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Abstract This paper investigates the existence of solutions to a class of nonlinear elliptic
inclusion problems featuring a singular right-hand side. The problem is set in the framework

of variable exponent Sobolev spaces VVO1 P <gﬁ)(Q), driven by a Leray-Lions type operator and a
multivalued term described by a maximal monotone graph. The main novelty lies in the combi-
nation of a singularity of the form f/u” with v > 0, a general maximal monotone operator (3,
and non-standard growth conditions. Through a careful regularization scheme, a priori estimates
adapted to the variable exponent setting, and monotonicity arguments, we prove the existence of
a positive solution.

1 Introduction

Elliptic partial differential equations with singular nonlinearities have been extensively stud-
ied due to their fundamental mathematical challenges and their applications in various physical
phenomena. Problems involving singular terms, arise in models of non-Newtonian fluids [18], in
biological and chemical systems, including population dynamics and reaction kinetics [15], and
in dispersive settings, such as the nonlinear Schrodinger equation with singular terms [13]. In
these contexts, singularities encode fundamental physical or biological mechanisms vanishing
viscosity, blow-up phenomena, or concentration effects, which strongly influence the qualita-
tive behavior of solutions. The presence of such singularities leads to delicate analytical issues,
particularly concerning the behavior of solutions near the boundary where « tends to zero.

In the classical constant exponent setting, seminal works by Crandall, Rabinowitz, and Tartar
[10], Lazer and McKenna [17], and Boccardo and Orsina [8] have established comprehensive
existence, regularity, and uniqueness theories for singular elliptic problems. The study of in-
clusions involving maximal monotone graphs adds another layer of complexity, allowing for
the modeling of phenomena with discontinuous or set-valued constitutive laws [9]. Inclusion
problems were explored in [2] and [3], without addressing singularities.

Parallel to these developments, the theory of variable exponent Sobolev spaces lep(f”)(Q)
has emerged as a natural framework for problems with non-standard growth conditions [1, 6,
12, 19, 14]. These spaces are particularly suited for modeling electrorheological fluids, image
processing, and other applications where the medium exhibits pointwise heterogeneity [19].

In this work, we bridge these directions by investigating the following nonlinear elliptic in-
clusion problem

B(u) — div(a(z,.Va)) 5 L in@,

u
u>0 inQ, (1.1)
u=0 on 0Q,
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where Q C RY (N > 2) is a bounded domain with smooth boundary, v > 0, f € L>®(Q)
is nonnegative, 3 is a maximal monotone graph with 0 € $(0), and a : Q x RY — R¥ isa
Carathéodory function satisfying appropriate variable exponent Leray-Lions conditions.

The main challenges in analyzing problem (1.1) stem from the interplay between three fea-
tures. The singularity which becomes unbounded as v — 0%, the multivalued nature of the graph
3, and the non-standard growth conditions governed by the variable exponent p(z). To the best
of our knowledge, this combination has not been previously addressed in the literature. Our work
builds upon and extends recent results on singular problems in variable exponent spaces [4, 5].

Our approach involves a careful regularization procedure where we approximate the singular
term by f,/(u, + 1/n)” and the maximal monotone graph by its Yosida approximation S,,.
We then derive a priori estimates that are uniform with respect to the regularization parameter,
using techniques adapted to the variable exponent setting. The passage to the limit relies on
monotonicity arguments, compactness results in variable exponent spaces, and the theory of
maximal monotone operators.

The paper is organized as follows: Section 2 recalls necessary preliminaries about variable
exponent spaces and maximal monotone operators. Section 3 states our main assumptions and
the definition of solution. Section 4 establishes the existence of solutions to the approximate
problems. Section 5 derives crucial a priori estimates. Section 6 contains the proof of our main
existence result. Finally, Section 7 is devoted to the study of the uniqueness of the solution.

