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Abstract. In this paper, we introduce the concept of tricomplex valued b-metric space and
prove common fixed point theorems. Our results mainly focus on generalize and expand some
recent well-known results. Finally, we explain an application of our main result to a certain type
of non linear Fredholm integral equation.

1 Introduction

The development of special commutative hypercomplex algebras was pioneered by Serge [1].
His work was instrumental in systematically generalizing complex numbers into bicomplex,
tricomplex, and other higher-order number systems, forming an infinite sequence of algebras.
Subsequent contributions to this field were made by several authors [2-4]. However, the sub-
ject experienced a period of limited advancement for approximately five decades thereafter. A
significant revival occurred when Price [5] advanced the theory of bicomplex numbers and their
function theory. Recently, there has been a resurgence of interest in [6], this area due to its
profound applications across various domains of mathematical sciences, as well as in science
and technology . Notable foundational work on the elementary functions of bicomplex numbers
was developed by Luna-Elizarrards, Shapiro, Struppa, and Vajiac [7]. Within the framework of
fixed point theory, several key results have been established in these novel metric spaces. Choi
et al. [8] proved a common fixed point theorem (CFPT) for two weakly compatible mappings in
bicomplex-valued metric spaces. Jebril [9] established a CFPT for a pair of maps under rational-
type contraction conditions in the same setting. Beg, Datta et al. [10] further contributed to the
fixed point theory in bicomplex-valued metric spaces. In a bicomplex valued metric space of ra-
tional contractions of two variables, Tassaddique, Ahmad et al. [11] proved common fixed point
theorems. Choi, Datta et al. [12] established certain common fixed point theorems for a pair
of weakly compatible mappings satisfying (CLRg) (or (E.A)) property in the bicomplex valued
metric spaces. Abdalla, Mostefaoui et al. [13] demonstrated the existence of unique common
fixed point theorems of contracting mappings that satisfies the concept of weak compatibility
in bicomplex-valued metric spaces. Datta, Pal et al. [14] introduced bicomplex valued b-metric
spaces with some rational inequality on a pair of self contracting mappings and established
common fixed point theorems. Datta, Pal et al. [15] studied common fixed point theorems in
bicomplex valued b-metric space that fulfilled some rational inequalities of two pairs of weakly
compatible self contracting mappings. Extending this research to even higher dimensions, Gu-
naseelan et al. [16] recently proved a common fixed point theorem in tricomplex-valued metric
spaces in 2022. Some fixed point theorems in tricomplex valued b-metric space were proved by
Singh et al. [17] in 2024. Ramasamy et al. [18] established fixed point theorems on tricomplex
valued metric space for a pair of contractive mappings. The concept of tricomplex valued para-
metric metric space is introduced by Poornavel et al. [19] during 2024. Tiwari and Rajput [20]
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introduced tricomplex valued fuzzy metric spaces and proved fixed point theorems. Siva and
Rasikannan [21] initiate a novel tricomplex valued bipolar metric space concept and proved
some fixed point theorems in 2022. Ramasamy et al. [22] proposed the tricomplex controlled
metric space and established fixed point theorems. Tricomplex partial metric space is introduced
by Mostefaoui and colleagues [23] also they proved fixed point theorems with applications. In
this paper, we prove some CFPT on tricomplex valued b-metric space (shortly T’C, M S).

2 Preliminaries

Throughout this paper, we denote Cy, C;, C, and Cj are the family of real, complex, bicomplex
and tricomplex numerals respectively. The bicomplex numeral define by Price [5] as following:

0 = p1 + pai1 + p3ia + paiiia,

where py, p2, p3,p4 € Co, and independent elements 4,4, are such that i = i3 = —1 and
114y = 1211, we means that the family of bicomplex numerals C, is explain as:

Cy = {0: 0= p1 + pai1 + p3iz + pairiz, p1, p2, p3, pa € Co},
i.e.,
Cy={0: 0= +irm, s, c C},

where 21 = p; + pai; € Cy and s = p3 + pai; € C;. Price [5] defined the tricomplex numeral
as:

2 = p1 + paiy + p3iz + paji + psiz + pej2 + p1J3 + psia,

where p1, p2, p3, p4, ps, ps, p1, p3 € Co, and independent units i1, 42, i3, 44, j1, J2, j3 are such that

