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Abstract. Let L be a finite-dimensional Lie algebra over the field IF, and g be a fixed element
of L. In this paper, we define the g-noncommuting graph G and obtain the structures of G
when they contain a vertex x with deg(z) < 6. Moreover, we characterize all g-noncommuting
graph GY when this graph is K,,-free such that n < 5.

1 Introduction

Lie algebra is one of the most interesting algebraic structures. Recently, their importance ap-
pears in other sciences including physics, especially quantum physics, which deals with physical
phenomena on a microscopic scale. Besides the relation with the group theory, the probabil-
ity theory and the graph theory have been studied in several papers. For instance, in [5], the
commutativity degree of a finite-dimensional Lie algebra L, denoted by d(L), is defined as the
probability of commuting chosen two random elements of L and the structure of Lie algebra L
such that d(L) € [é, ‘12272_1] for some ¢ > 2 is obtained from [6]. Also, there exists a relation
between Lie algebras and the graph theory. The notion of the non-commuting graph G, associ-
ated to a finite-dimensional Lie algebra has been firstly defined in [3] as a graph whose vertices
arein L\ Z(L), two vertices x and y join if and only if [z, y] # 0.

In the following, we just recall some necessary concepts of graph theory from [1, 2] and assume
that the reader is familiar with some basic definitions of Lie algebras for example subalgebra,
ideal, and so on. Otherwise, we refer to [4]. A graph consists of V(G) as vertex set and a set
E(G) of edges. Two vertices of G are adjacent if and only if there is an edge between them. The
number of edges of G incident with the vertex v is called the degree v and denoted by deg(v).
A graph G is r-regular if deg(v) = r for all v € V(G). Let |V (G)| = n. Then if the degree of
every vertex is n — 1, then G is a complete graph denoted by K,,. A graph is K, -free when it
does not contain K, as an induced subgraph. A path is a set of alternating vertices vy, . .., v,
and edges ey, ..., e,, where e; is an edge between v;_; to v; for 1 < i < n such that all vertices
and edges are distinct. A closed path is called a cycle. A graph is said to be connected if every
pair of vertices in the graph is connected. A tree is a connected graph containing no cycles. A
vertex subset D of V(G) is a dominating set if every vertex of G either belongs to D or adjacent
to a vertex in D. The domination number v(G) of G is the minimum cardinality D among all
dominating sets. A clique of G is an induced subgraph H of G that is a complete graph. The
clique number w(G) of G is the largest order of a clique in G. If a graph can be drawn in such a
way that any edge does not cross each other, then it is called planar.

In this paper, We are going to present a generalization of the non-commuting graph of a finite-
dimensional Lie algebra. Let g be a fixed element of L. Then g-noncommuting of L with respect
an element g is defined as the following:

We denote the g-noncommuting graph of L by GY as a undirected simple graph with the vertex
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set L and two distinct vertices = and y join by an edge if and only if [z, y] # g and —g.

We organize this paper into three sections. In the second section, we determine several proposi-
tions of G such as domination number, regularity and completeness. In addition, the structures
of GY are obtained when they have a vertex such as z with deg(z) < 6. In the final section,
we discuss the existence of certain forbidden subgraphs in G . Specifically, we determine the
structure of G provided that GY is K,,-free for n < 5.

2 Some properties of g-noncommuting graphs

In this section, we begin by stating an important lemma that plays a crucial role. Subsequently,
we derive a formula for the degree of any vertex in GY .

Lemma 2.1. Let GY be the g-noncommuting graph of a Lie algebra L over the field F, and
r € L.

|L| - 2|Cp(z)] — 1if CharF, # 2,

(i) if g € Imad, and g # 0, then deg(x) {|L|—|CL(5L')|—1 if CharF, =2.

(ii) If g = 0, then deg(z) = |L| — |C(z)|.
(iii) If g ¢ Imad,,, then deg(x) = |L| — 1.

