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Abstract: In 2015, Andrews defined and studied a combinatorial objects which he called as
singular overpartitions. In 2023, Ballantine and Welch have considered various generalizations
of POD and PED. In the process, they led to two new classes of POND and PEND partitions
which are integer partitions with odd parts can not be distinct (in case of POND) and even parts
can not be distinct (in case of PEND) respectively. Motivated by the above works in this paper,
we obtain some infinite families of congruences for a new class of combinatorial objects called as
singular pond overpartitions cpond; ;(n), a singular overpartition of a positive integer n wherein
odd parts not distinct(even parts unrestricted).

1 Introduction

Throughout this paper, we let |¢| < 1. We use the standard notation

fr = (¢":¢")s.
Following Ramanujan, we define
f=q) = f(~¢.-¢) = > (=1)"¢"" V"2 = (¢:¢)oc, (1.1)
Pl=q) = Y (=D)"@2n+1)g""+D/2, (1.2)
n=0

which are special cases of Ramanujan’s general theta function [4]

fla,b) = Y artntD/2pnn=2 gh) < 1 (1.3)

n=—oo

In Ramanujan’s notation, Jacobi’s famous triple product identity becomes,

f(a,b) = (—a;ab) oo (—b; ab) s (ab; ab) o, (1.4)
where -
(@) = TL(1 - ag™.
n=0

A partition of a positive integer n is a non-increasing sequence of positive integers whose
sum is n. Let P(n) denotes the number of such partitions of n with P(0) = 1 and the generating
function for P(n) is

ip(n)qn S—

~ (¢, 9)o0
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In 2004, Corteel and Lovejoy [5] introduced the notion of an overpartitions, which are partition
of a positive integer n in which first occurrence of each part may be overlined. The generating
function is

ZP = C69e (1.5)

(¢:0)oo
For example, there are 8 partitions for P(3), namely
3, 3, 241, 2+1, 241, 241, 1+1+1, 1+1+1

Mahadeva Naika, Harishkumar and Veeranayaka [12],[13] introduced notion of [j, k]- over-
partition of a positive integer n is a non-increasing sequence of positive integers whose sum is
n in which first occurrence of each part congruent to j modulo £ may be overlined. Let P; ;(n)
denote the number of such partitions of n with P; ;(0) = 1 . The generating function is given
by

— 5 (=473 ¢") oo
Y P, n_ 1799 Joo 1.6
ot s(n)g (4,900 (16)

For example, there are 5 partitions for P; 3(3), namely
3, 2+1, 241, 14141, T+1+1.

In 2015, G. E. Andrews [1] defined combinatorial objects which he called singular overparti-
tions and proved that these singular overpartitions which depends on two parameters § and  can
be enumerated by the function ¢; ;(n) which gives the number of overpartitions of n in which no
part divisible by ¢ and parts = ¢ (mod §) may be overlined. The generating function of ¢s ;(n)
is

o (0°50%) o0 (=03 0%) oo (—° 5 0% )oe _ f(a',q° )
ZC‘“ (4:9) o (:0)00 147

For example, there are 10 partitions for ¢3 ; (4), namely
4, 4, 242, 242, 2+1+1, 24141, 241+ 1, 241+ 1, 1+1+1+1, T+1+1+1.

He also proved that
E3,1(97”0 + 3) = 53’1(971 + 6) =0.

For more details, one can see [9], [10] and [11].

In the following paper, Ballantine and Welch [2] considered various generalizations and re-
finements of POD and PED partitions. In the process they led to two new classes of POND
and PEND partitions which are integer partitions with odd parts can not be distinct (in case of
POND) and even parts can not be distinct (in case of PEND) respectively.

Recently, M. Prasad, Kaneez Raheela and M. S. Mahadeva Naika[14] have introduced and
obtained several infinite families of congruences for OPOND partitions.

