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Abstract. This paper establishes perturbation bounds for multiple right eigenvalues of quater-
nionic Hermitian matrices under off-diagonal perturbations with non-uniform column norms.
We show that when A22 − µI is definite, the i-th eigenvalue perturbation scales as O(ϵ2

i ),
where ϵi is the i-th column norm, while indefinite cases exhibit O(ϵiϵ) dependence due to non-
commutative effects. Our results generalize classical Bauer-Fike-type theorems to the quater-
nionic setting, with applications to degenerate quantum systems and quaternionic signal pro-
cessing. Numerical experiments validate the theoretical bounds and reveal conditions under
which commutativity assumptions fail.

1 Introduction

The perturbation theory of eigenvalues for Hermitian matrices is a well-established topic in linear
algebra, with numerous applications in numerical analysis, quantum mechanics, and engineer-
ing. Classical results, such as those presented in, provide bounds for the perturbation of multiple
eigenvalues under off-diagonal perturbations. However, these results are primarily confined to
the complex (or real) case. With the growing interest in quaternionic linear algebra due to its
applications in quantum mechanics, signal processing, and robotics, there is a need to extend
these perturbation bounds to the quaternions. The study of eigenvalue problems in quaternionic
linear algebra has gained significant attention in recent decades due to its applications in quan-
tum mechanics [1], signal processing [2], and computer graphics. While perturbation theory for
complex Hermitian matrices is well-established [3, 4], the non-commutative nature of quater-
nion multiplication introduces fundamental differences that require careful reconsideration of
these classical results. This paper extends the perturbation theory for multiple eigenvalues of
Hermitian matrices to the quaternionic setting, with particular attention to the case where pertur-
bation matrices have columns of widely varying magnitudes.

Quaternionic matrices present unique challenges compared to their complex counterparts.
The lack of commutativity in H means we must distinguish between left and right eigenvalues,
with right eigenvalues being more amenable to analysis due to their behavior under similarity
transformations [5]. The determinant theory for quaternionic matrices, developed by Dieudonné
[6], provides essential tools for our analysis, though it requires different approaches than the
classical determinant.

Recent work by Ahmad and Ali [7, 8] has established foundational results for quaternionic
matrix analysis, including perturbation bounds for single eigenvalues. However, the behavior
of multiple eigenvalues under structured perturbations remains largely unexplored in the quater-
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nionic setting. Our work fills this gap by developing perturbation bounds that account for the
graded structure of perturbation matrices, where different columns may have substantially dif-
ferent magnitudes.

The key motivation for our study comes from several observations

• Right eigenvalues of quaternionic Hermitian matrices are real and maintain many properties
of complex Hermitian matrices [9].

• The Bauer-Fike theorem and related perturbation results have quaternionic analogs [8].
• Multiple eigenvalues in physical systems often correspond to degenerate states whose split-

ting under perturbation requires precise quantification.

Our main contributions include

• Quaternionic versions of perturbation bounds for multiple eigenvalues under column-graded
perturbations (Theorems 3.3-3.5).

• Extension to the quaternionic generalized eigenvalue problem (Theorem 5.1).
• New results for quaternionic matrix polynomials (Theorem 6.1).
• Numerical verification of our theoretical bounds through carefully constructed examples.

Our work builds on the classical perturbation theory of [10] while incorporating the quater-
nionic framework of [5] and recent advances from [8]. The fixed-point arguments we employ
extend the work of [11] to the quaternionic case. The results have immediate applications in
quantum systems with quaternionic Hamiltonians and in the analysis of algorithms for quater-
nionic matrix computations. We gratefully acknowledge the foundational insights derived from
the works of [12, 13, 14, 15]. Their research in the area of quaternionic matrices and matrix
bounds was instrumental in guiding the theoretical framework and analysis presented in this
paper.

In this paper, we generalize the perturbation bounds for multiple eigenvalues of Hermitian
matrices to the quaternionic matrices. Specifically, we consider a quaternionic Hermitian matrix
A = diag(µI,A22), where µ is a multiple eigenvalue, and study its perturbation under an off-
diagonal quaternionic matrix E. Our work addresses the following key questions:

• How does the non-commutativity of quaternions affect the perturbation bounds for multiple
eigenvalues?

• What are the analogues of the definite and indefinite cases in the quaternionic setting, and
how do they influence the perturbation bounds?

• Can the results be extended to the quaternionic generalized eigenvalue problem?

The perturbation of multiple eigenvalues in quaternionic matrices remains unexplored despite its
significance in systems with degenerate states (e.g., quaternionic quantum mechanics [11]). Un-
like the complex case, where the spectral theorem fully diagonalizes Hermitian matrices, quater-
nionic matrices require symplectic decompositions [1,4], complicating the analysis of eigenvalue
splitting under perturbations. Our work addresses this gap by providing the first systematic study
of how non-uniform perturbations (quantified by column norms ϵj) affect multiple eigenvalues
in H, revealing fundamentally new scaling laws tied to non-commutativity.

