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Abstract. We prove that the power series ring R[[X]] satisfies epi-DCC on ideals if and only
if R[[X]] satisfies DCCd on ideals if and only if R[[X]] is isoartinian if and only if R is a reduced
Artinian ring. Let I be an ideal of R. We prove that the ring R + XI[[X]] satisfies DCCd on
ideals if and only if R satisfies DCCd on ideals, I is principal generated by an idempotent e and
the ring R/(1 − e)R is reduced and Artinian. We study also when each of the polynomial rings
R[X] and R+XI[X] satisfies epi-DCC/DCCd on ideals and when it is isoartinian.

1 Introduction

All rings considered are commutative with identity and modules are unital. Let R be a ring , I an
ideal of R and M an R-module. R. Dastanpour and A. Ghorbani introduced two generalizations
of Artinian rings as follows. A ring (not necessarily commutative) R satisfies divisibility on
descending chain of right ideals (for short, DCCd on right ideals) if, for every descending chain
I1 ⊇ I2 ⊇ ... of right ideals of R, there exists a positive integer k such that for all i ≥ k,
Ii+1 = riIi for some ri ∈ R [4, Definition 4.1]. An epimorphism of modules means a surjective
homomorphism of modules. We say that M satisfies epi-DCC on submodules if, for every
descending chain M1 ⊇M2 ⊇ ... of submodules of M , there exists a positive integer k such that
for each i ≥ k, there exists an epimorphism Mi −→Mi+1 [5, Definition 4.1]. Artinian modules,
semisimple modules and free modules over PIDs (principal ideal domains) are standard examples
of modules with epi-DCC on submodules [5, Example 4.2]. We say that R satisfies epi-DCC on
ideals if R, as a module over itself, satisfies epi-DCC on submodules [5]. A. Facchini and Z.
Nazemian calledM to be isoartinian if for every descending chainM1 ⊇M2 ⊇ ... of submodules
of M , there exists a positive integer n such that Mn is isomorphic to Mi for every i ≥ n [6]. The
ring R is said to be isoartinian if R, as a module over itself, is isoartinian. The aim of this paper
is to study when each of the following rings R[[X]] (the power series ring), R+XI[[X]], R[X]
(the polynomial ring) and R+XI[X] satisfies epi-DCC on ideals/DCCd on ideals/is isoartinian.
Each isoartinian ring / ring with DCCd on ideals satisfies epi-DCC on ideals but the converse is
false (Example 2.2 and Example 2.3). In the second section, we prove that R[[X]] satisfies epi-
DCC on ideals if and only if R[[X]] satisfies DCCd on ideals if and only if R[[X]] is isoartinian
if and only if R is a reduced Artinian ring (Theorem 2.6). Let A = (Ai)i≥0 be an ascending
chain of rings, A =

⋃
i≥0 Ai and X an indeterminate over A. Let

A[[X]] = {
∑
i≥0

aiX
i ∈ A[[X]] | each ai ∈ Ai}

be the ring of power series with coefficient of degree i in Ai and

A[X] = {a0 + a1X + · · ·+ anX
n ∈ A[X] | n ∈ N, each ai ∈ Ai}

be the ring of polynomial with coefficient of degree i in Ai. Clearly, A[[X]] is a subring of
A[[X]] and containing A[X]. We deduce that the ring A[[X]] satisfies epi-DCC on ideals if and
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only if A[[X]] satisfies DCCd on ideals if and only if A[[X]] is isoartinian if and only if for all
i, Ai = A0 is a reduced Artinian ring (Corollary 2.8). We prove that R[X] satisfies epi-DCC on
ideals if and only if R[X] satisfies DCCd on ideals if and only if R[X] is isoartinian if and only
if R is a reduced Artinian ring (Theorem 2.9). We deduce that the ring A[X] satisfies epi-DCC
on ideals if and only if A[X] satisfies DCCd on ideals if and only if A[X] is isoartinian if and
only if for all i, Ai = A0 is a reduced Artinian ring (Corollary 2.10).
The third section is devoted to study when each of the ringsR+XI[[X]] andR+XI[X] satisfies
epi-DCC/DCCd on ideals (respectively is isoartinian). We prove that if R is an integral domain
and I is a proper ideal of R, then R +XI[[X]] (respectively R +XI[X]) satisfies epi-DCC on
ideals if and only if I = 0 and R is a PID (Corollary 3.2). We prove that if R is an integral
domain, I is a proper ideal of R and R = R +XI[[X]] or R +XI[X], then R satisfies DCCd