In [15], M. Prasad, Kaneez Raheela and M. S. Mahadeva Naika have introduced a new class
of partitions called as singular PEND overpartitions is a singular overpartitions of a positive
integer n in which even parts are not distinct (odd parts are unresrticted) and obtained several
infinite families of congruences. Let cpend; ;(n) denotes the number of such partitions of n and
the generating function be given by

;)czoenda,i(n)qn - f{?;i%f(qi,q‘s_i)- (1.8)

Motivated by the above works, in this paper we introduce a new class of combinatorial objects
called as a singular POND overpartitions is a singular overpartitions of a positive integer n in
which odd parts are not distinct (even parts are unresrticted). Let cpond;s ;(n) denotes the number
of such partitions of n and the generating function be given by

> prep n __ f4f6 1 9
;cpondm(n)q 7, flzf( ). (1.9)

We also obtain several infinite families of congruences for singular POND overpartitions by
using elementary dissection formulas.
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2 Preliminary results

Lemma 2.1. The following 2— dissection hold
2 f3 ’ Soffs

P = — 2.1
T=tap — 205 @D
i — f85 2q f4f16 29
TR 22
1 14 f f

7 = fgj 7 +4q 42108, (2.3)

1 3 f fir8
f—lgz 22;‘fggﬂa 2 +16242208, (2.4)
It _ Rl 5 f3 fs 2 foa 55
ARy S A (2)
1 — f82f152 fofzzzt 26
G A TR (26)
o f2f16f224 f2f3f12f4s 27

i f2fsfas f4f6f16f24

The equations (2.1)-(2.3) can be found in [4, Entry 25, p.40], the equation (2.6) can be found
in [3], the equations (2.4), (2.5) and (2.7) can be found in [6].

Lemma 2.2. The following 3-dissections hold

fi= J{J{ 4 J} J; 3483, 238)
% _ % + J;;gs 2.11)
ﬁﬁzzﬁ?iqﬁﬁ82f§3%7 2.12)

The equation (2.8) can be found in [4, Entry 1(iv), p.345], the equations (2.9) - (2.11) can be
found in [7], the equation (2.12) can be found in [8] and the equation (2.13) is nothing but
Lemma 2.6 in [3]

Lemma 2.3. [4]The following 5-dissection hold

fi=fs(a—q—q*/a), (2.14)
where ( 0 15)
, sy f(=a" —q
a:=a(q) = "——"——=".
( ) f(,qS’q20)
Lemma 2.4. The following 7-dissection hold
B B A sC
Ji = fao (C—qB 7 +q A) (2.15)

where A= f(=¢*', ~¢**), B == f(—q"*,¢¥) and C := f(—q’, —¢").
The above equation can be found in [4, Entry 17(v), p.303].
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3 Generating function for cpond, ;(n)
In this section, we provide proof for a generating function of a partition cpond,;(n).

Theorem 3.1. For 1 < i < §, we have

o n_  Jafe
ds ; = 3.1
%cpon a(W)d" = f12f< ). 3.1)

Proof. By the definition,

i 71'

nzzocponda,i(n)qn = H (1 g 2il>

i=1

_ S@ )y (L Y

- (%) g < (1 —g%-1) )

B m 00 (1+q3(2i—1))

B <q q ) H((I—QZi—l)(1+q21—l)>

f@, ) (%) faf? (g5
() (d)~ [ '

O
4 Congruences for cpond; ;(n)
Theorem 4.1. We have
o n fafe o
d — o 46 ok 4.1
;cpon e()e 3t 1)
o~ n Jaf3 15,
d = 462k 42
2 cpondu(md" = p @2
cpondy, ;. (n) = 2 cpondyy, 1 (n). 4.3)
Proof. Putting § = k and ¢ = k in (3.1), we find that
o~ n f4f6 f4f6f( )
d = JeJ6J A 0 H T
nZ:Ocpon ex(n)e 13 f3f12f( D= 3 f3f12
Y L Cu) wa)
fz f3f12 '
which implies (4.1).
Putting 6 = 4k and i = k in (3.1), we find that
— n fafs £ %) fafdd(d®)
d - -
2, pondy () f2fsfi P fsf
111253, is
Bl @

which proves (4.2).
From (4.1) and (4.2), we obtain (4.3). O
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5 Congruences for cpond,, ; (n)

Theorem 5.1. For a,n > 0, then we have

> cpondy (24 -7n+5-7"*)q" =8f1fs (mod 16), 5.1
n=0
Z cpondy (24 - 72 4+ 11- 722 )g" = 8qf7 /5 (mod 16), (5.2)
n=0
cpondy (24 -7 Pn4 ¢ - 77T =0 (mod 16), (5.3)
Z cpondy (24 - 7**n + 17 - 7**)q" = 16f, f1s  (mod 32), (5.4)
n=0
> cpond, (24 -7 0 +23- 77 g" = 16¢* f1 112 (mod 32), (5.5)
n=0
cpondy (24 -7 Pn 4 ;- 7Py =0 (mod 32), (5.6)
> cpond, (2454 11-52)¢" =8f,f; (mod 16), (5.7
n=0
> cpondy (24 -5 n +7- 52 )g" = 8qfiofis (mod 16), (5.8)
n=0
cpondy (24 -5°*Pn 4 ¢3- 5271y =0 (mod 16), (5.9)

where ¢; € {11,59,83,107, 131,155}, ¢, € {23,47,71,95,143,167} and ¢3 € {7,55,77,103}.
Proof. Putting k = 1 in (4.2), we get