Proof. (i) Assume that g # 0 and x € L such that g € Imad, and the field IF, does not have
characteristic 2. Put A= {y € L | [z,y] =g} and B = {y € L | [z,y] = —g}. Then

deg(z) = {y € V(GY) | [z,y] # gand — g}| = [V(G])| - [AUB| ~ 1
—|L|—|A|— |B| +|ANB| - 1. .1)

Clearly, AN B = (). Otherwise, if there exists y € A N B such that [z, y] is equal to both g and
—g. Then 2¢g = 0, which is a contradiction with ¥, does not have characteristic 2. Therefore,
deg(z) = |L| — |A| — |B| — 1. Suppose that A = {y,...,y,} has n distinct elements. Since
g € Imad,, there exists y; € V(GY) such that [z,y;] = ¢g. If y € Cr(x), then y + y; € A. Also,
ify; € Aforall 1 <i<n,theny; —y, € Cr(z).So, |A| = |Cr(z)|. By a similar method, one
can see that | B| = |C(z)|. Hence deg(x) = |L| — 2|CL(z)| — 1, by (2.1). If CharF, = 2, then
g = —g and so A = B. On the other hand, |A| = |Cp(z)|. Thus deg(z) = |L| — |Cr(z)| — 1, by
2.1).

(ii) Suppose that g = 0. Then

deg(z) = {y € V(GL) | [z, 4] # O} = [V(GL)| — |CL(x)| = || = |CL(z)].

(iii) Since g ¢ Imad,, then —g ¢ Imad, and there is no element y of L such that [z,y] = ¢
and —g. Hence z is the vertex of G that is adjacent to all vertices of G . Therefore deg(z) =
|L| — 1. ]

Note that if ¢ = 0, then the non-commuting graph is a subgraph of GY . In addition, G is a
null graph when ¢ = 0 and L is abelian.
In the next lemma, we show that G is a complete graph whenever g # 0 and L is abelian.

Lemma 2.2. Let L be an abelian Lie algebra and g be a non-zero element. Then GY is isomor-
phic K| and ~(G7) = 1.

Proof. Since L is abelian, we have [z, y] = 0 for every z,y € V(GY). Also, g is non-zero by our
assumption thus [z, y] # g and —g for all 2,y € V(GY ). Hence all vertices are adjacent and so
G is a complete graph. Therefore G = K|. It is obvious that the domination number of the
complete graph K| is equal to 1. O

From now on, we assume that all Lie algebras are non-abelian and g is a non-zero element.

Proposition 2.3. Let L be a Lie algebra. Then v(GY) = 1.
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Proof. We know that 0 € Z(L) thus [z,0] = 0 for every x € V(GY). Since g is a non-zero
element, therefore [x,0] # g and —g for all z € V(GY). So, {0} is the dominating set of G and
consequently v(GY) = 1. i

In the following proposition, we determine the graph G when L is a Lie algebra of dimen-
sion two or three.

Proposition 2.4. Let L be a 2-dimensional Lie algebra over the field IF.
(i) If ¢ = 2, then GY is isomorphic to one of graphs in Figure 1.

/N AL

(A) G (B) G4 (g ¢ 12)

Figure 1

(ii) If ¢ = 3, then GY is isomorphic to one of graphs in Figure 2.

0

2x x
c + 21 Y
T+ y 2% %§ 2
2z +y x + 2y

(A) G% (B) Gy (g ¢ L?)

2z + 2y

x+y

Figure 2

(iii) If ¢ =5, then G has a subgraph that is isomorphic to Ke or K»s.

Proof. (i) We know that every 2-dimensional non-abelian Lie algebra L is isomorphic to (z,y |
[z,y] = x), by [4, Theorem 3.1]. So, Z(L) = {0}. Since ¢ = 2, we have V(GY) = {0, z,y,z +
y}. On the other hand, L> = (z) and g ¢ Z(L) thus g = x or g ¢ L?. If g = =, then the vertices
z, y and z + y are only adjacent to 0. So, GY is isomorphic to the part A of Figure 1. If g ¢ L?,
then g ¢ Imad, for all z € V(GY) and so all vertices are adjacent by the part (iii) of Lemma
2.1. Hence G isomorphic to the part B of Figure 1.

(ii) By a similar method of the part (i), L is isomorphic to (z,y | [z,y] = z), Z(L) = {0},
V(GY) ={0,2,22,y,2y,x + 2y,2z + y,x + y, 22 + 2y}, and L? = {0, z,2z}. Since g is non-
central and ¢ = 3, then g = 2 and —g = 2. Therefore g = x or g ¢ L?. If g = x and —g = 2z,
then G is isomorphic to the part A of Figure 2. If g ¢ L?, then g ¢ Imad, forall z € V(GY).
Therefore the degree of all vertices are equal to 8 by the part (iii) of Lemma 2.1, so GJ = K.
Hence G is isomorphic to the part B of Figure 2.