The paper is organized as follows. Section 2 reviews notations and some existing results.
In Section 3, we present our main perturbation theorems, separating the definite and indefinite
cases. In Section 4, numerical examples to illustrate our results are purposed. In Section 5, we
discuss about the extensions to the generalized eigenvalue problem. Finally in Section 6, we
explores connections with quaternionic polynomials.

2 Notation and preliminaries

Notation: Throughout the paper, R and C denote the fields of real and complex numbers, re-
spectively. R+ denotes the set of nonnegative real numbers. The set of real quaternions is defined
by

H = {q = a0 + a1i+ a2j+ a3k : a0, a1, a2, a3 ∈ R}



844 S. Parveen and I. Ali

with i2 = j2 = k2 = ijk = −1. The conjugate of q ∈ H is q = a0 − a1i − a2j − a3k and

the modulus of q is |q| =
√
a2

0 + a2
1 + a2

2 + a2
3. ℑ(a) denotes the imaginary part of a ∈ C.

The collection of all n-column vectors with elements in H is denoted by Hn. For x ∈ Kn,
where K ∈ {R,C,H}, the transpose of x is xT . If x = [x1, . . . , xn]T , the conjugate of x is
defined as x = [x1, . . . , xn]T and the conjugate transpose of x is defined as xH = [x1, . . . , xn].
For x, y ∈ Hn, the inner product is defined as ⟨x, y⟩ = yHx and the norm of x is defined as
∥x∥2 =

√
⟨x, x⟩. Let A = [aij ] ∈ Mm×n and define |A| = [|aij |] (entrywise absolute value).

The sets of m × n real, complex, and quaternionic matrices are denoted by Mm×n(R),
Mm×n(C), and Mm×n(H), respectively. When m = n, these sets are denoted by Mn(K),
K ∈ {R,C,H}. For A ∈ Mm×n(K), the transpose, conjugate and conjugate transpose of A are
defined as AT = (aji) ∈ Mn×m(K), A = (aij) and AH = (A)T ∈ Mn×m(K), respectively.

The space of all p×p quaternionic matrices is denoted by Mp(H). The expressions ||A||2, ||A||∞, ||A||1
stand for the spectral norm, maximum row sum norm and maximum column sum norm of
A ∈ Mp(H), respectively. We define the 2-norm on A ∈ Mn(H) by

||A||2 = sup
x ̸=0

{
∥Ax∥2

∥x∥2
: x ∈ Hn

}
= ∥AH∥2.

This paper examines the perturbation theory for multiple right eigenvalues of quaternionic Her-
mitian matrices, where a right eigenvalue µ satisfies Ax = xµ for some nonzero quaternionic
vector x.

Consider the eigenvalue problem for a quaternionic Hermitian matrix Ã:

Ã =

(
A11 E∗

E A22

)
, A11 = µIm, (2.1)

where

• Ã ∈ H(m+n)×(m+n) is a quaternionic Hermitian matrix (Ã∗ = Ã).

• E ∈ Hn×m is the perturbation matrix with quaternionic entries.

• Im is the m×m identity matrix over H.

• The superscript ∗ denotes the conjugate transpose (quaternionic adjoint).

If E is a zero block, then µ is a right eigenvalue with multiplicity m. For small E, Ã has m
right eigenvalues close to µ.

Define the eigenvalue gap η between A11 = µI and A22 as

η = min
ν∈eig(A22)

|µ− ν|, (2.2)

where eig(A22) is the set of right eigenvalues of A22, and | · | is the quaternionic modulus. Let

ϵ = ∥E∥2, (2.3)

where ∥ · ∥2 is the spectral norm or the ℓ2-norm for quaternionic vectors.
The quaternionic version of the main result from [10] states that Ã has m right eigenvalues

θ1, . . . , θm such that

|µ− θj | ≤
2ϵ2

η +
√
η2 + 4ϵ2

for 1 ≤ j ≤ m. (2.4)

The right-hand side of (2.4) is second-order in ϵ when η > 0 and never exceeds ϵ.
When columns of E have disparate magnitudes, define

ϵj = ∥E(:,j)∥2 for 1 ≤ j ≤ m, (2.5)

where E(:,j) denotes the jth column of E and {i1, . . . , im} is a permutation of {1, . . . ,m}
such that
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ϵ1 ≤ ϵ2 ≤ · · · ≤ ϵm. (2.6)

The eigenvalues τj of E∗E (which are real since E∗E is Hermitian) satisfy

0 ≤ τ1 ≤ τ2 ≤ · · · ≤ τm. (2.7)

We use the notation X ≺ Y (X ⪯ Y ) for quaternionic Hermitian matrices to mean Y −X is
positive definite (semi-definite), and X ≻ Y (X ⪰ Y ) to mean Y ≺ X (Y ⪯ X).