(5.10)

< fuf?
;Cpand“*l(”)q T hffe

Using (2.13) in (5.10) and then extracting the terms involving ¢*”, ¢°"*! and ¢*"*2, we find that

0 f2f4
Zcpond4,l(3n)q” = f‘% g’ , (5.11)
0 1712
o~ B e
cpondy (3n+ 1)q" = (5.12)
;;; w Fi1sf?
and - ;
> " cpond, ;(3n +2)¢" = pLE Zf {6;”. (5.13)
n=0 1/4
Using (2.3) in (5.13) and then extracting the terms involving ¢°" and ¢*"*!, we deduce that
o0 13
. n f
> epondy  (6n +2)q" = 22 “;{fﬁ (5.14)
n=0 1 J4
and - ;
> cpond, , (6n +5)¢" = sfzﬁj% (mod 32). (5.15)
n=0 1
Employing (2.3) in (5.15) and then extracting the terms involving ¢*" and ¢*"*!, we see that
$ o o BB
cpondy 1 (12n +5)¢" = 8 (mod 32) (5.16)

fi

n=0
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and

> cpondy (120 + 11)q" = 24f5 f3 /¢ (mod 32). (5.17)
n=0

Using (2.2) in (5.16) and then extracting the terms involving ¢°" and ¢*>"*' , we find that

oo

> " cpond, (24 +5)¢" =8f1fs (mod 16) (5.18)
n=0
and -
> " cpond, ;(24n+ 17)q" = 161 fic  (mod 32). (5.19)
n=0

The equation (5.19) is « = 0 case of (5.4).

Suppose that the equation (5.4) is true for all a > 0.

Using (2.15) in (5.4) and then extracting the term involving ¢’**%, we obtain (5.5).
From the equation (5.5), we obtain (5.6) and

oo

> epond, (24 -7 4 17 - *72)q" = 8f1fis  (mod 32), (5.20)
n=0

which is o + 1 case of (5.4). By mathematical induction, the equation (5.4) hold for all o > 0.
Using (2.1) in (5.17), we find that

> cpond, ;(24n+ 11)g" = 8f,f; (mod 16) (5.21)
n=0
and -
> " cpondy 1 (24n+23)q" = 16¢/2f3 ff; (mod 32). (5.22)
n=0

The equation (5.21) is a = 0 case of (5.7).

Suppose that the equation (5.7) is true for all o > 0.

Using (2.14) in (5.7) and then extracting the term involving ¢>**!, we obtain (5.8).
From the equation (5.8), we obtain (5.9) and

> cpond, (24570 +11-52*72)g" =8 £,  (mod 32), (5.23)
n=0
which is a+1 case of (5.7). By mathematical induction, the equation (5.7) hold foralla > 0. O

Theorem 5.2. For o and n > 0, then we have

> cpondy, (37 (8n+5)) ¢ =87 fi + 16¢f7 f1, (mod 32), (5.24)
cpondy; (3*7%(24n+23)) =0 (mod 32), (5.25)
ZcpondM (321 (8n+1)) ¢" = 4% (mod 16), (5.26)
1
. k(Bk-1)
cpondy, (3241 (240 + 1)) = { ¢ (mod 8) if n=="—— (5.27)
0 (mod 8) otherwise

cpondy; (3**7%(24n 4 11)) =0 (mod 16), (5.28)
cpondy; (3**7%(24n4+19)) =0  (mod 16), (5.29)
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cpondy | (24n +9) =0 (mod 16), (5.30)
cpondy | (24n +17) =0 (mod 16), (5.31)
cpondy; (24n+21) =0 (mod 16), (5.32)
cpondy ; (48n+14) =0 (mod 16), (5.33)
> cpondy; (2-3F (8n 4 1)) ¢" = 12? (mod 16), (5.34)
1
n=0
> cpondy; (23 (4n+3)) ¢" = 12/ (mod 16), (5.35)
n=0
cpondy; (2-3**71(12n4+7)) =0 (mod 16), (5.36)
cpondy; (2-3*T(12n+ 11)) =0 (mod 16), (5.37)

