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Abstract. In this paper, we investigate a phenomenon related to the Hamilton–Jacobi flow
defined by the Hopf–Lax formula, in which a distinct graph associated with the corresponding
Lagrangian appears. This phenomenon is closely related to the singularity of the initial data.

Our primary goal is to characterize the class of initial data for which this phenomenon occurs.
We show that a global subgradient condition provides a complete characterization for all time,
and we also establish a local counterpart describing the behavior for small time.

1 Introduction

In this paper, we consider the Cauchy problem for the Hamilton–Jacobi equation
∂u

∂t
(t, x) +H

(
Du(t, x)

)
= 0, (t, x) ∈ (0,∞)×Rn,

u(0, x) = f(x), x ∈ Rn,

where Du denotes the gradient of u with respect x ∈ Rn. Throughout this paper, we assume that
the Hamiltonian H : Rn → R satisfies the following conditions:

H ∈ C1(Rn), (1.1)

H is strictly convex on Rn, (1.2)

H is superlinear, i.e., lim
|p|→∞

H(p)

|p|
= ∞. (1.3)

When f ∈ C(Rn) satisfies the condition

lim inf
|z|→∞

f(z)

|z|
> −∞, (1.4)

there exists a unique viscosity solution in the class of uniformly continuous functions on [0, T )×
Rn for each T ∈ (0,∞) (see [2, Theorem 2.1]). It follows from [10, Corollary 2.2] that the
viscosity solution is given by the Hopf–Lax formula:

Htf(x) = inf
z∈Rn

qf (t, x; z), (t, x) ∈ (0,∞)×Rn, (1.5)

where {qf (t, x; z)}z∈Rn is given by

qf (t, x; z) = f(z) + tL
(x− z

t

)
, (t, x, z) ∈ (0,∞)×Rn ×Rn,
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and the Lagrangian L is defined as the Legendre transform of H (see Section 2 and [4, 3.3.2]).
We call this flow {Htf}t>0 the Hamilton–Jacobi flow.

In [5, 8], Fujita et al. studied the Hamilton–Jacobi flow in the case n = 1 with H(p) = p2/2,
focusing on how properties of the initial data f are reflected in the behavior of the flow Htf .
They showed that, due to the singularity of f , in the sense of nowhere differentiability, and the
fact that the associated Lagrangian is given by L(v) = v2/2, Htf is piecewise quadratic on R for
each t > 0. In particular, in [7, 6], they investigated the Hamilton–Jacobi flow starting from the
Takagi function, the typical example of an everywhere continuous and nowhere differentiable
function on Rn.

These results suggest that the Hamilton–Jacobi flow retains fine structural information about
the initial data, in particular reflecting its nowhere differentiability. This observation motivates
the present work.

However, the focus of the present paper is different. While [5, 6, 7, 8] deal with initial data
that are nowhere differentiable on R and analyze global features of the flow, we consider a local
geometric problem associated with a single point a ∈ Rn. More precisely, we do not assume that
f is nowhere differentiable; instead, we focus on the behavior of the flow around a point where
f may fail to be differentiable, and we investigate how this local singularity is reflected in the
structure of Htf . Moreover, our analysis is carried out in Rn under general assumptions on the
Hamiltonian.

In this paper, we study a geometric characterization problem for the Hamilton–Jacobi flow.
Specifically, we investigate how the validity of a certain geometric equality, which will be de-
noted by Ma(t) = Qa(t), depends on the subdifferential structure of the initial data. For a given
point a ∈ Rn, we characterize the classes of initial data f for which the geometric equality

Ma(t) = Qa(t) (1.6)

holds globally for all t > 0 or locally for small t > 0. This equality describes the appearance of
the graph qf (t, ·; a) in the Hamilton–Jacobi flow Htf , and is closely related to how the subdif-
ferential structure of the initial data f at a influences the behavior of the solution. To formulate
this problem, we introduce the set

Ma(t) =
{
x ∈ Rn | Htf(x) = qf (t, x; a)

}
, t > 0, (1.7)

which consists of all points where the graph of qf (t, ·; a) appears in Htf . We also introduce the
set

Qa(t) =
{
a+ tDH(p) | p ∈ D−f(a)

}
, t > 0. (1.8)

This set can be interpreted as the image of the subdifferential D−f(a) under the map p 7→
a + tDH(p), that is, the propagation of the initial slopes at a along the Hamiltonian flow over
time t > 0. Here, D−f(a) denotes the (Fréchet) subdifferential of f at a ∈ Rn (see Section 2). If
D−f(a) is empty or multi–valued, then f is not differentiable at a ∈ Rn. Therefore, we assume
that D−f(a) is non-empty to ensure nontrivial behavior.

