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Abstract. In this paper, we investigate a new class of boundary value problems for frac-
tional ¢-difference equations involving ¢-Caputo and ¢-Hilfer derivatives. The existence results
are based on the Schauder fixed point theorem and Banach contraction mapping principle. An
illustrative example is presented to illustrate the effectiveness of the theoretical results.

1 Introduction

Fractional calculus, which deals with differentiation and integration of real or complex orders,
has seen a surge of interest in recent years. see [6, 10, 14, 18, 19]. This mathematical framework
can better capture the memory and hereditary properties of various physical, chemical, and bio-
logical processes. In literature, the origins of fractional calculus can be traced back to the 17th
century, with early contributions from renowned mathematicians such as Leibniz, ’Hopital, Eu-
ler, Bernoulli, and Riemann. Over time, fractional calculus has found applications in diverse
fields, including medicine, bioengineering, viscoelasticity, and dynamical systems, we refer to
[3, 5,8, 17, 26]. and the references therein.

g-calculus is an extension of classical calculus that introduces a parameter g, which acts as a
deformation of standard operations such as differentiation, integration, and summation. It plays
an important role in fields like combinatorics, special functions, and quantum mechanics. Central
to g-calculus is the g-difference operator, which generalizes the usual difference and derivative
operators depending on the value of ¢, for more information, the reader is invited to consult
[9, 13, 11, 15, 24]. For it’s various and interesting applications, the study of g-calculs became
more and more a very attractive area of research (see [4, 7] and so on). Many works have recently
been published in this direction see [21, 22, 23]. The ¢-Hilfer fractional derivative extends
the classical Hilfer derivative to the quantum calculus setting, while the g-Caputo fractional
derivative is a quantum analog of the well-known Caputo derivative, see [20].

In [1], the authors studied the existence, uniqueness, and Ulam stability of solutions for the
following implicit fractional ¢-difference equation

Dgu(s) = f(t,u(s),Dgu(s)), 0<s<hb,
uw(0) = wup€eR,

where 0 < ¢ < 1,0< £<1,b6>0,and f: [0,b] x R x R — R is a given continuous function.
Lachouri et al [12] investigated the following problem

{ OD0 [GD%5(s)] = f(s, (s)), s € (a,b), a >0,
x(a) =10, x(b) =Xx(p), a<p<b,

where “D° and D¢ are the Caputo and Hadamard fractional derivatives of orders § and ¢, re-
spectively, 0 < §,& < 1. The function § is continuous and satisfies certain specified assumptions.
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Recently, in [2], Allouch et al have arrived at proving the existence of solutions for the given
problem

DY (s) = §(s, #(s)), s €[0,8], 6 € (1,2],

#(0) +5(0) = /91 (t,52(t)), () + 5 (b) = /gz (t, (1)),
0 0

where CDg is the Caputo fractional g-derivative and f, g1, g2, are given functions defined from
[0,0] x E to E, where E is a Banach space.

Building upon the works mentioned previously, we investigate a novel class of boundary
value problems for fractional ¢-difference equations of the form

“Dy (D5 54(s)) = f(s, (s)), 0< s < b,
(b)) =0, “D53 (b) =0, (1.1)

where ¥ Dg ' is the Hilfer fractional g-derivative of order ¢ and type n, 0 < £,9,7n,¢ < 1, and
f is continuous function defined from [0, 5] x R to R.

The novelty of our research is the introduction of a general operator, formed by the composi-
tion of the ¢-Caputo and g-Hilfer operators, which encompasses several notable cases, including
the following: if = 0, our problem reduces to g-sequential Riemann-Liouville and Caputo
derivatives, and if n = 1, (1.1) becomes the composition of the ¢g-Caputo derivative of order §
and the ¢-Caputo derivative of order &.

The rest of the paper is structured as follows. Some fundamental ideas of fractional calculus
and fixed point theorem are presented in Section 2. The main result about the existence of
solutions for the (1.1) is obtained in Section 3. In the final section, an illustrative example is
provided.

2 Preliminary concepts

In this part, we give some essential ideas of fractional calculus and fixed point theorems, which
are used throughout this paper.

Let J = [0,b]. We denote by C(J, R) the Banach space of all continuous functions from J to
R, equipped with the norm || ||« = sup{|s(s)| : s € J}. Let v > 0. We consider the weighted
space of continuous functions

C,(J;R)={z: (0, 7] =R | s"z € C(I;R)},

equipped with the norm

[zllc, = sup|sTx(s)].
seJ

It is clear that C.,(J;R) is a Banach space.
In the theory of g-calculus (see [9]), for a real parameter ¢ € R \ {1}, we define the g-real
number [a], as

[a], :== 11_q fora € R.