2 Preliminaries

2.1 Variable Exponent Lebesgue and Sobolev Spaces

Let Q C RY be a bounded domain and let p : Q — [1, 00) be a measurable function. We set
pti=esssup p(x),p” := ess inf p(z).
z€EQ zeQ

The variable exponent Lebesgue space LP(*)(Q) is defined by

LP@)(Q) = {u : Q — R measurable : / lu(z)|P@dx < oo} )
Q
and is equipped with the Luxemburg norm

p(z)
”uHLP(I)(Q) :inf{)\>0:/ dr < 1}.
Q

The variable exponent Sobolev space W' ?(#)(Q) is defined as

u(a)

x
A

W'e(@) = {ue LM(Q) : |Vul € (@)}
and endowed with the norm
||U||W1,p<w>(g) = HU”Lp(w)(Q) + ||VU||LW)(Q)-
The space W, """ (Q) denotes the closure of C3°(Q) in W@ (Q). Its dual is denoted by
W12 (@)(Q), where p/(z) is the conjugate exponent of p(z), defined by -~ + —— = 1. This

p(z) ' p(x)
space consists of all continuous linear functionals acting on VVO1 #(@) (Q).

We now recall several fundamental properties of these spaces (see [12, 14]).
Proposition 2.1. Assume 1 < p~ < pt < oo.
(i) LP)(Q) and W'P)(Q) are separable, reflexive Banach spaces.
(ii) Holder’s inequality holds

| tude < 2l o llollio

where p'(z) = p(z)/(p(x) —1).
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(iii) The following modular-norm relations hold

sy < 1= [ fu@)Pde < ul 0
el oo >>k¢/w P > [l

(iv) If p is log-Holder continuous, i.e.,

C

1
<— forlzr—y| < =
—log|z —y| =4

27
then C>=(Q) is dense in WP (Q).

(v) (Poincaré’s inequality) There exists a constant C > 0 such that:

1,p(z
ull oier @y < ClIVUll poiorey for all u € Wy P (Q).

(vi) If p(x) < N and q(z) < p*(z) = ]\][V_p[gfi) with esssup(p*(z) — q(x)) > 0, then the

embedding W, " @(Q) — L1=)(Q) is compact.

2.2 The Space T, "” (@) ()

Following the approach of [11] and [8], we define the space of functions with truncations in
L,p(x)
W, (Q).

Definition 2.2. For k£ > 0, the truncation function 7} : R — R is defined by
Ty (s) = max(—k, min(s, k)).
The space T, ” *)(Q) is defined as:

Tol’p(z)(Q) = {u : Q — R measurable : T (u) € Wol’p(x)(Q) Vk > O} .

Remark 2.3.1f u € T, (*)(Q), then there exists a unique measurable function v : Q — RV
such that
VT (u) = vXx{ju<ky a.e.inQ, forall k > 0.

We define the generalized gradient Vu as this function v. Moreover, functions in TOl P(e) (Q) are
said to vanish on the boundary in the sense that T}, (u) € Wol #() (Q) for every k > 0.

2.3 Maximal Monotone Graphs and Yosida Approximation

The graph of a set-valued operator 5 : R = R is defined as

Graph(B) = {(s,6) e R x R : & € B(s)}.

A set-valued operator 3 : R = R is called monotone if

(€=m)(s—1) =0 forall{ e f(s),n e Bt),
and maximal monotone if its graph is not properly contained in any other monotone graph.

Proposition 2.4. For a maximal monotone graph 3 with 0 € 3(0), we define its Yosida approxi-
mation 5y : R — R for A > 0 by

1
3¢

where J)y is the resolvent of 5. The Yosida approximation satisfies:

Ba(s) = (s = Ja(s)),  Jals) = (T +AB)7(s),
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* [ is monotone and Lipschitz continuous with constant 1 /.

« |8x(s)| < |8°(s)| for all s € R, where 3°(s) is the element of minimal norm in 3(s).
s Bx(s) € B(Jx(s)) forall s € R.

« limy_,0 Br(s) = B°(s) for all s € D(B).

We refer to [9] for more proprieties about maximal monotone graphs.

3 Assumptions and Main Result

We make the following assumptions on the data of problem (1.1)

ASSUMPTION (A;): The function a : Q x RY — R¥ is a Carathéodory function (measur-
able in z for all £, continuous in & for a.e. x) satisfying for a.e. z € Q and all £, € RV

a(z,€) - &> al¢P™), a>0, G.1)
(0,(1’75) - a(x, 77)) . (E - 77) > 0 fOI‘g 7& mn, (32)
la(z, &) < C(1+ &P, (3.3)

ASSUMPTION (A;): The graph § : R = R is maximal monotone with 0 € 5(0).

