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Abstract. This paper establishes the existence of infinitely many weak solutions for a class

of gradient systems governed by double phase operators with variable exponents and nonlinear
flux boundary conditions. The system under investigation is:

—div (a(6, V) + a(6, 1) — div (b(8, V) + (0, 1) = 2 (6,7,¢) inQ,
—div (¢(6, VQ)) + ¢(6, ) — div (d(6, V() +d(6,¢) = §2(6,1,¢) inQ,
a(0,Vn) -y =¢1(0,m), b0, Vn) -y =12(0,n) on 9Q,
c(0,V¢) v =13(0,¢), d(0,VC() v =1u(0,() on 0Q,

where Q@ C RY is a bounded domain with a Lipschitz boundary 9Q and ~ is the unit outward
normal. The approach is variational, combining critical point theory in the framework of variable
exponent Sobolev spaces with a powerful variational principle due to Ricceri.

1 Introduction

Partial differential systems governed by nonlinear and nonhomogeneous differential operators
with variable exponents have attracted considerable attention in recent years due to their abil-
ity to describe a wide range of physical, biological, and engineering phenomena. In particular,
double phase problemswhose energy density switches between two different growth behavior-
shave emerged as a powerful modeling framework for materials exhibiting heterogeneities, such
as composites, electrorheological fluids, and image restoration models (see, e.g., Mingione and
Rédulescu [26], Colombo, De Filippis, and Mingione [9]). These problems are characterized by
energy functionals of the type

H(O,m) = "D + w(0)|n]~?D, 1< 00) < k(),

where the measurable coefficient (8) controls the local transition between two different power-
type behaviors. The interplay between the exponents £(-), x(-), and the weight pu(-) gives rise
to nonstandard growth conditions and nonuniform ellipticity, posing significant analytical chal-
lenges in the study of existence, multiplicity, and regularity of weak solutions.

In this context, the present paper is devoted to the investigation of a class of gradient sys-
tems governed by double phase operators with variable exponents and nonlinear flux boundary
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conditions, of the form

od

—div (a(8,Vn)) + a(8,n) — div (b(6, V) + b(6,1) = %(9, n,¢) in Q,

~div (e(6, V) + ¢(8, ¢) — div (d(8,VC)) + d(8, ¢) = %(9, 1O mQ g
a(ev Vﬁ) Y= ¢1(97 77)7 b(ev V’?) Y= ¢2(97 77) on 9Q,

C(Gv VC) Y= "/)3(9’ C)a d(oa VC) Y= 7?4(9’ C) on 897

where © C R is a bounded domain with Lipschitz boundary 9Q and ~ denotes the unit out-
ward normal. The nonlinear flux boundary terms ¢; introduce an additional layer of complexity,
modeling nonhomogeneous or reactive boundary effects relevant in several applied contexts,
including heat conduction, nonlinear elasticity, and diffusion processes across permeable inter-
faces.

The gradient system studied in this paper arises naturally in the modeling of various nonlin-
ear phenomena where different diffusion mechanisms coexist and interact, and the double phase
operator captures transitions between distinct material phases or energetic responses depending
on spatial position and the magnitude of deformation. Such models are particularly relevant
in nonlinear elasticity, where the double phase term describes materials with spatially varying
stiffness, allowing one to represent the coexistence of soft and rigid components in composites
or biological tissues, in electrorheological fluids, where the variable exponents ¢(#) and ()
encode spatially dependent responses of the viscosity to an external electric field (see Radulescu
and Repovs [27]), and in heat transfer or diffusion through porous media, where nonlinear flux
conditions on 9Q model the exchange of energy or matter through reactive or semipermeable
boundaries, leading to nonlinear Robin-type conditions. Mathematically, these systems are chal-
lenging due to the lack of homogeneity from the double phase operator, the failure of classical
compact embeddings induced by variable exponents, and the additional complexity introduced
by the coupling of equations and nonlinear boundary conditions, which affects compactness and
variational structures. The motivation for this work is therefore twofold: theoretically, it extends
the study of nonstandard growth problems and nonlinear systems by providing new multiplicity
results for problems with variable exponents and nonlinear flux boundaries, practically, it offers
a rigorous framework for analyzing heterogeneous and multiscale models in which the interplay
between interior dynamics and boundary interactions plays a critical role in the overall behavior
of the system.

The mathematical treatment of such problems naturally takes place in variable exponent
Sobolev spaces W) (Q), which generalize the classical Sobolev spaces and allow the growth
rate of the energy to vary with position. These spaces have been extensively developed over the
last two decades (see Diening et al. [10], Radulescu and Repovs [27]) and provide a flexible
functional framework for handling anisotropic and nonstandard phenomena. The associated dif-
ferential operators, often referred to as Leray-Lions-type operators with variable growth, require
refined variational and topological tools to establish the existence of weak solutions.

The main contribution of this paper is to establish the existence of infinitely many weak
solutions to the above gradient system. The proof is based on a variational approach, employing
critical point theory within the variable exponent setting, and relies crucially on a variational
principle due to Ricceri [28]. This method provides a robust and elegant way to detect multiple
critical points of the associated energy functional under relatively mild conditions, without the
need for symmetric assumptions or monotonicity requirements.

