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Abstract Diabetes is a chronic disease that can cause various long-term complications. This
study proposes a diabetic model with a time delay and a saturating recovery rate of compli-
cations. The model considered two crucial factors of diabetic dynamics: the delay in the first
incidence of complications and the limited medical resources. By analyzing the distribution of
roots of the characteristic equation with respect to the delay model, the conditions for local sta-
bility and the properties of Hopf bifurcation were obtained. When the critical delay 7 exists, the
equilibrium point is locally asymptotically stable for 7 < 79, while at 7 = 79, a periodic orbit
arises due to Hopf bifurcation. Furthermore, for the non-delay case, the global stability of the
equilibrium point was proved by constructing a suitable Lyapunov function. Some numerical
simulations were provided to validate the analytical results. Sensitivity analysis shows that the
most sensitive model input is the incidence rate of diabetes. The model can provide informa-
tion concerning the total number of people with diabetes and its complications and predict the
outcomes of various model inputs. The results suggest that decreasing the incidence rates of di-
abetes and its complications and the inhibition effect due to limited medical resources are valid
approaches to controlling the prevalence of diabetes and its complications.

1 Introduction

Diabetes mellitus, in short diabetes, is a life-long disease caused by hyperglycemia (high blood
glucose levels) due to defects in either lack of insulin or cells resisting the insulin or both. In
2021, the International Diabetes Federation [1] estimated that 6.7 million adults died due to di-
abetes and its complications. Diabetes and its consequences cost the world economy USD966
billion. In Malaysia, the estimated percentage of diabetics among adults aged 18 and above has
increased from 11.6% in 2006 to 18.3% in 2019 [2]. As a result, about 3.9 million Malaysian
adults were living with diabetes in 2019. In 2021, Malaysia’s total diabetes-related health expen-
diture was estimated at USD4833.5 million, with USD1090.7 per individual with diabetes [3]. If
the number of people with diabetes is not carefully handled, many problems will arise, including
an increased number of patients requiring complication treatments such as dialysis, kidney or
heart transplant, and rehabilitation.

Regarding the scope and methodology used in the population models, Mat Daud highlighted
various problems in the formulation of population models using ordinary differential equations
[4, 5, 6]. Several models of non-communicable diseases (NCDs) have been studied including
diabetes [7, 8], hypertension [9], thyroid disorders [10], and anaemia [11]. Nasir and Mat Daud
[8] also emphasized the importance of considering time delay in the progression of diabetes.
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Table 1. Definition of the symbols in Figure 2.

Symbol | Definition Dimension
D(t) number of diabetics who never had any complications at time ¢ | individuals
D.(t) number of diabetics with complications at time ¢ individuals
D, (t) number of diabetics with recovered complications at time ¢ individuals

1 the incidence rate of diabetes 1F1d1V_1(11uals
time
y rate of the first incidence of complications time ™!
T time delay in the first incidence of complications time
K the recovery rate of complications time !
3 non-negative parameter measuring the limited medical individuals—!
resources
o the recurrence rate of complications time ™!
the diabetes-related mortality rate among diabetics without .
i complications tme
the diabetes-related mortality rate among diabetics with .
H2 complications tme
the diabetes-related mortality rate among diabetics with o
H3 recovered complications tame
1 the mortality rate due to causes other than diabetes time !

As in [12], the author considered a delay parameter representing the delay in the first incidence
of complications. Introducing this delay parameter is significant because, for example, approxi-
mately 8.9% of Malaysian adults in 2019 did not know they had diabetes [2]. If these individuals
do not screen their glucose levels, they might remain unknown diabetics for several years until
the first complication. In the present research, we will extend the model studied by Nasir [12]
by considering the limited medical resources at the stage of treatment of complications.