on ideals (respectively is isoartinian) if and only if I = 0 and R is a PID (Corollary 3.3). We
prove that if R satisfies epi-DCC on ideals, then R/P is a PID for each prime ideal P of R and
R has Krull dimension ≤ 1 (Theorem 3.7). An ideal J of R is said to be an SFT-ideal of R
if there exist a positive integer k and a finitely generated ideal F of R such that F ⊆ J and
ak ∈ F for all a ∈ J ([2]). A ring R is said to be SFT if each ideal of R is an SFT-ideal. We
deduce that if R +XI[[X]] satisfies epi-DCC on ideals, then I is an SFT ideal of R (Corollary
3.8). We prove that the ring R + XI[[X]] satisfies DCCd on ideals if and only if R satisfies
DCCd on ideals, I is principal generated by an idempotent e and I is a reduced and Artinian ring
(Theorem 3.10). We deduce that if R is a quasi-local ring, then R+XI[[X]] satisfies DCCd on
ideals if and only if either (I = 0 and R satisfies DCCd on ideals) or I = R is a reduced Artinian
ring (Corollary 3.14). We prove that if I is finitely generated, then R + XI[X] satisfies DCCd

on ideals if and only if R satisfies DCCd on ideals, I is principal generated by an idempotent
e, (1 − e)R is a radical ideal of R and every prime ideal of R containing 1 − e is maximal
and finitely generated (Proposition 3.15). Let e be an idempotent element of R. We prove that
R+X(eR)[[X]] satisfies epi-DCC on ideals if and only if R+X(eR)[X] satisfies epi-DCC on
ideals if and only if R satisfies epi-DCC on ideals, (1 − e)R is a radical ideal of R and every
prime ideal of R containing 1 − e is maximal and finitely generated (Theorem 3.17). We prove
that R + X(eR)[[X]] is isoartinian if and only if R + X(eR)[X] is isoartinian if and only if R
is isoartinian, (1 − e)R is a radical ideal of R and every prime ideal of R containing 1 − e is
maximal and finitely generated (Theorem 3.18).

2 Power series rings with epi-DCC/DCCd on ideals

Throughout this paper, let R be a ring and X an indeterminate over R.

Proposition 2.1. We have the following.

(i) If R is isoartinian, then R satisfies epi-DCC on ideals.

(ii) If R satisfies DCCd on ideals, then R satisfies epi-DCC on ideals.

Proof. 1) Trivial. 2) If I ⊇ J are ideals of R such that J = rI for some r ∈ R, then the
map I −→ J , which maps x to rx, is an epimorphism (i.e., a surjective homomorphism) of
R-modules.

The converse of Proposition 2.1-(2) is false. An example of a ring with epi-DCC on ideals
(in fact isoartinian ring) but it does not satisfy DCCd on ideals.

Example 2.2. Let F be a field and R the ring quotient of the algebra F [x1, x2, ...] modulo the
relations xixj = 0 for all positive integers i, j. Thus R is an isoartinian ring by [3, Example 3.1].
Then R satisfies epi-DCC on ideals. Note that R = F ⊕

⊕
i≥1 Fxi is an F-vector space with an

infinite countable basis {1, x1, x2, ...}. For each positive integer j, let Ij = ⊕i≥jFxi which is an
ideal of R. Thus I1 ⊇ I2 ⊇ ... is a descending chain of ideals of R. Assume that there exists a
positive integer n such that In+1 = rIn for some r ∈ R. Since xiIn = 0 for all i, we can assume
that r = u ∈ F . Since u is invertible in R, In+1 = In and so xn ∈ In+1, a contradiction. Then
Ij+1 ̸= rIj for all j and all r ∈ R. Hence R does not satisfy DCCd on ideals.
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The converse of Proposition 2.1-(1) is false. An example of a ring with epi-DCC on ideals
but it is not isoartinian.

Example 2.3. Let K be a field, (Xr)0<r<1 an uncountable set of algebraically independent in-
determinates over K indexed by the real open interval ]0, 1[ and R = K[(Xr)0<r<1]/I where I
is the ideal of K[(Xr)0<r<1] generated by (Xr+t − XrXt)r+t<1 and (XrXt)r+t≥1. Thus R is
a chained ring with zero Krull dimension, with maximal ideal M = (xr)0<r<1, M2 = M and
every nonzero proper ideal ̸=M of R is principal generated by some xr (the class of Xr modulo
I) by [11, Example 3.13]. Then R satisfies DCCd on ideals and so R satisfies epi-DCC on ideals
by Proposition 1.2. By [11, Example 3.13], R does not satisfy DCC on annihilators. Hence R is
not isoartinian by [6, Lemma 4.10].