‘2 _ .2 _ . . . IR . o o <2 _ . o N .2 _
17 =45 = —1,i4 = 4153 = 119213, o = 4193 = 311,55 = 1,j1 = 4192 = @241 and j7 = 1, we

means the family of tricomplex numerals Cs is defined as:
Cs = {02: 02 = p1 + paiy + p3iz2 + paji + ps5iz + peja + p1J3 + psia,
P1s P25 P35 Pas Pss Pe, P15 Ps € Col,
i.e.,
Cs={02:02=01+1i302,01,0 € Cy},

where o1 = 31 + 1000y € C; and 0 = 33 + 3415 € Cs.
If 2 = o1 + 4302 and p = 1 + 310 be any two tricomplex numerals then the sum is

N+ p=_(01+1302) £ (1 +i3p2) = 01 £ 11 +i3(02 £ p2)

and the product is

Q.0 = (01 +i302) (1 + i3p2) = (01111 — 02p2) + i3(0112 + 02411).
There are four idempotent elements in Cs, they are 0,1, = 1+2j3 o = I_Tﬁ hence, ;| and , are
nontrivial such that ; +, = 1 and ;, = 0.
Every tricomplex numeral g; + 30, is uniquely be convey as the union of | and ,, namely

2 =01 +13300 = (01 —1202)1 + (01 + 7202)5-

This notation of (2 is representation for idempotent on the tricomplex numeral and the complex
coefficients 21 = (01 — i202) and 2, = (o1 + i202) are familiar as idempotent parts of the
bicomplex numeral (2.

An element {2 = g; + i300 € Cj is invertible if there exists o € C;3 such that 2p = 1 and p is
inverse (multiplicative) of (2.
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Consequently {2 is inverse (multiplicative) of . It has an inverse in Cj is said to be the non-
singular element of C; and it has not an inverse in Cj is said to be the singular element of Cs.
Here, 2 = g + 302 € Cj is non-singular iff |07 + 03| # 0 and singular iff |0} + 03| = 0.

The inverse of (2 is defined as

N l=p=Y — 302
0} + 03
The positive real valued mapping is ||.|| of C3 and ||.|| : C3 — Cj is explain by

. 1
121] = llo1 + 302l = {lo1]* + |2}

1
[(o1 — i202)* + |(01 + i202)[*] 2

2

1
=(pl+p5+ P+ P35+ +0E+p8+07+03)7,

where (2 = py + pai1 + p3iz + paji + psiz + pej2 + p7J3 + psia = 01 +i302 € Cs.
The linear space C3 with respect to explain norm is a norm linear space, also Cs is complete,
therefore Cs is the Banach space. If {2, p € C; then

1920l < 2[12l]pll

satisfies instead of ||£2p|| < ||£2||||¢]|, therefore Cs is not the Banach space.
The partial order relation <;, on Cj is explain as:

Let C; be the family of tricomplex numerals and 2 = g; + 302, p = p1 + izu2 € Cs then
2 =, pifand only if o1 <;, 1 and go =<, wa, thatis, 2 <;, e if one of the below axioms are
full filled:

@) o1 = p1, 00 = 2,

(i) o1 <i, p1> 02 = 2,
(ii1) o1 = 1, 02 <4, p2, and
(V) o1 =iy 1, 02 =i, H2,

Particularly, we will write {2 °<w-3 pif 2 <, p and 2 # p that is, one of (ii),(iii) and (iv) is full

filled and we will write 2 <;, g if only (iv) is full filled.

For any two tricomplex numerals (2, o € C3 we can check the followings:
(1) 02 =24 g iff |2 < [[pl],
@) 112+ pll < [12(] + llpll;
(3) [lpf2|] = p||£2||, where p is a non negative real number,

@ [12¢ll < 2||192||llpl| and the equality satisfies only when at least one of {2 and p is non-

singular,
(5) ||927"] = ||92||~" if £ is a non-singular,
©) [|2] = ‘\llgllll’ if o is a non-singular.

In example 6 [16], we take 3(¢, <) = |¢— oc [*(1+1i3) then it is not satisfied triangular inequality,
motivated this idea, we introduce the notion of TC, M S.

Definition 2.1. Let U be a non-void set and let s > 1. Suppose that the mapping 0 : U x U — Cs,
satisfies the below conditions:

(Al) 0 =;, 0(¢, x), for all £,xe U and d(¢, <) = 0 if and only if £ =cx;
(A2) 3(¢,x) = 8(¢, ) for all £, x€ U;

(A3) 0(f,x) =4, s(0(¢, p) + 0(p,x)) forall £,ox, p € U.