Proof. Using (2.6) in (5.10), we get

icpond%] (2n)q" = f‘%{gz (5.38)
=0 i1
and
icpond 2n+1)¢" = 131t (5.39)
S G
Employing (2.3) in (5.39), we find that
S o v
cpondy ((4n + 1)¢" = (5.40)
Z e
and
o~ fi13
Zcpond4’1(4n +3)q" =445, (5.41)
n=0 fl f3
Using (2.2) and (2.3) in (5.41), we see that
cpondy (8n +3)q" =4 = (mod 16) (5.42)
n=0 3
and -
> cpondy ;(8n+7)q" = 8qf £ + 16£3 f»  (mod 32). (5.43)
n=0
Using (2.8) in (5.43) and then extracting the term involving ¢°>"*!, we get
> " cpond, ; (24n + 15)q" = 87 f7 + 16qf} f1, (mod 32), (5.44)
n=0
which is o = 0 case of (5.24).
Suppose that the equation (5.24) is hold for o > 0.
Using (2.8) in (5.44) and then extracting the terms involving ¢°", ¢*" ! and ¢°"*2, we get
> cpond,; (3% (24n +5)) ¢" = 8f1fs (mod 16), (5.45)
n=0
Z cpondy | (3% (24n + 13)) ¢" = 8qfi f}, + 8f4f; (mod 16) (5.46)

n=0
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and

> cpondy, (37T (8n+7)) ¢" = 8qf3 [y +16£3 ] (mod 32). (5.47)
n=0

Using (2.8) in (5.47) and then extracting the terms involving ¢°", ¢>"**! and ¢*"*2, we get (5.25)

oo

> epondy (3*°7*(24n + 7)) ¢" = 8f1f; (mod 32) (5.48)
n=0
and -
> cpondy; (3% (8n +5)) ¢" = 8F1 3 + 1697}, (mod 32), (5.49)
n=0

which is a + 1 case of (5.24). By induction, the equation (5.24) is true for all o > 0.

Using (2.8) in (5.42) and then extracting the terms involving ¢°", ¢***! and ¢°>"*2, we get
> epondy (24n+3)q" = ? (mod 16), (5.50)
1
n=0
ZCp0”d4,1 (24n+11)q¢" = 8f2f§ (mod 16) (5.51)
n=0
and -
> cpondy, (24n+19)¢" = 4f1ff  (mod 8). (5.52)
n=0
The equation (5.50) is a = 0 case of (5.26).
Suppose that the equation (5.26) is true for all & > 0.
Using (2.13) in (5.26), we obtain (5.27) and
> epondy, (3> (8n+3)) ¢" = 4% (mod 16), (5.53)
3
n=0
which implies (5.28), (5.29) and
S —— 2a+3 n __ f4
> epondy, (3% (8n + 1)) ¢" = 47 (mod 16), (5.54)
1
n=0

which is « + 1 case of (5.26), By mathematical induction, the equation (5.26) is true for all
a>0.
Using (2.2) and (2.4) in (5.40), we get

0 5
> cpondy, (8n+1)q" = ‘5122 (mod 16) (5.55)
=0 5355
and -
S 1
cpondy y (8n +5) ¢" = 8f3 f3 +2¢; (mod 16). (5.56)
n—0 f3 flz
From the equation (5.55), we obtain (5.30) and (5.31).
Using (2.8) in (5.56), we deduce that
Z cpondy 1 (24n +5)q" =8f1f4 (mod 16), (5.57)
n=0
> epondy (24n+13)¢" =2f1f; (mod 8) (5.58)

n=0



1018 M. Prasad, Kaneez Raheela and M. S. Mahadeva Naika

and (5.32).
Using (2.6) in (5.38), we get
o0 242 £2
Z cpondy | (4n+2)¢" = 2f1 f22f6 (mod 16).
n=0 ’ f3
Using (2.5) in (5.59), we find that
o0 342 r4
Z cpondy | (8n+2)¢" =2 fé T2 Js (mod 16)
n—=0 ' f3 f4f12
and
> cpondy, (8n+6)q" = 12Lj§’f12 (mod 16).
n=0 3