R. Dastanpour and A. Ghorbani proved that an integral domain D satisfies DCCd on ideals if
and only if D is a PID [4, Corollary 4.6]. Also they proved that a perfect ring R satisfies DCCd

on ideals if and only if R is Artinian [4, Corollary 4.17].

Lemma 2.4. Let D be an integral domain. The following statements are equivalent.

(i) D satisfies epi-DCC on ideals.

(ii) D is isoartinian.

(iii) D satisfies DCCd on ideals.

(iv) D is a PID.

Proof. i) ⇔ iv) By [5, Corollary 4.8].
ii) ⇔ iv) By [6, Corollary 4.5].
iii) ⇔ iv) By [4, Corollary 4.6].

It was proved that if I is an ideal of an isoartinian ringR such that I contains a regular element
of R, then I is principal [3, Lemma 2.4]. In fact, this happens also in rings with epi-DCC on
ideals as the following shows.

Lemma 2.5. Assume that R satisfies epi-DCC on ideals and I an ideal of R. If I contains a
regular element of R, then I is a principal ideal.

Proof. Let r ∈ I be a regular element of R. Thus I ⊇ rR ⊇ rI ⊇ r2R ⊇ r2I ⊇ · · · is
a descending chain of ideals of R and so there exist a positive integer n and an epimorphism
φ : rnR −→ rnI . Then rnI = φ(rnR) = φ(rn)R = rnaR for some a ∈ I . Hence I = aR
because rn is regular in R.

For each f ∈ R[[X]], f (i) denotes the coefficient of Xi in f .

Theorem 2.6. The following statements are equivalent.

(i) R[[X]] satisfies epi-DCC on ideals.

(ii) R[[X]] satisfies DCCd on ideals.

(iii) R[[X]] is an isoartinian ring.

(iv) R is a reduced Artinian ring (⇔ isomorphic to a finite product of fields).

Proof. iv) ⇒ ii) If R ∼= K1 × · · ·Km (a ring isomorphism) where K1, ...,Km are fields, then
R[[X]] ∼= K1[[X]] × · · · ×Km[[X]]. Each Ki[[X]] is a PID and so satisfies DCCd on ideals by
Lemma 2.4. Note that a finite product of rings with DCCd on ideals satisfies DCCd on ideals [4,
Example 4.2-(b)]. Then R[[X]] satisfies DCCd on ideals.
iv) ⇒ iii) Similar argument as in the previous implication. Each Ki[[X]] is a PID and so is an
isoartinian ring by Lemma 2.4. In [6, Lemma 4.1], the authors proved that a finite product of
isoartinian rings is isoartinian. Then R[[X]] is isoartinian.
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iii) ⇒ i) By Proposition 2.1.
i) ⇒ iv) First, we prove that each ideal of R is principal generated by an idempotent. Let I be
an ideal of R. Then I +XR[[X]] is an ideal of R[[X]] and it contains the regular element X of
R[[X]]. By Lemma 2.5, I +XR[[X]] is a principal ideal of R[[X]]. Let so f ∈ R[[X]] such that
I +XR[[X]] = fR[[X]]. Thus I = f (0)R. There exists g ∈ R[[X]] such that X = fg. Then

f (0)g(0) = 0 and 1 = f (0)g(1) + f (1)g(0)

Thus f (0) = (f (0))2g(1) and so e = e2 where e = f (0)g(1). Therefore, I = eR. Each ideal ofR
is idempotent and so R is a von-Neumann regular ring by [1, Theorem 5]. Then R is a reduced
ring with zero Krull dimension by [1, Theorem 2]. Since each ideal of R is principal, R is a
Noetherian ring and so is Artinian. It is well known that a reduced Artinian ring is isomorphic
to a finite product of fields. In fact, R ∼=

∏
P R/P where P range over prime ideals of R.

ii) ⇒ i) By Proposition 2.1.

Example 2.2 provided an example of an isoartinian ring that is not Artinian (in fact it has
zero Krull dimension but it is not Noetherian). The following provide an example of a one-
dimensional Noetherian ring that is not isoartinian.

Example 2.7. An example of a one-dimensional Noetherian ring that is not isoartinian (in fact
does not satisfy epi-DCC on ideals). Let K be a field, Y an indeterminate over K and consider
the quotient ring R = K[Y ]/(Y 2). Let T = R[[X]]. Then R is a zero-dimensional Noetherian
ring (so Artinian). Then T is Noetherian. By [2, Theorem 2], T has Krull dimension one. Since
R is not reduced, T is not isoartinian by Theorem 2.6.