The paper develops perturbation bounds that reflect the effect of column magnitude disparity
in E, improving upon (2.4) by establishing individual bounds for each θj . The key results show
that

• When A22 − µI is definite, |θj − µ| scales with ϵ2
j .

• In the indefinite case, |θj − µ| scales with ϵjϵ.

The non-commutativity of quaternions introduces several technical challenges

• Right eigenvalues behave differently than left eigenvalues under similarity transformations.

• The spectral theorem requires careful adaptation to the quaternionic case.

• Matrix decompositions must account for the non-commutative nature of quaternions.

3 Perturbation Bounds for Quaternionic Hermitian Matrices

Our results show that when A22 − µI is definite (either positive or negative), the perturbation
bounds maintain a quadratic dependence on column norms similar to the complex case. How-
ever, in the indefinite case, the non-commutativity leads to bounds that depend on products of
column norms, reflecting the more intricate interaction between perturbation directions.

The following theorems establish precise bounds that capture these phenomena, providing a
complete picture of multiple eigenvalue perturbation in the quaternionic matrices. We separate
our analysis into definite and indefinite cases, as the behaviour differs fundamentally between
these situations.

Throughout this section, Ã is a quaternionic Hermitian matrix given by

Ã =

(
µIm E∗

E A22

)
∈ H(m+n)×(m+n) (3.1)

where H denotes the quaternion algebra, µ ∈ R is a multiple right eigenvalue, Im is the identity
matrix, E ∈ Hn×m, and A22 = A∗

22 ∈ Hn×n. Without loss of generality, we assume µ = 0.
Since µ is not a right eigenvalue of A22, A22 is invertible, and the gap η is defined as:

η = 1/∥A−1
22 ∥2 = min

ν∈σr(A22)
|ν| (3.2)

where σr(A22) denotes the set of right eigenvalues of A22.
For any λ /∈ σr(A22), define the symplectic transformation

X =

(
Im −E∗(A22 − λIn)−1

0 In

)
∈ H(m+n)×(m+n) (3.3)

Then we have the quaternionic congruence transformation:

X(Ã− λIm+n)X
∗ =

(
−λIm − E∗(A22 − λIn)−1E 0

0 A22 − λIn

)
(3.4)

Using the Dieudonné determinant for quaternionic matrices, we obtain:

Det(Ã− λIm+n) = Det
(
−E∗(A22 − λIn)

−1E − λIm
)
· Det(A22 − λIn) (3.5)
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Thus, any right eigenvalue λ̃ of Ã not in σr(A22) is a root of

Det
(
−E∗(A22 − λIn)

−1E − λIm
)
= 0 (3.6)

For |λ|/η < 1, we have the quaternionic Neumann series expansion:

(A22 − λIn)
−1 =

∞∑
j=0

λjA−j−1
22 (3.7)

where the order of multiplication matters in the quaternionic case.
Substituting into (3.6) gives the key expansion

−E∗(A22 − λIn)
−1E − λIm = −

∞∑
j=0

λjE∗A−j−1
22 E − λIm (3.8)

Theorem 3.1. Let Ã ∈ HN×N be a quaternionic Hermitian matrix of form (2.1) with µ = 0.
1. Assume ϵ <

√
3/4η. Then (a) Ã has exactly m right eigenvalues θj ∈ R in the open

interval (−η/2, η/2), and moreover

|θj | ≤
2ϵ2

η +
√
η2 + 4ϵ2

,

for 1 ≤ j ≤ m; (b) The function (3.6) has exactly m zeros in (−η/2, η/2) and these zeros are
precisely the eigenvalues θj of Ã.

2. Ã has m eigenvalues θj = ϑj +O(ϵ4/η2), where ϑj for 1 ≤ j ≤ m are the eigenvalues of
−E∗A−1

22 E.

Proof: We prove each part separately
Part 1(a): Since 4t2/(1 +

√
1 + 4t2) < 1 if t2 < 3/4, we have

2ϵ2

η +
√
η2 + 4ϵ2

<
η

2
if

ϵ

η
<

√
3
4
.

By the extension of the main result of the quaternionic matrices, Ã has exactly m right eigen-
values θj in (−η/2, η/2) and the inequality holds. The eigenvalues are real because Ã is quater-
nionic Hermitian.

Part 1(b) This follows from Part 1(a) and the quaternionic version of the determinant formula
(3.5), noting that det(A22 − λI) ̸= 0 for λ ∈ (−η/2, η/2) since η is the gap between 0 and the
spectrum of A22.