The organization of the paper is as follows. Section 2 focuses on a brief discussion of the
delay model proposed by Nasir [12], followed by the formulation of a delay model with a sat-
urating recovery rate of complications. In Section 3, we focus on the qualitative analysis of
the corresponding non-delay model. In Section 4, the qualitative analysis of the delay model is
studied. In Section 5, we conduct sensitivity analysis and present the sensitivity indices at the
equilibrium solutions. Numerical simulations are provided in Section 6 to validate the analytical
results.

2 The mathematical model

2.1 A diabetic model with a time delay

Nasir [12] developed a diabetes population model with a time delay in the first incidence of
complications. The governing equations of the Nasir [12] model are

%t“) =1 —3D(t—7)— (u+m)D(t), (2.1a)
W) 3 D(t—7) ~ (5t m)D(t) + oDy (1), (2.1b)
—dD;t(t) = KD.(t) = (0 + p + 13) Dy (2), 2.1¢)

where all variables and parameters are defined in Table 1.

2.2 Model formulation with a saturating recovery rate of complications

‘We modify model (2.1) by considering the effect of limited medical resources on treating diabetes-
related complications. In model (2.1), Nasir [12] assumed the recovery rate of complications of
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the form h(D.(t)) = xD.(t). It means the resources are sufficient for any complications. The
recovery rate of diabetics with complications will be unaffected if the number of diabetics with
complications increases. This assumption is unsatisfactory because not every country has enough
resources for the treatment of complications of diabetes [13]. Therefore, we can improve this

assumption by considering a more realistic assumption of limited medical resources.

kD, (t)
T+3D(1)°
where « is the recovery rate of complications and (5 is a non-negative parameter measuring the

limited medical resources [14]. One example of medical resources is kidney transplantation for
diabetics with end-stage kidney disease. The unavailability of this treatment may cause the pa-
tients to undergo an alternative treatment, such as hemodialysis, three times a week [15]. This

term h(D.(t)) = % will be replacing the term h(D.(t)) = kD.(t) in model (2.1). If
[ = 0, the saturating recovery rate reverts to the linear one: h(D.(t)) = xD.(t), represent-
ing the unlimited medical resources. Figure 1 shows the difference between a linear recovery
rate and a saturating recovery rate using parameter values x = 0.95 time~! and 3 = 0.0002
individuals—! (these values are chosen as an example). Using the saturating recovery rate seems
more reasonable because it grows slower than the linear recovery rate due to limited medical

resources.

We propose a saturating recovery rate of complications of the form h(D.(t)) =

Linear versus saturating recovery rate

5000
linear
4000 | (== —° saturating
~ 3000 |
v(.)
@/ - —
< 2000 | -
1000 | 7 - -
-
"
0

0 1000 2000 3000 4000 5000

D)

Figure 1. The graph of h(D.(t)) = kD.(t) versus h(D.(t)) = 1f§5(f<)t>’ where x = 0.95 time ™!
and 8 = 0.0002 individuals—'.

Taking the above assumption into consideration, we develop a flow diagram of diabetic pop-
ulation dynamics in Figure 2.

kD (t)
1] 1+ BD,(t
D(t) iR IS ) |le "l b (1)
T | oDy P

(wru)D®]  (rm)DN JeruDy()

Figure 2. Three-state diabetic population. The red color represents the new contribution and the
difference from model (2.1).

We assume all parameters are positive because they represent population dynamics. The
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dynamics in Figure 2 are governed as follows:

DU 14Dt ) (-t ) D) (2.22)
L) p(e— ) - lj/’ﬂg”‘)(t) 0D, (1) — (1 + p2) Det). (2.26)
dD;t(t) - - il;ﬁ)(t) (o 4+ 1), 0). (2.2¢)

The initial conditions of model (2.2) are
D(p) = ¢(0) >0, o€ [-7,0], D.(0) = Dy >0, D,(0) = Dy > 0,

where ¢(p) is a continuous function on ¢ € [—7,0]. The total population size with respect to
model (2.2) is denoted as N(t) = D(t) + D.(t) + D,(t). For simplifying the notations, the
variables D, D., and D,, are evaluated at time ¢, unless the argument is other than ¢ (for example,
D.(0) and D(t — 71)).