Let A = (Ai)i≥0 be an ascending chain of rings, A =
⋃

i≥0 Ai and X an indeterminate over
A. Let

A[[X]] = {
∑
i≥0

aiX
i ∈ A[[X]] | each ai ∈ Ai}

be the ring of power series with coefficient of degree i in Ai

and A[X] = {a0 + a1X + · · ·+ anX
n ∈ A[X] | n ∈ N, each ai ∈ Ai}

the ring of polynomial with coefficient of degree i in Ai. Clearly, A[[X]] is a subring of A[[X]]
and containing A[X]. For more information and fundamental results on the rings A[[X]] and
A[X], readers are referred to [8, 9].

Corollary 2.8. The following statements are equivalent.

(i) A[[X]] satisfies epi-DCC on ideals.

(ii) A[[X]] satisfies DCCd on ideals.

(iii) A[[X]] is an isoartinian ring.

(iv) For all i, Ai = A0 is a reduced Artinian ring.

Proof. i) ⇒ iv) Let n be a positive integer and An = (Ai)i≥n. Thus

An[[X]] = {
∑
i≥0

aiX
i ∈ A[[X]] | each ai ∈ Ai+n}

Note that A[[X]] is a subring of An[[X]] and XnAn[[X]] ⊆ A[[X]]. Thus XnAn[[X]] is an
ideal of A[[X]]. Note that XnAn[[X]] contains the regular element Xn of A[[X]]. By Lemma
2.5, XnAn[[X]] is a principal ideal of A[[X]]. Let so f ∈ An[[X]] such that XnAn[[X]] =
XnfA[[X]]. Thus An[[X]] = fA[[X]]. So f is invertible in the ring An[[X]] and thus An[[X]] =
A[[X]]. Hence An = A0. Therefore A0[[X]] = A[[X]] and so A0 is reduced and Artinian by
Theorem 2.6.
iv) ⇒ iii) By Theorem 2.6.
iv) ⇒ ii) By Theorem 2.6.
ii)/iii) ⇒ i) By Proposition 2.1.
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The same argument given in Theorem 2.6 works also for the polynomial ring. We deduce
that

Theorem 2.9. The following statements are equivalent.

(i) R[X] satisfies epi-DCC on ideals.

(ii) R[X] satisfies DCCd on ideals.

(iii) R[X] is an isoartinian ring.

(iv) R is a reduced Artinian ring.

The argument given in Corollary 2.8 works also for the polynomial ring. We deduce the
following.

Corollary 2.10. The following statements are equivalent.

(i) A[X] satisfies epi-DCC on ideals.

(ii) A[X] satisfies DCCd on ideals.

(iii) A[X] is an isoartinian ring.

(iv) For all i, Ai = A0 is a reduced Artinian ring.

Corollary 2.11. The ring R[[X,Y ]] (respectively R[X,Y ]) never satisfies epi-DCC on ideals.

Proof. For a ringA, dimA denotes the Krull dimension ofA. It is well known that dimR[[X]] ≥
1+dimR ≥ 1 and soR[[X]] is never Artinian because an Artinian ring has zero Krull dimension.
Then R[[X,Y ]] never satisfies epi-DCC on ideals by Theorem 2.6.

3 When R + XI[[X]] satisfies epi-DCC/DCCd on ideals

Let I be an ideal ofR. Now we turn to study when the ringR+XI[[X]] satisfies epi-DCC/DCCd

on ideals and when it is isoartinian. We proved that R +XI[[X]] (respectively R +XI[X]) is
isonoetherian if and only if (i) R is isonoetherian, (ii) I is idempotent and (iii) each ideal of R
contained in I is finitely generated [11, Theorem 2.5]. Also we proved that R+XI[[X]] satisfies
ACCd on ideals if and only if (i) R satisfies ACCd on ideals, (ii) I is idempotent and (iii) each
ideal of R contained in I is finitely generated [11, Theorem 3.8]. Note that in this case, I must
be a principal ideal generated by an idempotent element.

Lemma 3.1. If R + XI[[X]] (respectively R + XI[X]) satisfies epi-DCC on ideals and r is a
regular element of R, then I = rI .