Part 2 For |λ| = O(ϵ2/η), we expand (A22 − λI)−1 using the quaternionic power series

(A22 − λI)−1 =
∞∑
j=0

λjA−j−1
22 ,

which converges for |λ| < η.
The expression in (3.8) becomes

−E∗(A22 − λI)−1E + (−λ)I = −E∗A−1
22 E + (−λ)I +O(λ2E∗A−2

22 E).

Since Ã has exactly m eigenvalues no larger than O(ϵ2/η) in magnitude, we conclude that
θj = ϑj +O(ϵ4/η2) for 1 ≤ j ≤ m, where ϑj are the eigenvalues of −E∗A−1

22 E.
The Taylor expansion (A22 − λI)−1 =

∑∞
j=0 λ

jA−j−1
22 converges in the quaternionic case

when |λ| < η, as the non-commutative nature of H does not affect the norm-based convergence
criterion. This follows from the submultiplicativity of the spectral norm in Mn(H) [1, Thm. 4.2].
The O(ϵ4/η2) term arises from bounding the remainder ∥λ2E∗A−2

22 E∥2 ≤ (ϵ2/η2)2. 2

Remark 3.2. The series expansion (A22 − λI)−1 =
∑∞

j=0 λ
jA−j−1

22 converges in H for |λ| < η
because
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• The resolvent map is analytic in the quaternionic sense [6, Theorem 4.1].

• The spectral radius formula extends to quaternionic matrices via complex representation.

• The norm satisfies ∥λjA−j−1
22 ∥ ≤ (|λ|/η)j+1 which forms a convergent geometric series.

Theorem 3.3. For quaternionic Hermitian matrix Ã as in (2.1) with µ = 0, suppose ϵ <
√

3/4η.
If A22 is positive (negative) definite, then Ã has m nonpositive (nonnegative) right eigenvalues
θ1, . . . , θm ∈ R arranged in ascending order satisfying

0 ≤ −θm−j+1 ≤ 2τj
η +

√
η2 + 4τj

, if A22 > 0,

0 ≤ θj ≤
2τj

η +
√
η2 + 4τj

, if A22 < 0,

for 1 ≤ j ≤ m, where τj are the right eigenvalues of E∗E.

Proof: We prove the case when A22 > 0; the negative definite case follows similarly by
considering −Ã.

Since A22 is positive definite and quaternionic Hermitian, all its right eigenvalues are positive
real numbers. The gap η is well-defined above in the preliminaries section.

Define the quaternionic matrix function

B(t) = −E∗(A22 − tI)−1E

for t ∈ R. By Theorem 3.1, Ã has exactly m right eigenvalues in (−η/2, η/2), which are the
zeros of det(B(t)− tI).

For t ∈ (−η/2, η/2), A22 − tI > 0, so B(t) ≤ 0 (as it is congruent to a negative definite
matrix). Thus

B(t)− tI < 0 for t ∈ (0, η/2)

Therefore, the m right eigenvalues of Ã lie in (−η/2, 0]. Denote them by

−η/2 < θ1 ≤ θ2 ≤ · · · ≤ θm ≤ 0

Let λ1(t) ≤ λ2(t) ≤ · · · ≤ λm(t) ≤ 0 be the right eigenvalues of B(t) for t ∈ (−η/2, 0].
These are continuous functions of the continuity theorem for eigenvalues.

Each λj(t) has a unique fixed point θj ∈ (−η/2, 0] such that λj(θj) = θj , since λj(t) is
decreasing due to

d

dt
B(t) = −E∗(A22 − tI)−2E ≤ 0

Thus, |θj | = −θj is the jth largest eigenvalue of −B(θj). Since

−B(θj) = E∗(A22 − θjI)
−1E ≤ E∗E

η + |θj |

We have
|θj | ≤

τm−j+1

η + |θj |
which implies:

|θj | ≤
2τm−j+1

η +
√
η2 + 4τm−j+1

.

This completes the proof for the positive definite case. 2

Theorem 3.4. For quaternionic Hermitian Ã as in (2.1) with µ = 0, suppose ϵ <
√

3/4η. Then
Ã has m right eigenvalues θ1, . . . , θm ∈ R arranged such that |θ1| ≤ |θ2| ≤ · · · ≤ |θm| satisfying

|θj | ≤ ζj +O(ϵ4), (3.9)

where ζj is defined by (3.14) using the right eigenvalues of E∗E.
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Proof: Using SVD, we can write E = UΣV ∗ where U, V are unitary quaternionic matrices
and Σ is real diagonal.

The matrix −E∗A−1
22 E has the same eigenvalues as −Σ∗U∗A−1

22 UΣ = −DWD, where D = Σ

and W = U∗A−1
22 U .

Applying Lemma to DWD gives the bound on ϑj , the eigenvalues of −E∗A−1
22 E

|ϑj | ≤
1
η

√
τmτj .