3 Qualitative analysis of the non-delay model

Model (2.2), under the assumption of instantaneous dynamics (that is, 7 = 0), is

dD

E:I—W*'N"‘MI)D» (3.12)
dD,. kD,

o P 1+ 6D, + 0Dy — (p+ p2)De(t), (3.1b)
dD, kD,

dtp — T3 6D, (o0 4+ p+ p3)Dp, (3.1¢)

with the initial conditions:

D(0) = Dy > 0, D(0) = Dgy > 0, D,(0) = D,y > 0.

3.1 Basic properties of the non-delay model (3.1)
Non-negativity and boundedness of the solutions

Proposition 3.1. The solutions D, D., and D,, of the non-delay model (3.1) remain non-negative
and bounded for all t > 0. Furthermore, the region:

1
Q = {(D,DC,DP) € Ri‘D +Dc +Dp S }a
1
is a positively-invariant region with respect to the non-delay model (3.1).

Proof. For the non-negativity of the solution D of the non-delay model (3.1), from Equation
(3.1a), we obtain:

dD
o trptm)D=1 (3.2)

Since I > 0, Equation (3.2) becomes:

dD
E+(’Y+M+M1)D20- (3.3

The integrating factor is given as e *#+#1)t By multiplying inequality (3.3) with the integrating
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factor and changing the variable ¢ to variable ¢, we obtain:

d
(Y+ptp)e
e {D(a)e } > 0. 3.4

Integrating both sides of inequality (3.4) from ¢ = 0 to ¢ = ¢ gives:
D(t) > D(0)e~Ortrtm)t,

Therefore, the solution D remains non-negative for all ¢ > 0.

Since the solution is assumed to be a continuous and differentiable function, the functions
D.(t), D,(t) cannot become negative without crossing the axes D. = 0, D,, = 0.

Lett* = min{t.,t,} where D.(t.) = 0, D,(t,) = Oandt.,t, > 0. If t* = t. then D.(t.) =0
and the functions D, (t.) > 0 at t = ¢, yields

dD.
dt
dD.

Therefore, when the function D,(t) touches the axis D, = 0, = is always non-negative,
and the function D.(t) will not decrease and will never cross to negative part. Using similar
argument, it can be shown that

(t" =t.) =~vD(t) +oD,(t) >0

dD, ., . KD.(t)
dt (" =1) = 1+ 8D, (t) 20

Thus, all solutions D..(t), D,(t) are always non-negative for all ¢ > 0.
For the boundedness of the solutions D, D., and D, of the non-delay model (3.1), adding all
equations in the non-delay model (3.1) yields:

dN
o =1 N —mD — D — p3Dy. (3.5)

Since the terms p; D > 0, oD, > 0, and p3 Dy, > 0, Equation (3.5) becomes:
— N <I. 3.6
o +uN < (3.6)

The integrating factor is given as e#!. Multiplying inequality (3.6) with the integrating factor and
changing the variable ¢ to variable €, we obtain:

d

%[N(g)eﬂs} < JeMe, (3.7)

By integrating both sides of inequality (3.7) from ¢ = 0 to € = ¢, we obtain:

N(t) < g + (N(O) _ i)wt.

I I — .
If N(0) < —, then we have N(¢) < —. This implies that the upper bound of the total population
I t
1 1 I I
size is —. If N(0) > —, then N (¢) will decrease to — because tlim N(t)=—.
—00
The region  is a positively-invariant region with respect to the non-delay model (3.1). O

3.2 Stability analysis
Equilibrium point

Let E* = (D*, DY, D;) be the equilibrium point of the non-delay model (3.1). By setting every
equation of the non-delay model (3.1) equal to zero we have