This shows that the equalityMa(t) = Qa(t) means that the appearance of the graph qf (t, ·; a)
in the solution is completely determined by the subdifferential structure of f at the point a.

In general, we have Ma(t) ⊂ Qa(t) (see Proposition 3.1). The simplest possible condition
on f to obtain the equality in (1.6) is the following global subgradient inequality:

f(y) ≥ f(a) + p · (y − a), y ∈ Rn, p ∈ D−f(a) (1.9)

at a ∈ Rn. If this inequality holds, then it is not difficult to verify that (1.6) holds for all t > 0.
The inequality (1.9) is motivated by the concept of subgradients in convex analysis (see [9,
p.214]).

Our first main result shows that the condition (1.9) is not only sufficient but also necessary
for the equality in (1.6) to hold globally for all t > 0. In other words, we establish an equivalence
between the global subgradient inequality (1.9) and the geometric equality in (1.6).

On the other hand, we also consider the local subgradient inequality at a ∈ Rn:

f(y) ≥ f(a) + p · (y − a), y ∈ Bδ(a), p ∈ D−f(a) (1.10)
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for some δ > 0, where Br(y) denotes the open ball with center y ∈ Rn and radius r > 0.
Our second main result shows that this local condition implies the equality in (1.6) holds

locally for small t > 0. Moreover, examples indicate that this local condition does not guarantee
equality for all t > 0. This shows that the global and local validity of the equality with respect to
t are essentially different (see Example 3.6). Apart from the global subgradient inequality (1.9)
and the local subgradient inequality (1.10), no other general conditions ensuring (1.6) are known
to the author.

Finally, we refer to the assumptions on f . In the first result of Theorem 3.2 giving an equiva-
lent condition to the equality in (1.6) for all t > 0, we only assume that f ∈ C(Rn) satisfies (1.4).
In the second result of Theorem 3.7 giving a sufficient condition for the equality in (1.6) locally,
we need to assume that not only f ∈ C(Rn) satisfies (1.6) but also f is uniformly continuous on
Rn. The author does not know whether or not we can remove the assumption that f is uniformly
continuous on Rn in the second result.

The paper is organized as follows. In Section 2, we give preliminaries to show our main re-
sults. In Section 3, we state our main results and prove them. Finally, in Section 4, we summarize
the results and discuss their implications.

2 Preliminaries

In this section, we collect several preliminaries that will be used throughout the paper. We recall
basic notions and results on subdifferentials, convex functions, and the Lagrangian.

We recall some properties of the (Fréchet) subdifferential. For g ∈ C(Rn), the subdifferential
D−g(α) at α ∈ Rn is defined by

D−g(α) =

{
p ∈ Rn

∣∣∣ lim inf
y→α

g(y)− g(α)− p · (y − α)

|y − α|
≥ 0

}
(see [1, p.29]). We collect several known results.

Lemma 2.1. ([1, Lemma 1.8]) Let g ∈ C(Rn) and α ∈ Rn. Then,

(i) D−g(α) is a closed convex subset of Rn;

(ii) if g is differentiable at α, then D−g(α) =
{
Dg(α)

}
.

Lemma 2.2. ([1, Lemma 1.7]) Let g ∈ C(Rn) and α ∈ Rn. Then, p ∈ D−g(α) if and only if
there exists φ ∈ C1(Rn) such that Dφ(α) = p and g − φ has a local minimum at α.

Based on Lemma 2.2, we give another characterization of the subdifferential. Let g ∈ C(Rn)
and α ∈ Rn. We say that a C1 function ψ is subtangent to g at a point α if ψ(α) = g(α) and
ψ(y) ≤ g(y) in a neighborhood of α. Then we obtain the following characterization:

Lemma 2.3. Let g ∈ C(Rn) and α ∈ Rn. Then,

D−g(α) =
{
Dψ(α)

∣∣ ψ is a subtangent to g at α
}
.