Employing (2.12) in (5.61), we deduce that

> 2
> cpond,, (2404 6) ¢" = 12?‘; (mod 16),

n=0 1
> cpondy (24n + 14) " = 8q¢fof, (mod 16),
n=0

which gives (5.33),

> cpondy, (48n+38)¢" = 8f1f¢ (mod 16)
n=0

and

> cpondy; (24n +22) ¢" = 41315‘7];6]012
n=0 7 fl

From the equation (5.65) after using (2.2), we obtain

> cpond,; (48n+22)¢" =4f,f; (mod 8)
n=0

and
— n _ 3 43
> cpondy, (48n +46) ¢" = 4f2£5f] (mod 16).
n=0
Using (2.2) in (5.62), we see that

> " cpond,; (48n+6) ¢" = 12? (mod 16)
1

n=0
and

> " cpondy, (48n+30) ¢ =8f' fs (mod 16).
n=0

The equation (5.68) is a = 0 case of (5.34).

The rest of the proof of (5.68) is similar to the proof of (5.26). So, we omit the details.
3n+1

Using (2.8) and (2.9) in (5.60) and then extracting the terms involving ¢

o0

> epondy (24n+10)¢" =2f1f; (mod 8)
n=0

(mod 16).

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

, we get

(5.70)
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and

> cpond,; (24n+18) ¢" = 12f7  (mod 16),

n=0

which is o = 0 case of (5.35).
Suppose that the equation (5.35) is true for all & > 0.
From the equation (5.35), we obtain (5.36), (5.37) and

> cpondy; (232 (4n+ 1)) ¢" = 12ff  (mod 16).

n=0

Using (2.8) in (5.72), we get

3

- (mod 16),

[oe]
Zcpondzm (2 3202120 + 1))q¢" =12
n=0

> cpondy; (2-3272(12n. 4 5)) " = 8f,f; (mod 16)
n=0

and

> cpondy; (2-3*(4n+3)) ¢" = 12/ (mod 16),
n=0

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

which is « + 1 case of (5.35), By mathematical induction, the equation (5.35) is true for all

a>0.
Using (2.2) in (5.73), we get

> cpond,; (2-3%72(24n 4 13)) " =81 f; (mod 16).

n=0

6 Congruences for cpond,, 3(n)
Theorem 6.1. For o > 0, then we have for (mod 16)

cpondyy 3 (9n +8) =0,

o dat2 _ 316
Zcpondmﬁ <34a+2n + 31) qn = 2f2f3 f6

n=0 4 f122 7

CR4a+2

cpond,; 5 (34a+3n + 5341> =0,

. 11 - 4a+3 _ 1

cpond, 5 (34a+4n + 34) =0,
CR4a+4

cpond,; 5 (34a+5n + 5341> =0,

. 11 - 4a+5 _ 1

cpond, 5 (34“%71 + 34) =0.

Proof. Putting k = 3 in (4.2), we get

— n fafd
cpondlz,_g(n)q = fzfz;lz.
2J3

(5.76)

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)
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Using (2.10) in (6.7), we deduce that

Sond n_ o lils
cpondyp 3(3n +2)¢" =253,
fif
Employing (2.10) in (6.8), we find that
00 3 6
Z cpond, 3(9n +2)q" = 2f2 f;’ Jo (mod 16),
n=0 12
Z cpond,, 3(9n +5)q" fl];z ¢ (mod 8)
3

n=0

and (6.1).
Using (2.7) in (6.10), we get

> cpondyy 5(18n+5)g" =4f1f;  (mod 8),
n=0

> " cpondyy3(18n + 14)g" =41 £ (mod 8).
n=0

The equation (6.9) is a = 0 case of (6.2).

Suppose that the equation (6.2) hold for all o > 0.

Using (2.8) in (6.2), we obtain (6.3),

34a+2 -1 f4f12
cpond (340‘+3 ) =22 mod 8),
Z 12,3 4 f12 f4f62 ( )

>* 3datd _ | JE3 7
Zcpond123 (34a+3n + ) ¢" =10-2"%  (mod 16).
n=0 7 4 fl f4

Using (2.7) in (6.13), we obtain
> 13 - 3%e+2 _
n=0

Using (2.9) and (2.10) in (6.14), we get

e 4a+4 _
Zcpondu 3 <34a+4n + 31) q" =10 f2 131 (mod 16),
n=0 7 4 f12

> .34at3 202
Z cpondy 3 (34(”471 + 734> q" = 4f1‘§3f6 (mod 8)
3

and (6.4).
Using (2.7) in (6.17), we get

— da+4 7-3%0 1 n 3
Zcpondlm 2.3+ ——— ) ¢"=4f1f; (mod 8),

4
n=0

00 R4a+3 _

> " cpondy (2 AT E 19341) " =4f1f2 (mod8).

n=0
Using (2.8) in (6.16), we obtain (6.5),

oo 34a+4 -1
Z cpondy, 3 <34“+5n + > q" = 2f4f12 (mod 8),
n=0 , 4 fl f6

1
> cpond, 5 <2 3tet3p 4 4) " =4f1f} (mod 8).