I—(y+p+wu)D* =0, (3.82)
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KD}
D — —Zc L sDF — D = .
ot 1+»3D2‘+U 5y — (n+p2)DE =0, (3.8b)
kD? .
Ty D (0 +p+ps)D, =0. (3.8¢)
From Equation (3.8c), we have D* = rD; From Equation (3.8a), we have
’ I o P 1+ 8D (0 + it pa) d o
* = ———— . From Equation (3.8b), we have:
Y+
21D 4 2 DF + 23 = 0, (3.9)
where
21 = Bp+ ) (o + p+ ps), (3.10a)
2 = (p+ m2)(p+ o+ p3) + k(e + p3) — By(o + p+ p3) D7, (3.10b)
z3 = —vy(o + p+ pz)D*. (3.10c)

The roots of Equation (3.9) are:

—z 44 /23 — 42123

, (3.11)

and

—2 — z% — 42123
221

)
[

(3.12)

Notice that z; and z3 have opposite signs, we have ,/z% —4z123 > \/Z% = |z2|. Regardless of
the sign of 2, (2, can be either positive or negative), the root in (3.11) is always positive, while
the root in (3.12) is always negative.

Since the state variables represent individuals in the population, the only biologically mean-
ingful equilibrium point is

. I —z2+1/z§—4zlz3 KkD?
B — ° 7)) (3.13)

C\y+etm’ 22 "(14 8D (o + pu+ 3

where z1, 27, and z3 are given in Equations (3.10).

Local stability
Theorem 3.2. E* is locally asymptotically stable.
Proof. The characteristic equation with respect to the equilibrium point E* of the non-delay
model (3.1) is obtained by computing:

det{\I; — Y] =0, (3.14)
where \| represents the eigenvalues, I is an identity matrix of dimension 3,

—(y+w) O 0
Y = ¥ N
0 Y3 U4
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and
K
Y= p+prs Y2 = Y3+ pt o, Z/SZW, Ys =0+ p+ p3. (3.15)
After expanding Equation (3.14), we obtain
M)A+ +u1) =0, (3.16)

where

SN =N+ (y2 Fy)h +us(p+ p3) + ya(p + p2).

One of the roots of Equation (3.16) is —(y + y; ), which is negative because v + y; > 0. The
other two roots of Equation (3.16) are determined by &; () = 0 or:

A4 (2 + ya) M 4 va(p+ p3) + ya(p + p2) = 0. (3.17)

By the Routh-Hurwitz criteria for a polynomial of degree two [16], all roots of Equation (3.17)
are negative or have negative real parts because y, + y4 > 0 and y3(u + p3) + ya(p + p2) > 0.
As aresult, £* is locally asymptotically stable. O

Theorem 3.2 indicates that the small displacement from E* will decrease to zero without
restriction on any positive parameter values. No periodic orbit can appear for the non-delay
model (3.1).

Global stability

Constructing an appropriate Lyapunov function to investigate global stability is known to be a
difficult problem in general. In the following, we discuss two remarks, where Remark 3.3 is an
example of an attempt to find a Lyapunov function, and Remark 3.4 is the numerical simulation
to indicate the global stability of £*.

Remark 3.3. A function is suggested as follows:
(D - D)
gl a1t
+o[(De = D7) + (D — D), (3.18)

(D, De, Dy) = +(2u+ p2 + p3)(De — D7)

where ((D, D, D,,) > Oforall (D, D, D,) > (0,0,0) with equality if and only if (D, D., D) =
(D*, D%, Dy;). The time derivative of ¢ computed along the solutions of the non-delay model
(3.1)is
d¢ _ 2(D- D)
At v+ p4m

+ [2@u+ g2 + 13)(De = D2) +20(D. — D) + 20(D,, — D})]

(1= (r+p+m)D)

kD,
X (’YD 144D, +oDp — (M+#2)Dc)
* * HDC
+ [2a(DC — D) +20(D, — Dp)} (TBDC —(o+p+ u3)Dp). (3.19)

Note that we have:

I=(y+p+m)D,

kD*

0= D" + e
Wt T sD:

KD}
= —-— Dr.
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Therefore, Equation (3.19) becomes:

¢ 2(D - D)
dt 7+u+u]((’7+ﬂ+ﬂl) (’7+/L+,U1) )
kD,
+[2@n+ 1+ s o) (D2 = D) +20(De - D] (v0 -

* KZD: * *
+ 0D, — (p+ p2)De — D" + T13D: oDy + (n+ Mz)Dc)
N B kD,
+ [20(DC — DY) +20(D, — Dp)} (W — (0 +p+ p3)D,
c

__mDe
1+ 8D
= —2(D—D*)*+2Q2u+ p2 + p3 + 0)y(D — D*)(D.. — D)

22+ pi2 + p3)k(De — D})? "
- (1+ 8D.)(1 + AD;) —22u+pa+ p3+ o) (p+ o) (De — DY)

+207y(D — D*)(Dy, — Dy) = 20(pu + p13)(Dy — Dp)*.

+(o+p+ m)D;;)

d
The term d—i < 0 for all (D, D.,D,) > (0,0,0) with equality if and only if (D, D, D,) =

(D*, D%, Dy;) is not satisfied because the terms 2(2u + pa + p3 + o)y(D — D*)(D. — D)
and 20(D — D*)(D, — Dj) are not less than or equal to zero for all (D, D., D,) > (0,0,0).
Therefore, the function given in Equation (3.18) in this Remark 3.3 does not serve as a suitable
Lyapunov function for establishing the global stability of the equilibrium point (D, D., D,) =
(D*, D}, Dy).

Remark 3.4. As shown in Remark 3.3, it is not easy to show the global stability of £* of the non-
delay model (3.1) by the Lyapunov direct method. We will use numerical simulations to indicate
the global stability of £* of the non-delay model (3.1). Consider the following particular case
of the non-delay model (3.1):

D
Cth — 50— 0.07D, (3.202)
D, 0.8D,

G = 001D — e 04D, ~ 016D, (3.20b)
D 8D
Dy 08D 5p (3.20c)

dt 14 0.0005D,

System (3.20) has the equilibrium point £* = (714.2857,21.5988,33.5186). Figure 3 shows
the numerical simulations of model (3.20) with four sets of initial conditions (D, Do, Dyo):
(800, 100, 100), (600, 150, 50), (1000, 300, 110), and (750, 50,300). Figure 3 shows the global
stability of E*, where the solutions D, D., and D,, of model (3.20) converge to £E* as time ¢
increases regardless of any positive initial conditions. The numerical simulations indicate that
the equilibrium point £* of the non-delay model (3.1) may be globally asymptotically stable.

4 Qualitative analysis of the delay model

4.1 Basic properties of the delay model (2.2)
Non-negativity and boundedness of the solutions

Proposition 4.1. If condition:

(H1) 1 > ~D(ty — 1) at the boundary D(t;) = 0 for any time t,,
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Figure 3. Numerical simulations of model (3.20).

is satisfied, then the solutions D, D., and D, of the delay model (2.2) remain non-negative and
bounded for all t > 0. Furthermore, the region:

I
o- {(D,DC,DP) eRi‘D+DC+Dp < u}’

is a positively-invariant region with respect to the delay model (2.2).

Condition (H1) means that in any event that the number of diabetics who never had any
complications drops to zero, the number of diabetics who will develop the first complication
should be less than the number of newly developed diabetics.