(iii) As the same method of the part (i), Z(L) = {0}, L? = (). So, L? = {0, z,2x,3z,4z}. As-
sume that g € L2. If g is = or 2z, then —g is 4x or 3z, respectively and the vertices {0, z, 4z, 3y, 2y, z+
2y} or {0, z, 4z, y, 4y, v+y} make a subgraph of G which is isomorphic to K. Also, the degree
of all vertices is equal to 24 by the part (iii) of Lemma 2.1 and G = K»s when g ¢ L. O

Proposition 2.5. Let L be a 3-dimensional Lie algebra over the field F, with dim L? = 2. Then
GY is isomorphic to Kg when g & L* or the following graph if g € L.
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Figure 3

Proof. Assume that the set {y, 2} be a basis of L? and expand it to {x, y, 2z} as a basis of L. Then
{[z,y], [z, 2], [y, 2]} generates L?. Since L? is abelian by [4, Lemma 3.3], we have [y, z] = 0. On
the other hand, dim L? = 2 thus {[z, %], [z, 2]} is another basis of L? and so the set {[z, ], [z, 2]}
is linearly independent. Also, V(Gr) = {0,z,y,2,2 + y,x + 2,y + 2,z + y + 2} thus we have
the following brackets

] [a:,z], []} T+ ] [ y]’ [$7x+z] = [x,z], [x,y—l—z] = [x,y] + [a:,z],
vx+y+e]=zyl+(z2, [y.2]=0, [yrx+yl=I[yallyz+2]=]ya]
yy—i—Z] 0, [y,z—i—y—i—z]:[,x], [va+y]:[z’z]v

vty w2 = w2ty [r+yy+e]= eyl + 2,
z+y,xty+z =z
r+z,xt+y+z] =]

2yt A = oyl + o2

[,

[

[

2,2+ 2] =[z,2], [2,y+2]=0, [z,z+y+2z]=]zx]
[

[ ;

[ y+z,x+y+z] =y ]+

[
z,yl, |
(2.2)

and [0,L] = 0.If g € L? = ([z,y], [z, 2]) \ {0}, then g € {[z,y], [z, 2], [x,y] + [z, 2]}. Without

loss generality, let g = [z,y]. Then G is isomorphic to Figure 3 by the brackets (2.2). If g ¢ L?,
then GY is isomorphic to K3 by the part (iii) of Lemma 2.1. o

Proposition 2.6. Let L be a 3-dimensional Lie algebra over the field F, with dim L> = 3. Then
GY is isomorphic to Kg when g ¢ L?, or the following graph when g € L?.

P 0
x+ z T
y+z y
4y T +y+z
Figure 4

Proof. The proof is obtained similar to the proof [3, Proposition 3.3] and Proposition 2.5. O

Proposition 2.7. Let L be a 3-dimensional Lie algebra over the field F, with dim L? = 1. Then
GY is isomorphic to Kg, or the following graph when g ¢ L?, or g € L?, respectively.

z 0

XN

T +y T +y+z

Figure 5

Proof. The proof is proved by a similar method in the proof of [3, Proposition 3.4] and Proposi-
tion 2.5. =
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Theorem 2.8. Let L be a 3-dimensional Lie algebra over the field F,. Then GY is isomorphic to
Kg or one of the Figures 3, 4 or 5.

Proof. Since L is non-abelian, we have dim L? # 0 and dim L/Z(L) > 2. Also, dimL = 3
which implies that 1 < dim L? < 3 and dim Z(L) < 1. Now, the proof follows by [3, Lemma
3.1], Propositions 2.5, 2.6 and 2.7. O

Proposition 2.9. Let L be a Lie algebra over the field F,,. Then
(i) GY has a pendant vertex if and only if GY is isomorphic to the graph A of Figure 1.
(ii) GY has a vertex of degree of 2 if and only if GY is isomorphic to the graph A of Figure 2.

(iii) G has a vertex of degree of 3 if and only if G is isomorphic to the graphs B of Figure 1
and Figures 5 and 3.

(iv) There is no G with a vertex of degree of 4.

(v) G has a vertex of degree of 5 if and only if G is isomorphic to the graphs of Figures 3
and 4.

(vi) There is no G with a vertex of degree of 6.