Next, we recall some properties of convex functions. A function g : Rn → R is convex on
Rn if the inequality

g(λx+ (1 − λ)y) ≤ λg(x) + (1 − λ)g(y), x, y ∈ Rn, λ ∈ [0, 1]

holds (see [9, Section 4]). The function g is said to be strictly convex on Rn if the strict inequality
holds for x ̸= y and λ ∈ (0, 1). When g is convex on Rn, a vector p ∈ Rn is said to be a
subgradient of g on Rn at a point α ∈ Rn if

g(y) ≥ g(α) + p · (y − α), y ∈ Rn.

This condition states that the graph of g lies above the affine function passing through a point
(α, g(α)) with gradient p. For given a convex function g on Rn, we denote ∂g(α) the set of all
subgradients of g at α (see [9, Section 23]). We summarize some basic properties.
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Lemma 2.4. Let g be a convex function on Rn. Then, ∂g(α) ̸= ∅ and ∂g(α) = D−g(α) for any
α ∈ Rn. Furthermore, g fulfills the condition (1.4).

This is a standard result in convex analysis and follows from [9, Theorems 23.1, 23.2, 23.4]. As
a result of Lemma 2.1(ii) and Lemma 2.4, we have

Lemma 2.5. Let g be a convex function on Rn and differentiable at α ∈ Rn. Then,

g(y) ≥ g(α) +Dg(α) · (y − α), y ∈ Rn. (2.1)

In particular, the strict inequality holds for y ̸= α provided that g is strictly convex on Rn.

Next, we recall the Legendre transform. Let T : Rn → R be convex and superlinear. The
Legendre transform T ∗ of T is defined by

T ∗(v) = sup
{
p · v − T (p) | p ∈ Rn

}
, v ∈ Rn

(see [4, 3.3.2]). We recall the following fundamental result.

Lemma 2.6. ([3, Theorem A.2.4]) Let T : Rn → R be convex and superlinear, and T ∗ be the
Legendre transform of T . Then the following properties are equivalent:

(i) T is strictly convex on Rn.

(ii) D−T (q1) ∩D−T (q2) = ∅ for all q1, q2 ∈ Rn with q1 ̸= q2.

(iii) T ∗ ∈ C1(Rn).

Given a Hamiltonian H satisfying conditions (1.1)–(1.3), the Lagrangian L is defined as the
Legendre transform of H . By Lemma 2.6 and the assumptions on H , we obtain the following
properties of L:

Lemma 2.7.

(i) L is strictly convex on Rn and superlinear.

(ii) L ∈ C1(Rn).

(iii) A map DL : Rn → Rn, v 7→ DL(v) is one-to-one mapping from Rn onto Rn.

(iv) (DL)−1(p) = DH(p) for all p ∈ Rn.

Example 2.8. ([11, Example 2.15]) For the Hamiltonian

H(p) =
1
2
|p|2, p ∈ Rn,

we have

L(v) = sup
{
p · v −H(p) | p ∈ Rn

}
=

1
2
|v|2, v ∈ Rn.

This quadratic Hamiltonian is a typical example in the theory of Hamilton–Jacobi equations, and
will be used in several examples in Section 3.

Next, we introduce some auxiliary notions and recall a characterization of uniformly contin-
uous functions that will be used later. By UC(Rn), we denote the set of all uniformly continuous
functions on Rn. We recall the following characterization.

Lemma 2.9. Let g be a function on Rn. Then the following are equivalent:

(i) g ∈ UC(Rn).

(ii) For any ε > 0, there exists a constant Cε > 0 such that

|g(x)− g(y)| ≤ Cε|x− y|+ ε, x, y ∈ Rn.
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Proof. We first show (i) implies (ii). Fix ε > 0 and take δε > 0 so that |x − y| ≤ δε implies
|g(x)− g(y)| ≤ ε. Set Cε = 1/δε. For x, y ∈ Rn with x ̸= y, choose m ∈ N ∪ {0} such that

m ≤ |x− y|
δε

< m+ 1,

and define xk = x+ kδε
x−y
|x−y| , for each k ∈ {1, 2, · · · ,m}. Then

|x− x1| = δε, |xk − xk+1| = δε, |xm − y| < δε.

Hence,

|g(x)− g(y)| ≤ |g(x)− g(x1)|+
m−1∑
k=1

|g(xk)− g(xk+1)|+ |g(xm)− g(y)|

≤ (m+ 1)ε ≤ |x− y|
δε

ε+ ε = Cε|x− y|+ ε.