Proof. We prove the non-negativity of variable D of the delay model (2.2) as follows. D(¢) > 0
for all ¢ > 0. If this be not the case, suppose that there exists ¢; > 0 such that D(¢) > 0 for

D
te€[0,t1), D(¢t1) =0, and dT(tt]) < 0. From Equation (2.2a), we obtain:

dD(ty)

=1—~D(t; — 7).
dt 7(1 T)

dD(t . . dD(t
We have d(t ) < 0 for I < vD(t; — 7), which agrees to the supposition that # < 0.
Therefore, if I < vD(¢; — 7) at the boundary D(t;) = 0 for any time ¢;, the solution D may
enter the negative region. Condition (H1) indicates that the solution D remains non-negative for

allt > 0.
In the following, condition (H1) is satisfied.
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Since variables D, and D,, of the delay model (2.2) depend on each other, we prove the non-
negativity as follows. D.(¢) > 0 for all ¢ > 0. If this be not the case, suppose that there exists

dD.(t
t, > 0 such that D.(¢t) > 0 for ¢t € [0,2), D.(t2) = 0, and & < 0. We first find the
integration of Equation (2.2¢). From Equation (2.2c), we obtain:

dD
- Tot )by

kD,

The integrating factor is given as e(®*#+#)t By multiplying Equation (4.1) with the integrating
factor and changing the variable ¢ to variable €, we obtain:

a
de

kD.(¢)

| Dp(e)elertm)e] = I+ BD.(2)

elothtmle, (4.2)

Integrating both sides of Equation (4.2) from ¢ = 0 to ¢ = ¢ gives:

kD.(€)

(o+ntms)e g 4.3
[+ 5D.()° = @Y

t
Dp(t) — Dp(o)e—(aJr/Hr/Lg)t + e—(a’+u+/t3)t/0

From Equation (4.3), we have D,(t) > 0 for t € [0, ¢,]. Then, from Equation (2.2b), we have:

dD.(t
% =7D(ty — 7) + 0D,(t2) > 0,

D,
dzliitz) < 0. We can conclude that the

solution D, remains non-negative for all ¢ > 0. Consequently, from Equation (4.3), the solution
D,, also remains non-negative for all ¢ > 0.

For the boundedness of the solutions D, D,, and D, of the delay model (2.2), adding all
equations in the delay model (2.2) yields:

but this leads to a contradiction to the supposition that

dN
T I —puN — D — ppDe — p3Dp. 4.4)

Since the terms p; D > 0, pp D > 0, and p3 D, > 0, Equation (4.4) becomes:
dN
— N<I. 4.5
g TN = 4.5
The integrating factor is given as e#!. By multiplying inequality (4.5) with the integrating factor

and changing the variable ¢ to variable ¢, we obtain:

d% [N(e)eﬂ < Iete. 4.6)

By integrating both sides of inequality (4.6) from ¢ = 0 to € = ¢, we obtain:

N(t) < g + (N(O) - i)eﬂt.

1
If N(0) < —, then we have N (t) <
@

size is £ If N(0) > £, then N (t) will decrease to ! because tlim N(t) = £
— 00 /_,L

. This implies that the upper bound of the total population

=~

As a result, condition (H1) is required to be true so that the region € becomes a positively-
invariant region with respect to the delay model (2.2). The proposition is proposed. O
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4.2 Stability analysis
Equilibrium point

The equilibrium point E* = (D*, D¥, D;) given in Equation (3.13) is also the equilibrium point
of the delay model (2.2) because when the solutions D, D., and D, of the delay model (2.2)
reach equilibrium, we have:

D(t) = D(t — ) = D*, D(t) = D, Dy(t) = D 7

Local stability and the occurrence of Hopf bifurcation
Theorem 4.2. For the delay model (2.2):
(i) If condition:
H2) y1 >,
holds, then E* is locally asymptotically stable for T > 0.

(ii) if condition:

H3) v <7
holds, then there exists a critical value:
1
o= — cos”! { - y‘} (4.8)
wo Y
where
wo =/~ + 7)1 — ), 4.9)

such that E* is locally asymptotically stable for v € [0,79) and becomes unstable for
T > 10. Furthermore, a Hopf bifurcation occurs at T = 1, and a family of periodic orbits
arises from E*.

Condition (H2) means that the rate of the first incidence of complications is no more than
the total death rate of diabetics who never had any complications. Meanwhile, condition (H3)
means that the rate of the first incidence of complications is greater than the total death rate of
diabetics who never had any complications.