Then 9 is said to be the TC, M on U, and (U, 0) is said to be the TC, M S.
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Example 2.1. Let U = [0,1] and 8 : U x U — C; be defined by (¢, ) = [{— oc [*¢%. Then
(U0,0)isaTCLMS.

Now, let us recall some Definitions and Lemmas, which will be used in the sequel.
Definition 2.2. Let (,0) be a TC, M S and J C U,
(B1) p € J is said to be an interior point of a family 7 if there is 0 <;, b € C5 such that
N(pb) € 7,
where N'(p,h) = {£ € U :0(p,{) <4, b}.
(B2) A point ¢ € U is said to be a limit point of 7if there is for each 0 <;, b € Cs,

N(€,b) U (T — ) #£0.

(B3) A subset Y C U is said to be a open if there is every element of ) is an interior point of ).
A subset J C U is said to be a closed if there is every limit point of 7 belongs to 7. The
set

V={N(b):LeU,0=, b}

is a sub-basis for a topology on . We means that tricomplex topology by ;.. Indeed, the
topology I is Hausdorff.

Definition 2.3. Let (U,0) be a TC,MS. A sequence {{} in U is called a convergent and
converges to £ € U if for each 0 <;, Y € Cj there exists wo € N such that (¢, ¢) <, J, for all
w > wy and it is denoted by 1i_1>n by = 4.

Lemma 2.1. Consider (U,9) be a TC, M S. A sequence {{} € U is converges to ¢ € U if and
only if li_r)n [|0(£=,0)|| = 0.

Proof. Let {{} is a convergent sequence and converges to a point £ and let Y > 0 be any real
numeral. Suppose

Y+¢T+‘Y T—O—‘Y—i-' +'Y+z’Y
= — — +i—= — +i3—= — — —.
\/g 1\/§ 2\/§ \/g 3\/§ ]2\[ ]3\/§ 4\/§
Then 0 <;, & € C3 and for this ¢ there exists @y € N such that §({, ) <;, ¢ for all @ > w.
Therefore

T
) +7
N 3

[0(¢=, Ol < 1I6]] = X, Ve = wo.

Hence lim ||0({x,0)|| = 0.

w— 00
Conversely, let 1i_r>n [[0(¢, 0)|| = 0. Then for each 0 <;, 6 € Cs, there exists T > 0 such that
Ve (C3,

2] < YT= 2=, 6.
Then, for this Y > 0, there exists @y € N such that
8t €)]] < Y, V¥ > .
Therefore,
00w, 0) <4y 0, V @ > wy.
Hence {/ } converges to a point /. ]

Definition 2.4. Let (U,0) be a TC,M S. A sequence {{} € U is called a Cauchy sequence in
(0, 0) if for any 0 <;, Y € Cs, there exists g € N such that 9({, {in) <i; Y forall w,R € N
and w, N > g.
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Definition 2.5. Let (U,0) be a TC,M S. Let a sequence {{} € U. Then, if every Cauchy
sequence in U is convergent in U then (U, 9) is called a complete TC, M S.

Lemma 2.2. Consider (U,0) be a TC, M S and a sequence {{ } in U. Then {¢} is a Cauchy
sequence in U if and only if 1i_r>n [[0(le, lmin)|] = 0.
w—r 00

Proof. Let {{} is a Cauchy sequence in U. Let Y > 0 be any real numeral. Suppose

5 PR S Y Y L SR
=—+i1—7 — — — —=tji—0=ti—F.

VB V8 VB VB TR TR TR VB

Then 0 <;; & € C; and for this ¢ there exists @y € N such that 0({w, lmix) <4y 0, for all
w > wy. Therefore,

Y . , ) ) T
5 + 12 + 0 +13 + 22 5

[10(fm, bewin)|| < |I6]] =X, forall w > wy.
And this implies,

lim ||0({w,loix)|| = 0.

w—r00

Conversely, let lim ||0({x, {oix)|| = 0. Then, for each 0 <;, & € Cs, there exists Y > 0 such
w—00 N
thatV 2 € Cs,

12 <Y = 2=, 0.

Then, for this Y > 0, there exists a natural numeral oy € N such that

10l i) <X, ¥V @ > w@y.
Therefore,

0l begin) =iy 0, ¥V 0 > .
Hence {/ } is a Cauchy sequence. |
Definition 2.6. Let P and G be self mappings of nonempty set U. A point £ € U is said to be a
common fixed point of P and G if { = P{ = G¥.
3 Main Results

Throughout, we discuss the deal with rational type contraction conditions using the CFPT on
TCyMS.