Next, we show (ii) implies (i). Fix ε > 0 and take Cε > 0 as in (ii) with ε/2 in place of ε. Set
δε = ε/(2Cε). Then |x− y| ≤ δε implies

|g(x)− g(y)| ≤ Cε|x− y|+ ε

2
≤ ε,

and hence g is uniformly continuous.

Thus, f ∈ UC(Rn) satisfies the condition (1.4). In particular, if f ∈ UC(Rn), then there exists
a constant C > 0 such that

|f(x)− f(y)| ≤ C|x− y|+ 1, x, y ∈ Rn.

In the following, we fix such a constant C. For a given t > 0 and x ∈ Rn, we set

Et(x) =

{
y ∈ Rn

∣∣∣ L(x− y

t

)
≤ L(0) +

1
t
(C|x− y|+ 1)

}
.

Lemma 2.10. Let f ∈ UC(Rn) and (t, x) ∈ (0,∞)×Rn. Then,

Htf(x) = min
y∈Et(x)

qf (t, x; y). (2.2)

Furthermore, the following hold:

(i) Et(x) is a compact set.

(ii) For all t, t′ ∈ (0,∞) with t < t′, Et(x) ⊂ Et′(x).

Proof. Fix (t, x) ∈ (0,∞) × Rn. Choose any y = y(t, x) ∈ Rn so that Htf(x) = qf (t, x; y).
Since f is uniformly continuous on Rn, we have

tL(0) + C|x− y|+ 1 + f(y) ≥ tL(0) + f(x) ≥ Htf(x) = qf (t, x; y) = f(y) + tL
(x− y

t

)
.

Thus,

L
(x− y

t

)
≤ L(0) +

1
t
(C|x− y|+ 1).

This implies that y ∈ Et(x). Hence, we have (2.2).
We next verify (i). First, suppose that Et(x) is not bounded on Rn. Then we find a sequence

{yj} ⊂ Et(x) such that |yj | → ∞ as j → ∞. Since

L
(x− yj

t

)
≤ L(0) +

1
t
(C|x− yj |+ 1),
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we have

L
(x−yj

t

)
|x−yj |

t

≤ tL(0)
|x− yj |

+ C +
1

|x− yj |
.

Since L is superlinear, we conclude that ∞ ≤ C <∞ by letting j → ∞. This is a contradiction.
Thus Et(x) is bounded. By continuity of L, it is easy to see that Et(x) is closed. Hence, Et(x)
is a compact set.

We finally verify (ii). Set t < t′ and fix y ∈ Et(x) arbitrary. Now we set

ω(r) = rL
(x− y

r

)
− rL(0), r ∈ (0,∞).

This function ω is decreasing in (0,∞). Indeed, by using the inequality (2.1), we have

ω′(r) = L
(x− y

r

)
− L(0) +

1
r
DL

(x− y

r

)
· (y − x)

≤ −1
r
DL

(x− y

r

)
· (x− y) +

1
r
DL

(x− y

r

)
· (x− y) = 0.

This implies that the ω is decreasing in (0,∞). Hence, we have

t′L
(x− y

t′
)
− t′L(0) = ω(t′) ≤ ω(t) ≤ C(|x− y|+ 1).

Thus, y ∈ Et′(x), and we conclude that Et(x) ⊂ Et′(x). The proof is complete.

3 Results

In this section, we state and prove our main results. We also give examples to illustrate these
results. First, we have

Proposition 3.1. Let a ∈ Rn. Assume that f ∈ C(Rn) fulfills (1.4). Then, for all t > 0, we have
Ma(t) ⊂ Qa(t).

Proof. Fix t > 0 and let x ∈Ma(t). Since Htf(x) = qf (t, x; a), we have

f(a) + tL
(x− a

t

)
≤ f(z) + tL

(x− z

t

)
, z ∈ Rn.

Define the function ψ : Rn → R by

ψ(z) = −tL
(x− z

t

)
+ tL

(x− a

t

)
+ f(a), z ∈ Rn.

Then, since ψ is of class C1, ψ(a) = f(a) and ψ(z) ≤ f(z) for any z ∈ Rn, ψ is a subtangent to
f at a. Hence, by Lemma 2.3, we have

Dψ(a) ∈ D−f(a).

SinceDψ(a) = DL
(
x−a
t

)
and Lemma 2.7(iv), we see that x ∈ Qa(t). The proof is complete.