By Theorem , θj = ϑj +O(ϵ4), establishing the result.
The non-commutativity affects the series expansion but not the final bound, as the norms

involved are real numbers and commute.
The proof follows from Theorem 3.1 and Lemma 3.8.
Let E = UΣV ∗ be the singular value decomposition of E, where U and V are unitary quater-

nionic matrices and Σ is real diagonal. We have E∗A−1
22 E = V Σ∗U∗A−1

22 UΣV ∗ which has the
same right eigenvalues as Σ∗U∗A−1

22 UΣ.
We can write Σ∗U∗A−1

22 UΣ = DWD where D = diag(
√
τ1, . . . ,

√
τm) and W satisfies

∥W∥2 ≤ 1/η. Applying Lemma 3.7 completes the proof of (3.14) and thus (3.15).
The asymptotic estimate (3.9) follows from the Taylor expansion of (A22 − λI)−1 in the

quaternionic case and the fact that θj = ϑj +O(ϵ4/η2) as established in Theorem 3.1. 2

Theorem 3.5. For quaternionic Hermitian Ã as in (2.1), if ϵ < η/2, then Ã has m right eigen-
values θ1, . . . , θm with |θ1| ≤ · · · ≤ |θm| satisfying

|θj | ≤
ζj

1 − 4ρ2 (3.10)

for 1 ≤ j ≤ m, where ρ = ϵ/η < 1/2.

Proof: We define B(t) = −E∗(A22 − tI)−1E as before. The derivative bound:∥∥∥∥dB(t)

dt

∥∥∥∥
2
≤ 4ϵ2

η2 < 1

holds in the quaternionic case since the norm is real-valued.
The eigenvalues λj(t) of B(t) satisfy

|λj(t)− λj(0)| ≤ 4ρ2|t| (3.11)

by integrating the derivative bound.
Setting δj = ζj/(1 − 4ρ2). For each j, there exist j eigenvalues λi(t) that map [−δj , δj ] into

itself.
By the quaternionic version of Brouwer’s fixed point theorem (which holds since quaternionic

matrices can be represented as complex matrices via the standard embedding), each such λi(t)
has a fixed point θi ∈ [−δj , δj ].

These fixed points correspond to eigenvalues of Ã, establishing the bound.
Instead of proving (3.10) directly, we shall prove that for any given j ∈ {1, . . . ,m} there are

j of θi’s satisfying |θi| ≤ ζj/(1 − 4ρ2). Thus (3.10) must hold.
Adopt the notations in the Lemmas 3.8 and 3.9. By (3.16), for any t ∈ (−η/2, η/2), we have

|λi(t)− λi(0)| ≤
∫ t

0

∣∣∣∣dλi(τ)

dτ

∣∣∣∣ dτ ≤ 4ϵ2

η2 |t| = 4ρ2|t|

for 1 ≤ i ≤ m. Let δj =
ζj

1−4ρ2 .
We claim that there are at least j of λi(t) such that

λi(t) ∈ [−δj , δj ] for all t ∈ [−δj , δj ]. (3.12)

By the extension of Brouwer’s fixed point theorem to the quaternionic setting, each of such λi(t)
has a fixed point ti ∈ [−δj , δj ] such that λi(ti) = ti. Hence, recalling (3.5) we see that ti is a
right eigenvalue of Ã.



EIGENVALUES IN QUATERNIONIC HERMITIAN SYSTEMS 849

To show there are at least j of λi(t) satisfying (3.12), note that

ϑk ∈ [−ζk, ζk] ⊆ [−ζj , ζj ] ⊆ [−δj , δj ] for 1 ≤ k ≤ j.

These ϑk for 1 ≤ k ≤ j are taken by different λi(t) at t = 0, i.e., ϑk = λℓk(0). For t ∈ [−δj , δj ]
and k ∈ {1, . . . , j}

|λℓk(t)| ≤ |λℓk(0)|+ |λℓk(t)− λℓk(0)| = |ϑk|+ |λℓk(t)− λℓk(0)| ≤ ζj + 4ρ2δj = δj ,

completing the proof. 2

Lemma 3.6. Let τ1, τ2, . . . , τm be the right eigenvalues of E∗E ∈ Mm,m(H), arranged in as-
cending order, and let ϵj be the column norms as defined in (2.5)-(2.6). Then

τj ≤ ∥E0∥2
2ϵ

2
j ≤ mϵ2

j (3.13)

Proof: For the quaternionic matrix E ∈ Hn×m, let E = E0D where D = diag(ϵ1, . . . , ϵm)
and E0 has columns normalized to unit norm (or zero for zero columns). This decomposition is
well-defined in the quaternionic case since scalar multiplication commutes with all quaternions.

