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Abstract. In this paper, we introduce the concepts of the reflexive property of rings by
defining an e-reflexive and strongly e-reflexive ring. We show that e-reflexive rings generalize
the concepts of reflexive, symmetric, semiprime, and reversible rings. Although a ring R is
e-reflexive does not imply that it is e-reversible for any ring R with e € F(R), we prove that
e-reflexivity is to be an e-reversibility under some additional conditions. We provide examples
to prove that e-reflexive rings need not be strongly e-reflexive and vice versa. We also prove that
if R is a left AP P-ring or left p.q.-Baer, then V,,(R) is e-reflexive. Additionally, we prove that
aring R is e-reflexive if and only if the Dorroh extension D of R by a commutative ring S is
e-reflexive. Finally, we discuss various properties related to e-reflexivity.

1 Introduction

Throughout this paper, all rings are assumed to be associative and to possess a multiplicative
identity. We denote by 75(R) the ring of 2 x 2 upper triangular matrices over R. Moreover,
let E(R) denote the set of all idempotents of R, and let Z(R) denote the center of R. Mason
introduced the concept of reflexive properties for ideals, which has since been generalized by
various authors. Numerous works have been published on this topic, and several related notions
have been developed, including idempotent-reflexive right ideals, completely reflexive rings, and
weakly reflexive rings (see, for example, [1], [9], [12], [17]). Let I be an ideal of a ring R. In
[18], I is defined to be a reflexive ideal if, for all elements b,d € R the condition bRd C I
implies dRb C I. This notion of reflexive ideals is further applied to the zero ideal of the ring.
An ideal J C R is called semiprime if dRd C J, implies d C .J for every d € R. A ring R is
said to be semiprime if its zero ideal is semiprime. It is noteworthy that every semiprime ideal is
reflexive, a fact that can be shown by a straightforward computation. Consequently, every ideal
in a fully idempotent ring (that is, a ring in which .J> = .J for every ideal .J) is reflexive, as shown
in [16]. The concept of reflexive rings has been extended to weak reflexivity [18]. A ring R is
called weakly reflexive if drb = 0, implies brd € nil(R) for all d,b € R. Furthermore, a ring R
is called reversible if db = 0 implies bd = O for all d,b € R, [23]. Rings that contain no nonzero
nilpotent elements are called reduced. Commutative rings are symmetric, and symmetric rings
are reversible; however, the converses do not hold, as demonstrated in [2, Examples 1.5 and I1.5]
and [10, Examples 5 and 7]. Moreover, although every reversible ring is semicommutative, the
converse is not always true, as shown in [11, Lemma 1.4 and Example 1.5]. It is also known that
every reversible ring is reflexive. Consequently, there exist reflexive and semicommutative rings
that are not symmetric, as noted in [10, Examples 5 and 7].

A strongly reversible ring is defined as a ring in which, for any two polynomials h(z), k(z)
€ Rlx], the condition h(z)k(xz) = 0 implies k(z)h(x) = 0 [15]. It is important to note that
although every reduced ring is strongly reversible, the converse is not necessarily true. The
concept of an Armendariz ring was introduced by Rege [19]. A ring R is called Armendariz if for
any two polynomials (z) = Y1 diz’, k(z) = Y7 bia’ € R[z], the condition h(z)k(z) = 0
implies d;b; = O for all 7 and j. A ring is said to be semicommutative if for all d,b € R, the
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condition db = 0 implies that both the left and right annihilators of b and d are zero. Moreover,
aring R is called (strongly) e-symmetric if for all d,b,c € R, the condition dbc = 0 implies
dceb = 0 (equivalently, dcbe = 0), as stated in [3]. A ring R is called e-reversible if db = 0
implies bde = O for all d,b € R [5]. Additionally, R is said to be strongly e-reversible if for all
d,b € R, the condition db = 0 implies bed = 0.