Next, we establish the equivalence between the global subgradient inequality (1.9) and the
geometric equality in (1.6).

Theorem 3.2. Let a ∈ Rn. Assume that f ∈ C(Rn) fulfills (1.4). Then the following are
equivalent:

(M1) f satisfies the global subgradient inequality (1.9) at a.

(M2) The equality Ma(t) = Qa(t) holds for all t > 0.
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Proof. First, we show that (M1) implies (M2). Although (M1) implies (M2) is almost trivial, for
the sake of completeness, we provide the full proof.

Fix t > 0. By Proposition 3.1 we haveMa(t) ⊂ Qa(t). Hence, we prove thatMa(t) ⊃ Qa(t).
Let x ∈ Qa(t). By Lemma 2.7(iv), we have

DL
(x− a

t

)
∈ D−f(a). (3.1)

To show that x ∈ Ma(t), it suffices to verify that Htf(x) = qf (t, x; a). For this purpose, we
define J(y) = qf (t, x; y)− qf (t, x; a) for y ∈ Rn and show that J(y) ≥ 0 for any y ∈ Rn. First,
by (M1) and (3.1), we have

f(y)− f(a) ≥ DL
(x− a

t

)
· (y − a), y ∈ Rn. (3.2)

Next, since L is convex, Lemma 2.5 yields

tL
(x− y

t

)
− tL

(x− a

t

)
≥ −DL

(x− a

t

)
· (y − a), y ∈ Rn. (3.3)

Using (3.2) and (3.3), we estimate J(y) as follows:

J(y) = qf (t, x; y)− qf (t, x; a) = f(y)− f(a) + tL
(x− y

t

)
− tL

(x− a

t

)
≥ DL

(x− a

t

)
· (y − a)−DL

(x− a

t

)
· (y − a) = 0.

Therefore, J(y) ≥ 0 for any y ∈ Rn, which implies thatHtf(x) = qf (t, x; a). Hence x ∈Ma(t).
We conclude that Ma(t) ⊃ Qa(t), and thus Ma(t) = Qa(t).

Next, we show that (M2) implies (M1). We argue by contradiction. Suppose that (M2) holds,
but (M1) does not. We will find t0 > 0 and x0 ∈ Rn such that

x0 ∈ Qa(t0) but x0 /∈Ma(t0),

which contradicts (M2). First, by the negation of (M1), there exist p ∈ D−f(a) and b ∈ Rn\{a}
such that

f(b)− f(a) < p · (b− a). (3.4)

By this inequality and continuity of DL (Lemma 2.7), we can choose t0 > 0 such that

f(b)− f(a) ≤ DL
(
DH(p)− b− a

t0

)
· (b− a). (3.5)

For this t0 > 0, we set x0 = a+ t0DH(p). Then, x0 ∈ Qa(t0). For this choice of t0 and x0, we
have

qf (t0, x0; b) < qf (t0, x0; a).

Indeed, by (3.5) and the definition of x0 = a+ t0DH(p), we have

f(b)− f(a) ≤ DL
(
DH(p)− b− a

t0

)
· (b− a)

= DL
(x0 − b

t0

)
· (b− a) (3.6)

Next, since L is strictly convex on Rn and b ̸= a, it follows from Lemma 2.1 that

DL
(x0 − b

t0

)
· (b− a) < t0L

(x0 − a

t0

)
− t0L

(x0 − b

t0

)
. (3.7)

By using (3.7) and (3.6), we have

f(b)− f(a) ≤ DL
(x0 − b

t0

)
· (b− a) < t0L

(x0 − a

t0

)
− t0L

(x0 − b

t0

)
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Hence

f(b) + t0L
(x0 − b

t0

)
< f(a) + t0L

(x0 − a

t0

)
.

This implies that qf (t0, x0; b) < qf (t0, x0; a). Thus, x0 /∈ Ma(t0), which is a contradiction.
Therefore, we have shown that (M2) implies (M1). The proof is complete.

We now illustrate the result with the following example. In the following examples, we
consider the Hamiltonian H(p) = |p|2/2, for p ∈ Rn, so then the corresponding Lagrangian is
given by L(v) = |v|2/2 for v ∈ Rn by Example 2.8. We illustrate how the equality Ma(t) =
Qa(t) appears in a concrete example.

Example 3.3. Let f(z) = |z|, z ∈ Rn. Then, f satisfies the global subgradient inequality (1.9)
at a = 0, and D−f(0) = B1(0).