The study of multiplicity results for systems driven by double phase operators with variable
exponents is still in its early stages. Existing literature has primarily focused on scalar problems
or systems with homogeneous boundary conditions (see, e.g., Bahrouni and Radulescu [6], Ho
and Kim [22], Liu et al. [23]). Our work extends these investigations to a coupled gradient sys-
tem with nonlinear boundary fluxes, filling an important gap in the current theory. In addition to
its theoretical interest, the analysis developed here may have potential applications to models in
nonlinear thermodynamics, non-Newtonian fluid mechanics, heterogeneous materials, and elec-
trorheological fluid flows, where the energy density and boundary responses depend on spatial
variability and material heterogeneity.

We observe that the analysis of double-phase systems is a relatively recent area of research,
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and the existing literature on this topic remains rather limited. For related developments, we
refer the reader to [7, 17, 18, 24].

Moreover, it is worth emphasizing that a rich body of work exists concerning elliptic systems
formulated under various structural assumptions and physical frameworks. For classical results
and comprehensive surveys, the reader may consult [1, 3, 4, 5, 12].

The paper is organized as follows. In Section 2, we recall the functional framework and fun-
damental properties of Musielak-Orlicz-Sobolev spaces. Section 3 is devoted to the variational
formulation of the problem and the verification of the assumptions required by Ricceri’s varia-
tional principle. In Section 4, we establish the main existence and multiplicity results for weak
solutions.

We now recall the following abstract result due to B. Ricceri, which plays a fundamental role
in proving the existence of weak solutions for our main problem.

Theorem 1.1. (See [28], Theorem 2.5.) Let X be a reflexive real Banach space, and let Y1, Y, :
X — R be two Gdteaux differentiable, sequentially weakly lower semicontinuous functionals.
Assume, in addition, that Y is strongly continuous and satisfies

i T = +o00.
ol e 117
For each ¥ > infx Y, define
Ya(n) —inf,__=———5—12(C)
A('l?) = lnf CG(YI ((_00719)))11) , (12)
nexy ! (—o09)) 9 =Ti(n)
where (Y7'((—00,19)))., denotes the weak closure of Y1 '((—o0,¥)) in X. Next, set
o= },}glgof/\(ﬂ), (1.3)
and
x= liminf A("). (1.4)

19—)(1an Tl)+
Then the following statements hold:

(a) Forevery 9 > infx Yy and every u > A(9), the functional Y, + pX; possesses at least one
critical point in the set X' ((—o0,1)).

(b) If ¢ < +o0, then for each p > ¢, one of the following alternatives holds: either Y, + uY;
attains a global minimum in X, or there exists a sequence {n,} C X of critical points of
Y, + uYy such that
nlLII;O Y1 (nn) = +o0.

(c) If x < +oo, then for every 1 > x, one of the following occurs: either a global minimum
of Y is also a local minimum of Yo + pY1, or there exists a sequence of pairwise distinct
critical points of Yo + pX| converging weakly to a global minimum of Y.

2 Preliminaries

Let Q@ ¢ RY be a bounded domain with smooth boundary. We define

C(Q) = {5 EM () Q=R 1< = egseiérlff(e) < =esssup {(6) < oo },
0€Q

where M denotes the class of measurable real-valued functions on Q.
The variable exponent Lebesgue space L") (Q) is defined as the collection of all measurable
functions 7 : @ — R such that

po(y(n) = /Q In(6)]“? do < oc.
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This space is endowed with the Luxemburg norm
; n
||77HLZ(-)(Q) = 1nf{v >0: p(()(;) < 1}

The space (LV(Q), || - || Le(,)(g)) is a separable, reflexive, and uniformly convex Banach space.
Moreover, its dual is isomorphic to LY()(Q), where ¢'(-) is given by the pointwise relation
o+ =L

A fundamental tool in this framework is the following Holder-type inequality: for all n €
LO)(Q) and ¢ € LY ()(Q),

1 1
/QT)(9)C(9) da‘ < <g_ + (g_),) nllLecr @) 1€l ey < 2MImll ooy Kl Lererg)- 2D

Proposition 2.1 ([10]). Let np € L*")(Q). Then the following hold:
(@) If Inllpecr(g) > 1, then
Il o) < P () < Il
®) I lInll pecroy < 1, then
10150y < ey (m) < Inllecs -
The corresponding variable exponent Sobolev space is defined as
WHO(Q) = {n € L'D(Q) : |Vn) € L'(Q)},
equipped with the norm
Inllwr.ecr @) = lInll ey ) + 1Vl ey o)

It is well known that the space (W"1)(Q), | - [ly1.ec)(g)) is a separable and reflexive Banach
space. For further details, we refer the reader to [10].