Theorem 3.1. Let (U5, 9) be a complete T'C, M S with the coefficient s > 1. Let P and G are
self-mappings defined on U, satisfying the condition

0(¢,PL)0(x,G o) + wd(ox, PL)A(L, G )
1+9(¢,x)

B(PL,G x) =4, (L, ) +

for all ¢, xe U where v, 7, w are non-negative reals with v+ V21 +V2w < %, then P and G have
a unique common fixed point.

Proof. Consider an arbitrary point ¢y in U and explain ¢y11 = Plrw, lrwiz = Glomyil, @ =
0,1,2,---. Then
0(lrmt1, brmsn) = O(Plarm, Glomr1) =iy VOl brot1)

n T0(l2, Pla )0(l2mi1, Glowit) + WO (o, Gl 1)0(lamwit, Plow)
1 4+ 0(lr, lroi1) ’
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Since lrpi1 = Plys implies 0(lapi1, Plas ) = 0, therefore

0(lrmt1, lrwi2) =iy VO(la, bami1)

T70(l2o, L2o41)0 (b2 i1, bawy2)
1 +0(lr, lrot1) ’

which implies that

10(lrs1, baws2)|] < V||0(las bams1)]|

V27)|0(bres, L2 11|10 (C2cmt 1, b2emi2)|
|11+ 0(lr, boot1)]]

Since ||1 + 0(l2e, l2wt1)|] > ||0(l2ww, lat1)]|, therefore

102 s1, L2 12)|| < V[|0(lam, b2 i1)|| + V27|[0(l2c i1, laem 1),

so that
14
0(law+1,lr < ——|10(b2e, boes .
[10(l2c 41, L2e12)| 1—\f27|| (lreo, b2 1) ||
Also,

0(lrmt2, l213) = 0(Gloi1, Plam2)
= 0(Plroi2,Glot1)
=iy V0(lrmt2, oo t1)

T70(l2ws2, Plaw42)0(lact1, Gloci1) + wO(lawi1, Plow+2)0(lamt2, Glomt1)

+
1 + 6(€2w+27 €2w+1)

Since lrmi2 = Glow1 implies O(lrmi2, Glom+1) = 0, therefore

T0(lr12, Plr+2)0(lamsi1, Glomi1)
1 +9(lrwi, brems1)

)

0(lrmt2, brwt3) =iy VO(lrmin, bami1) +

which implies that

[[0(l2c12, brot3) || < V[|0(lams2, boot1)]]

\@7| \5(£2w+27 €2w+3)”||5(€2w+1 ) €2w+2)||
||1 +6(£2w+27€2w+1)” .

As ||1 + 5(€2w+2, €2w+1)‘| > ||6(£2w+2,fzw+1)”, therefore

12
10(2+25 L2ew13) | 1—\/§T|| (a 11, bao12) ||

v

Putting g = =

we have (for all @)

10(€, Lo )l < @l[B(Ce—y, L) ]| < @2 [O(Lez, Le—y)|| < -+ < g™ 1B(Lo, £1)]]-
Therefore, for any X > w, we have

[0, )| < [10(Ce, Lo )| + 1[0(loia, L)
+ ||5(£w+u£w+3)|| ot ||8(£m71a€N)H
< [s07 45707 7T 4 ST T g |0 (G, )]

<[22 jen, )1
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which implies that

(sg)”
1 —sg

18t 1] < [ |1B(to, €1)]] > 0 as @ — oo.

by using Lemma 2.2, we conclude that a sequence {{} is Cauchy . Since U is complete,
there exists some 1 € U such that /, — t as w — oo. On the contrary, let t # Pt so that
0 <;, ¢ = 0(1, Pt) and henceforth we get
o= 8(1, ’Pl) =i 56(1, gﬁng) + 55(g£2w+1 , Pl)
=iy $0(t, bayn) + 5001, loo i)

n sTO(, PYO(lamot1, Glowy1) + swO(lamr1, PHO(, Gloc 1)
14+01, lrwi1)

ji} 86(%7 22@-&-2) + Sya(h €2w+1)

n 5790 (lai1, Glaw1) + swO(lrm i1, PHO(L, Glosi1)
1+0(,lrwit)