(6.8)

(6.9)

(6.10)

6.11)

6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)
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4o+6 _
Zcpond12 (34a+5 31) "= f2 I (mod 16). (6.21)
n=0 4 fl f4

Using (2.2) in (6.20), we get

o 4a+5 13- 34oz+4 —1 n _— 3
> epondy s (234 n + )" =4Af (mod 8). (6.22)
n=0
Using (2.9) and (2.10) in (6.21), we see that
o0 4a+6 3 £6
> " cpondy (34“+6n + 31) "= 22 f; Jo (mod 16), (6.23)
n=0 ’ 4 fiz
o] . R4a+5 2 £2
> cpond, 5 (34a+6n + 7341> "= 4f”}72fﬁ (mod 8) (6.24)
3

n=0
and (6.6).
The equation (6.23) is « + 1 case of (6.2). By mathematical induction, the equation (6.2) hold
for all a > 0.
Using (2.7) in (6.24), we get

o 4at6 7300 -1\ 3
> epondyy 5 (23400 + )" =4hf (mod8), (6.25)
n=0
> 4a+6 19- 34oz+5 -1 n 3
> epond,y 5 (234 00 + —— )" =4Af (mod8). (6.26)
n=0
O
Theorem 6.2. For o, n > 0, then we have for (mod 32)
00 . R4a+1 _ 3 r2
Z cpond,, 5 (2 3ty 4 731) = 4f3 s , (6.27)
n=0 ’ 4 f4
2 4a+1 -1
cpond, 5 (2 gty 2 3 ) =0 (6.28)
4o+2
cpond,; 5 (2 -3ty 5 3 1) =0 (6.29)
4a+3
cpondy, 5 <2 vy, | 23 3 1) =0 (6.30)
4o+4
cpond,; 3 (2 L 3datSy, 5 3 1) =0 (6.31)
Proof. Using (2.2) in (6.8), we find that
Z cpondy, 5(6n + 5)q" 47 3ff 8 (mod 32), (6.32)
n=0
which is o = 0 case of (6.27).
Suppose that the equation (6.27) is true for all o > 0.
Using (2.11) in (6.27) and then extracting the terms involving ¢°”, ¢***! and ¢°"*2, we see that
o~ ———— 4o+2 7- 34a+1 -1 n 3
> epond,y 5 (234 0 + ——7 ) d"=4AF  (mod ), (6.33)

n=0



1022 M. Prasad, Kaneez Raheela and M. S. Mahadeva Naika

[e’¢) . R4a+2 3,2
Z cpondy 3 (2 3ty 4 W) q" = 4q% (mod 32) (6.34)
s 12
and (6.28).
Using (2.8) in (6.34) and then extracting the terms involving ¢*”, ¢*"*! and ¢***2, we obtain
(6.29),
o~ 4a+3 13- 34o¢+2 —1 n _— 3
> epondy s (2340 + )" =400 (mod 8), (6.35)
n=0
00 o R4a+3 32
> cpondy (2 33 4 7341> " =20 / 3ff 8 (mod 32). (6.36)
4
n=0

Using (2.11) in (6.36) and then extracting the terms involving ¢°”, ¢***! and ¢°"*2, we find that