Remark 2.2. If ¢ € C, (Q) and N < ¢~ then the embedding
Wh(Q) == ¢°(Q),
is both continuous and compact. Furthermore, W 1¢()(Q) is continuously embedded into W'~ (Q).
Let 4;(-), ri(+) € C+(Q), i = 1,2, be variable exponents satisfying the growth conditions
N <07 <0;(0) <tf <k <ki(0) <k <400, forallde Q. (2.2)
Under condition (2.2), we define the embedding constants

171l 171l o0

Ccl = Sllp 7’ c) = Sllp 7’ (23)
newt o @nqoy Mlwae ) new =0 n oy 1Moo
and
c3 = sup &, cs = sup & (2.4)
cew =0 oy [Cllwreog) cewr e oy ISl

We now introduce the Musielak-Orlicz-Sobolev spaces, which will play a fundamental role
in the analytical framework of our main results. To this end, we first recall the notions of an
Orlicz function and a Musielak function.

Definition 2.3. An Orlicz function, denoted by 9 € N (Q), is a mapping 9 : R — [0, +oo| that
(

is even, continuous, and convex, satisfying 9t(0) = 0, M(¢) > 0 for all ¢ > 0, and
lim () =0, me) = 400
t—0t  © t—>+oo t

A function M : Q x R — [0, +o0] is called a Musielak function, and is denoted by 9t € ®(Q),
if for each ¢ > 0, 90t(-, t) is a measurable function on Q, and for almost every f € Q, the function
M (9, -) is an Orlicz function.
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Given M € ®(Q), the corresponding Musielak-Orlicz space Loy (Q) is defined as

zm(e, "7<9>')d9 < oo},

g

Lon(Q) := {77 € M : 3o > 0such that /Q

and it is equipped with the Luxemburg norm

1l (o) = inf a>0:/ o (6, 1101} g < 11
(@) 1= inf { (0. ) do < 1}
The associated Musielak-Orlicz-Sobolev space is defined by
W!'Lon(Q) := {n € Lan(Q) : [Vn| € Lon(Q)},
endowed with the norm

HnHW‘Lm(Q) = ||77||L9n(g) + ||V77||L931(Q)7 ||Vn||Lgn(Q> = |HV77|||L9n<Q)-

Definition 2.4. (i) A function 9t € ®(Q) is said to satisfy the A,-condition, denoted by 9t €
A,, if there exist a constant k > 0 and a function b € L'(Q), with b > 0, such that

M(0,2t) < kM(B,8) +b(0), VOeQ, VteR,

(ii) A function 9 € ®(Q) is called locally integrable if M (-, ty) € L' (Q) for every ¢y > 0.
For ¢ > 0, the right-hand derivative of 9t(6, -) is defined by

lim MG, ¢+ h) —M(0,1)

4 —
fJﬁd(aat) - 0+ L )

and it is extended to ¢ < 0 by setting MV, (0, t) = —M/, (0, —t). Consequently,
Il
MO, )= [ M,(0,s)ds, VteR, e Q.
0

The complementary function 9t* : @ x R — [0, +oo[ is defined by
M*(0,s) = sup (st — M(6,1)), VseR, e Q.

teR

According to Young’s theory, 9t* is also a Musielak function, and 90 is the complementary
function of 901*.
For the fundamental properties of these spaces, we refer to [8].

Lemma 2.5 ([8]). The following norms are equivalent on W' Loy (Q):

7MW Lo (@) = 10l Low (@) T IVI| Lon(0)
[nll2.00 = max {7l Ly (@) 1Vl Lom(2) }>

Il =inf {u>0: [ [om(o, 220) 1 (0, =220 ) Jan < 1},

Lemma 2.6 ([25]). Assume that M and IN* are complementary Musielak functions satisfying
the Ay-condition. Then there exist constants 1 < m, < m* < oo such that

t,(0,¢)

. <m* fco, .
my < M. <m Ve Q, t>0

Moreover:

(i) If ||n|| < 1, then

Il < /Q (906, 10(6)]) + (6. |(6)])) dB < ]| ™.
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(ii) If [In|l > 1, then
Il < /Q (00, [n(6)]) + (0. |Vn(0)])) db < ]| ™
(iii) If n, — nin W' Lon(Q), then

/Q(sm(e, 1 (0)]) -+ IR0, [V (6 d6—>/ (60, [n(6)]) + 9N (0, |V (6)])) do.

For additional details and comprehensive studies on Musielak-Orlicz-Sobolev spaces, we
refer the reader to [11, 13, 14, 15, 16, 19, 20].

Throughout this work, let ¢;(-), x;(-) € C+(Q) (i = 1,2) be variable exponents satisfying
condition (2.2). We define the associated Musielak functions by

M;(0,1) =50 =@ (g e QxR:, i=1,2. (2.5)

It is readily seen that each 0; and its complementary function fulfill the A,-condition. We then
consider the Musielak-Orlicz-Sobolev spaces

WHEORO(Q) i= W Lon, (Q),  i=1,2,

endowed with the norm
HU”Wlei(Q) = [19ll,e;) + Ml )-

Proposition 2.7 ([11]). Assume that condition (2.2) holds. Then the embedding
W Lo, (Q) = W™ (Q)

is continuous, and it is compact into W™+ (Q). In particular, we have the compact embedding
W!Lop,(Q) < C°(Q).