In this paper, we introduce the concept of the reflexive property for rings and, in this direction,
define the notions of e-reflexive and strongly e-reflexive rings. Using these properties, we prove
that if R is an e-reversible ring, then R is e-reflexive, e-symmetric, and e-semicommutative.
Although a ring R is e-reflexive does not imply that it is e-reversible for any ring R with e €
E(R), we prove that e-reflexivity is to be an e-reversibility under some additional conditions.
Examples are provided to demonstrate that e-reflexive rings need not be strongly e-reflexive and
vice versa. We also show that e-reflexivity does not imply e-symmetry. Moreover, we prove
that if R is a left AP P-ring or left p.q.-Baer, then V,,(R) is e-reflexive, where V,,(R) denotes
the ring of upper triangular matrices over R. Additionally, we prove that a ring R is e-reflexive
if and only if the Dorroh extension D of R by a commutative ring S is e-reflexive, and that if
R is a von Neumann regular abelian ring, then R is also a strongly e-reflexive ring. Finally, the
paper includes several examples and investigates various algebraic properties associated with
these concepts.

2 e-reflexive rings

In [3], an idempotent e € E(R) is called a left minimal idempotent of R if Re is a minimal
left ideal. The set of all left minimal idempotents of R is denoted by M E;(R). An idempotent
e is said to be left (respectively, right) semicentral if de = ede (respectively, ed = ede) for all
d € R. A ring R is called (strongly) left min-abel [4] if either M E;(R) = ¢ or every element
e € ME;(R) is right (respectively, left) semicentral.

Lemma 2.1. [3, Proposition 2.4]. A ring R is called a left minimal abelian ring if and only if
e = dbe, then e = bde for each d,b € R and e € M E)(R).

Definition 2.2. A ring R is called e-reflexive if, for all d,b € R, the condition dRb = 0 implies
bRde = 0, where e € E(R). It is evident that a ring R is reflexive if and only if it is 1-reflexive.

Remark 2.3. Every reflexive is e-reflexive ring for any idempotent element e in the ring; how-
ever, the converse does not necessarily hold. For example, consider R = M (R), the ring of 2x2
real matrices. Take A = Fy, B = F11,C = FE»; € R. Then ABC = 0, while CBA = FEy # 0.
Thus, R is not reflexive

This result provides examples of idempotents in reflexive rings

Example 2.4. For any ring R and any idempotent ¢ € E(R), the following conditions hold:

(1) Every symmetric ring is e-reflexive. Suppose that dRb = 0. Since R is a symmetric ring, we
have that dbc = 0 implies dcb = O for all d,b,c € R. Taking ¢ = e where e is an idempotent,
we obtain dbe = 0. By symmetry, this implies deb = 0. Hence, bRde = 0. Therefore, R is
e-reflexive.

(2) Every reversible ring is e-reflexive. This follows from [2, Examples 1.5 and I1.5] and [10,
Examples 5 and 7]. Therefore, the result follows directly from part (1).

(3) Every e-symmetric ring is e-reflexive, but the converse does not hold. To prove the necessary,
let R be a ring that is reflexive but not symmetric (for such a ring, see [10, Examples 5 and
71). Then, T>(R) is Ej;-reflexive by Example 2.6, but 7»(R) is not Ey;-symmetric ring by [7,
Proposition 4.1(1)].

A ring R is called e-semicommutative for some e € E(R) if, for all d,b € R, db = 0 implies
dRbe = 0.

Proposition 2.5. Every e-reversible ring is both e-reflexive and e-semicommutative ring for any
e € E(R).
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Proof. Let R be an e-reversible ring, and suppose dRb = 0 for all d,b € R. Then db = 0 and
dba = O for all a« € R. Since R is e-reversible, it follows that bade = 0, which leads to bRde = 0.
To show that R is e-semicommutative, consider d,b € R with db = 0. By the e-reversibility of
R we have bde = 0, and thus bdae = 0 for all ¢ € R. Again, using the e-reversibility, we find
dabe = 0. Therefore, dRbe = 0. O

The converse of Proposition 2.5 is not valid in general, as shown by the following example.

Example 2.6. Let R = M;(7Z). It is easy to see that R is e-reflexive. Suppose A = FE; and
B = (Ey; + E12) € R. Although AB = 0, we have BAe # 0 for e = (E»; + Ep). Thus, R is
not e-reversible.

