(I):x)V (6(I):y).

3. For every elements x,y € Lwithz ANy ¢ 6(I),(I :xAy) C (6(I):z)or (I :xNy)C

0(1) = y)-

4. For every elements x,y € Lwithx AyAP C I and x Ny ¢ §(I) implies either x AP C 6(I)
ory NP C ().

5. Forany ideals P.S and T of lattice L with PASNT C I implies PAS C §(I) or PANT C 6(I)
or SAT C ().

Proof. (1) = (2Q)Letze€ (I:xAy).Sincexz AyAze€ I,z Ay ¢ §(I)andlis a2-absorbing
semi-d-primary. We have 2 A z € 6(I) or y A z € §(I). Hence z € (6(1) : z) V (6(1) : y).
Therefore (I : x Ay) C (6(1):xz)V (6(1) : y)

(2) = (3) Obviously.

(3) = (4) Suppose (3) holds and z Ay AP C I and z Ay ¢ &6(I). Hence, we have
PC({I:xAy)C(6():x)orP C(I:xAy)C (6(1):y)byassumption. Thus z A P C §(I)
ory AP C4(I).

(4) => (5) Suppose that PASAT CITand SAT ¢ §(I). Thenz Ay ¢ §(I) for some z € S
andy € T. Hence,t AP C§(I)ory AP C §(1).

Case(i) Assume that zAP C §(I) and yAP ¢ §(I). We show that PAS C §(I). If SAP ¢ (1),
for some s € S, then (zVs) AyAP CI.AsyAP ¢ §(I), wehave (zVs) AP C§(I)and so
we get S A P C §(I), a contradiction.

Case(ii) Assume that z A P ¢ §(I) and y A P C §(I) as previous argument, we can conclude
P AT C§(I). Now, suppose that z A P C §(I) and y A P C §(1).

Case(iii) Assume that neither P A S C §(I) nor P AT C §(I) then there exist s € Sand ¢t € T
such that sA P ¢ §(I) andt AP & 6(I). Ass At AP C I, weconclude s At € 6(I). Since
(xVS)ANtAP C I tANP g §(I)and (xVs)AP = (xAP)V(sAP)Z 5I)we have
(xVs)Ated(I). Assnted(I)sowegeta At €d(I). As(yVE)AsAP CI,sANP (1)
and (yVt) AP = (yAP)V (tAP)Z(I). Wehave (y V) AP €d(I). Since s At € 5(I) we
have, y As € 6(I). As (zVs)A(yVE)AP C I (xVs)AP Z () and (yVi)AP L 5(I)
weget (zVs)A(yVvit)ed(I). Asallz At,yAs, s At € (1), soweconcludexz Ay € d(]),a
contradiction. Thus S C §(I) or PAT C 6(I).

(5) = (1) suppose that z Ay A z € I for some z,y,z € L,put P = (z),S = (y) and T = (2)
in (5) the result is clear. O

We proceed to introduce the concepts of strongly(weakly) 2-absorbing semi-j-primary ideals
as defined below.

Definition 3.21. Let § be an expansion function of Id(L). A proper ideal I of lattice L is strongly
(weakly) 2-absorbing semi-d-primary ideal if P,S,T € Id(L) with (0 # PASAT C I)
PASANT CIimplies PAS Co(I)or SAT C6(I)or PAT C6(1).

Definition 3.22. Let I be a weakly 2-absorbing semi-d-primary ideal of lattice L and suppose
PASANT C I for some ideals P, S and T of lattice L. I is a free semi-J-triple-zero with respect
to PAS AT if (x,y, z) is not a semi-d-triple-zero of I for every x € P,y € S,z € T or in other
words whenever x € P,y € S,z € T,wehavex Ay € d(I)oryAzed(I)orz Az € ().

Lemma 3.23. Let I be a weakly 2-absorbing semi-§-primary ideal of lattice L such that tAyAS C
I for some x,y € L and an ideal S of R. If (z,y, s) is not a semi-d-triple-zero of I for all s € S
andx Ny ¢ 6(I) thenx NS C65(I)ory NS C ().
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Proof. Assume that x Ay AS C I but neither x Ay € §(I) norz A S € §(I) nory A S € 6(I).
Hence there exist s1,s, € S such that z A s; ¢ 6(I) and y A sy ¢ 6(I). Since z Ay A sy € 1,
but neither z Ay € §(I) nor z A sy € 6(I). We have y A 51 € §(I) by given statement (z, y, s1)
is not a semi-d-triple-zero of I. Similarly, since © Ay € Asy € I but neither x Ay € §(I) nor
yAsy €0(I). Wegetx Asy € 6(I). Nowz Ay A (s Vsy) €I andsince z Ay ¢ 6(I). We have
xA(s1Vs2) €(I)oryA(s;Vsy) € §(I). Thus, we conclude that z A sy € 6(1) oryAsy € 6(1)
a contradiction. Thus, z A.S C 6(I) ory A S C &6(I). o

Lemma 3.24. Let I be a weakly 2-absorbing semi-d-primary ideal of L and let xt NP NS C I for
some x € L and for an ideal T of L. If (z, p, s) is not a semi-6-triple zero of I forallp € P,s € S
thenxz NP C§(I)orz NS Co(I)or PAS CH(I).

Proof. Assume that neither x A P C §(I) nor x A S C §(I) nor P AS C §(I). Thus, there exist
p,p1 € Psuchthata:/\p ¢ 8(I)and py AS € 6(I). Sincex ApAS C I, zAp ¢ 6(I)and
zAS ¢ ANI) WehaveP/\SC( ) by Lemma 3.23. Since z Apy AS C I,a AS € §(I) and
p1t AS & 6(I). We have by = A p; € §(I) Lemma 3.23. Now, since z A (p V p1) AS C I and
NS € 6(1) from Lemma 3.23. we conclude that either z A (pV p;) € 6(I) or (pVp)AS C 1.
Hence = Ap € 6(I) or py A'S C I a contradiction. Thus, z A P C §(I) orz A S C §(I) or
PASCo(I). o

Theorem 3.25. Let I be a weakly 2-absorbing semi-0-primary ideal of lattice L and suppose that
0# PASANT C I for some ideals P, S and T of L. If I is a free §-triple zero with respect to
PANSANTthenPANS C6(I)orSAT Co(I)or PANT C6o().

Proof. Suppose PAS € 6(I)or SAT & 6(I) or PAT ¢ 6(I). Hence, there exist z,y €
suchthatz AS € §(I)andy AT & §(I). Sincex ANSAT CI,SAT ¢ 5(I)andz AS € §(1)
Wehavex/\TQ5(I)byLemma3.24.Sincey/\S/\TQLS/\TSZ6(I)andy/\T§Z 5(I),
we gety AS C 6(1) by Lemma 3.24. Now (z Vy) ASAT C I and since SAT ¢ §(I). We
get(xVy)ANS Cé(I)or(zVy AT C (). Hence,wegetx/\Sg6(I)ory/\TQ5(I)a
contradiction. PAS C§(I)or SAT C§(I)or PAT C6().

P

O

Now, we define weakly n-absorbing semi-d-primary ideal.

Definition 3.26. Let L be a lattice with mapping § : Id(L) — Id(L) an expansion of ideals of L
and n is a positive integer. A proper ideal I of L is a (weakly) n-absorbing semi-d-primary ideal
if whenever (0 # aj Aaz A ... Aapy1) a1 Aag A...ANapyy € I for some ay,az,...,a,41 € L
there exist 1 <i <mnsuchthata; A... Aa;—1 Aair1 A... Naps1 € 6(1).
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