The g-analog of the Pochhammer symbol (also known as the ¢-shifted factorial) is defined as

k—1

(a5q)0 =1, (a;q)x = H(l —aq’) fork € NU {oo}.
=0

Its natural extension to the real numbers is

(a;Q)oo
a; = —~———+— fork € R.
( q)k (aqﬁ; Q)oo
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The g-gamma function is defined as

FA®=:éZ?iJ(}:?, aeR\{0,—1,-2,...}.

It follows that
(1-4q)
1—a’

Ty(a+1) =lalgTgla), Tyla) = (¢ ¢)a-1-
The 1st-g-derivative of a function s : J — R is given by
Dy(s) = M, s #0, Dyx(0) = lim Dyx(s).
(1—-¢q)s 50
For J, = {sq™ : n € N, s > 0} U {0}, the g-integral of a function sr : J; — R is given by
Io) = [ o) dup =31 = )" s
n=0

provided that the series on the right-hand side converges.
Notably, the g-integral and g-derivative satisfy the following properties:

D, (Iq%) () = »(s),
and if s¢ is continuous at s = 0, then
I (Dy3)(s) = 5(s) — (0).

Definition 2.1 ([20] ). Let 3¢ be a function defined on J with values in R and s € [0,b]. The
g-fractional integral and derivative operator in Riemann-Liouville sense for the function 3¢ of
order ¢ are defined respectively as

1 S
IEx(s) = WG /0 (s —qp)s ' 5(p) dgp, € >0,

and
1

& - ’ _ —£
RLDEs(s) = T, —f)Dq/o (s —aqp)gtx(p)dep, 0 << 1.

Additionally, for § = 0, it holds that I95¢(s) = s(d9).

Lemma 2.2 ([20] ). For 0 < £ < oo and t € (—1,+00), let 5(s) = (s — a)flt). Then, the
q-fractional integral of order £ is given by

Fooe(s) = Lalt+ 1)

— _—av T (o a)EF)
; Fq(f—i—t—i—l)(s a)g™, 0<a<s<T.

Additionally, for the constant function w(s) = 1, the integral becomes:

(1£1)(s) = Fq(§1+1)(8 ).

Definition 2.3 ([20] ). The Caputo ¢-fractional derivative of order £ > 0 is defined by

CDE e(s) = F(f_g) / (5 — 0); €Dyselp) dyp.

Lemma 2.4 ([20] ). Let x be a function defined on J with values in R and £,t > 0. Thus, we
have the following properties:

(i) I (IS 52) (s) = 1§52 5(s),

(ii) “D§ (I55) (s) = »(s).
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Definition 2.5 ([16]). Let ¢ € C(}([O, b,R),0 < £ < 1and 0 <7 < 1. The operator
HDS’”%(S) = ];7(175) [D, (jélfn)(lff)%)] (s),

is named the ¢-Hilfer fractional derivative of order ¢ and type 1. Furthermore, the operator DS’”
can also be expressed as:

Hpgmw — [g(lff)pq(]élfﬂ)(lfé)w) — [(;I(I*E)Dq(];*éw)7
where ¢ = £ +n(1 —&).

Theorem 2.6 (Schauder FPT [25]). A continuous compact operator A : B — B on a nonempty
closed convex subset B of a Banach space has at least one fixed point.

Theorem 2.7 (Banach FPT [25]). In a Banach space (E, || - ||), if B is a nonempty closed subset
and ® : B — B is a contraction mapping, then ® has precisely one fixed point in B.

3 Main results

We begin by introducing a lemma that deals with the linear form of problem (1.1) and plays a
crucial role in converting the problem as a fixed-point problem.
For the sake of convenience, we put

A] - Fq(c)bgila 2 — grq(<)7
B b<—2£rq(€) B pé—¢
S SR (N} N (S s N (S N (S D
I, (€)b 2%
@=1--20% _
(e

b, (C) ( ( A4) b, (C) VEFIAT,(€) )
A= q 1 s q q
(Fq(€+5+<) TR TG0 Tl o + 0

CHE+E—1

Ab L,(¢) | Ay (¢)bs+o-!
OIT(E+0+¢)  |OT4(6+¢) /-

3.1)

Lemma 3.1. Let g € C(J,R) be a given function. The BVP
Dy(D;"x(s)) = g(s), 0<s<b,
x(b) = 0, “Dix(b) =0, (3.2)

is equivalent to integral equation

x(s) = 1}(51—1—6) /OS(S - qt)§+5_'g(t) dgt

o <_ (1 " /;;‘) rql(a) /0 (b= at)y™"o(t) dot
b

+®qu\£3+6)/o (b— qt)§+6_19(t) dqt>

+ 57! <_/;)qu(§1+ ) /0 (b—qt)5 " g(t) dgt

A b
o) /O (b—at)™'9(t) dqt> : (3.3)

where A;, i = 1,4 and © are given in (3.1)

_|_
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Proof. By applying I] to the first equation in (3.2), we arrive at “D5"x¢(s) = I)g(s) + k.
Namely
IN=ED, I =08 5(s) = I0g(s) + k.