In general, the converse of Proposition 2.5 does not hold. However, for Baer rings, we have
the following theorem. A ring R is said to be Baer if the left (or right) annihilator of every
nonempty subset of R is generated by an idempotent [22].

Theorem 2.7. Let R be a Baer ring and let e € E(R) be an idempotent. Then the following
statements are equivalent;

(1) Ris e-reversible;

(2) R is e-reflexive;

(3) R is e-semicommutative.

Proof. (1) = (2) and (1) = (3). This is clear from Proposition 2.5.

(2) = (1).Letdb = 0 for d,b € R. Then dbR = 0, which implies d € [g(bR). Since R is a Baer
ring, there exists an idempotent e € R such that [g(bR) = eR. This leads to eRbR = 0. Given
that R is e-reflexive ring, we have bReR = 0 and hence bd = 0, as desired.

(2) = (3) and (3) = (1). These implications are clear. i

Theorem 2.8. Suppose that R is aring and e € E(R) is an idempotent. Then R is an e-reflexive
ring if and only if eRe is a reflexive ring and e is left semicentral.

Proof. (=) Let b € R such that d = (1 — e)be + e, then ed = e;de = d;d*> = d;ede =
e; (1 — d)de = 0. Since R is e-reflexive, we have (1 — d)ede = 0. Hence (1 — d)e = 0, which
implies e = de = d. Therefore, (1 — e)be = 0, and thus be = ebe. This shows that e is left
semicentral. Now, we show that e Re is reflexive. Let d, b € eRe such that drb = 0 for all r € R.
Since eRe is a subring of R and R is e-reflexive, it follows that drbe = 0. Because be = b, we
obtain brd = 0. Hence, eRe is a reflexive ring.

(<) Let d,b € R such that drb = 0. Since e is left semicentral, we have 0 = drbe = ederebe.
By the hypothesis that eRe is a reflexive ring, it follows that brde = eberede = 0. Therefore, R
is e-reflexive. O

Corollary 2.9. Assume that R is e-reflexive and that A € E(R) is an idempotent. Consequently
(1) bAe = Xbe for all b € R;

(2) If X € eRe, then forevery b € R, bA = Abe. In particular, this implies that \ is left semicentral
in R.

Proof. Since R is an e-reflexive, it follows from Theorem 2.8 that e Re is a reflexive and that e
is left semicentral in R. Consequently, we have:

(1) eXe € E(eRe), which implies that e\e is central in e Re due to the fact that e Re is an Abelian
ring. Thus, bAe = ebee\e = eleebe = Abe.

(2) Since A € E(eRe), A = Xe = e), by (1), we have bA = Abe. Consequently, bA = bA\ =
Abed = A\bA, therefore, ) is left semicentral in R. O

We now present a characterization of left minimal abelian rings.

Proposition 2.10. The following statements are equivalent for a ring R;
(1) R is a left minimal abelian ring;

(2) R is e-symmetric for every e € M Ej(R);

(3) R is e-reflexive for every e € M E;(R).
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Proof. (1) = (2). This follows from [3, Theorem 2.5].
(2) = (3) This implication follows from Example 2.4.
(3) = (1) Lete € ME;(R). Since R is e-reflexive, t follows from Theorem 2.8 that e is left
semicentral. Therefore, R is a left minimal abelian ring. O

Theorem 2.11. A ring R is left minimal abelian if and only if R is e-reflexive for every e €
ME;(R).

Proof. (=) Let d,b € R with dRb = 0. Suppose that bRde # 0. Then Re = RbRde, and
hence e = xbRde for some = € R. Since R is a left min-abel ring, by Lemma 2.1, we obtain
e = dzbRe = Rdxbe. Consequently, e = zbRde = xbeRde = xbdrbReRde = xbdexbReRde =
rbdRdxbexbReRde = 0, which is a contradiction. Therefore, bRde = 0, and hence R is e-
reflexive. (<) This follows directly from Proposition 2.10. O

3 Strongly e-reflexive rings

In this section, we investigate properties of rings by introducing the notion of strong e-
reflexivity. Let R be aring and let e € E(R) be an idempotent.