Proof. Let r be a regular element of R (so of R := R + XI[[X]]) and I = rR + XI[[X]]
which is an ideal of R containing r. By Lemma 2.5, I is principal and so I = fR for some
f ∈ I. There exists h ∈ R such that r = fh and so r = f (0)h(0). Since f ∈ I, f (0) ∈ rR
and so r ∈ rh(0)R. Since r is regular, h(0) is a unit of R. By induction, we show that f (i) ∈ rI
for all i ≥ 1. Since r = fh, 0 = f (0)h(1) + f (1)h(0) and so f (1) = −f (0)h(1)(h(0))−1 ∈ rI
because h(1) ∈ I . Assume that f (i) ∈ rI for all 1 ≤ i < n. Since 0 = f (0)h(n) + · · ·+ f (n)h(0),
−f (n) = (h(0))−1(f (0)h(n) + · · · + f (n−1)h(1)) ∈ rI . Thus f = rg for some g ∈ R +XI[[X]].
Therefore, I = rR. For all a ∈ I , there exists ρ ∈ R such that aX = rρ and so a = rρ(1) ∈ rI .
Similar argument for the polynomial case.

Corollary 3.2. Let R be an integral domain and I a proper ideal of R. The ring R + XI[[X]]
(respectively R+XI[X]) satisfies epi-DCC on ideals if and only if I = 0 and R is a PID.
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Proof. (⇒) Assume that I contains a nonzero element r. By Lemma 3.1, r ∈ rI and so 1 ∈ I .
Thus I = R, a contradiction. Then I = 0 and R +XI[[X]] = R. By Lemma 2.4, R is a PID.
(⇐) If I = 0, then R + XI[[X]] = R which is a PID and so satisfies epi-DCC on ideals by
Lemma 2.4.

Corollary 3.3. Let R be an integral domain and I a proper ideal of R and R = R + XI[[X]]
or R + XI[X]. The ring R satisfies DCCd on ideals (respectively is isoartinian) if and only if
I = 0 and R is a PID.

Proof. By Corollary 3.2, Proposition 2.1 and Lemma 2.4.

Lemma 3.4. If H ⊇ J are two nonzero ideals of R and J contains a regular element of R, then
each epimorphism H −→ J is an isomorphism.

Proof. Let φ : H −→ J be an epimorphism and r ∈ H such that φ(r) = 0. Let c ∈ J a regular
element of R and a ∈ H such that c = φ(a). Thus cr = φ(a)r = φ(ar) = aφ(r) = a0 = 0.
Then r = 0. Hence φ is an isomorphism.

Remark 3.5. It follows that if R is an integral domain, then R satisfies epi-DCC on ideals if and
only if R is isoartinian (this gives us a direct proof of 1) ⇔ 2) in Lemma 2.4).

Lemma 3.6. Let H ⊇ J ⊃ P be ideals of R such that P is a prime ideal of R. If there is an
epimorphism H −→ J , then H/P ∼=R/P J/P (i.e., isomorphism of (R/P )-modules).

Proof. Let φ : H −→ J be an epimorphism and a ∈ J\P . For each r ∈ P , aφ(r) = φ(ar) =
rφ(a) ∈ P and so φ(r) ∈ P . Since φ(P ) ⊆ P , the map ψ : H/P −→ J/P , defined by
ψ(x) = φ(x), is well defined. It is straightforward to see that ψ is an epimorphism. Since
J ̸= P , ψ is an isomorphism by Lemma 3.4.

Theorem 3.7. If R satisfies epi-DCC on ideals, then R/P is a PID for each prime ideal P of R
(in particular, R has Krull dimension ≤ 1).

Proof. Let J1 ⊇ J2 ⊇ ... ⊃ P be a descending chain of ideals of R containing P . There exists
a positive integer k such that for all i ≥ k, there is an epimorphism Ji −→ Ji+1. By Lemma
3.6, Ji/P ∼=R/P Ji+1/P for all i ≥ k. Thus Ji/P ∼=R/P Jk/P for all i ≥ k. Then R/P is an
isoartinian ring. By Lemma 2.4, R/P is a PID. For each minimal prime ideal P of R, R/P has
Krull dimension ≤ 1 and so is R.

Corollary 3.8. If R+XI[[X]] satisfies epi-DCC on ideals, then I is an SFT ideal of R.