We apply 5 to the previous equation once again, yielding:

1E0-8) (RED) 5¢(s) = I5+9g(s) + IS (k),

this gives
1
2(s) =I0g(s) + IS(k) + A 56!
(5) = 1§ (5) + 15(0) + Apy
1 1
=I0g(s) +hk=————s+ A ¢ (3.4)
A T M V3
where ¢ = £ + n(1 — £), using the boundary conditions, we find
A Ay
=10 (-G 1590 + G 1o
and A
K =T4¢+1) (- <1 + 12;) I0g(b) + (;I§+5g(b)) :
where O is defined in (3.1). Substituting these constants in (3.4), this yields the desired expres-
sion (3.3). O

In the sequel, we apply some fixed piont theorems to demonstrate the existence and unique-
ness results for problem (1.1).

To obtain our outcomes, We need the following assumptions:

(Hyp1) There is a constant ¢; > 0 such that

If (s,2¢1) = (s,202)| < tj|201 — 22|, Vs € [0,0] and 5¢1, 300 € R.
(Hyp2) There exists two function ¢; € Ci_¢(J,RT) and ¢, € C'(J,R"), such that

‘f(sv%” <aq (3) ta@ (3) |5, V(S,%l) € [07 b] xR.

3.1 Existence and uniqueness results via Banach’s fixed piont theorem

Theorem 3.2. Let (Hypl) be valid. If
tiA < 1, (3.5)

then, (1.1) has a unique solution on J, where A is given by (3.1).

Proof. We reinterpret problem (1.1) as a fixed point problem by introducing an operator A :
Cl_g(J,R) — Cl_((J,R) as

Ax(s) = Fq(;ﬂL(S) /08(8 - qt)§+5*1f(t,x(t))dqt

b
L <_ (1+5) 57 [ 0= a0 ) ot
A; ’ -1
+@n@+@4“‘“ﬁ5f““m%0

b
+ 567! <_?aqu<§1+zs>/() (b= qt)g ™~ f(t @ (1)) dyt

or |, i) dqt> .
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According to Lemma (3.1), the fixed points of the operator A represent the solutions to prob-
lem (1.1). The operator A is well define. i.e. for every »x € Ci_¢(J,R) we have A(sx) €
Ci—¢(J,R). By using the assumption (H1), we have

[7(s, 2(s))| < [f(s, 2(s)) — f(s,0)[ + [(s,0)|
<tjlz(t)| + e, Vs e,

where ¢; = sup [f(s,0)|. By Lemma 2.2 and for any » € Ci_¢(J,R), we get
sel

|s' ¢ Ase(s)|

s1=¢ s o )
s [ s <o) 4 )

_ A4 1 b _ _ _
1+£—¢ ey _ 0—14¢—1 1-¢ ,
+s <<1 + | |> .0 /0 (b—qt)y "t (5 [t a(t)| + c1) dgt

<

N3 /b +6—1,¢—1 1—
Y b— qt)s t< te £ S (t + 1) dgt
‘®|Iq(f+5) 0( Q)q (f| ()‘ 1) !

+ Al/b(lJ—qu)5+‘5—Ht<—1 (|t 2 (®)| + c1) dyt
O[T (§ +0) Jo 7 !

L ’ _ 0—1,¢—1 1733 c
i [ 000

Ly+0+¢ 10]) T,(6+¢)  1O[T,(€+35+¢)

CHe+s—1

Arb L,(0) AL, (¢)beto-!
BT, (E+0+¢) ' [O[T,(6+0) ) (tllzlle,_; + 1)

Thus, we obtain

HA‘T”CPC

S(Wq@)) +<(1 A4>b5+6rq(<)+ PEHAST, () >

Lo(€+6+¢ 0]) T,(0+¢) " O[T (€+35+¢)

Alb<+§+5—1r (C) AZF (C)bc+671
‘®|Fq(f+5q+ C) |®|(i"q(5_|_g) (tf”xHCl,c +01).