Proof. We just prove the part (i). Other parts can be proved by a similar method.

(i) Since there is a vertex z such that deg(z) = 1 and g # 0, then deg(z) is equal to |L| —
2|CL(z)|-1, |L|—|CL(x)|—1or |L|—1,by Lemma 2.1. Suppose that | L| = ¢" and |C(z)| = ¢™
such that n > m. If |L| — 2|C(z)| — 1 = 1, then ¢™(¢"~™ — 2) = 2. In this case, we know that
q # 2 and so m = 0, which is a contradiction. Let |L|—|Cr(z)|—1 = 1. Then ¢™(¢" ™ —1) = 2.
On the other hand, this case occurs when ¢ = 2. Thus m = 1 and n = 2. Hence L is a 2-
dimensional Lie algebra over the field F, and so G is isomorphic to the graph A in the Figure
1, by Proposition 2.4. Also, if |L| — 1 = 1, then |L| = 2 and L is abelian. It is a contradiction,
by our assumptions. O

We state some facts about being regular of G .
Proposition 2.10. Let L be a Lie algebra. Then G4 is regular if and only if g ¢ L* \ {0}.

Proof. By contrary, let g € L?\{0}. Then there are two vertices 1, z, € L such that [T1,22] = g.
On the other hand, the zero element is adjacent to all elements of L \ {0}. Hence GY is not
regular, which is a contradiction. Conversely, assume that g ¢ L? \ {0}. Then g ¢ Im ad,, for all
z € V(GY). Hence deg(x) = |L| — 1, by the part (iii) of Lemma 2.1 for every z € V(G ) and
so G is regular. m]

Lemma 2.11. Let L be a Lie algebra. Then concepts complete and regular are equivalent for
the graph GY .

Proof. It is clear that every complete graph is regular. Assume that GY is regular. Since g # 0
and [0, z] = 0 for every z € L, we have deg(0) = |L| — 1. On the other hand, GY is regular thus
every vertex is equal to |L| — 1. Hence GY is complete. O

Corollary 2.12. Let L be an n-dimensional Lie algebra over the field F, and G be r-regular.
Then G = K 1.

Proof. By the proof of previous lemma, deg(z) = |L| — 1 forall z € L. Also, |L| = ¢" and GY,
is r-regular thus » = ¢" — 1. Hence GY = K+, by Lemma 2.11. O

3 The characterization of K, -free g-noncommuting graph

In this section, we are going to obtain the structures of G when this graph is K, -free for all
n < 5 and g is a non-zero element.
In the next proposition, we obtain a lower bound for the clique number of G provided that

g¢ Z(L).
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Proposition 3.1. Let L be a Lie algebra over the field F, and g ¢ Z(L). Then w(GY) > q|Z(L)|.

Proof. We claim that (Z(L),g9) = {# 4+ ag | a« € Fy,z € Z(L)} is a clique of GY. Since
[21 + ag, 22 + Bg] = 0 for every z1 + ag,z + Bg € (Z(L), g), so all vertices of (Z(L), g) are
adjacent. Hence w(GY) > ¢|Z(L)|. o

The following propositions and theorems play an important role in classification of Lie alge-
bras when GgL is K, -free such that n < 5.

Theorem 3.2. Let L be an n-dimensional Lie algebra over the field ¥, for some n > 3 and
|Z(L)| = 1. Then GY has a subgraph isomorphic to Ks or Kg for every g ¢ Z(L).

Proof. 1f g ¢ L?, then deg(v) = |L| — 1 for every v € L, by the part (iii) of Lemma 2.1. So, G,
is complete and isomorphic to K| such that [L]| > 8.

Since L is non-abelian, there are elements z,y € L such that [z,y] # 0. Also, there exist
z € L such that A = {z,y, z} is linearly independent. Thus C' = {[x,y], [z, 2], [y, 2]} and so
1 <dim C < 3. Now, we may consider the following cases:

Case (i) dimC = 1. Then [z,y], [z, 2] = «a[z,v],[y,2] = B[z,y] for some «,3 € F,. Put
2/ = Bz + ay — 2. So, {x,y,2'} is linearly independent and [z,z'] = [y,2'] = 0. It im-
plies that C is {[z,y] = z,[z,2'] = [y,2/] = 0}, or {[z,y] = =,[z,2'] = [y,2/] = O}.
We know that there is no 3-dimensional Lie algebra over the field F, with dim L?> = 1 and
|Z(L)] = 1. So, dimL > 4. Since dimL > 4 and |Z(L)| = 1, there is an element w € L
such that the set {z,y,2’,w} is linearly independent and [z’,w] # 0. Assume that {[z,y] =
2 [x,2'] = 0,[y, 2] =0, [z, w], [y, w], [z, w]}. If g # 2/, then {z,y,x + y,2’,0} is a subgraph
of GY, which is isomorphic to Ks. Let g = z’. In this case, we claim that both of [z, w] and
[y, w] are not belong to (z’). Otherwise, [z, [y, w]] + [w, [z,y]] + [y, [w,z]] = 0, by Jacobian
identity. It implies that [w,2’] = 0, which is a contradiction. Hence {0, w,2’,w + 2’,z} or
{0,w, 2, w + 2’,y} is a subgraph isomorphic to K5 provided that {[x, y], [w, 2]} is linearly in-
dependent. Also, {0, 2z, w,z + w,x + 2’} or {0,y,w,y + w,y + 2’} is a subgraph isomorphic
to Ks when {[z,y], [w, ]} is linearly dependent. Now, suppose that C' = {[z,y] = z, [z,7] =
[y, 2] = 0}.1If g # x, then it makes a subgraph of G isomorphic to K by a similar method. If at
least one of the brackets [z, w] or [w, y] is linearly independent with x, then one can see that there
is subgraphs {0, w, 2/, w+2', z} or {0, w, 2, w+2’, y} that is isomorphic to K if {[z, y], [w, 2]}
is linearly independent. Furthermore, we have the subgraph {0, w, z’,w + 2’,x + y} isomor-
phic to K5 when [z, w] = [w,y] = x and {[z, y], [w, 2]} is linearly independent. Suppose that
{[z,y], [w, 2']} is a dependent set. Also,

z = [z,y] = ly, [w,z]] = [, [y, w] + [w, [z, ]} = [/, [y, w]]

by Jacobian identity and if [y, w] € (z), then z = 0. It is a contradiction. Therefore there exists
subgraph {0, y,w,y + w,y + 2’} isomorphic to K5 provided that {[z, y], [w, 2]} is linearly de-
pendent.

Case (ii) dimC = 2. Without loss of generality, let {[z,y], [x,z]} be linearly independent.
Let [y,z] = 0. Then we have the subgraphs {0,z,z,y + 2z, + 2z}, {0,y,z,y + =,y + 2},
or {0,z,y,2,x + y} when g is equal to [z,y], [z, 2], or [z,y] + [z, 2], respectively. Suppose
that [y, z] # 0. So, there are the subgraphs {0,y,z,y + 2,z + 2}, {0,y, 2,y + =,y + z}, or
{0,z,y, 2z, + 2} when g is equal to [z, y], [, 2], or [z,y] + [z, 2], respectively.

Case (iii) dim C' = 3. Then {[z, y], [z, 2], [y, 2]} is linearly independent and by considering the
brackets (2.2), one can see that there is at least a subgraph which is isomorphic to K. O

Theorem 3.3. Let L be an n-dimensional Lie algebra over the field ¥, for some ¢ > 3, n > 3
and |Z(L)| = 1. Then GY for every g ¢ Z(L) has a subgraph isomorphic to K.

Proof. Since L is a Lie algebra over the field IF, for some ¢ > 3, we have g # —g for all
g € L\ {0}. On the other hand, dim L > 3 and |Z(L)| = 1 thus dim > > 2, by [6, Proposition
2.1]. So, there exist elements g; and g, such that [g;, g»] is not equal to g, —g and 0. Hence
{ag1 + Bg2 | o, B € F} makes a subgraph isomorphic to K . O

Theorem 3.4. Let L be a Lie algebra such that |Z(L)| = 2 and g ¢ Z(L). Then G has a
subgraph isomorphic to K|, where |L| > 8 or is isomorphic to one of the following graphs:
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z 0 z 0

Y+ z & Y Yy +z Y

T +y T +y+z T +y z+y+z

(A) GT, B g¢L?