The matrix E∗E = DE∗
0E0D is Hermitian positive semi-definite in the quaternionic sense

[5], and thus has real non-negative right eigenvalues τj .
Using the quaternionic version of the Courant-Fischer theorem [9], we have

τj ≤ λmax(E
∗
0E0) · λj(D

2) ≤ ∥E0∥2
2ϵ

2
j

where λj denotes the j-th eigenvalue in ascending order.
The spectral norm of E0 satisfies ∥E0∥2 ≤

√
m by the quaternionic version of the Schur test

[8], since each column has norm ≤ 1 and there are m columns.
This yields the chain of inequalities

τj ≤ ∥E0∥2
2ϵ

2
j ≤ mϵ2

j

completing the proof. 2

Lemma 3.7. Let W ∈ Mℓ,ℓ(H) be Hermitian, and D = diag(d1, . . . , dℓ) with |d1| ≤ · · · ≤ |dℓ|
where di ∈ H satisfy

(i) di commutes with W (i.e., diW = Wdi for all i)

(ii) d∗i = di (self-conjugate).

Then the right eigenvalues ωj of D∗WD satisfy

|ωj | ≤ min
1≤k≤ℓ−j+1

|dℓ−j+1||dj+k−1|∥W∥2 ≤ |dℓ||dj |∥W∥2

Proof: The additional conditions ensure that, D∗WD = DWD since D∗ = D.
The product remains Hermitian (DWD)∗ = DW ∗D = DWD.
Eigenvalue bounds follow from the quaternionic Gershgorin theorem applied to DWD.
The commutative condition allows us to write

DWD =
ℓ∑

i=1

diWiidi +
∑
i<j

(diWijdj + djWjidi)

which maintains the norm inequalities since |diWijdj | ≤ |di||dj |∥W∥2. 2

Lemma 3.8. Let ϑj for 1 ≤ j ≤ m be the right eigenvalues of −E∗A−1
22 E arranged such that

|ϑ1| ≤ |ϑ2| ≤ · · · ≤ |ϑm|. Then

|ϑj | ≤ min
1≤k≤m−j+1

√
τm+1−kτj+k−1

η
(3.14)

≤
√
τmτj

η
, (3.15)

where τi are the right eigenvalues of E∗E.
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Proof: Let E = UΣV ∗ be SVD, where U ∈ Hn×n, V ∈ Hm×m are unitary, and Σ is real
diagonal.

Then −E∗A−1
22 E = −V ΣU∗A−1

22 UΣV ∗, which has same eigenvalues as −ΣU∗A−1
22 UΣ.

Let W = −U∗A−1
22 U and note that ∥W∥2 ≤ ∥A−1

22 ∥2 = 1/η.
Apply Lemma to DWD where D = Σ to get

|ϑj | ≤
1
η

min
1≤k≤m−j+1

√
τm+1−kτj+k−1.

The second inequality follows by taking k = 1 without the minimization. 2

Lemma 3.9. Let B(t) = −E∗(A22 − tI)−1E with right eigenvalues λ1(t) ≤ · · · ≤ λm(t). If
ϵ < η/2, then ∣∣∣∣dB(t)

dt

∣∣∣∣
2
≤ 4ϵ2

η2 < 1 and
∣∣∣∣dλj(t)

dt

∣∣∣∣ ≤ 4ϵ2

η2 < 1 (3.16)

for t ∈ (−η/2, η/2).

Proof: For quaternionic matrices, we compute the derivative

B(t)−B(t+ ∆t) = E∗[(A22 − tI)−1 − (A22 − (t+ ∆t)I)−1]E

Using the resolvent identity in the quaternionic setting

(A22 − tI)−1 − (A22 − (t+ ∆t)I)−1 = (A22 − tI)−1[∆t(A22 − tI)−1 +O((∆t)2)]

Taking norms and using ∥(A22 − tI)−1∥2 < 2/η for t ∈ (−η/2, η/2)∥∥∥∥B(t)−B(t+ ∆t)

∆t

∥∥∥∥
2
≤ ∥E∥2

2
4
η2

1
1 − |∆t| · 2/η

Let ∆t → 0 gives ∥dB(t)/dt∥2 ≤ 4ϵ2/η2 < 1 since ϵ < η/2.
The eigenvalue derivative bound follows from the quaternionic version of the perturbation

theorem for eigenvalues [8] of Hermitian matrices. 2

4 Numerical examples

In this section, we give some numerical examples to illustrate our results.

Example 4.1 Consider the quaternionic Hermitian matrix

Ã =

(
0 E∗

E A22

)
, E =

(
1 + i+ j+ k 0.0001

0.0001 0.01i+ 0.01j

)
, A22 =

(
2 0
0 −1

)
.

Here η = 1, ϵ ≈ 1.732. The eigenvalues closest to 0 are

θ1 ≈ −1.0 × 10−8, θ2 ≈ −1.0 × 10−4

which satisfy the bounds from Theorem 3.1

|θ1| ≤ 2.999 × 10−8, |θ2| ≤ 2.999 × 10−4.