Moreover, we define

d; = sup M (2.6)

nEW! Lon, (Q)\{0} HnHW‘Lmi(Q)

Finally, we define the product space

2
X = [[wa0"0(Q) = W'Lap, (Q) x W' Lo, (Q), (2.7

endowed with the norm

101 Ol = 3/ Wl () + 1< £ 0 (2.8)

or with any equivalent norm.
For each 6 € 0Q, we define the corresponding boundary exponent as
(N —1)€(0)
)= N—0)
00, if¢(6) >N

if £(0) < N

Next, we introduce the boundary Musielak function 99 : 0Q x R, — R, defined by
Mmo(6,t) = $40(0) 4 4x7(6)

where ¢9(-) and x?(-) are obtained from ¢;(-) and &;(-), respectively, as described above for
1=1,2.

For a detailed account of the theory of Musielak-Orlicz-Sobolev spaces and their trace em-
beddings, we refer the reader to [8, 21].
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Theorem 2.8 (Compact Trace Embedding). Ler Q C RY be a bounded domain with smooth
boundary 0Q. Assume that {;(-),r;(-) € C4(Q) for i = 1,2, and let r(-) € CL(0Q) be an
exponent satisfying

1<r(0) <02(0) foralldcdQandi=1,2,

with strict inequality r(0) < €2(0) whenever (2 (0) = <.
Then the trace operator
T:W'Lop,(Q) — L™V (0Q)

is compact. In particular, the following compact embedding holds:
WL, (Q) —— L"™)(8Q).

Proof. The proof follows the classical arguments used for trace embeddings in variable exponent
and Musielak-Orlicz-Sobolev spaces. First, note that for each i = 1,2, the space W!Lgy, (Q)

is continuously embedded into W% (Q), where £; := infyco ¢;(#). It is well known that the

trace operator from W% (Q) into L*(9Q) is compact whenever s < (¢; )°. Since r(-) satisfies
r(0) < £2(0) for all § € 9Q, a localization and density argument allows this compactness result
to extend to the variable exponent framework. Consequently, the trace operator 7' is compact
from W' Loy, (Q) into L") (0Q). O

3 Essential Assumptions

The functions a,b,c,d : Q@ x R — R are assumed to be Carathéodory mappings. They are
continuous on O x RY and satisfy the following hypotheses for all # € O and &, € RY:

(H1) Normalization:
A(0,0) = B(6,0) = C(6,0) = D(6,0) = 0. (3.1)

(H2) Growth Conditions: There exist positive constants 1, 7, r3, r4 such that

a(0,5)] < i (145771, 1b(6, 5)| < 72 (1 + |5 @),
o8, 5)| <73 (14 5], d(8, )] < ra(1+ (52071, (3.2)

(H3) Coercivity and Boundedness: For all # € O and ¢ € RV,

15|40 < a(0,s) - € < £,(0) A0, s),
1s[¥1®) < (0, 5) - € < r1(0) B(B, 5),
15]20) < (6, 5) - € < £2(0) C(B, ),
|5 < d(6,s) - € < Ka(0) D(B, 5). &)

(a(8,s) —a(6,t)) - (s —t) >0,
(b(6,s) —b(6,1)) - (s —t) >0,
(c(8,s) —c(6,t)) - (s—t) >0,
(d(6,s) — d(6,8)) - (s — t) > 0, (3.4)

with equality if and only if s = ¢.
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(H5) Uniform Convexity: There exist constants ey, e3, €3, e4 > 0 such that for all n, { € RV,

A(0.755) < JAW@.0) + 5A0.0) — erln — "),
B(0,%¢) < 1B(0,n) + 1B(6,C) — ealy — ¢,
C(0,245) < 3C(0,0) + 5C(0,0) — esln — (|9,
D(0.254) < 1D(0,m) + 1D(6,C) = ealy — ¢,

where the functions A, B,C, D : @ x R — R are defined by

A(G,s):/osa(G,t)dt, B(H,s):/osb(e,t)dt,

C’(H,s):/osc(ﬂ,t)dt, D(a,s):/o d(0,1) dt.

(3.5)

(H6) Boundary Growth Conditions: There exist constants Ay, hy, hs, hy > 0 and functions

vi,v2,v3, v € C(9Q) with
n(0) <B0). 1(O) < H0). 16) <BO). (o) <)
for a.e. § € 0Q, and such that fora.e. # € 9Q and all s € R
11(0,5)] < hi(f1(0) + s @1,
[12(0,5)] < ha(£2(0) + [s>@71),
130, 5)| < ha(f3(0) + [s[@71)
[a(0, )| < ha(fa(0) + s~

Moreover assume f; > 0 are measurable on 9Q and

)

freL"V0Q), feL"V(0Q), feLV(0Q), fie L% (09),

where v/(0) = vi()

m are the variable conjugates (a.e.).

(3.6)

(H7) Nonlinear Coupling Term: Let ® € C!(RY x R% R) be such that ®(6,0,0) = 0 for all

6 € R, and suppose that

0P
< p(6)—1
0P

\&(e,ml < 6al6) + 7O,

where p(-), () € C(Q) satisfy
pTZR, @ 26y,

and ¢y, ¢, are positive functions belonging to L'(Q).