Proof. Assume that I is not an SFT ideal of R and denote R = R + XI[[X]]. Hizem ([10,
the proof of Theorem 2.1]) proved that the ring R contains an infinite ascending chain of prime
ideals where she worked with the assumption that R is an integral domain. It seems that her
argument works also in the case of a ring R with zero divisors. For the sake of completeness
and clarity, we include the proof here. Arnold proved that if the ring R is not SFT, then R[[X]]
contains an infinite ascending chain of prime ideals (see the proof of [2, Theorem 1]). Since I is
not SFT, we may choose a sequence (ai)i≥0 of elements of I such that ak+1

k+1 /∈ Ra0 + · · ·+Rak
for all integers k ≥ 0 ([2, page 300]). For each positive integer k, let Ak = (a0, . . . , ak) be the
finitely generated ideal of R generated by a0, . . . , ak. Let A =

⋃
k Ak. For each positive integer

m, Arnold choose a sequence (am,i)i≥0 defined inductively on m as follows. For m = 1, let
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a1,i = ai for all i ≥ 0. Assume that (am,i)i≥0 is constructed for all 1 ≤ m < n. He defined
an,i = an−1,i2+1 for all i ≥ 0. For each positive integer n, set

f(n) =
∞∑
i=0

an,iX
i

For g =
∑∞

i=0 biX
i ∈ R[[X]] (where bi ∈ R) and n,m, µ, r integers such that m ≥ n ≥ 1 and

r ≥ 0, we say that the tuple (g,m, µ, r) has the property (n) if for all i ≥ r, there exists an
integer ti such that the following hold

• bti = aµm,i + α for some α ∈ Asi−1 where am,i = an,ki = a1,si .

• ti ≤ µki.

• bi ∈ Asi−1 for all 0 ≤ j < ti.

For each positive integer n, we denote Sn to be the set of g ∈ R[[X]] such that (g,m, µ, r)
has the property (n) for some m,µ ≥ 1 and some r ≥ 0. The set Sn is nonempty because it
contains f(n) since (f(n), n, 1, 0) satisfies the property (n). Arnold proved that S1 ⊃ S2 ⊃ · · ·
is a strictly descending chain of closed multiplicative subsets of R[[X]] ([2, Lemma 2, Lemma
3 and page 302]). Also, he proved that AR[[X]] ∩ S1 = ∅ and there exists an infinite ascending
chain AR[[X]] ⊆ P1 ⊂ P2 ⊂ ... of prime ideals of R[[X]] such that f(n) ∈ Pn+1\Pn for each n
(see [2, the proof of Theorem 1]). Since A ⊆ I , each f(n) ∈ I[[X]] ⊆ R which is a subring of
R[[X]]. Thus f(n) ∈ (Pn+1 ∩R)\(Pn ∩R) for each n. Then P1 ∩R ⊂ P2 ∩R ⊆ ... is an infinite
ascending chain of prime ideals of R, a contradiction because R has Krull dimension ≤ 1 by
Theorem 3.7.

Lemma 3.9. If R+XI[[X]] (respectively R+XI[X]) satisfies DCCd on ideals, then I is pure.

Proof. We can assume that I is proper. Let r ∈ I . For each positive integer i, let Hi be the ideal
of R + XI[[X]] generated by (rXj)j≥i. Since H1 ⊇ H2 ⊇ ... is a descending chain of ideals
of R+XI[[X]], there exists a positive integer n and f ∈ R+XI[[X]] such that Hn+1 = fHn.
Since frXn ∈ Hn+1, there exist g1, ..., gm ∈ R+XI[[X]] such that frXn = rXn+1g1 + · · ·+
rXn+mgm. Thus rf (0) = 0. Since rXn+1 ∈ fHn, there exist h0, ..., hk ∈ R+XI[[X]] such that

rXn+1 = frXnh0 + · · ·+ frXn+khk

Thus r = (rfh0)(1) + (rfh1)(0) = rf (0)h
(1)
0 + rf (1)h

(0)
0 + rf (0)h

(0)
1 = rf (1)h

(0)
0 ∈ rI because

f (1) ∈ I . Similar argument for the polynomial case.

Theorem 3.10. The following statements are equivalent.

(i) R+XI[[X]] satisfies DCCd on ideals.

(ii) The following hold

• R satisfies DCCd on ideals.
• I is principal generated by an idempotent.
• I is a reduced Artinian ring.

Proof. i) ⇒ ii) Denote R = R + XI[[X]]. Since R satisfies epi-DCC on ideals, I is an SFT
ideal of R by Corollary 3.8. There exist a finitely generated ideal F of R and a positive integer
k such that rk ∈ F for all r ∈ I . Let r ∈ I . By Lemma 3.9, r = ra for some a ∈ I .
Thus r = rak ∈ F and so I = F is finitely generated. Since I is pure, I is idempotent (i.e.,
I = I2). Gilmer proved that an idempotent and finitely generated ideal is principal generated
by an idempotent element [7, Lemma 1]. Since I is idempotent, I is principal generated by an
idempotent e by [7, Lemma 1]. Note that eR (respectively eR) is a ring with identity element e
(respectively e where e = 1 − e). Moreover R = eR ⊕ eR ∼= eR × eR (a ring isomorphism).
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Also R = eR⊕ eR ∼= eR× eR. Note that eR = eR +X(eI)[[X]] = I[[X]] because I = eR
and eR = eR. Then R ∼= I[[X]] × eR. In [4, Example 4.2-(b) and (c)], the authors proved that
a finite product of rings satisfies DCCd on ideals if and only if each ring member of this product
satisfies DCCd on ideals. Then each of the rings I[[X]] and eR satisfies DCCd on ideals. By
Theorem 2.6, I is a reduced Artinian ring. Then R ∼= I × eR satisfies DCCd on ideals.
ii) ⇒ i) Let e be an idempotent of R such that I = eR. By Theorem 2.6, I[[X]] satisfies DCCd