We first compute the flow Htf and then identify the sets M0(t) and Q0(t). For each t > 0, it
is not difficult to calculate that

Htf(x) =

{
|x|2
2t , if |x| ≤ t,

|x| − t
2 , if |x| > t.

(3.8)

Since D−f(0) = B1(0) and DH(p) = p, the set Q0(t) is obtained by scaling the unit ball by the
factor t, namely,

Q0(t) = {tp | p ∈ B1(0)} = Bt(0).

On the other hand, the expression of Htf (3.8) shows that the quadratic part is attained precisely
on the region |x| ≤ t, which coincides with Bt(0). Hence, we have M0(t) = Bt(0).

Therefore, this example shows that the equality in (1.6) holds for all t > 0. As shown in
Figure 1, the broken line represents the initial value f with n = 1, the solid line represents the
flow Htf(·), and the thick solid line shows qf (t, ·; 0).

Figure 1. f in Example 3.3 with n = 1

Note that if f is a convex function on Rn, then f satisfies the global subgradient inequality
(1.9). Thus, we have

Corollary 3.4. Let a ∈ Rn. Let f be a convex function on Rn. Then, for any t > 0, we have the
equality in (1.6) holds.

Next, we give an example of f such that f satisfies the global subgradient inequality (1.9)
but f is not convex on Rn. For the sake of simplicity, we let n = 1.
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Example 3.5. Let f be the function defined by

f(z) =

{
|z|, z < 1, z > 5

3 ,

−2|z − 3
2 |+ 2, 1 ≤ z ≤ 5

3 ,

and a = 0. Then, this function f is not convex on R. However, it is easy to see that f satisfies the
global subgradient inequality at a = 0. Therefore, by Theorem 3.2, the equality in (1.6) holds
for all t > 0, even though f is not convex.

As shown in Figure 2, the broken line represents the initial value f , the solid line represents
the flow Htf(·) with t = 1, and the thick solid line shows qf (t, ·; 0) with t = 1.

Figure 2. f in Example 3.5

On the other hand, we next consider cases where f does not satisfy the global subgradient
inequality (1.9) at a ∈ Rn but where the equality in (1.6) still holds for small t > 0. We first
provide an example:

Example 3.6. Let n = 1, a = 1 and f ∈ C(R) be the function defined by

f(z) =

{
|z| − 1, |z| > 1,
1 − |z|, |z| ≤ 1.

Then, D−f(1) = [−1, 1]. It is clear that f does not satisfy the global subgradient inequality
(1.9) at a = 1, although it exhibits a similar behavior locally near a = 1.

On the other hand, the equality in (1.6) holds for small time. More precisely,

M1(t) = Q1(t), t ∈ (0,
1
2
]. (3.9)

However, this equality does not persist for a larger time. For example,

Q1(2) \M1(2) ̸= ∅. (3.10)

This example shows that there is a clear difference between the local and global behavior of
the equality in (1.6). Even though f does not satisfy the global subgradient inequality at a = 1,
the equality M1(t) = Q1(t) holds for small t ∈ (0, 1

2 ] as in (3.9), but it fails for larger times, as
shown in (3.10).

As shown in Figure 3, the broken line represents the initial value f , the solid line represents
the flow Htf(·) with t = 1

2 , and the thick solid line shows qf (t, ·; 1) with t = 1
2 .
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Proof of (3.9) and (3.10). Fix t ∈ (0, 1
2 ]. We prove that M1(t) ⊃ Q1(t) by verifying that

qf (t, x; 1) attains the minimum for x ∈ Q1(t). Fix x ∈ Q1(t) = [1 − t, 1 + t]. We set F (z) =
qf (t, x; z) for z ∈ R and we compute that minz∈R F (z) =

1
2t(x−1)2. By using 1− t ≤ x ≤ 1+ t

and t ≤ 1
2 , we have

min
z∈R

F (z) = min
{

min
z≤−1

F (z), min
−1≤z≤0

F (z), min
0≤z≤1

F (z), min
z≥1

F (z)
}

= min
{ 1

2t
(x+ 1)2, 1 +

x2

2t
,

1
2t
(x− 1)2,

1
2t
(x− 1)2

}
=

1
2t
(x− 1)2.