ASSUMPTION (43): The function f € L°°(Q) is nonnegative and not identically zero.

ASSUMPTION (A,): The exponent p : Q — R satisfies 1 < p~ < p(x) < p* < oo and is
log-Holder continuous.

We now proceed to introduce the precise definition of a solution to problem (1.1), adapted
from [8, 11].

Definition 3.1. A pair (u, b) is called a solution of problem (1.1) if
() ueTy""(Q),u>0ae. inQ,

(i) be LY(Q), b(z) € B(u(z)) fora.e. z € Q,

(iii) For every ¢ € C}(Q), we have

/b@dx—i—/a(z,Vu)-V(pdx:/ f—wd;l:.
Q Q o u’

Remark 3.2. Thanks to the positivity of v and the compact support of ¢, the right-hand side

integral is well-defined. The membership u € T)”'”)(Q) ensures that the gradient term is also
well-defined.

Our main result is the following existence theorem

Theorem 3.3. Under assumptions (A;)—(Ay), for any v > 0, problem (1.1) admits at least one
solution (u,b) in the sense of Definition 3.1.

The proof of Theorem 3.3 will be developed in the subsequent sections.

4 Approximate Problem

For each n € N*, we consider the following regularized problem

. fn .
Bn(Tn(un)) - le(a,(.fL', Vun)) = m m Q, (41)
Up =0 on 9Q,

where
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* [, is the Yosida approximation of 8 with parameter A = 1/n,
+ T,,(s) = max(—n, min(s, n)) is the truncation at level n,
* fn = min(fa 77,)

The weak formulation of (4.1) is, find u,, € W, "'")(Q) such that for all ¢ € W, " (Q) N
L=(Q),

. _ [ e
/Qﬁn(Tn(un))cpdx%—/Qa(m,Vun) V@dx_/gz(un+1)7dm' 4.2)

n

Lemma 4.1. For each fixed n € N*, the operator A, : Wy"")(Q) — W=1#'@)(Q) defined by

/ﬂn n( cpdx+/a(x,Vu)-wdx
Q

is bounded, coercive, and pseudo-monotone.

Proof. The boundedness of A,, follows directly from assumption (3.3) together with the bound-
edness of the composition 3,, o T;,. Coercivity is a consequence of (3.1) and the inequality
Jo Bn(Tn(u)) udz > 0, which holds since 0 € 5(0) and 3,, is monotone. Finally, the pseudo-
monotonicity of A, follows from the classical theory of Leray—Lions type operators (see, e.g.,
[20]). |

Proposition 4.2. For each n € N*, the approximate problem (4.1) admits a solution u, €
Wy P(Q) N L=(Q).

Proof. We use Schauder’s fixed point theorem. Define the mapping S : LP*)(Q) — LP(*)(Q)
as follows, for v € LP(””)(Q), let w = S(v) be the unique solution of

—div(a(x, Vw :fin in
Bn(Ta(w) = div(a(e, Vw) = o=y in @ 4.3)

w=0 on 0Q.
The right-hand side of (4.3) belongs to L>®(Q) ¢ W~1#'(@)(Q) since |v| 4+ 1/n > 1/n > 0.
By Lemma 4.1 and the theory of pseudo-monotone operators [20], problem (4.3) admits a unique

solution w € W, *™(Q).
To show that .S maps a ball into itself, test (4.3) with w

/Bn n( wdw+/a(x,Vw)~dex:/ fniwldx
o a (Jvl +3)7

Using (3.1), the nonnegativity of the first term, and the fact that (Jv| + 1/n)™7 < n?, we get

o [ IVulds <nt [ (]lulde <07l
Q Q
By the Poincaré inequality in variable exponent spaces, we obtain

/QIlem)dmécwlnwnm ) < O max {[Vull] g V01 o -

This implies that w is bounded in WO1 P(e) (Q) independently of v, so S maps a sufficiently large
ball into itself.

The continuity and compactness of S follow from the continuity of the solution operator for
(4.3) with respect to the right-hand side and the compact embedding Wol’p (@) (Q) — LP(Q).
By Schauder’s fixed point theorem, S has a fixed point u, = S(u,), which is a solution of
4.1). O



Nonlinear Elliptic Inclusions with Singular Data 869

5 A Priori Estimates

In this section, we establish a series of a priori estimates that remain uniform with respect to n.
These bounds play a fundamental role in enabling the passage to the limit. The qualitative nature
of these estimates is strongly influenced by the magnitude of the singularity exponent .