Which means that A(sc) € Ci_¢(J,R).
By (Hypl), for each 5, 3 € C1_¢(J,R) and s € J, we get

|8174 (A%l(s) — A}Q(S))‘

tsl—( s B B B
e rgy ) (a5 S )y

- A4 1 b et
1opeslte¢ <1+)/ b—qt) T (e — 300) | dyt
f o) T, Jy 070 I bl

As ’ TR
ﬂ@n@+®4@—WWJ%<WI%m—mWW>

tiA /b E+o—14C—1 |41=C
—_ b—qt t t — dgt
+ <|®|Fq(§+5) ) ( q )q ’ (%1 %2)’ q

tiAy b 1. _
+|®|f1“q(6)/0 (b—qt)s~ 1 11 7¢ (54 %2)|dqt>
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ST (14 2) KU, PG
S(Fq<f+6+c>+ 6] T,6+0) T eI, E+0+0)

CHE+E—1

Ab__ Tu(e) | MO0 )
OIT,(E1o+0)  @L,06+¢) ) 17~ 72lec

Thus, we obtain

|As) — Asa|lc,_.

<( BT () +<(1 +A4> DETL(Q) | DHAT(Q) >
T AL (€ +5+0) ©]) Ty(6+¢) " [BITy(E+6+)

C+E+o—1

AL Ty(Q) | AL Q™))
‘®|Fq(f+(5+C) |®|Fq(5+o 721 2ler_.

= th I5e1 — %2“0174 .

From (3.5), A is a contraction. As an outcome of Banach’s FP.T , A has a unique fixed point
which is a unique solution of (1.1) on J. O

3.2 Existence Results via Schauder’s fixed piont theorem
Theorem 3.3. Assume that conditions (Hypl)-( (Hyp2) are fulfilled. If
A <1, (3.6)
then, the problem (1.1) has at least one solution on J, where g5 = sug @ (s) and A is given by
s€
(3.1).

Proof. Let us fix
R> -4 o :
T l-gA
Consider the non-empty closed bounded and convex subset Br = {» € C1_¢(J,R) : || c,_ <
R}. We shall demonstrate that A holds the requirements of Schauder’s fixed piont theorem, by
presenting the argument in three distinct steps.
Step1 The operator A transforms B into itself.
For every s € Bg, we have

|s! ¢ Ase(s)]

1—¢ s
Flera) ) - a0 ()05 ()] dy

lie_ Ay 1 b —1,¢—1 (41— 1-
e C<<1+®|> rq(a)A@—qt)S L (1) + @ (1) [ (1)) dgt

<

As ’ E+5—1,¢—1 (11-¢ 1—¢
+|@|rq(§+5)/0<b—qt)q T (#q () + @ (t) [t (8)]) dyt

A ’ FO—1,C—1 (41— -
+<|@|rq(§+5)/o(b—qt)§ ST (#1 gy (1) + g (1) | e (1)) dgt

A ’ —14¢—1 (41— -
+|®|Fz(6)/0(b_qt)g < (t qu(t)+q2(t)]t C%(t)\)d@)

S( W%(O) +(<1 A4>b5+5rq<<) DAL (C) )

T (E+0+¢ 10]) T,(0+¢) O[T (E+3+C)
CHE+S—1

Arb Ly(Q) | Aaly(QptH!
O[T (§+6+¢)  1O]T,(6+()

) (¢f +BR),
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thus, we get
”A%Hle( <A (Qik + qu) < R,

which means that A (Br) C Bg and and the set A (Bg) is uniformly bounded.

Step 2 The mapping A is continuous.

Let (»2,)nen C Br be a sequence such that 5, — s in Ci_¢ (J,R). By Lemma 2.2 and
(Hyp1), we have

|5'7¢ (Asen(s) — Ase(s))]

tys' ¢ /S S—1,0—1 [,1—
< s —qt)STOT ST 176 (5e, — 30)| dyt
B w9 Jo (7T el

_ A 1P et 1
+ tys!HEC <1+)/ b—qt)> 1 (5e, — 20)| dyt
f ©1) T Jy O I G

A3 ’ 11 [0
e O O )

A /b E+6—1,¢—1 |,1—
+ | = b—qt): tSHE S (e, — 20) | dyt
<|®|Iq(§+5) 0 ( )q ’ ( )’ !

t5 A /b §—1,¢—1 41—
+— | (b= gt) T (e, — 50) | dyt
|®|Fq(5) 0( )q | ( )| q

To(€+6+¢ 8]) To(6+¢)  [O]T,(6+6+)

CHE+s—1

Aid L,(¢) | ATg(¢)bs! o
1®| T (£ +d+¢) ©|T,(5+¢) Fll*n Ci_c»

thus, we obtain

HA%H - A%”Cl—(

BT, (C) (( 1M>%“uo %”MHK)>
S(n@+6+o+ ') T+ o) Tle,E 6+ 0)

CHE+s—1

Arb L,(¢) AL (¢)bs+ot
‘®|Fq(§+5q+ ) |®|qrq(5+C) )tf”%"_%”Cl—c

= th”%n - %HCI—(7
which gives
| Ase, — Ax|c,_, — 0asn — oco.