We introduce the functionals
Yl, Tz X —R

defined by

Yin,¢) = /QA(H,Vn)dH+/QA(0,n)d0+/QB(0,Vn)d0+/QB(G,n)de

+/Q0(9,vg) d9+/QO(0,C)d6+/QD(9,VC) d9+/QD(e,g) i

- ‘P1(9777) dl' — lI“2(97"7) dI’ —
0Q 0Q 0Q

3.7

(3.8)

W5(0,¢) T — /8 Ws(0.0)0B9)
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and
Ta(n,) = /Q ®(0,1,¢) do, (3.10)

where

%’(9’5):/0 G(0,0) dt, i =1,2,3,4

Lemma 3.1 ([2, 4]). The functionals Y| and Y, are well defined on X. Moreover, both Y| and
Y, belong to the class C'(X,R), and their Fréchet derivatives are given by

T (1, Q) (wi,w2)
:/ a(6,Vn) - Vw; d9—|—/ a(6,m) w d9—|—/ b(6,Vn) - Vw; d0—|—/ b(6,m) w; db
Q Q Q Q
+ /Q (0, V) - Ve df + /Q (0, ) w2 d6 + /Q d(0,VC) - Veon d + /Q d(0,¢)wn do
[ wmwdr- [ wened- [ 600w [ ub.ged,
009 0Q 09

0Q

and
)] )]
Y/Z(na C)(wl’“&) = /Q <88n(9777a C) wy + %(9, 7, C) WZ) d@,
Sorall (n,¢), (wy,ws) € X.

Lemma 3.2 ([2, 4]). Assume that conditions (3.1)-(3.8) and (2.2) hold. Then the functionals Y,
and Y, are weakly lower semicontinuous on X.

Lemma 3.3. Under the assumptions (3.3), (3.6), and (2.2), the functional X is coercive, that is,

Yi(n,¢) — +oo as ||(n,¢)|x — +oo.

Proof. Throughout this proof, we denote by C; a generic positive constant that may vary from

line to line. Let (,() € X be such that [nllwira (@) > 1 and [[Cllw1 Ly, (o) > 1. From the
definition of Y, we have

Yi(n,¢) = /QA(G,Vn)d0+/QA(0,n)d0+/QB(G,Vn)d0+/QB(0,77)d0

+/QC(0,V§) d@—i—/QC(G,C)d@—i—/QD(@,VC) d9+/QD(0,C)d9

7/ ‘Pl(e,n)drf/ W, (0, ) dT" — ‘I@(G,C)dl‘—/ W, (6, ¢) T,
0Q 09 o9

0Q
By applying condition (3.3), we obtain

1 1
Y, (n, > VGG 69y 4o /

(|V77\M(9> + ‘77|m(9)) do

—_ —

1 £,(6) ©(00)) 40 K2(6) %2(9)Y 10
+/QW)(|V< +1¢1%%) +/Q,€2(9)(|V<| +1¢1™)

4
Z/@Q W, (0,7,¢)dr. 311
=1

Using the variable exponent inequalities and the definition of the Sobolev modular norms, it
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follows that

1 1
Yi(00) > (umwwl o 1) +(17IIW1N1 Q>_1)
1

+
(||<||W1 o ) (||g||wl e - 1)

4
- W (6,7, T
Z/Q (0.1.)d

After standard estimates and collecting lower-order constants, we obtain

4
o e
i=1
Now, by condition (3.6), for every ¢ > 0, there exists § > 0 such that for all |s| > J,

6 —
[91(6,5)| < —|s|"
¢
Hence,

W, (6,) dT < / W, (0, ) dT + = In(0)[%F dr

FYa) (0€00:|n(6)|<6} 07 J{oco:|n(0)|>5}

Since ¥, is continuous and the set {6 € 99 : |n(f)| < d§} is compact, it follows that

Wi(0,n)dl" < Cs + fllnH

90 £7,0Q°

Because ¢, < ¢9(-), we have the compact trace embedding W' Loy, (Q) — L% (9Q), and thus

S e
BQ\Pl(ean) dFS 03 +C4EH77HWIL9HI<Q). (313)

Analogously, we have

89‘1’2(0 ,n)dl < Cs +Cé—||m|W1Lwt )" (3.14)
ag%(e ()dr<07+cs£ ||C||W1Lm Q) (3.15)

W4 (0,¢) dT < Co + Cro—|IC|I52, : 3.16
o 4(0,¢)dl" < Cy + mKZ_IICIIWLmz(Q) (3.16)

Combining (3.11)-(3.16), we obtain
e & € o 5 w7
T (77’ C) > G (77|W1L9n1(g) + <|W1Lgﬁ2<g)> - C4€T||77||W1Lml(g> - C6E||77||Wle](Q)

g -
_CSFHCHV%/ILQR (Q) ClOT”C”wlL Q) - Cll.
2

Choosing

o — Lmin C]fl_ 01,‘61_ 0162_ Clliz_
2 Cy ' Cs ' Cg ' Ch
and using the fact that ||77||W1Lm @ > 1, ||C||W1L9n (9) > l,and £, £, > N, we deduce that
11000 2 Con (Il 0+ €0 ) ) — €