Lemma 5.1. For any w CC Q, there exists c,, > 0, independent of n, such that
un(x) > ¢, forae z€w.

Proof. The proof follows a strategy inspired by [8]. For a given k& > 0, consider the function

Ty (s) 1
Observe that @y, (u,,) € Wol’p(z)(Q) N L>(Q) with

Vu,
mX{m\sw

Using ¢ = ®y(uy,) in (4.2)

[ A
/Q/BH(T”(U”))CI)k(u")dx_F/Qa(x’vu”)'vq)k(un)dx_/g(un—i—l/n)“*d )

Since By, (Tr (un))Pr(uy) > 0 and f, Py (uy,) < n®Pg(uy), we have

/ a(x, Vuy,) - VO (up)dz < n/ Dy, (up )dz.
Q Q

By (3.1), the left-hand side is bounded below by

/ |V, |P*)
{un|<k} (Un +1/n)7

For sufficiently large &, a De Giorgi-type iteration adapted to variable exponent spaces (see
[16]) ensures the desired interior positivity. The argument proceeds by establishing a Caccioppoli-
type inequality and iteratively estimating the measure of the level sets of u,,, ultimately showing
that u,, is uniformly bounded away from zero in w. O

Lemma 5.2. The sequence u,, satisfies
(i) Foreachk >0, Ty (uy,) is bounded in W()l’p(w)(Q) uniformly in n.
(ii) Bn(T(uy)) is bounded in L*°(Q) uniformly in n.
Moreover; the sequence ., exhibits the following behavior
o If0 < v < 1, then u,, is bounded in Wol’p(m)(Q).

o Ify > 1, then u!? 777" s bounded in WO1 P@)(Q). Consequently, for any w CC Q, u,,
is bounded in WP (w).

Proof. (i) Use ¢ = T}, (uy,) in (4.2)

a(, Vun) - VT (un)do = / STy (tn)

[ BuEstw) i)+ [ Nomsie

Q

Since B, (T}, (un ) Tk (ur) > 0 and Ty, (uy,)/ (un + 1/n)7 < k'=7, we have

/Qa(anun) VT (un)dr < k7| fullni) < B 7 F Il
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By (3.1), this implies
o [ 19T ()P < K7 e

The modular-norm relations in variable exponent spaces then give the boundedness of T (u,, )
in W, "")(Q).

For the case 0 < v < 1, we can take k large enough so that T} (u,,) = w,, (since u,, is bounded
by Proposition 4.2), which gives the global bound.

(ii) For § > 0, consider the test function

1

o = 5 (Thrs (Bn (T (un))) = T (Bn(Tn(un)))) -

Using this test function in (4.2) and following standard techniques (see [4]), we obtain

k{1Bn(Tn(un))| 2 E} < Cl[fll (),

which implies the L*° bound.

Case v > 1: This is the case that requires adaptation. We follow the strategy of [11],
simplified by our assumption f € L>°(Q). Letd = (p~ +~v — 1)/p~ > 1. We choose the test
function

vp = (un + 1/n)% — (1/n)°.

Note that v, € W, " ®)(Q) N L (Q) since u,, is bounded. Its gradient is given by
Vo, = §(u, + l/n)‘;*qun.

Using v,, as a test function in the approximate equation (4.2) yields

nUn
/QBH(T"(’U,"))U”CZI + /Qa(:z:, Vuy,) - Vopdz = /Q de.
We estimate each term
+ Since 0 € 3(0) and 3, is monotone, 3, (T}, (uy))v, > 0.
« For the right-hand side, we use that v,, < (u,, + 1/n)? and f,, < ||f|lz
[ e < ey [ (un+ 1/
Q (un + )7 o

Since §—v = (1—p~)/p~ < 0, the function (u,, + 1/n)°~7 is bounded above by (1/n)°~7,
but this is not useful. However, thanks to the positivity Lemma 5.1, for any w CC Q, we
have u,, > c,, > 0. Onw, (u, + 1/n)°~7 < 77, On Q \ w, near the boundary, we use the
boundedness of u,, in L>° (). Thus, the right-hand side is uniformly bounded in .