o~ 4a+4 13- 34a+3 -1 n 3
> cpondyyy (2340 4 )" =4h1 (mod 8), (6.37)
n=0
.  R4at+d _ 32
Z cpondy 3 (2 S3tatdy 4 W) " = ZOq% (mod 32) (6.38)
n=0 12
and (6.30).
Using (2.8) in (6.38) and then extracting the terms involving ¢*”, ¢*"*! and ¢***2, we obtain
(6.31),
= 4a+5 13- 3% — 1 n 3
> cpondyy 5 (2340 4 )" =41 (mod 8), (6.39)
n=0
0 3hats _ 302
> " cpondyy (2 3t 4 534> q" = 20q / 3ff 8 (mod 32), (6.40)
4
n=0
which is o + 1 case of (6.27). By mathematical induction, the equation (6.27) hold for all
a>0. O
Theorem 6.3. For o, 8,n > 0, then we have for (mod 8)
S 21-5% -1
Z cpondy 3 <18 5%+ 4> " =4Af15 (6.41)
n=0
oo . R4a+3328 __
> cpond,, 5 (2 S 3tatas2in 4 73451) " =A4ALNS, (6.42)
n=0
e . 34at+5528 _
> cpondy (2 L 3Hat6528), 7345) " =4N0T1, (6.43)
n=0
e 7. 4da+1g828 1
Z cpond,; 5 (2 L 3tat2s20y 4 345) =411 (6.44)
n=0
Proof. The equation (6.11) is § = 0 case of (6.41).
Suppose that the equation (6.41) is true for 5 > 0.
Using (2.14) in (6.41) and then extracting the term involving ¢°"*2, we find that
0 52841 _
> cpondyy <18 5%t 4+ 3’354) q" = 4qfs fio, (6.45)
n=0
implies
SN 21-5%+2 1
Z cpondy, 3 <18 52542 4 4> " =4h015, (6.46)
n=0

which is 3+ 1 case of (6.41). By mathematical induction, the equation (6.41) hold for all 5 > 0.
Since the proofs of (6.42)-(6.44) are similar to the proof of (6.41). So, we omit the details. O
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Theorem 6.4. For o, 8,n > 0, then we have for (mod 8)

e 13 . 3442528 _ 1

> " cpondyy 5 (2 L 34at3528), 4 33 1 > ) =411 (6.47)
n=0

e 13- 4a+45203 —1

Z cpond,, 5 (2 . 3hat5528y, 4 33 1 > ) " =451 (6.48)
n=0

Since the proofs of (6.47)-(6.48) are similar to the proof of (6.41). So, we omit the details.

Theorem 6.5. For o, 8,n > 0, then we have for (mod 8)

o .528 _
> " cpondy (18 5% + 5711> " =411, (6.49)
n=0
S 19. da+3828 1
> cpondyy 5 (2-34a+452Bn+ 93 45 ) =411 13, (6.50)
=0
el 19. 34a+552ﬁ -1
Z cpond 5 (2 - 34at6528), 4 2 1 ) =412 (6.51)
n=0

Since the proofs of (6.49)-(6.51) are similar to the proof of (6.41). So, we omit the details.

7 Ramanujan-type congruences for cpond ;(n)

Theorem 7.1. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a > 0 with p f m,
we have
cpondy (7% - p*1(24m 4 5p)) =0 (mod 16). (7.1

Proof. Using (1.1) in the right hand side of (5.1), we see that

oo

> cpond, (72 (24n + 5))q" = 8 Z FEEGI-D . (mod  16), (12)
n=0 k,l=—o00

which implies n = @ + 21(31 — 1). This is equivalent to
24n +5 = (6k — 1)* + (121 — 2)* = 2* + .
Thus if 24n 4+ 5 # (6k — 1)? + (121 — 2)> = 2% + y?, then
cpond, (7°*(24n+5)) =0  (mod 16). (7.3)
Since 24n + 5 = p***+1(24m + 5p) # 2 + y?, we have
24 .7 4 5. 72 =24 .72 pPRtly 4 5L 7 PR
which proves the theorem. O

Theorem 7.2. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a > 0 with p { m,
we have
cpondy (7> p** 1 (24m + 11p)) =0 (mod 16). (7.4)

Proof. Using (1.1) in the right hand side of (5.2), we see that
Z cpond (71 (24n + 5))g" = 8 Z FHESAGD (mod 16). (1.5)
k,l=—oc0

The rest of the proof is similar to the proof of (7.1). So, we omit the details. O
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Theorem 7.3. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a > 0 with p { m,

we have
cpondy (7% - ™™ (24m +17p)) =0 (mod 32). (7.6)

Proof. Using (1.1) in the right hand side of (5.4), we see that

Zcpond41(72°‘(24n+17 =16 Z HESIGIED (mod 32).
n=0 k,l=—o00

which gives n = M + 81(31 — 1). This is equivalent to
24n 4 17 = (6k — 1)* + [4(121 — 2)]* = 2? + .
Thus if 24n + 17 # (6k — 1)> + [4(12] — 2)]* = 22 + y?, then
cpond,  (7°*(24n+17)) =0 (mod 32). (1.7
Since 24n + 17 = p***1(24m + 17p), we have
24770 417 - 77 = 24 - 72 PPt 417 - 7P Rt
which proves the theorem. O

Theorem 7.4. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a > 0 with p { m,

we have
cpondy (7% - p***1(24m + 23p)) =0 (mod 32). (7.8)

Since the proof is similar to the proof of (7.6). So, we omit the details.