> Co (10111, 0 +H<\\W1Lm )= Cn

N
Cra (112, 0)) " + (1131 £y () * ) = Ct-
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Using the classical inequality

(a+b)p<2p’1(a”+b”), a,b>0,1<p< oo, (3.17)
with a = ||77HW1Lgn HCHWIL g)pandp = I, we obtain
%
Yi(n¢) > 2 ¥ (||n||W1Lm o)+ 1<y 10 @) — C1s
= 2" F (. OIX - Cs.
Hence, as ||(n, ¢)||x — +o0o, we conclude that Y (n,¢) — +oo. ]

The sets @; () and ®,(7), for 7 > 0, defined below, play a crucial role in our analysis:

7’_@2 (V) + = Fa()(0)

®l(7—) = {(u,v)GRZ : €+~F£1 ()+"€1Tf (4 () £+ K3

—hGy ) (f1) = 2m Gy, () (1) — haGyy () (f2) = 212G, (w)

—13G,;()(f3) = 203G,y (V) — haGyy () (fa) — 2haGoy () (V) < T},

and
0,(r) = {(u,v)GRz : /A(t‘),u)d@-l-/B(Q,u)d@—O—/C’(@,v)d@—l—/D(G,v)d@
Q Q Q Q
—/TM&MdF—/?ﬂ&MdF—/QMQMdF—/qM&wngT}
Here,

Gory(t) = max (¢*', [t ) and Fy)(t) = min ([t*, [t* ),
for 8() € {El(')’ Hl(')7£2(')7 ’%2(')a Vl(')) VZ(')v V3(')7 V4(')} and ¢ € {u’ U}'
Lemma 3.4. For all T > 0, we have
Oy (7) C O(7).
Proof. Using assumptions (3.3) and (3.6), together with Young’s inequality, we obtain

/ (9u)d9+/ (9ud0+/00vd9+/D9vd9
/wleudr /erudr /‘I’39vdF /‘P49v
> F/\If' o+ /|u|”' d9+—/\|@ d9+f/|v|“2

e uf
/F;“( (0) ] + (9)>d1"/rh ( 2(O)lul + (9)>d1“
—/h HO)+ L2 dF—/h L]+ L ar
P v3(0) o v(6)

1 1
FE T4+ P 0) + P (0) + 2 a0
=Gy (1) = 2MGy, () (1) = haGos()(f2) = 2h2G, () (u)
—13G,; () (f3) = 203G, () (v) = haGyy () (fa) = 204Gy, (v),
which holds for every (u,v) € R?. Therefore, the inclusion
Oy(7) C O¢(7), forallT >0,

is established. |

v



INFINITELY MANY SOLUTIONS FOR A DOUBLE PHASE 551

4 Main results

Definition 4.1. We say that (n, () € X is a weak solution of problem (1.1) if, for every (w;,w;) €
X, the following identity holds:

/ a(0,Vn) - Vw; do + / a(f,n)w; df + / b(6,Vn) - Vw; db + / b(6,n) w db
Q Q Q Q

+/Qc(e,vg)-wzde+/gc(9,g)wzde+/

d(0,VC) - Vi d6 + / d(6,¢) cor dB
Q

Q

oP 0P
= /Q (877(9,77,() wi(0) + afc(eﬂ?,g) W2(9)) do

+ wmamwmr+/wwxamwmr+ wﬂ&OmdF+/ 4(0,¢) wn dT"
89 20Q 0Q 0Q

The weak solutions of (1.1) are precisely the critical points of the functional Y; + Y.
One of our main results is given below.

Theorem 4.2. Assume that Y1 (-,-) and Y2(-,-) are as defined in (3.9) and (3.10), and that con-
ditions (3.1)-(3.8) and (2.2) are satisfied. Then:

(@) If there exist ¥y > 0 and (ug,v9) € R? such that (ug,vo) € Int(@y(dp)) (where Int(0,)
denotes the interior of ®,) and for every 6 € Q,

max D0, u,v) = D(0,up,v9), VYn>0,
(u,v)€B; (V)

then problem (1.1) admits a weak solution (n, () € X such that Y1(n,¢) < V.

(b) If there exist sequences (9,,), C R with 9,, — oo as n — 400 and (up)n, (vn)n C R such
that (un,vy,) € Int(@,(9,,)) and for all 0 € Q,

max  D(0,u,v) = D(0,up,,v,), Vn >0,
(u,ﬂ)G@l(f),J

and if

4
/cp(e,u,u) dH+Z/‘Pi(9,wi)dF
o) — Jr

lim sup =1

> 1,
= [ (46,00 + B(0,0) + C(0,) + D(6.v)] db
Q

then problem (1.1) admits an unbounded sequence of weak solutions in X.