Also, for every w, we have

18 PHI| < [1sB(, Lo 2) ] + sv[[B(1, Lo 1)

sTp||0(brw 11, o +2) || + V259|[0 (a1, PHI[[[O(E, f2042) |
114+ 0L, Lo

+

As w — oo, we obtain
|[0(t, PH[| = 0,

which is a contradiction so that t = Pt. Similarly, we also prove thatt = Gl. Let o* € U be an
another common fixed point of P and G, that is o* = Pa* = Ga*. Then

7o(t, PHd(a*, Ga*) + wd(a*, PO, Ga*)
1401 o)

o(t,a*) = 0(PL Ga") =, vO(t,a*) +

B o wo(a*, Hot, a*)
=vd(t,a*) + 1xota dtas)

which implies

V2w|[0(a*, D[||[B(E, o)
11+ 0(1 )| '

1o(t, a®)[| < w[[B(t ")l +

Since ||1 + 0(t, o*)|| > ||O(1, «*)||, therefore
18(1, )| < (v + V2w)|[0(t, a7,
which is contradiction so thatt = o* (as v + V2w < 1). O

By setting P = G in Theorem 3.1, one concludes the following :

Corollary 3.2. Let (U, d) be a complete TC, M S with the coefficient s > 1. Let G be a self-
mapping defined on U, satisfying the condition

£,G0)0(ox, G ) + wd(oc, GOD(L, G )
1 +0(4, x)

for all ¢, xe U, where v, 7,w are non-negative reals with v + V27 + V2w < 1, then G has a
unique fixed point.
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Theorem 3.3. Let (U, 0) be a complete T'C, M S with coefficient s > 1. Let P and G are self-
maps defined on U, satisfying the condition
B(£,P0)3(ox,Gx)+8(x, PLB(£,Gx)
Vol o) +7 O(PLO 3G )
o, P

O(PL.G o) %4y |+ XEPUGEIROG POt fZ£0.7£0 (G

0, ifZ=0o0rZ; =0

for all £, xe U, where Z = 9(P¢,¢) + 0(G ,x) and Z; = 0(P¥¢,x) + 9(G x, ) and v, T, w are
non-negative reals with v 4 v/27 4+ w < é Then P, G have unique common fixed point.

Proof. Consider an arbitrary point £y € U. Define 11 = Plry and o0 = Gloi1, @ =
0,1,2,--- Now, we consider two cases.
First, if (for w = 0,1,2,- - Y0(Plaw, lrws) + 0(Glrmi1, bowr1) 7# 0 and (Plorw, lowi1) +
0(Glrw1, lrw) # 0, then
0(lrmt1,lri2) = O(Plarw, Glomi1) Siy VOl reot1)
0(lrs, Pla)0(laoi 1, Gloot1) + 0(laos1, Pl )0(lae, Glocoit)
0(Plrw, o) + 0(Glomt1, lomwt1)
w5(€zw, Plr)0(lr, Glomi1) + O(lamit, Plom )0 (lami1, Glawy)
6(7)£2w7 €2w+1) + 6(g‘€2w+la ng)

Since Vr 11 = Plarw and lr2 = Glrpt 1, therefore
0(lroi1, o i2) =iy VO(lag, lacsi1)

0(lr, lr511)0(Lrot 15 Lrot2) + 0(loot1s L2 t1)0 (o, brmi2)
6(£2w+1 ) EZw) + 5(€2w+27 €2w+l )

(b2, b2+1)0(l2y lowt2) + O(lormit, l2wt1)0(bamt1, C2mt2)
0(lri1, lri1) + 0(lri2, bor) ’

+7

+ T

+w

or
(L2, brw+1)0(l2t1, Lomi2)
(b1, b)) + 0(lamr2, oo 1)
0(law, b2 +1)0 (b2, L2 2)
O(l2w12, lacs) ’

6(€2w+] 3 €2w+2) ji3 V5(€2‘W7 £2w+1) + 7

+w

which implies that
[10(lre 41, L2wi2)|| < V][0(Laco, b2 1)