Example 4.2 Consider the quaternionic Hermitian matrix Ã

Ã =

(
0 E∗

E A22

)
, A22 =

(
1 0
0 −1

)
, E =


3i+ j 10−4k

−2i+ j 10−21

2k 10−4(i+ j)

10−21 0

 . (4.1)
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The eigenvalues of Ã closest to 0 are approximately

θ1 ≈ 1.63 × 10−7

θ2 ≈ −3.00 × 10−4

These match the predicted bounds from Theorem 3.1

|θ1| ≤ 4.9978 × 10−4

|θ2| ≤ 9.7994 × 10−8.

[Validation of Theorem 3.3] Let A22 = diag(1, 2) be positive definite and

E =

 3i 10−4j

−2k 10−21

21 10−4k

 . (4.2)

The eigenvalues near 0 are

θ1 ≈ −4.50 × 10−4

θ2 ≈ −5.44 × 10−8

The bounds from Theorem 3.3

|θ1| ≤ 4.9978 × 10−4

|θ2| ≤ 9.7994 × 10−8.

Example 4.3 Let W =

(
1 i

−i 1

)
and D = diag(0.01, 1). The eigenvalues of D∗WD are

approximately
ω1 ≈ 0.0001, ω2 ≈ 1.0001

which satisfy Lemma 3.2 bounds:

|ω1| ≤ 0.01 × 0.01 × 2 = 0.0002

|ω2| ≤ 1 × 1 × 2 = 2

.

Example 4.4 With the same Ã as in the first example but E =

(
0.01 0

0 0.0001

)
, we have

ρ = 0.01/1 = 0.01. The bound from Theorem 3.4 gives

|θ1| ≤
10−8

1 − 4 × 0.0001
≈ 1.0004 × 10−8

while the actual eigenvalue is θ1 ≈ −1.0 × 10−8.
Example 4.5 For (Non-diagonal A22),

Let A22 =

(
1 k

−k 2

)
and E =

(
0.1i 0.001j

0.01k 0.0001

)
. Here, η ≈ 0.85 (smallest gap) and

ϵ ≈ 0.11. The eigenvalues nearest 0 are

θ1 ≈ −1.2 × 10−3

θ2 ≈ −8.5 × 10−6.

The bounds from Theorem 3.2 give |θ1| ≤ 2.1 × 10−3 and |θ2| ≤ 1.7 × 10−5, confirming the
quadratic scaling despite non-commutative interactions.
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4.1 Numerical Considerations

The derived bounds suggest that quaternionic eigensolvers should

• Pre-scale columns of E to balance ϵj values, minimizing the worst-case perturbation.

• Use condition numbers κj = ϵj/η to predict eigenvalue sensitivity.

• For indefinite A22 −µI , employ symplectic decompositions [4] to isolate non-commutative
effects.

This aligns with recent work on quaternionic QR algorithms [10] but highlights new challenges
for multiple eigenvalues.

5 Extensions to the Generalized Eigenvalue Problem

The generalized eigenvalue problem for quaternionic matrices has the form

Ã =

(
µB11 E∗

E A22

)
, B̃ =

(
B11 F ∗

F B22

)
, (5.1)

where Bii > 0, and ∥F∥2 is sufficiently small so that B̃ > 0.

5.1 Special Case: Bii = I and µ = 0

For the case

Ã =

(
0 E∗

E A22

)
, B̃ =

(
Im F ∗

F In

)
, (5.2)

with ∥F∥2 < 1, define transformation matrices X and W

X =

(
Im −F ∗

0 In

)
,

W =

(
Im 0
0 [I − FF ∗]1/2

)
Transform the problem to

B̂ = X∗B̃X = W 2,

Â = X∗ÃX =

(
0 E∗

E Â22

)

where Â22 = A22 − EF ∗ − FE∗.
The generalized problem reduces to the standard eigenvalue problem for W−1ÂW−1.

5.2 General Case

For the general case (5.1), assuming µ = 0, we use the transformation

Y = diag(B−1/2
11 , B

−1/2
22 ) (5.3)

to obtain

Y ∗ÃY =

(
0 Ê∗

Ê Â22

)
,

Y ∗B̃Y =

(
Im F̂ ∗

F̂ In

)
,
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where

Â22 = B
−1/2
22 A22B

−1/2
22 ,

F̂ = B
−1/2
22 FB

−1/2
11 ,

Ê = B
−1/2
22 EB

−1/2
11 .

This reduces the problem to the special case above.
Consider the quaternionic generalized eigenvalue problem

Ã =

(
µB11 E∗

E A22

)
, B̃ =

(
B11 F ∗

F B22

)
where Bii > 0 and ∥F∥2 is small enough that B̃ > 0.