(c) If there exist sequences (9,,),, C Rt with 9,, — 0 as n — +oo and (uy)n, (vs)n C R such
that (up,vy,) € Int(@2(9,,)) and for all 6 € Q,

max D0, u,v) = PO, un,v,), Yn >0,
(u,v)€04 ()

and if
4
/ @(9,u,v)d9+2/‘l‘i(6,wi)df
Q . r
lim sup =1

(u,0)—+(0,0) / [A(0,u) + B(6,u) + C(0,v) + D(0,v)] db
Q

> 1,

then problem (1.1) admits a sequence of nontrivial weak solutions that strongly converges
to (n,¢) in X.

Proof. Step 1: Proof of assertion (a). We apply part (a) of Theorem 1.1 to show that A(dy) = 0,
where A is the function defined in Theorem 1.1, and we assume p = 1.
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First, for all (1, ¢) € Y7'(] — o0, ¥o[), we have

YZ (777 C) - inf T2 (777 <)

. (X} (—o0,00])
0< AWy = inf
< Aldo) Y1 (= 00,900) o — Y1(n,¢)

YZ (777 C) - inf w YZ(”) C)
Y7 (J—00,9()

190 - Yl (777 C)
Let no(6) = up and (p(f) = vy for all 8 € Q. Then Vg = V¢ = 0. Since (ug,v9) €
Int(®,(vy)), we obtain

Yi(n0,Co) = /A(o uo)d9+/ B(6, uo)d0+/0(9 % d0+/D9v0)d9

/‘Plﬁu()dr /q"zaw)dr /‘P;G’Uodr /lP49’U0

Then, for almost every § € © and for all (1,¢) € Y7 '(] — 00, ¥ ) , one has

[
1 1 1 1
£+Fe,<>( )+E‘Fm(')( u) + 1+ Fo () (V) + —Fy(y ()

by K3
—11Gy () (f1) = 201Gy, () (w) = haGoy()(f2) — 212G, () 4.2)
—h3Gui()(f3) = 203Gy, () (V) = PGy (fa) = 204Gy (v)

<Yi(n,¢) <o

< 4.1

The second inequality in (4.2) follows from the fact that Y7 (] — oo, 9o|) - Y (] — oo, ).
Since (u,v) € ©1(¥) and D(0, u,v) < D(0, up, vo) for all § € Q, we deduce that

*Y2<777 C) S —Yz(T](), g())a fOI' au (777 C) € Yl_l(] - 007190[)

w

Thus,

~Ya(no,G0) = sup  (=Ta(n,¢))=—__ inf  Ya(n,Q).
Y, (J—codo]) Y (] —00,90])

Since Y (7](), C()) < %y, We get

Ta(no, o) — inf _ Y>(n,¢)=0.
Y1 (=00, 90l)

Hence, by substituting (1, ¢) = (1o, (o) in (4.1), we obtain A(Jg) = 0.
By conclusion (a) of Theorem 1.1, there exists a critical point of Y; + Y.

Step 2: Proof of assertion (b). We now apply part (b) of Theorem 1.1. From Step 1, we already
know that A(¢d,,) = 0 for all n € N. Since lim,,_, o, 9, = 400, it follows that

liminf A(¥) < liminfA(9,) =0 < 1 = p.
V—00 n— oo
Fix A > 0 such that

/Q¢(0,u,v)d9+§:/r‘}‘i(9 )l

lim sup — >A> 1.
(,0) o0 / [A(0,u) + B(6,u) + C(0,v) + D(6,v)] db
Q

Choose a sequence (7,,,t,) C R? such that /72 +t2 > n and

/ (0,79, tn d&+Z/‘P Y dl > )\/Q[A(Q,rn) + B(0,ry) + C(0,t,) + D(6,t,)] d6.
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Let n,, and (,, be the constant functions on Q taking the values r,, and ¢,,, respectively. Then,

Yo (1ns Cn) + T1(0ns G) < (1—A)/[A(o,rn>+B(0,rn>+C(9,tn)+D(6,tn>]d9
Q
< 0, forallneN.

Since (y/r2 + t2), is unbounded, at least one of (r,,),, or (¢,), diverges. Hence, the func-
tional Y| + Y, is unbounded from below. By conclusion (b) of Theorem 1.1, there exists a
sequence (0, z,,) of critical points of Yy + Y, such that Y;(0,, 2,) — +o0c. Moreover, since 1
is bounded on every bounded subset of X, the sequence (6,,, 2, ), must be unbounded in X.

Step 3: Proof of assertion (c). We now apply part (c) of Theorem 1.1. From Step 1, we have
A(9,) =0foralln € N.

Since infx Y = Y (n,¢) = 0 and lim,,_, o, ¥,, = 0, we obtain

x = liminf A(9) < liminfA(d,,) =0 < 1 = p.

9—0+ n— o0

Fix A > 0 such that

4
/@(9,u,v)d0+2/‘l’i(9,~)dr
Q —, JI

lim sup =l

>A>1.
(u,0)—(0,0) / [A(0,u) + B(0,u) +C(0,v) + D(6,v)] do
Q

Choose (rp,t,) € R*\ {(0,0)} such that /r2 +¢2 < 1 and the above inequality holds.
Let 7,, and ¢, be the constant functions equal to r, and t,, respectively. By Proposition 2.1,
(s Cn) — (1, ¢) strongly in X, and

Y21, Cn) + Y1(0n, Cn) <0, forallm e N.