« For the crucial term involving the operator, we use the assumption (3.1) and the definition
of Vo,

/Qa(x, Vuy,) - Vopdz = 6/Qa(x, Vug) - Vg, (uy, + l/n)‘s*lda:
> aé/g IVt [P (uy, 4 1/0)° " daz.
Combining these estimates, we find
ad /Q |V [P (w4 1/n)° " Ve < C,

where C' is a constant independent of n.
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Now, note that

- p(x)
9 (™07 Y ple) = (p+7—1> (Tt [P =1) /5
p7 n

Since p(xz) > p~ and§ — 1 = (y — 1)/p~, we have (for u,, > 1/n)
IV [P (uy, + 1/0)071 > |V, [P@ =D/ > 0|V (ulp” +r=1/p7 )

where the last inequality follows from applying the chain rule and using the fact that p(z) is
bounded. The constant C; depends on p~,p™, and +.
Therefore, we obtain the uniform bound

/ |V(u£f’_+771)/p_)|p(””)dx < .
Q

By the Poincaré inequality in variable exponent spaces (Proposition 2.1), this implies that {uﬁf “H=b/eT }

is bounded in W ")(Q).

The boundedness of w,, in VVlL’cp(I) (Q) follows from this result and the interior positivity from

Lemma 5.1. O

6 Proof of the Main Theorem

We are now in a position to prove Theorem 3.3. The main idea consists in passing to the limit
in the sequence of approximate problems (4.2). The convergence properties of the sequence
(u,) and the behavior of the limiting solution depend critically on the value of the singularity
exponent vy > 0.

Proof of Theorem 3.3. The proof is carried out in several steps, taking into account the influence
of ~ at each stage.

Step 1: Compactness and Weak Convergence. From Lemma 5.2, for every £ > 0, the
sequence T} (u,,) is bounded in W, * *)(Q). By the reflexivity of Wy” *)(Q) and a diagonal
argument, there exists a subsequence (still denoted by u,,) and a measurable function u such that
forevery k > 0

Tio(up) = Ti(u) in Wy (Q),
Te(un) = Tp(u) in LP)(Q) and a.e. in Q,

u, — u a.e.in Q.

By definition, this implies that u € T)”'*)(Q).
Furthermore, by Lemma 5.2(ii) and the Banach-Alaoglu theorem, there exists b € L>(Q)
such that
Bn(Tn(uy)) = b in L=(Q).

From the growth condition (3.3) and the boundedness of T} (uy,), it follows that for each
k > 0, {a(x, VT}(uy,))} is bounded in (L?'(®)(Q))N. Hence, there exists A, € (L¥' @) (Q))N
such that
a(z, VT (un)) = Ap  in (LP@(Q))N.

By the a.e. convergence of VT}(u,) to VTj(u) (which follows from the strong convergence
proved in the next step), and the continuity of a(z, -), we can identify Ay, = a(z, VT (u)).

Step 2: Strong Convergence of Truncates. We now prove the strong convergence of the
truncates, which is the key to passing to the limit in the nonlinear term. This step adapts the
technique of [11, Theorem 2.3] to our setting.

Let £ > 0 be fixed. We want to show that

Ty (un) — Ti(u)  strongly in W, P Q).
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Since Ty (un) — Ti(u) in W, ") (Q), it suffices to show that

limsup [ a(x, VT (u,)) - VT (uy)dr < / a(x, VT (u)) - VTg(u)dz.

n—oo JQ Q

Let p € C}(Q) be such that 0 < ¢ < 1. Using the test function (T} (uy,) — Tk (u)) in the
approximate equation (4.2) yields

/Q B (T (1)) 0 (Ti (1) — T (0) )z + / a2, Vin) - V]p(Ti (tn) — Ti(w)))dz

’ /fnsﬂ Ty (un) —)’Y ke (u ))dx

Note that on the set {|u,| < k}, we have Vu,, = VT, (un). On {|u,| > k}, VTi(u,) = 0.
Therefore, we can rewrite the second term as

/Qa(z, VT (un)) - V(T () — T ()] da

Rearranging and using the monotonicity of a ((3.2)), we obtain
0< /(a(x, VTi(un)) —alz, VT (w))) - V(Tk(upn) — Tk (u))pdx
Q

< — / a(x, VT (un)) - Vo(Ti(un) — T (u))dz — / a(x, VTi(u)) - V(Ti(un) — Tk (u))pdz

Q

/fnw T (un n)Tk( i _/5n o (1)) (Th () — Tio(u))d.