Theorem 7.5. Let p be a prime such that p = 5 or 7 (mod 8). Then for all k,m,a > 0 with

p{m, we have
cpondy (5% - p* 1 (24m + 11p)) =0 (mod 16) (7.9)

and
cpondy (5% - p* 1 (24m 4+ 7p)) =0  (mod 16). (7.10)

Proof. Using (1.1) in the right hand side of (5.7), we see that
Zcpond4 (5% (240 + 11))¢" = 8 Z Zq Ge-D+252 (mod 16),
k=—o00 =0

which implies n = k(3k — 1) + 31(”1) . This is equivalent to

24n + 11 =2(6k — 1)* + [3(21 + 1)]* = 227 + ¢*.
Thus if 24n + 11 # 2(6k — 1)? + [3(20 + 1)]* = 22 + y?, then

cpond,  (5**(24n+ 11)) =0 (mod 16). (7.11)

Since 24n + 11 = p***1(24m + 11p) # 22% + 32, we have

cpondy 1 (5°* - p***(24m +11p)) =0 (mod 16),

which proves (7.9).
Since the proof (7.10) is similar to the proof of (7.9). So, we omit the details. O

Theorem 7.6. Let p be a prime such that p = 13,17,19 or 23 (mod 24). Then for all k,m,«, 3 >
0 such that p { m, we have for (mod 8)

- 21 - 52,8 2k+2 1
cpond,; 5 (18 5202kt 4 Z ) =0, (7.12)
- 34a+3525 2k+2
cpond,, 3 (2 - 3atd 528, 2k+ 1), 47 P > =0 (7.13)
. 7. 3404+552,8 2k+2 _
cpondy 3 (2 - 3Hat6528 2k 4 P ) =0 (7.14)
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Proof. Using (1.1) and (1.2) in the right hand side of (6.41), we see that for (mod 8)
im 18 - 528y + 21-5% 1 ¢ = Z Z (3k=1)/2+(1+1)
12,3 4 -
n=0 k=—oc0 1=0
which implies n = k(3k — 1)/2 + [(I 4+ 1). This is equivalent to
24n 47 = (6k — 1) + 6(21 + 1)* = 27 + 6y°.

Thus if 24n + 7 # (6k — 1)> + 6(21 + 1)? = 2% + 6y, then

0. (7.15)

— 21-5% —1
cpond,; 5 <18 5% + )

4

Since 24n + 7 = p***+1(24m + Tp) # 22 + 6y°, we have

- 21 _52[5 2k+2 1
cpond,; 5 (18 L5282kl 4 P ) =0,

4

which proves (7.12).
Since the proofs of (7.13)-(7.14) are similar to the proof of (7.12). So, we omit the details. O

Theorem 7.7. Let p be a prime such that p = 5 or 11 (mod 12). Then for all k,m,«, 3 > 0
such that p { m, we have for (mod 8)

24042828, 2k+2 _

70100”6112,3 (2_34a+3526p2k+1n+ 13-3 54 P 1) _o, (7.16)
24044828, 2k4+2 _

cpondy, 3 (2-34a+5525p2’f+1n+ 133 54 P 1) =0. (7.17)

Since the proofs of (7.16)-(7.17) are similar to the proof of (7.12). So, we omit the details.

Theorem 7.8. Let p be a prime such that p = 5 or 7 (mod 8). Then for all k,m,a, 8 > 0 such
that p t m, we have for (mod 8)

. 828, 2k+2

cpond, 5 <18~52ﬂp2k+1n+ 373 Z 1) =0, (7.18)
- 19 . 34a+3528,2k+2 _ |
cpondy, 3 (2-34a+4526p2’f+‘n+ 93 54 P )zo, (7.19)
- . R4a+5828,2k+2 _
cpondy 5 (2_34a+652,@p2k+1n+ 19-3 54 P 1) _o. (7.20)

Since the proofs of (7.18)-(7.20) are similar to the proof of (7.12). So, we omit the details.
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