Thus, we have Htf(x) = 1
2t(x − 1)2 = qf (t, x; 1). This implies that the equality in (1.6) for

t ∈ (0, 1
2 ] holds.

Next, we prove that Q1(2)\M1(2) ̸= ∅. Letting x = −1, then x ∈ Q1(2)(= [−1, 3]) but
x /∈M1(2). Indeed,

H2f(−1) = min
z∈R

qf (2,−1; z) = 0 < 1 = qf (2,−1; 1).

This implies that x /∈M1(2). Thus, Q1(2)\M1(2) ̸= ∅.

Figure 3. f in Example 3.6 with t = 1
2

By Example 3.6, we observe a clear difference between the local and global behavior of the
equality in (1.6). Even though f does not satisfy the global subgradient inequality at a ∈ Rn, the
equality Ma(t) = Qa(t) still holds for small t > 0, while it fails for larger times.

This example suggests that the validity of (1.6) for small times depends only on the local
behavior of f near the point a. Motivated by this observation, we introduce a local version of the
subgradient inequality at a ∈ Rn, that is,

f(y) ≥ f(a) + p · (y − a), y ∈ Bδ(a), p ∈ D−f(a) (3.11)

for some δ > 0. In other words, this means that f satisfies a subgradient inequality in the
neighborhood of a ∈ Rn. In the following result, we further suppose that f ∈ UC(Rn).

Theorem 3.7. Let a ∈ Rn. Assume that f ∈ UC(Rn) fulfills the local subgradient inequality
(3.11) at a for some δ > 0. Then there exists t0 > 0 such that the equality in (1.6) holds for all
t ∈ (0, t0].

In order to prove Theorem 3.7, we preliminarily give some lemmas.

Lemma 3.8. Let a ∈ Rn. Assume that f fulfills the local subgradient inequality (3.11) at a for
some δ > 0. Then, D−f(a) is bounded.

Proof. Let f satisfy the local subgradient inequality (3.11) for some δ > 0. Supposing that
D−f(a) is not bounded, then we choose a sequence {pj} ⊂ D−f(a) such that |pj | → ∞ as
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j → ∞. We choose a sequence {yj} with yj = a + δpj/2|pj |, which belongs to Bδ(a). By
(3.11), we have

f(yj) ≥ f(a) + pj · (yj − a), j ∈ N. (3.12)

Since {yj} is a bounded sequence, we find the subsequence {yjk} and γ ∈ Rn such that

lim
k→∞

yjk = γ.

Thus, by using (3.12), we conclude that

f(γ) = lim
k→∞

f(yjk) ≥ f(a) + lim
k→∞

pjk · (yjk − a) = f(a) +
δ

2
lim
k→∞

|pjk | = ∞,

which is a contradiction. Hence D−f(a) is bounded.

Lemma 3.9. Let δ > 0, m > 0 and a ∈ Rn. Then, there exists τ > 0 such that

if z ∈ Bmτ (a) then Eτ (z) ⊂ Bδ(a). (3.13)

Proof. Suppose that the conclusion of the lemma is false. Then, we choose a sequence {zj} ⊂
Bm

j
(a) and {wj} ⊂ Rn such that

wj ∈ E 1
j
(zj) and |wj − a| ≥ δ for all j ∈ N.

Then, we have |zj − wj | → 0 as j → ∞. Indeed, supposing that |zj − wj | ̸→ 0 as j → ∞, then
we can find a η > 0 such that |zj − wj | ≥ η for sufficiently large number j ∈ N. Since

L((zj − wj)j)

|zj − wj |j
≤ L(0)

|zj − wj |j
+ C +

1
|zj − wj |

,

we conclude that ∞ ≤ C + 1
η < ∞, which is a contradiction. Thus |zj − wj | → 0 as j → ∞.

From the above, we have

δ ≤ |wj − a| ≤ |wj − zj |+ |zj − a| → 0 as j → ∞,

which is a contradiction, since δ > 0. Hence there exists τ > 0 which satisfies (3.13).

Proof of Theorem 3.7. First of all, we find a t0 ∈ (0,∞) in the theorem. Set

m = sup
p∈D−f(a)

|DH(p)|.

It is well–defined by Lemma 3.8. By using this lemma again, we can find a t1 ∈ (0,∞) such that

sup
p∈D−f(a)

L
(
DH(p)

)
≤ L(0) +

1
t1
. (3.14)

Also, by Lemma 3.9, we can find t2 ∈ (0,∞) such that if z ∈ Bmt2(a) then Et2(z) ⊂ Bδ(a).
Finally, we set t0 = min{t1, t2}.