on ideals. Since R = I ⊕ eR, eR satisfies DCCd on ideals. Hence R = I[[X]] ⊕ eR satisfies
DCCd on ideals.

Example 3.11. Let Z be the ring of integers, Q the field of rational numbers, R = Q × Z,
e = (1, 0) and w = (0, 1). Then R satisfies DCCd on ideals, e is an idempotent element of R and
the ring Re = Q× 0 is reduced and Artinian. Thus R+X(eR)[[X]] satisfies DCCd on ideals by
Theorem 3.10. Also w is an idempotent element of R but the ring Rw = 0 × Z is not Artinian.
Therefore, R+X(wR)[[X]] does not satisfy DCCd on ideals by Theorem 3.10.

Example 3.12. Let R be a ring, X,Y two indeterminates over R, I an ideal of R, R = R +
XI[[X]] and I = I[[X]] which is an ideal of R. Then

R+ Y I[[Y ]] = R+XI[[X]] + Y I[[X,Y ]]

IfR satisfies DCCd on ideals, I = eR for some idempotent e ofR and I is a reduced Artinian
ring, then R+XI[[X]]+Y I[[X,Y ]] does not satisfy DCCd on ideals. Indeed, R satisfies DCCd

on ideals by Theorem 3.10. Also I = I[[X]] = (eR)[[X]] = eR but I is not an Artinian ring
because dim I[[X]] ≥ 1 + dim I ≥ 1. Hence R + Y I[[Y ]] does not satisfy DCCd on ideals by
Theorem 3.10.

Corollary 3.13. The following statements are equivalent.

(i) R+XI[[X]] satisfies DCCd on ideals.

(ii) The following hold

• R satisfies DCCd on ideals.
• I is principal generated by an idempotent e.
• eR is a radical ideal of R where e = 1 − e.
• Every prime ideal of R containing e is maximal and finitely generated.

Proof. Artinian rings are exactly Noetherian rings with zero Krull dimension. Let e be an idem-
potent of R and I = eR. Note that I ∼= R/eR (ring isomorphism). It follows that I is a reduced
Artinian ring if and only if so is R/eR if and only if eR is a radical ideal of R and every prime
ideal of R containing e is maximal and finitely generated.

A ring with a unique maximal ideal is called a quasi-local ring.

Corollary 3.14. Assume that R is quasi-local. The following statements are equivalent.

(i) R+XI[[X]] satisfies DCCd on ideals.

(ii) Either (I = 0 and R satisfies DCCd on ideals) or I = R is a reduced Artinian ring.

Proof. By Theorem 3.10, Theorem 2.6 and the fact that in a quasi-local ring the only idempotent
elements are 0 and 1.
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Proposition 3.15. Assume that I is a finitely generated ideal of R. The following statements are
equivalent.

(i) R+XI[X] satisfies DCCd on ideals.

(ii) The following hold

• R satisfies epi-DCC on ideals.
• I is principal generated by an idempotent e.
• eR is a radical ideal of R.
• Every prime ideal of R containing e is maximal and finitely generated.

Proof. If R+XI[X] satisfies epi-DCC on ideals, I is pure and so I = I2 by Lemma 3.9. By [7,
Lemma 1], I is principal generated by an idempotent. The same argument given in the proof of
Theorem 3.10 works for the polynomial case.

Lemma 3.16. Let A,B be two rings. The product ring A×B satisfies epi-DCC on ideals if and
only if each of the rings A and B satisfies epi-DCC on ideals.