Definition 3.1. Let R be aring and let e € F(R). The ring R is called strongly e-reflexive if, for
any d,b € R, the condition dRb = 0 implies bRed = 0. It is evident that a ring R is reflexive if
and only if it is strongly 1-reflexive.

The following example shows that an e-reflexive ring is not necessarily strongly e-reflexive.

Example 3.2. (1) Let R be a reflexive ring. Then, by Proposition 2.5 (2(ii)) in [1], T>(R) is

b -reflexive. On the other hand, take A = 01 ,B = 0 and D =
00 0 0 00

( (1) 1 ) € T»(R), then ABD = 0. But DB < (1) (1) )A # 0. Therefore, T>(R) is not a

strongly e-reflexive.

(2) Every strongly e-symmetric ring is also strongly e-reflexive, where e is an idempotent ele-
ment in the set of idempotents E(R). Let R be a strongly e-symmetric ring. We want to show
that R is strongly e-reflexive. Take any elements d,b € R such that dRb = 0. This means that
dab = 0 for every a € R. Now, consider ¢ = e (since e € E(R)). We then have dbe = 0.
Since dRb = 0, we can apply the strongly e-symmetric property to the elements d, b, and e. By
the definition of strong e-symmetry, from dbe = 0, it follows that (dceb = 0) = dcbe = 0. In
our case, setting ¢ = e gives d(e)b = 0 which implies de - be = 0, and thus deb = 0. Next, we
need to show that bRed = 0. Indeed, consider bRed = b(e)d. Since b(e)d = 0, we conclude
that bRed = 0. Therefore, if dRb = 0, then bRed = 0, proving that R is strongly e-reflexive.
Conversely, consider a ring R (see [10, Examples 5 and 7]) that is strongly 1 z-reversible but not
strongly 1 z-symmetric. O

Theorem 3.3. A ring R is strongly e-reflexive if and only if e € Z(R) and eRe is reflexive.

Proof. (=) Assume that R is strongly e-reflexive. For any d € R, set ¢ = e + ed(1 — e) and
1 = e+ (1 — e)de. Then we have e¢p = ¢, e = e,1pe = 1) and er) = e. Since ¢(1 — p)e =0 =
(1 —e)erp, it follows that ge(l — ) = 0 = (1 — e)tpe, and hence e(1 — ¢) = 0 = (1 — e)4p. Thus,
¢ = ep = e = exp = 1), which implies ed(1 — e) = 0 = (1 — e)de for each d € R. Therefore,
e € Z(R). Moreover, since R is e-reflexive. Theorem 2.8 implies that eRe is a reflexive ring.
(<) Conversely, assume that e € Z(R) and that eRe is a reflexive ring, Then, by Theorem 2.8,
R is e-reflexive. Since e is central, R is strongly e-reflexive. This completes the proof. O

The following result provides a condition under which the class of strongly e-reflexive rings
coincides with that of e-reflexive rings.

Proposition 3.4. Let R be a ring with e € F(R). Then R is strongly e-reflexive and ¢ is a left
(right) semicentral idempotent if and only if R is right (left) e-reflexive.
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Proof. Suppose R is a strongly e-reflexive and e is left semicentral idempotent. Assume, drb = 0
and elements d, b belong to R, so, bred = 0 = brde. As aresult, R is right e-reflexive. According
to Theorem 3.3 and [8, Theorem 3.1], the converse is true. O

Proposition 3.5. Let R be aring with A € F(R). Then R is reflexive if and only if R is strongly
A-reflexive and (1 — \)R(1 — \) is reflexive.

Proof. (=) Obviously.

(<) If R is a strongly A-reflexive, According to Theorem 3.3, A is a central idempotent and
AR is reflexive. Consequently, X is a central idempotent, can get ARA = R/(1 — A)R(1 — ))
and (1 — A)R(1 — X\) = R/AR). By hypothesis ARX and (1 — A)R(1 — X) are reflexive, so,
R/(1 = A)R(1 — X) and R/ARAX are reflexive. Therefore, R/((1 — A)R(1 — X\) N AR))) is a
reflexive. But (1 — A)R(1 — A) N ARX = 0. For that reason, R is reflexive ring. i

Lemma 3.6. The following statements are equivalent for a ring R with e € E(R);
(1) Ris areflexive ring;
(2) R is both an e-reflexive and (1 — e)-reflexive.