Fix t ∈ (0, t0]. By Proposition 3.1, it is sufficient to show thatMa(t) ⊃ Qa(t). Fix x ∈ Qa(t).
Then, by DL(x−a

t ) ∈ D−f(a) and (3.11), we have

f(y) ≥ f(a) +DL
(x− a

t

)
· (y − a), y ∈ Bδ(a). (3.15)

We first verify that a ∈ Et(x). We set q = DL(x−a
t ). By q ∈ D−f(a) and (3.14), we have

L
(x− a

t

)
= L((DL)−1(q)) = L(DH(q)) ≤ sup

p∈D−f(a)

L(DH(p))

≤ L(0) +
1
t
≤ L(0) +

1
t
(C|x− a|+ 1).
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This implies a ∈ Et(x).
Next, set J(y) = qf (t, x; y) − qf (t, x; a) for y ∈ Et(x). We prove that J(y) ≥ 0 for any

y ∈ Et(x). Then the equality Htf(x) = qf (t, x; a) holds by Lemma 2.10. Since

|x− a| = |tDH(q)| ≤ t0|DH(q)| ≤ t0m ≤ t2m,

we have x ∈ Bmt2(a). By using Lemma 3.9, we have Et2(x) ⊂ Bδ(a). Thus, by Lemma 2.10-
(ii) and t ≤ t2, we have Et(x) ⊂ Bδ(a). Next, fix y ∈ Et(x) arbitrarily. Thus, by using Lemma
2.5 and (3.15), we have

J(y) = f(y)− f(a) + tL
(x− y

t

)
− tL

(x− a

t

)
≥ f(y)− f(a)−DL

(x− a

t

)
· (y − a)

≥ DL
(x− a

t

)
· (y − a)−DL

(x− a

t

)
· (y − a) = 0.

Therefore, x ∈Ma(t). Hence, we conclude that Ma(t) ⊃ Qa(t). The proof is complete.

Recall that a function g : Rn → R is locally convex at α ∈ Rn if there exists a δ > 0 such
that g is convex on Bδ(α). If a uniformly continuous function f is locally convex at a ∈ Rn,
then we see that f satisfies the local subgradient inequality (1.10) by Lemma 2.4. Thus we have

Corollary 3.10. Let a ∈ Rn. Let f ∈ UC(Rn) be a locally convex at a. Then, there exists t0 > 0
such that the equality in (1.6) for all t ∈ (0, t0].

From this corollary, local convexity of f at a ∈ Rn ensures the equality in (1.6) for a local time.
Finally, we show that, in Theorem 3.7, the converse assertion does not hold in general, that

is, even if the local equality in (1.6) for t ∈ (0, t0], f ∈ UC(Rn) does not always satisfy the local
subgradient inequality at a ∈ Rn. Indeed, we have

Example 3.11. Let n = 1 and f ∈ UC(R) be the function defined by

f(z) =

{
−z, z < 0,
arctan z, z ≥ 0.

Then, D−f(0) = [−1, 1]. Since f(y) = arctan y < y for y ∈ (0,∞) and 1 ∈ D−f(0), f does
not satisfy the local subgradient inequality at a = 0 for any δ > 0.

On the other hand, it is easy to see that the local equality

M0(t) = Q0(t), t ∈ (0, 1]

holds. Thus, the converse assertion does not always hold true in Theorem 3.7. This example
shows that the local validity of (1.6) does not necessarily imply the local subgradient inequality.

4 Conclusion

In this paper, we studied a geometric characterization problem for the Hamilton–Jacobi flow
associated with the Hopf–Lax formula. More precisely, we investigated the relationship between
the geometric equality

Ma(t) = Qa(t)

and the subdifferential structure of the initial data f at a point a ∈ Rn.
We proved that the global subgradient inequality is equivalent to the validity of the equality

Ma(t) = Qa(t) for all t > 0. This provides a complete characterization of the global behavior
of the flow in terms of the subdifferential.

We also analyzed the local counterpart of this problem. We showed that the local subgradient
inequality implies the validity of Ma(t) = Qa(t) for small time, and examples demonstrate that
this property does not extend to global time and that the converse implication does not hold in
general. These results reveal a clear distinction between the local and global behavior of the
equality.
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