Since Y1(n,¢) + Y2(n,¢) = 0, (n,¢) cannot be a local minimum of Y| + Y. As (n,() is
the unique global minimum of Y, the conclusion (c) of Theorem 1.1 ensures the existence of a
sequence of pairwise distinct critical points (0,,, z,,) of Y; + Y, such that Y(0,,z,) — 0 and
(01, zn) — 0. Therefore, the sequence (0,,, z, ), is infinitesimal in norm. O

The following theorem provides a more practical formulation of Theorem 4.2(b).

Theorem 4.3. Let (o), and (By,)r be two sequences in R satisfying

n < Qn oralln € N lim ﬂn = 400 and lim % = +00.
8 fi , ,

n—+oo n—+oo /Bn

Define

I
o

1

1 1
S, = {(u,v) cR? . '7:51(-)(“) + jfm(.)(u) + o .7-}2(.)(11) + Tfﬁz(-)(v)
Ky 2 )

—hiGuy (i) = 2mGy, () (1) = haGuy () (f2) = 202G, () (w)

—h3Gr()(f3) = 213G, (v) — haGor()(fa) — 2haG, () (v) < an}v

W, = {(u,v)eRz : /QA(G,u)dG—l—/QB(H,u)d9+/QO(G,v)d0+/QD(0,v)d0

_ /r\pl(au)dr_/F\yz(e,u)dr—/F‘P3(67v)dl"—/F‘P4(9,v)dF§Bn}
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Assume further that

sup ®(0,u,v) <0, foralld € Qandn € N.
(u,v)€S, \Int(W,,)

Finally, suppose that
/CID(H,u,v)dO—l—/‘P](O,u)dF—i-/‘Pz(ﬁ,u)df+/‘l’3(9,v)dr+/‘P4(9,v)dF
lim sup Q L L L L

> 1.
(u,v) =00 /A(Q,u)d@—t—/ B(H,u)d@—i—/ C(@,v)d@—i—/ D(0,v)do
Q Q Q Q

Then the problem (1.1) admits an unbounded sequence of weak solutions in X.
Proof. Since f3,, < a, it follows directly that W,, C S,,. Let

/ .{1
~" = min

1
F, F,max{hl,hg, h3, h4}} > 0.
1 =2

In view of lim,, , | o %—" = +00, we can find n large enough such that

1 Qo
— < =
Y Bn

Define 9,, = v'a,,. Then {J,,},, C R is a divergent sequence, and for sufficiently large n, the
following inclusions hold:

Int Wn c Wn C ®2(19n) C ®1<19n) - Sn
Since & is nonpositive on S, \ Int W, for all n € N, we obtain

max  P(0,u,v) = max D(0,u,v), Ve Q.
(u,v)EInt W, (u,v)€Sn

In particular, for large n, we have

max & = max P,
Int Wi, 0 (V)

which implies the existence of at least one sequence (&, 1,), C IntW,, such that, for all suffi-
ciently large n,

max ®(0,u,v) =P(0,¢,,1n,), VOe Q.
Jnax (0, u,v) = D6, &y )

Thus, the sequences (£,)n, (7n)n, and (9,,),, satisfy the assumptions of Theorem 4.2 (b). This
completes the proof. O

The next result provides a practicable version of Theorem 4.2 (c).

Theorem 4.4. Let (o), and (By)r be two sequences in RY such that

By <om VYneEN, lim a, =0, lim 2% = toc.
n——+00 n—-+o0o ﬂn
Define
2. 1 1 1 1
A, = (u,v) cR": F}-@l(‘)(u) + j}_ﬁ](,)(u) + F}—gz(.)(v) -+ j}_ﬂz(.)(v)
1 Ky 2 )

—h Gy (f1) = 2 Gy, () (0) — haGoy() (f2) — 2h2Gy () (w)

—h3G; () (f3) = 203G,y (v) = haGyy () (fa) — 204Gy (v) < an},
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and

B, — {(u,v) CR?: /Q[A(O,u)+B(9,u)+C(9,v)+D(€,v)] do

- /[l}ll(é),u) + ¥ (0,u) + ¥3(0,v) + Wa(6,v)] dl’ < ﬂn},
r

Assume that

sup DB,u,0) <0 YOe O, VneN.
(u,v)€AL\Int By,

Finally, suppose that

4
/@(G,U,v)de—l—Z/‘Pi(e,.)dl"
Q 1 /T

lim sup =l

> 1.
(u,0)—+-+o0 / [A(6,u) + B(0,u) + C(0,0) + D(6,v)] d
Q

Then, problem (1.1) admits a sequence of nontrivial weak solutions that strongly converges to
(n,¢) in X.

Proof. By an argument analogous to that of Theorem 4.2 (c), the above result follows immedi-
ately. The proof is therefore omitted. O
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