10(£20, L2+ 1[0 (L2 t1, b2 +2) |
+ \[27'
[10(lrct1, lacw) + O(lami, bacwi) ||

+ w[[0(b2es,s bro+1) |-
Since ||0(l2mi1, borw) + 0(l2mi2, b2t 1)|| > |0(lowr1, 2w ) ||, therefore
10(L2c 41, 2w 2) || < V]|0(lam, Lacoi )| + V27 [[0(Cacs 1, acori2) |
+ w|[0(law s law+1) ]

so that
v+uw

1—V2r

[10(l2c41, i) || <

[10(l2w, Lrcos1)]]-

Also
O(lry2, lrco43) = O0(Placi2, Glar1) =iy vO(lai2, bacot

)
. 0(law 12, Plaw+2)0(lawt1, Glrwt1) + O(law 1, Plaw+2)0(l2wi2, Glorwt1)
O(Plrwia, bamia) + 0(Glomi1, bacot1)
)
)

0(lrws2, Plrc12)0(lamt2, Glaws1) + O(lawi1, Ploia
O(Plroia, laci1) + 0(Glamit, brcoin

+ w ;8(€2w+1 ) g€2w+l) '
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Since (o513 = Placi2 and Lo 12 = Glo 11, We get

6(£2w+23 £2w+3) -_<i3 V5(€2w+2; €2w+l )

(lrot1, 2w 43)0(L2mt2, Lo t2)

O(law+2, l2w+3)0 (b2 t1, L2 2) + O )
+ 0212, L2 1)
+0 )
+0 )

+7
(b i3, broin

0(lrmi1, lri2)

Y

+w

)
(b2, b2 43)0(lay2, 2 i2)
a( )

(brot1, L2 i3
lroi3, loii (

by, loci2

or

0(lrmi2, b y3) =iy VO (b2, loot)
0(lrm12, b2 +3)0 (b2t 1, Laot2)
0(lrws3, lroi2) + 0(lami2, broi1)

" 0(lacot1, £2543)0(laot1, bao12)
0(lri1, L2 i3) ’

+T

which implies that

110(lamws2, lawmt3)|| < V||0(lams2, bacwit)]]

10(£2 12, £2013) | [10(L2m 11, lao42) ||
+ \/57'
[[0(l2c43: brcot2) + O(l2t2s brcot1) ||

+ w|[0(lrmt1, lrw2) |-

Since ||0(lrw13, bawt2) + 0(lami2: bacot1)|| > |[0(l2cot1, lawi2) ||, therefore

110(law2, lomt3)|| < V||[0(lams2, bacosit)]]

[10(L2m425 l2cot3) ||| |0(low s 1, L2eo12) ]
+ \/E’T
[10(lrs2, baci1)]]

+ wl[0(la 115 a2,

or
V+tw

6€w 7€w Siagw ;Ew .

B(t212, rwt3) | < 751021, a2

Now, with g = 5%, we have (for all )

[0(las et 2) || < B0(leo—rs be)|] < -+ < g@ |0 (bo, €1)]]-
So, for any X > tw, we have
[10(le, )] < |0(leos ey o) || 4 [[0(bemin, Loz )]

FNO(lrzs bt 3) ]+ ([0, &)
< [sgw 4 s2gw+1 4 839w+z R SN_wgm_l“|6(€07€l)||

< [£2% jen, )1

which implies that

[8(0, )] < HSG)SQ} 1[3(¢0, €1)]| = 0 as @ — oc.

On using Lemma 2.2, we concluded that a sequence {/} is Cauchy. Since U is a complete,
then we can find t € U such that /, — 1 as @w — oo. Now, we so that I = P1, otherwise
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0 <;, p = 0(1, Pt) and we obtain

o =0(LPt) =y, s0(t, Glomi1) + s0(Glamwi1, PY)
=iy S04, loy) + svO(, loy)
o7 O POl 41, Gl 1) + O(lair, PHO(E, Glowo 1)
O(PL 1) + 0(Glowr1, Lowr1)

Sw 5(17 731)6(1, g€2w+l ) + 6(£2w+1 ’ P1)6(£2w+] ) g£2w+l )
5(7)17 g2w+l) + 6(€2w+27 1) ’

which implies that
ol = 1[0t PH| < [|sO(, laco12) [ + vs[[O(, lazo11)

T@\|a(£2w+1»£2w+2)|| + V2|[5(Cac1, PH|[|3(Y, Loei2) |
[[0(PL1) + 0(lrct2, laor1) ||
P10, o i2)|| + V2|[0(Camit, PHII][0(l2cor 1, brcos2)

[[0(PY, las 1) + O(Law2, 1| ’

a contradiction, so that ||p|| = ||0(1, P1)|| = O, that is 1 = Pt. Similarly, we prove that t = Gt.
Let a* € U be an another common fixed point of P and G. Then