Proof. Note first that ideals of A × B are exactly I × J where I range over ideals of A and
J range over ideals of B. (⇒) If I1 ⊇ I2 ⊇ ... is a descending chain of ideals of A, then
I1×0 ⊇ I2×0 ⊇ ... is a descending chain of ideals ofA×B and so there exists a positive integer n
such that for each i ≥ n, there exists φi : Ii×0 −→ Ii+1×0 an epimorphism of (A×B)-modules.
Clearly, there exists a map ψi : Ii −→ Ii+1 such that φi(x, 0) = (ψi(x), 0). It is straightforward
to see that ψi is an epimorphism Ii −→ Ii+1 of A-modules. Then A satisfies epi-DCC on ideals.
With similar argument, B satisfies epi-DCC on ideals. (⇐) Let I1 × J1 ⊇ I2 × J2 ⊇ ... be a
descending chain of ideals ofA×B. Since I1 ⊇ I2 ⊇ ..., there exists a positive integer n such that
for each i ≥ n, there exists fi : Ii −→ Ii+1 an epimorphism of A-modules. Since J1 ⊇ J2 ⊇ ...,
there exists a positive integer m such that for each i ≥ m, there exists gi : Ji −→ Ji+1 an
epimorphism of B-modules. Hence φi = (fi, gi) : Ii × Ji −→ Ii+1 × Ji+1, that maps (x, y) to
(fi(x), gi(y)), is an epimorphism of (A×B)-modules for each i ≥ max{n,m}.

Theorem 3.17. Let e be an idempotent element of R and e = 1 − e. The following statements
are equivalent.

(i) R+X(eR)[[X]] satisfies epi-DCC on ideals.

(ii) R+X(eR)[X] satisfies epi-DCC on ideals.

(iii) R satisfies epi-DCC on ideals and R/eR is a reduced Artinian ring.

(iv) The following hold.

• R satisfies epi-DCC on ideals.
• eR is a radical ideal of R.
• Every prime ideal of R containing e is maximal and finitely generated.

Proof. Note first that eR (respectively eR) is a ring with identity element e (respectively e).
Moreover R = eR⊕ eR ∼= eR× eR (a ring isomorphism). Denote R = R+X(eR)[[X]]. With
similar argument, R = eR⊕ eR ∼= eR× eR. Note also that eR = eR+X(eR)[[X]] = I[[X]]
where I = eR and eR = eR because ee = 0. Then R ∼= I[[X]] × eR. By Lemma 3.16, R
satisfies epi-DCC on ideals if and only if each of the rings I[[X]] and eR satisfies epi-DCC on
ideals. By Theorem 2.6, I[[X]] satisfies epi-DCC on ideals if and only if I is a reduced Artinian
ring (in particular, I satisfies epi-DCC on ideals). Again by Lemma 3.16, R ∼= I × eR satisfies
epi-DCC on ideals if and only if each of the rings I and R/eR satisfies epi-DCC on ideals. Since
I = eR ∼= R/eR (a ring isomorphism), (i)⇔ (iii). With similar argument, (ii)⇔ (iii). For the
equivalence (iii)⇔ (iv), see the proof of Corollary 3.13.
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The argument given in Theorem 3.17 works also for the isoartinian property. So we have the
following.

Theorem 3.18. Let e be an idempotent element of R and e = 1 − e. The following statements
are equivalent.

(i) R+X(eR)[[X]] is isoartinian.

(ii) R+X(eR)[X] is isoartinian.

(iii) R is isoartinian and R/eR is a reduced Artinian ring.

(iv) The following hold.

• R is isoartinian.
• eR is a radical ideal of R.
• Every prime ideal of R containing e is maximal and finitely generated.

4 Conclusion remarks

The study concludes with the presentation of several open questions for future research.

(Q1) If R+XI[X] satisfies DCCd on ideals, is I finitely generated ?

(Q2) If R+XI[[X]] satisfies epi-DCC on ideals or is isoartinian, is I principal generated by
an idempotent ?

(Q3) If R +XI[X] satisfies epi-DCC on ideals or is isoartinian, is I principal generated by
an idempotent ?

As we said before, an idempotent and finitely generated ideal is necessarily principal gen-
erated by an idempotent element. So, if the question (Q1) has an affirmative answer, then we
can generalize Proposition 3.15 without the assumption " I is finitely generated ". Also, if the
question (Q3) has an affirmative answer, then the ring R + XI[X] satisfies epi-DCC on ideals
(respectively is isoartinian) if and only if the following hold (i) R satisfies epi-DCC on ideals
(respectively is isoartinian), (ii) eR is a radical ideal of R and (iii) Every prime ideal of R con-
taining e is maximal and finitely generated. Also, if the question (Q2) has an affirmative answer,
then the ring R+XI[[X]] satisfies epi-DCC on ideals (respectively is isoartinian) if and only if
(i),(ii) and (iii) hold.
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