Proof. (1) = (2). Obviously. (2) = (1). Suppose two elements d, b in R in which drb = 0 for
any r € R. Since R is (1 — e)-reflexive ring, therefore brd(1 — e) = 0. This implies that brd = 0
as R is an e-reflexive ring. Hence, R is a reflexive. O

Corollary 3.7. Let R be aring and let e € E(R). Then the following statements are equivalent.
(1) R is areflexive ring;
(2) R is a strongly e-reflexive ring and (1 — e) R(1 — e) is a reflexive ring.

Proof. Assume that R is reflexive ring. This implies that R is both an e-reflexive and an abelian,
leading to the conclusion that e € Z(R). According to Theorem 3.3, R is a strongly e-reflexive.
As (1—e)R(1—e) is a subring of R, it follows that (1—e)R(1—e) is also a reflexive. Conversely,
let us assume R is a strongly e-reflexive and that (1 — e)R(1 — e) is a reflexive. According to
Theorem 3.3, this implies that R is strongly (1 — e)-reflexive since (1 — e) € Z(R). Hence, R is
e-reflexive and (1 — e)-reflexive. As a result, by Lemma 3.6, R must be a reflexive. O

In [7], aring R is called a strongly left minimal abelian ring if M E;(R) C Z(R).

Corollary 3.8. For a ring R, the following statements are equivalent;

(1) R is a strongly left minimal abelian ring;

(2) R is strongly e-symmetric for any e € M E;(R);

(3) R is strongly e-reflexive for any e € M Ej(R).

Proof. The proof is an immediate consequence of Proposition 2.10. O
Proposition 3.9. Let (R;)ic; be rings and let (e;)ic; € E([];c; R:i), where J is a finite index
set. Then the product ring [],. ; R; is strongly (e;)c s-reflexive if and only if each R; is strongly
(e3)ic-reflexive.

Proof. Suppose R = [],.; R; be the direct product of the rings (R;);c; with each R; being
strongly (e;)-reflexive for all i € J. Denote the projection from R to R; as [[,. Let p,0 €
R.Let p; = [[; . 6 = [[,0 and ; = [], ¢ for any ¢ € R. Then p;,0; € R;. Consider
p=(0,0,...,pi,...,0,0),0 = (0,0,...,6;...,0,0) € R = [[,c, Ri are such that ppf = 0.
As R is a strongly (e;)c-reflexive, fpep = 0 for e = (e;)ics € E(]];c; Ri). As a result,
0;0ie;1; = 0, Therefore, R; is a strongly (e;)-reflexive. In particular, suppose 1 = (p;)ics, 0 =
(0:)ics € R such that uf = 0. Then we have, 1;0; = 0 for each ¢ € J. Since R; is a strongly
(e;)-reflexive, 0;pe;p; = 0 for all i € J, e; € E(R;). For this reason, ey = 0. Thus, R is
strongly e-reflexive. O

A ring R is called von Neumann regular if, for every d € R, there exists ¢ € R such that
d = d¢d. The following result provides a condition under which an abelian ring is strongly
e-reflexive.

Proposition 3.10. Ler R be a von Neumann regular abelian ring. Then, for every e € E(R), the
ring R is strongly e-reflexive.



SOME PROPERTIES OF e-REFLEXIVE RINGS 753

Proof. Since an abelian von Neumann regular ring R is reduced, it follows that R is reflexive.
Consequently, R is strongly e-reflexive. O

As defined in [3], an idempotent e in a ring R is left (right) semicentral if de = ede (or
ed = ede) for all d € R.

Proposition 3.11. Let J be a reduced ideal of a ring R, and lete € E(R/J). If R/J is strongly
e-reflexive, then R is strongly e-reflexive.