+s

+ sw

Po* = Ga* = a’.
Since Z = 9(P1,1) + 3(Ga*, a*) = 0, therefore by definition of contraction condition
o(t,a™) =0(Pt,Ga™) =0,

so that t = o*, which proves the uniqueness of common fixed point.
Second case, we assume that

(5(szm, b)) + 6(g£2w+17£2w+1)) X (5(7352@52@“) +0(Glaw 1, €2w)) =0.
for any w implies
O(Plre,Glrm1) = 0.
Now, if 3(Plaw, lrw) + 0(Glaw i1, law+1) = O then
b = Plyg = byt = Glo = b o
Thus, we have
lbrwi1 = Plyw = by,

so there exist wo; and ¥ such that w; = PR} = N;.
Using for this arguments, one can also prove that there exist @y and N, such that w, = GR, =
Ny, As O(PR,Ry) 4+ 3(GR2, Ny) = 0, (due to definition) implies

O(PRy,GNy) = 0.
So that
wi = PR| =GRy = wy,
which give that
w) = PX| = Pwy.
Similarly, we have w; = Gw;. As w| = w;, implies

Pwi = Gwy = w;.
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Therefore @w; = w>, is a common fixed point of P and G. Let w; € U be an another common
fixed point of P and G. Then

Pwl = Gw]| = w].
Since Z = 0(Pwy, w) + 0(Gw], w]) = 0, therefore
O(w, w]) = 0(Pw;,Gw)) = 0.

This implies that w] = w.
If 6(77521;, €2w+]) + 5(Q€2w+1 , fzw) =0, implies

8(7362‘1717 g£2w+1 ) =0.

Then also complete the proof on this preceding lines. O

By setting P = G, we obtain the following.

Corollary 3.4. Consider (3, d) be a complete TC, M S with the coefficient s > 1. Let G be a
self-mapping defined on U, satisfying the condition

B(£,60)8(ox,Gox) +8(ox,G0)B(£,Gox
’/5(%“) J%T : ;age,%%(gu,a; (Loe)
0(G,G o) =y § +uw lEIITEI O IO0xG), if 70,7, #0 (3.2)
0, fZ=0o0rZ; =0

for all £, xe U, where T = 0(G¢,¢) + 0(G¢,x) and Z; = 9(G¢, x) + 0(G ,£) and v, T, w are
non-negative reals with v 4 /27 4+ w < % Then G has unique fixed point.

Example 3.1. Let U = {0, §,3}, define a mapping 0 : UxU — C3 by 8(£, ) = (1+43)[(— o |%,
for all ¢, xe U, where |.| is the real modulus. Then (U, 0) is a complete TC, M S. Let define a
self mapping G : U — U by

G(0) = 0, g(é) =0 and G(3) = 1.

Consider v = L, 7 =1 and v = §, then s(v + V27 + vV2w) = s(} + 2 + 2) < 1. Then, clearly

70(¢,G0)0(x, G ) + wd(x, GL)I (¢, G x)

0=0(G¢,G ) =i, vO(¢, ) + 1400, )

Hence, the Corollary 3.2 conditions are fulfilled. Hence, O is the unique fixed point of G.

Example 3.2. Consider U = J(0,b), b > 1, for all £, oc€ U. Define d : U x U — C; by:

/f()_/“()
@] @]

a complete TC, M S, where O is a closed path in U containing a point in 0. We show that 0 is a

2
;

30, () = 5>
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TCyMS. For this,

[D- [ =0
/m/p()*/fo/o“o

l :

T Jo 07 07 0‘
;';/“ /W I
zﬂ/ VAR

p() o« ()]
L=
= 2(3(¢(), p()) + (), x ()))-

Consider the mapping P,G : U — U by
Pl()=,Gx()=e—1.

The Cauchy integral formula using the mappings P and G are analytic, we have:

906 x 0)= 5| | _/06_12_0

2

o0, ) = 2| [ - [ =0,

3(¢0),ox ) = 2

2

13
T on
2

()

30, P ox () = 5> /Om_/o
-h /Om’
5“5(6(),go<()):2i%r /Of)_/OH

1K ’
_271'@

—

Clearly,

T70(¢, P£)d(ox, G ) + wd(oc, PB4, G )

3(PL,G ox) =iy vO(¢, ) + 1+9((, x)
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for all £, x€ U,where v, 7, w are non-negative reals with s(v + V27 + v2w) < 1.
Therefore, the Theorem 3.1 conditions of all are satisfied, then the maps P and G have a
unique common fixed point in O.