Figure 6

Proof. Consider the following cases:

Case (i) dim L?> = 1. Since |Z(L)| = 2, therefore L is a Lie algebra over the field F, and L is
isomorphic to H(m) = (z;,yi, 2 | [zi,y:] = 2, 1 <i < m) forsome m > 1or (x,y,z | [z,y] =
x) by [6, Proposition 2.1]. If L = H(m) for some m > 1, then L? = Z(L) = (). As g ¢ Z(L),
we have g ¢ L? and all vertices are adjacent by the part (iii) of Lemma 2.1. Therefore GY is
isomorphic to K|, where |L| > 8.1f (x,y, 2 | [x,y] = ), then L* = (z) and Z(L) = (2). Since
g ¢ Z(L), wehave g = x or g ¢ L?. Suppose that g = = thus G is isomorphic to the part A of
Figure 6. Also, GY is isomorphic to Kg, by the part (iii) of Lemma 2.1 when g ¢ L*\ Z(L).
Case (ii) dim L? > 2. In this case, there exist elements =,y € L such that [z, ] is non-zero and
[x,y] # g. Since |Z(L)| = 2, we can consider Z (L) = (z). Hence {az+ By +7z | o, 8,7 € Fa}
forms a subgraph of G which is isomorphic to K. O

The following proposition gives a similar result to Theorem 3.4 where g € Z(L) \ {0}. The
proof is very similar and we omit here.

Proposition 3.5. Let L be a Lie algebra such that |Z(L)| = 2 and g € Z(L) \ {0}. Then G has
a subgraph isomorphic to one of the graphs in Figure 6.

Proposition 3.6. Let L be a Lie algebra, g € Z(L) \ {0}, and |Z(L)| > 3. Then GY has a
subgraph isomorphic to Kg.

Proof. Since |Z(L)| > 3, we have {0, 41,92} C Z(L). Also, L is non-abelian thus there is an
element g € L\ Z(L). Therefore {ag + Bg1 + 792 | o, B,y € F»} makes a subgraph of G like
H such that H = K. m|

In the next theorems, we determine the structure G when this graph is a K,,-free, where
n <5.
Note that in the following propositions and theorems, we consider both abelian and non-abelian
Lie algebras

Theorem 3.7. Let L be a Lie algebra and g be a non-zero element. Then the following conditions
are equivalent:

(i) GY is Kx-free,

(ii) GY is isomorphic to one of the following graphs:

(A) (B)
Figure 7
Proof. (i) — (ii) Assume that GY is K3-free, L is non-abelian and g ¢ Z(L). Thus w(GY) <2

and since ¢|Z(L)| < w(GY) by Proposition 3.1, we have |Z(L)| = 1 and ¢ = 2. We show
that deg(g) = 1. By contrary, let deg(g) > 2. Then there is at least g; such that [g,g1] # ¢
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and —g. So, the set vertex {g,¢1,9 + ¢1} makes a triangle, which is a contradiction. Hence
deg(g) = 1. On the other hand, ¢ = 2 thus deg(g) is equal to |L| — |C(g)| — 1, or |L| — 1,
by Lemma 2.1. If deg(g) = |L| — 1, then |L| = 2 and L is abelian. It is a contradiction.
Thus deg(g) = |L| — |CL(g)] — 1. Now, let |L| = 2" and |CL(g)| = 2™, where n > m > 0.
Then 2™(2"~™ — 1) = 2. If 2™ = 1, then m = 0, which is a contradiction. So, 2" = 2 and
2n=! =2 Therefore n = 2 and G is isomorphic to the part B of Figure 7, by Proposition 2.4.
If g € Z(L) \ {0} and L is non-abelian, then there exist gy € L\ Z(L). Hence the vertex set
{9, 91,9 + g1} makes a subgraph that is isomorphic to K3. It is a contradiction. Now, assume
that L is an abelian Lie algebra. Thus G = K|;|, by Lemma 2.2. Since G is Kj-free, G is
isomorphic to the part A of Figure 7.