Proof. Suppose d,b € R and assume that drb = 0 for all » € R. Then, in the quotient ring R/J,
we have d7 b = 0. Since R/J is strongly e-reflexive, it follows that b7 € d = 0. This implies that
bred € J. Therefore, we can compute (bred)? = bredbred = brdbred = 0, since J is reduced.
Hence, bred = 0. and consequently, R is strongly e-reflexive. O

4 Some extensions of reflexive rings

In this section, we examine various extensions of e-reflexive rings and characterize them
from different perspectives. According to [25], a ring R is called quasi-Armendariz if when-
ever polynomials h(z) = Y 7' diz’ and k(z) = > 7" bz’ are polynomials in R[z] satisfy
h(z)R[z]k(x) = 0, it follows that d; Rb; = 0 for each i, j. Additionally, as noted in [14], let R be
an algebra over a commutative ring S. For an algebra R over a commutative ring .S, the Dorroh
extension of R by S is defined as the Abelian group D = R &P S with multiplication given by
(r1,s1)(r2,82) = (r1m2 + 8172 + s271, 5152), Where r; € Rand s; € S.

Proposition 4.1. Let R be aring and lete € E(R). Then R is e-reflexive if and only if the Dorroh
extension D of R by a commutative ring S is e-reflexive.

Proof. Since every s € S can be expressed as s = sl € R, it follows that R = {r + s :
(r,s) € D}. Let R be an e-reflexive. If (r1,51)D(r2, s2) = 0, then for any (r,s) € D, we have
(r1,s1)(r, s)(r2, s2) = 0. This leads to the equation ryrry+ 817712+ sr172+ Sor 17+ 81512+ 81827+
sspry = 0, along with syss, = 0. Therefore, the condition (ry, s1)(r, s)(r2, s2) = 0 is equivalent
to (r1+s1)(r+s)(r2+s2) = 0 with syss; = 0. This implies (r; +s;)R(r2+s2) = 0and 5,551 =
0. Given that R is e-reflexive and S is commutative, we find that (r2 + s2)R(r1 + s1)(e,e) =0
and sSs1e = 0. Thus, (r2 + s2)(r + s)(r1 + 51)(e, €) = 0, with syss1¢ = 0, for e € E(R). This
leads to ryrrie + rarsie + rorise + rrisse + rssje + rsysie + risyse = 0 and syssje = 0.
Therefore, (17, s2)(r, s)(r1, 51)(e, €) = 0, which implies (2, s2)D(r1, s1)(e,e) = 0. Thus, D is
e-reflexive.

Conversely, Conversely, suppose that D is e-reflexive. For any d,b € R with dRb = 0. Then for
any (r,s) € D, we have d(r + s)b = 0. This results in (d,0)(r, s)(b,0) = 0 for any (r,s) € D.
As D is e-reflexive, we obtain (b,0)(r, s)(d,0)(e,e) = 0, leading to b(r + s)de = 0, thus, R is
e-reflexive. O

Corollary 4.2. Let e € E(R). If S is a multiplicatively closed subset of R consisting of central
regular elements, then the localization S~! R is an e-reflexive ring.

Proof. This follows from Proposition 4.1. O

Lemma 4.3. [21, Theorem 10.19] A ring R is semiprime if and only if the polynomial ring R[z]
is semiprime.

Proposition 4.4. Assume that R is a quasi-Armendariz ring. Then R is an e-reflexive ring with
e € E(R) if and only if R[z] is an e-reflexive ring with e € E(R[z]).

Proof. It suffices to show that R[z] is e-reflexive. Let R be an e-reflexive and h(z) R[z]k(x) = 0,
where h(z) = Y diz* and k(z) = Y b’ are polynomials in R[z]. As R is a quasi-
Armendariz, it follows that d; Rb; = 0 for all i and j. Given that R is e-reflexive, we get b; Rd;e =
0for0<i<nand0 < j<m.Asaresult, we conclude that k(z) R[z]h(z)e = 0, Thus, R[z] is
an e-reflexive. ]

Corollary 4.5. Assume that R is an Armendariz ring. Then R is an e-reflexive ring with e €
E(R) if and only if R[z] is an e-reflexive ring with e € E(R[z]).
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Proof. If R is an Armendariz ring, then it is quasi-Armendariz. Therefore, the result follows
from Proposition 4.4. O

Corollary 4.6. Assume that R is a semiprime ring. Then R is an e-reflexive ring with e € E(R)
if and only if R[z] is an e-reflexive ring with e € E(R|[z]).