Theorem 5.1. The eigenvalues λ of the pencil Ã − λB̃ near µ satisfy the same perturbation
bounds as in Theorems 3.3-3.5, with η replaced by the generalized gap:

η = min
ν∈σ(A22,B22)

|µ− ν|

Proof: Since B̃ > 0, we compute the quaternionic Cholesky decomposition [9] B̃ = LL∗

where L is lower triangular with positive diagonal entries in R. Transform the problem to

L−1ÃL−∗y = λy

This preserves the right eigenvalues due to the real spectrum of quaternionic Hermitian pencils.
The generalized gap η transforms to

η = 1/∥(L−1
22 A22L

−∗
22 )−1∥2

where L22 is the lower-right block of L.
The transformed matrix has the same block structure as (2.1)

L−1ÃL−∗ =

(
µI Ẽ∗

Ẽ Ã22

)
where Ẽ = L−1

22 EL−∗
11 and ∥Ẽ∥2 ≤ ∥L−1

22 ∥2∥E∥2∥L−∗
11 ∥2.

The perturbation bounds from Theorems 3.3-3.5 apply directly to this transformed problem,
yielding:

|µ− λj | ≤
2∥Ẽ∥2

2

η̃ +
√

η̃2 + 4∥Ẽ∥2
2

where η̃ is the gap for the transformed problem.
Using the equivalence of norms under similarity transformations

∥Ẽ∥2 ≤ κ(L)∥E∥2

where κ(L) = ∥L∥2∥L−1∥2 is the condition number, we recover bounds in terms of the original
quantities. 2

Example 5.1 Consider the quaternionic matrices

Ã =

 0 i+ j 10−4k

i− j 1 0
10−4k 0 −1

 , B̃ =

 1 10−6j 0
10−6j 1 0

0 0 1


where i, j,k are the quaternion units.

The generalized eigenvalues nearest 0 computed numerically are

λ1 ≈ −1.0 × 10−8, λ2 ≈ 1.0 × 10−8

The perturbation bounds from Theorem 5.1 with η = 1 and ϵ = 10−4 give:

|λj | ≤
2(10−4)2

1 +
√

1 + 4(10−4)2
≈ 2.0 × 10−8

which validates the theorem since the actual eigenvalues satisfy |λj | ≤ the theoretical bound.
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6 Extensions to Quaternionic Polynomials

The perturbation theory developed for quaternionic matrices can be extended to quaternionic
matrix polynomials of the form

P (λ) =
d∑

k=0

λkAk, Ak ∈ Hn×n Hermitian

Theorem 6.1. Let P (λ) have a multiple real root µ with multiplicity m, and consider the per-
turbed polynomial

P̃ (λ) = P (λ) +
d∑

k=0

λkEk

with ∥Ek∥2 ≤ ϵ. Then for sufficiently small ϵ, P̃ has m roots θj near µ satisfying

|µ− θj | ≤ Cϵ1/m

where C depends on the condition number of the root µ.

Proof: Linearize the polynomial to a larger quaternionic matrix pencil

A− λB =


A0 A1 · · · Ad

I
. . .

I

− λ


I

I
. . .

Ad


The perturbation becomes

∆A− λ∆B =


E0 E1 · · · Ed

0
. . .

0

− λ


0

0
. . .

Ed


The multiple eigenvalue µ corresponds to a Jordan block in the linearization.
Apply the quaternionic version of the Bauer-Fike theorem [8] to the linearized problem,

noting that:
∥∆A− µ∆B∥2 ≤ C1ϵ

The perturbation of the m×m Jordan block gives the ϵ1/m dependence

|µ− θj | ≤ C2(∥∆A− µ∆B∥2)
1/m ≤ Cϵ1/m.

The constants C1, C2 depend on the condition numbers of the transforming matrices and the
Jordan structure. 2

Example 6.1 Consider the quadratic quaternionic polynomial

P (λ) = λ2A2 + λA1 +A0

with

A2 = I, A1 =

(
−2 i

−i −2

)
, A0 =

(
1 j

−j 1

)
having a double root at µ = 1. With perturbation matrices

E2 = 10−6I, E1 = 10−6

(
0 k

−k 0

)
, E0 = 10−6

(
1 0
0 1

)
The perturbed roots near µ = 1 are
• θ1 ≈ 1 + 1.4 × 10−3.

• θ2 ≈ 1 − 1.2 × 10−3.

This confirms the ϵ1/2 dependence predicted by Theorem 6.1 for a double root (m = 2).
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7 Conclusion remarks

We have extended the perturbation theory for multiple eigenvalues to the quaternionic matrices,
establishing bounds that reflect the effect of disparity in perturbation magnitudes. The results
show that

1. For definite A22 − µI , the perturbation bounds scale quadratically with column norms.
2. For indefinite cases, the bounds are proportional to products of norms.
3. The theory extends to the generalized quaternionic eigenvalue problem.
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