(ii) — (i) The proof is obvious. O

Theorem 3.8. Let L be a Lie algebra and g be a non-zero element. Then the following conditions
are equivalent:

(i) GY is Ky-free,

(ii) GY is isomorphic to one of the following graphs:

0

z
- ODACM mAery

(A) (B) ©

0

Figure 8

Proof. (i) — (ii) Suppose that G is Ky-free. If L is abelian, then G = K|, by Lemma 2.2.
As GY is Ky-free, then |L| < 3 and so GY is isomorphic to the parts A and B in Figure 8. Let
L be non-abelian and g ¢ Z(L). Since GY is Ky-free, we have ¢|Z(L)| < w(GY) < 3, by
Proposition 3.1. It implies that the followong cases:

Case (i) ¢ =2 and |Z(L)| = 1. Assume that dim L = 2. Thus G is isomorphic to the part C of
Figure 8, , by Proposition 2.4. If dim L > 3, then this case does not happen, by Theorem 3.2.
Case (ii) ¢ = 3 and |Z(L)| = 1. By Theorem 3.3, the graph G¥ is not K4-free when dim L > 3,
g =2and |Z(L)| = 1. Hence dim L = 2 and so GY is isomorphic to the part D of Figure 8, by
Proposition 2.4.

Assume that L is non-abelian and g € Z(L) \ {0}. Thus there is g; € L\ Z(L) and the vertex
set {0, g, 91, g + g1 } makes a subgraph that is isomorphic to K. It is a contradiction.

(i) — (ii) The proof is obvious. i

Theorem 3.9. Let L be a Lie algebra and g be a non-zero element. Then

(i) GY is Ks-free,

(ii) GY is isomorphic to one of the following graphs:
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Proof. (i) — (ii) Suppose that L is non-abelian and g ¢ Z(L). As GY is Ks-free, sow(GY) < 4.
Since ¢|Z(L)| < w(GY) by Proposition 3.1, we have the following cases:

Case (i)|Z(L)| = 1 and ¢ = 2. If dim L = 2, then GY is isomorphic to the graphs C and D in
Figure 9 by the part (i) of Proposition 2.4. If dim L > 3, then there is no Ks-free graph GY by
Theorem 3.2.

Case (ii) |Z(L)| = 1 and ¢ = 3. In this case, GY is isomorphic to the graph E in Figure 9, by
the part (ii) of Proposition 2.4 when dim L = 2. Also, there does not exist G, by Theorem 3.3
when dim L > 3.

Case (iii) |Z(L)| = 2 and ¢ = 2. By Proposition 3.4, GY is isomorphic to the part F of Figure 9
when |Z(L)| =2 and ¢ = 2.

Assume that L is non-abelian and g € Z(L) \ {0}, therefore |Z(L)| > 2. If |Z(L)| = 2, then
GY is isomorphic to the part F in Figure 9, by Propositions 3.5. In addition, G has a subgraph
isomorphic to Kg when |Z(L)| > 3, by Proposition 3.6. Hence G is not Ks-free.

Let L be abelian and g # 0. Then G = K| by Lemma 2.2. Since G is Ks-free, so GY is
isomorphic to the parts A or B of Figure 9.

(ii) — (i) The proof of this part is clear. o

Proposition 3.10. Let L be a Lie algebra and g be a non-zero element. Then GY is tree if and
only if G is isomorphic to one of the graphs Figure 7.

Proof. If L is abelian, then G = K|, by Lemma 2.2. So, G is tree when |L| = 2 and then
G is isomorphic to the part A of Figure 7. Since GY is tree, there is a vertex x of degree one.
Suppose that L is a non-abelian Lie algebra over the field IF, with the characteristic 2. Then
deg(xz) = |L| — |CL(z)| — 1, by the part (ii) of Lemma 2.1. Thus deg(z) = |L| — |C(z)] — 1.
Now, let |L| = 2" and |CL(g)| = 2™, where n > m > 0. Then 2" (2"~™ — 1) = 2. If 2™ =1,
then m = 0, which is a contradiction. So, 2™ = 2 and 2"~! = 2. It implies that |L| = 4 and so
GY is isomorphic to the part B of Figure 7, by Proposition 2.4. If F, is a field of characteristic
not equal to 2, then deg(z) = |L| — 2|CL(z)| — 1, by the part (i) of Lemma 2.1. By considering
|L| = ¢™ and |CL(z)| = ¢™, we have ¢"(¢"~™ — 2) = 2. One can see that this case does not
occur. Conversely, if G is isomorphic to one of the graphs in the Figure 7, then it is clear that
GY is tree. m

Corollary 3.11. Let L be a Lie algebra and g be a non-zero element. Then the following condi-
tions are equivalent.

(i) GY is tree,
(ii) GY is triangle free,
(iii) G is isomorphic to one of the graphs in Figure 7,

Proof. The proof follows from Proposition 3.10 and Theorem 3.7. O
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