Therefore, A is continuous.
Step 3. A(Bg) is a equicontinuous set.
For s1,s, € J, 81 < s, and » € BB, we have

|sé7CA%(sz) — s}fCA%(sl)|
1

= ‘W/o 235*4(52 — )T (1 Cq () + qa ()| S5 (8)]) dyt

_ 1 R L NEFE—1,C—1 (j1—C 1-¢
Fq(€+5)/o s (51— qt)s T T q (8) + () £ 0 () ]) dgt

bee et Ag\ 1 RSN -
-%%fc—ﬂ5ﬁ<O+C®FwwA@—m3# (@ () + @]t (1)) dot

A ’ +6—1,¢—1 (41— 1—
+|G)|1"(1(2+6)/0 (bfqt)g 0—14¢ (t qu(t)+q2(t)|t C%(t)|)dqt>|
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(Qik +QER) s 1-¢ £+6—1 1-¢ €61 ,0—1
< T (€L 8) - — J—
- ( I, (5 + 5) 0 (52 (52 qt)q s, (s1 qt)q )t dgt

(¢f + B R) /82 1-¢ E+6—1,¢—1
42 =t —qt t5d,t
l—xq(é. 5) . S (52 q )q q

1+e—C  14E6—C\ /x| x Ag\ BT, (C) VAT, (€) )
() +qu>((1 * |®|> L,0+0) e, +6+0)"

thus , we get
|35_CA%(32) — si_CA%(sl)|

(QT + QSR) /51 1-¢ E+o—1 1—¢ o1\ oot
< T (¢ L 8) - — —
- ( L,(6+6) Jo (32 (s2 qt)q s, (s qt)q ) 1 d, t

(i + @ R) /SZ 1—¢ E+6—1,¢—1
T T, 10) . (52 = at)g ™ dyt

1HE—C AHE-C) (n Ag\ BT | DAL (C) )
MCRREE M*"””((”®|)rq<6+<>+®|rq<s+a+<> |

As s; — sp, the right-hand side of the above inequality tends to zero. That is to say that
A (Br) is equicontinuous, then by Ascoli-Arzela theorem, we conclude that the operator A is
compact.

Consequently, all assumptions of Schauder’s fixed point theorem hold, Thus there a fixed
point »r € B, which is indeed a solution of (1.1) on J. O

4 Example

As an application of our result, we consider the following BVP of fractional ¢-difference equa-
tion:

2 5+es
(1) =0, D (0) =0, @.1)
I R B _ sins .
here { = 7,( = §,0=13,¢=3, b=1,and f(s, ) = 5+65%(s). Using these data we find

® =0.15983 # 0 and

Ci-c (10,1],R) = Cy ([0,1],R) = {n: (0,1] > R: sh € C((0,1],R) }.

16
Set
sin s
5+ e

f(s, ) = x(s), (s,2)€]0,1] xR.

For each s, s, € R, we have
1
‘f(S,%l) - f(sa %2)| < 6 |%1 - %2|a s € [Oa 1] .

Hence, the assumption (Hypl1) is satisfied with t; = %. We will check that condition (3.5) is
holds. Indeed

tA ~ 0.44 < 1.

Therefore, it follows from Theorem 3.2 that the problem (4.1) has a unique solution in the space
Cs ([0,1],R).
16
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5 Conclusion

This paper has investigated a novel class of boundary value problems for fractional ¢-difference
equations that incorporate g-Caputo and ¢-Hilfer derivatives. The existence of solutions is es-
tablished using Schauder’s fixed point theorem and the Banach contraction mapping principle.
A concrete example is provided to demonstrate the applicability of the theoretical findings. In
future work, numerically approximating such problems remains a promising yet challenging
direction due to the combined influence of fractional operators and g-calculus. Furthermore, ap-
plying these models to real-world phenomena with memory effects and long-range interactions
would reinforce the motivation and shed new light on our theoretical results.
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