Proof. If R is a semiprime ring, then R is a quasi-Armendariz as shown in [25, Corollary 3.8].
Thus, the conclusion follows from Lemma 4.3 and Proposition 4.4. O

Let R be a ring. It was proved in [1], that R is a reflexive ring if and only if M, (R) is a
reflexive for all n > 1. We will now examine the following ring:

by by by --- b,
0 b by - bpo
0 0 0 b2
o 0 0 -+ b

The purpose of this note is to show that if R is a left AP P-ring, then V,,(R) is e-reflexive.
Furthermore, we will show if V,,(R) is an e-reflexive with e € E(R), then R is also e-reflexive.
Anideal I of R is said to be right s-unital if, for every d € I there exists an element = € I such
that dz = d. According to Tominaga [27, Theorem 1], [ is right s-unital if and only if, for any
finite set of elements d;, ds,...,d, € I, there exists an element = € [ such that d; = zd; (resp.
d; = d;x) foreach: = 1,2,... n. As stated in [28], aring R is called a left AP P-ring if the left
annihilator [ r (Rd) is right s-unital as an ideal of R for any element d € R. Right AP P-rings can
be defined in a similar manner. Recall a ring R is a left p.q.-Baer ring if the left annihilator of
a principal left ideal of R is generated by an idempotent (see, for example, [29], [30] and [31]).
Clearly every left p.q.-Baer ring is a left AP P-ring (thus the class of left AP P-rings includes all
biregular rings and all quasi-Baer rings). In [32], we prove that if R is a left AP P-ring, then R is
reflexive if and only if the skew generalized power series ring over R is reflexive. The following
results follows from [25] and [33], respectively.

Lemma 4.7. Every left AP P-ring is quasi-Armendariz, but not conversely.

Lemma 4.8. Let R be a left APP-ring and dy, . ..,dy, by, ..., by, € R.Ifd;Rb; = 0 for all i and
J, then there exists e € R such that d; = d;e and eRb; = 0 for all i and j.

Theorem 4.9. For a reduced ring R. If R is a left APP-ring with e € E(R), then V,,(R) is

e ery -+ €erp—i
0o 0 --- 0

e-reflexive, wheree = | = . is an idempotent matrix in V,,(R).
o 0 --- 0

Proof. Assume that R is left APP and A;, B; € V,(R) such that A;V,,(R)B; = 0. Let

didyody - bbb
0 di di --- 0 v
A = 1 2 ,Bj: 1 2

0 0 d 0 0 b
Set f, = (di,)’_,, g, = (b})7, for any p with p > 1. Then from A;V,,(R)B; = 0 it follows that
for any A, = (c))li_, withp > 1, we have

fi 2 f o Al A e g 9 g3
0O fn f - 0 X X - 0 91 o
0 0 f1 0 0 )\1 0 0 a1
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Note that d;cib; = 0 for all 7, j and k. Since fAg = 0, we have the following equations:

dlclbl =0 (1)
diciby + dieaby + dpeiby =0 (2)
dicibs + dicaby + diesby + daciby + dacaby + dserby =0 (3)

diciby +dicaby, + - -+ dicpmg1by + -+ dperby + dpypeaby + dipy1c1bp =0 (4)

dicibp—1 +dicabn—o + -+ dn_2c2b) +dp—1c1b; =0 (5)
diciby, +dicobp_1 + -+ dp_1c1by + dp—1c2b1 + dpciby =0 (6)