We now show that the right-hand side tends to zero as n — oo. Since a(z, VT (u,)) is
bounded in L¥'®)(Q) and T}, (uy,) — Tk (u) — 0 strongly in LP(*)(Q), the first term tends to zero.

Moreover, the weak convergence of T} (u,,) in Wol P() (Q) guarantees that the second term also
vanishes. In addition, by Lemma 5.1, on the support of ¢ (which is compactly contained in Q),
we know that u,, > ¢ > 0, and hence (u,, + 1/n)~7 < ¢=7. Since f,, is bounded and T} (u,,) —
Ty (u) — 0 strongly in L'(Q), it follows from the dominated convergence theorem that the third
term tends to zero. Finally, because 3, (T}, (u,,)) is bounded in L>°(Q) and Ty (uy,) — Tk (u) — 0
strongly in L!(Q), the fourth term also converges to zero. Therefore, we conclude that

le (a(z, VI (upn)) — a(z, VI (w))) - V(Tk(uy) — Ti(u))pdz = 0.

n o0 Q

Since ¢ can be chosen to be 1 on any compact subset, a variant of the Lebesgue dominated
convergence theorem (see [7, Lemma 5]) implies that

VT (un) — VTi(u) in (LP@(Q))N.

Hence, T}, (u,,) — Ty (u) strongly in Wol’p(z)(Q).

Step 3: Identification of the Limits. Identification of the graph term: Since T),(u,) — u
a.e. in Q and g, is the Yosida approximation of the maximal monotone graph [, the theory
of convergence for maximal monotone graphs (see [9, Ch. 2]) implies that the weak-* limit b
satisfies

b(z) € B(u(x)) forae.z € Q.

Identification of the flux term: From the strong convergence of truncates, we have that for
every k > 0,
a(a, VTi(un)) — a(z, VI (u) in (L7 @(Q))N.
Moreover, since Vu = VT (u) on the set {|u| < k}, we have that Vu,, — Vu a.e. in Q. By the
continuity of a, this implies

a(x,Vu,) — a(z,Vu) ae. in Q.
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Using the growth condition (3.3) and Vitali’s theorem, we conclude that
a(z, Vu,) = a(z,Vu) in (LF@(Q))N.

Step 4: Convergence of the Singular Term and Passage to the Limit. Let p € C}(Q).
By Lemma 5.1, there exists ¢ > 0 such that u,, (z) > ¢ on the support of ¢ for all n sufficiently
large. Therefore,

fn®
(un +1/n)7

Since u,, — u a.e. and f,, — f a.e., the dominated convergence theorem implies

im [ I gy = / L
n—oo [ (un + E)’)’ Q uY

el gy

= e

We can now pass to the limit in the weak formulation (4.2). For any ¢ € C3(Q), we have

fni
/gzﬁn(Tn(un))@dx+/£2a(x7Vun)-V(pdx:/gWdac.

n

Passing to the limit as n — oo, we obtain

/bcpd:v—l—/ a(a:,Vu)~V<pdx:/ f—(pdx.
o Q o uy

Step 5: Conclusion. The function u belongs to TO1 p() (Q) and is positive a.e. in Q (by
Lemma 5.1 and the pointwise convergence). The function b belongs to L°°(€)) and satisfies
b(x) € B(u(x)) for a.e. z € Q. Moreover, the pair (u,b) satisfies the weak formulation. This
completes the proof of Theorem 3.3. O

7 Uniqueness
Under additional assumptions, we can prove uniqueness of solutions.

Theorem 7.1 (Uniqueness). In addition to assumptions (A;)—(As), assume that
(i) a(z,-) is strictly monotone for a.e. v € Q,

(ii) B is maximal monotone,

(iii) f(x) > 0fora.e. x € Q.

Then the solution (u,b) of problem (1.1) is unique.

Proof. Suppose (uy,b;) and (uz,by) are two solutions. Using the test function ¢ = u; — up
(after appropriate regularization) and the strict monotonicity of a, we obtain that u; = u a.e.
The strict positivity of f then implies that b; = b, a.e. O
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