4 Applications

Here, we described given an application to the Theorem 3.1 and Corollary 3.2.

Consider U = C[\j, n2] be a family of real continuous functions on X, x»] provide with
metric 3(¢, <) = (1 +43)(|6(H)— o (H)|?) for all £, x€ C[x1,xz] and H € [X\1, x2], where |.|
is the real modulus. Then, (U, 0) is a complete T'C, M S.

Now, we consider the non-linear Fredholm integral equation of system is

1 =
((H) = A(H) + mL m(H, <, 4(<))ds

and

1 2
aMZMm+§j;Aanﬂmm

where H,< € N1, ~2). Assume that 71,72 : [1, 2] X N1, 22 X U — Rand A : [, x2] = R
continuous, where A () is a function in U. We define a partial order <, in C; as ¢ <;,o if and
only if £ <o .

Theorem 4.1. Let (U, 0) is a complete T'C, M S equipped with metric
0, x) = (1 +i3)(J{(H)— x (H)|*) for all £,c€ U, H € [Ni,x2] and P,G : U — U be
continuous operator on U deﬁned by

1 2
PUH) = 0(4) + 5= [ (s t))ds @)

and
1 2
GOM) = A(H) + — / (M, s, £(s))ds. 42)
N2 = N1 Sy

If there exists v < 1 such that for all ¢,c€ U with £ #o and ¢, H € [X\1, x| satisfying the
following inequality

| (Hv §7€<5)) - 772(7'[7 S, X (g))| SV‘E(H)_ X (H)|v (4.3)
then the integral operators defined by (4.1) and (4.2) have a unique common solution.
Proof. Let

(1+ i) (PECH) — G o (H)) = *“(\ Con (6, <)) ds
2
—/ m(H,s, o ())ds

[ N2 — i
2
N1 >

. 2
< ([ o)

—m(H, s, (<))I2d<>

ﬂ&ﬁf(Kermw%)

2

14

<</ (
BRSPS

v(1+i3)[e(H)— o (H)P [
- \3>\2 — X1 / de.

1+ 3)[(H)— o< (H)[*ds

b
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Therefore,
O(PL,G x)) < vd(L, x).

Hence, all the conditions of Theorem 3.1 are fulfilled with v < 1, 7 = w = 0 and so, the integral
operators P and G defined by (4.1) and (4.2) have a unique common solution. O

Theorem 4.2. Let U = C% be a TC, M S with the metric

w

= Z (16— oci | + i3lti— o< ),

i=1
where ¢, e U. If
Z i <, v <1, Vi=12,. .,
j=1

then the linear system
Ti=puli +p2la+ -+ prols

T2 = parly + polyr + - - + prols

Tw = Pw1£1 + pw2‘€2 + -+ pwwgw

of w linear equations with  unknowns has a unique solution.
Proof. Define G : U — U by
G(6) =Y+,

where £ = (¢1,0,03,...05) € C*, 7= (T1, T2, - Tw) € C¥ and

P11 Pt Plw
P21 P2 Pw
y=1 . . .
Pwl P2 o Pow
Now,
a(g( Z |vij (€5 — ox; | + i3|viz (¢ O(J>|2)
w0 | (065 o)+ il x)P))
- P
=iy v (14— o)1 + i3] (45— o))
j=1
=v0(¢, x)
— B ) + 70(¢,G0)0(x, G ) + wd(ox, GL)O(L, G 0().

14+ 9(¢, x)

Hence, all the conditions of Corollary 3.2 are satisfied with v = é, 7=0,w=0,s(v+ V21 +
v2w) < 1 and so, the unique solution for linear system of equation. O
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5 Conclusion

This paper introduced tricomplex valued b-metric spaces and established novel common fixed
point theorems, generalizing key results from simpler spaces. We demonstrated the practical
utility of our theory by proving the existence and uniqueness of a solution to a non-linear Fred-
holm integral equation. Further, we plan to extend our results to find the solutions of fractional
differential equations. Namdev, Tiwari et al. [24] introduced bicomplex parametric partial metric
space and proved fixed point theorems. It is an open problem to define tricomplex parametric
partial metric space and tricomplex parametric partial b-metric space and prove fixed point the-
orems.
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