where 1 < m < n. It is important to note that R is reflexive, dRbRb = 0 if and only if dRb = 0
ford, b € R. We will using these facts freely in the following calculations. From Equation (1), we
find that d; Rb; = 0. Consequently, by Lemma 4.8, there exists an element e € R with d* = d'e
and eRV = O for all indices ¢, j. This implies that f = fe and eRg = 0. Thus, for j = 2, we
have g; € rg(aR) where a € R is any arbitrary element. By assumption, rz(aR) is s-unital,
and again applying Lemma 4.8, we find an element e € ri(aR) with g; = eg;, for j = 2. As
aRe = 0, we conclude that f; Reg; = 0, which leads to f; Rg; = 0. Multiplying Equation (2) by
RbD; on the right, we obtain d; Rb; Rb; = 0 resulting in d, Rb; = 0. Then Equation (2) implies
dyc1b, = 0. Substitute et for ¢; in dyc;b, = 0 to yield d; (et)b, = 0, for t is an arbitrary element
of R, then we have d; Rb, = 0. Thus by Lemma 4.8 again, there exist y € R such that d’ = d'y
and yRY = 0 for all i and j. Hence f = fy and yRg = 0,yRg, = 0. Thus f; Rg> = 0 and so
f2Rg1 = 0. Now Equation (3) becomes

diciby + daciby + dzeiby =0

Multiply this equality on the right by Rb; and Rb, in turn, to obtain d3 Rb; = 0,d,Rb, = 0 and
diRb; = 0. By Lemma 4.8, there exist 2 € R such that d° = d'z and zRb = 0 leading to
f = fzand zRg = 0. Consequently, we find that f3 Rg; = 0. Applying Lemma 4.8 once more,
we identify = € R such that d* = d’xz and xR)’ = 0. Since b’ € rg(xR) is s-unital, we have
f = frand xRg = 0. This results in f,Rg, = 0 and f; Rg3 = 0. In summarizing, we have that

d;Rb; =0  for i+j=234

Assuming inductively that d;Rb; = O fori + j = 2,3,...m for m — 1 < n, we can rewrite
Equation (4) as

dicibypm—1 + daciby, + daciby—1 + - + dperby +dp_1c16 =0 (7)

Next, multiplying Equation (7) on the right by Rb;, Rb,, ..., and Rb,, sequentially gives us
dm—1Rb; = 0,d, Rb, = 0,..., and dy Rb,, = 0, which implies d; Rb,,_; = 0. These findings
indicate that d; Rb; = 0 for all ¢ and j with ¢+ j = m — 1. Therefore, we conclude that d; Rb; = 0
for all 7 and j with 1 <+ + k£ < n. Given that R is e-reflexive, we have b; Rd;e = 0. Thus, there
exists an arbitrary element h € R such that d* = d'h and hRb = 0 for all 7 and j. leading to
b € rr(hR). By hypothesis, rr(hR) is left s-unital, and applying Lemma 4.8, again we find
fp = fph and hRg, = 0. This means g, € rgr(hR) forp = 1,2,... is left s-unital. According
to the induction hypothesis, we have g Rfie = 0,91Rfoe = 0,¢oRfie = 0,...,g1Rfpe =
0,...,g9nRf1e = 0. This leads to g\ fe = 0, which establishes that V,,(R) is e-reflexive. ]

Proposition 4.10. If V,,(R) is e-reflexive where € is an idempotent matrix, then R is e-reflexive
with e € E(R).

Proof. Assume that d, b are in R with dRb = 0. Let A = dEy;, B = bEy; € V,,(R),s0 ACB =0
for any C' = cE); € V,,(R) thus, we conclude that BC'Ae = 0, as V,,(R) is e-reflexive. Hence,
bede = 0. Therefore, R is e-reflexive. O
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Corollary 4.11. Let R be a ring with e € E(R). If R is a left p.q.-Baer ring, then V,,(R) is
e-reflexive.

Proof. If R is a left p.q.-Baer ring, then according to [30], R is a left AP P-ring. Therefore, the
conclusion follows from Theorem 4.9. O

Corollary 4.12. Let R be a ring with e € E(R). If R is a semiprime ring, then V,,(R) is e-
reflexive.

Proof. If R is semiprime, then it is a left p.q.-Baer ring, according to [30]. Consequently, the
result follows from Corollary 4.11. O
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