Proof. The characteristic equation with respect to the equilibrium point E* of the delay model
(2.2) is obtained by computing:

det[ M1z — Yy — e ™7Y3] =0, (4.10)

where )\ represents the eigenvalues, Is denotes an identity matrix of dimension 3,

—y1 0 0 -y 0 0
Yo =| 0 -y o |,Ys5=|+v 0 0], 4.11D
0 y3 —w 0 00

and y1, y2, ¥3, and y4 are the same as in Equations (3.15). After expanding Equation (4.10), we
obtain:

& (N)&E(N) =0, (4.12)

where

(M) =N+ (2 + ya) X + ya(p + p13) + ya(p + p2),
E(N) =Xy +e M.
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Two of the roots of Equation (4.12) are determined by &;(A2) = 0. According to the Routh-
Hurwitz criteria, they are negative or have negative real parts because y, + y4 > 0 and y3(p +
p3) + ya(p + p2) > 0. The other roots of Equation (4.12) are determined by & (A,) = 0 or:

X +yi +e My =0. (4.13)

Assume that for some 7 > 0, A\ = iw (i = v/—1 and w > 0) is one of the roots of Equation
(4.13). Substituting A = iw into Equation (4.13) and separating the real and imaginary parts
yields:

Y1 = —7y COSWT, (4.14a)
w = ysinwr. (4.14b)

By squaring and adding both sides of Equations (4.14), we obtain:
W+ (g1 + )y —7) =0. (4.15)

Condition (H2) indicates that w? < 0, which is a contradiction because we initially assumed
w > 0. Consequently, Equation (4.13) cannot have A\, = iw as one of the roots. Hence, E* is
locally asymptotically stable for 7 > 0. This proves Theorem 4.2(i).

For the second proof, suppose that condition (H3) holds. Condition (H3) implies that equa-
tion (4.15) has one positive root, that is, Equation (4.9). Then, the corresponding critical delays
are

T(j)zlcos_l{—yl}—FZJﬂ-, ]:0,1,2,
wo v wo

Let 79 = 7(% be the first critical value at which Equation (4.13) has roots on the imaginary
axis, and A\, = =iwg are the corresponding roots. Then, E* is locally asymptotically stable
for 7 € [0,79). Moreover, to establish the occurrence of Hopf bifurcation at 7 = 7y [17], the
following transversality condition must be satisfied:

sign{%{di}(ﬂ} } > 0.
g A(T0)=iwo

Taking the derivative of Equation (4.13) with respect to 7 yields:

—1
dA er 7

Evaluating Equation (4.16) at A(7p) = 4wy and taking its real part yields:

—1
d\
%M

_ Sinono (4 17)

A(To)=two %o

Using Equation (4.14b), we have sinwymy = %. Then, Equation (4.17) becomes:

!
%[H

A(710)=twy Y

Hence, we obtain:
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Remark 4.3. We discussed the criteria implying that a periodic orbit arises for the delay model
(2.2). Such results are interesting in situations where the equilibrium point £* of the delay
model (2.2) can become unstable. For some parameter values, the solutions D, D., and D,, of
the delay model (2.2) do not approach E*. Therefore, £* of the delay model (2.2) is not globally
asymptotically stable, and the Lyapunov function method would not work.

Properties of Hopf bifurcation with respect to the delay model (2.2)

We obtained the conditions which guarantee that model (2.2) undergoes a Hopf bifurcation at
the equilibrium point £* when 7 = 7p. We determine the direction, stability, and period of Hopf
bifurcation of model (2.2) with respect to the critical value 7y by using the normal form method
and center manifold theory [18]. In the following, we consider that model (2.2) undergoes a
Hopf bifurcation; condition (H3) holds.

Theorem 4.4. For the delay model (2.2), assume that (H3) holds. We have:

(i) The sign of x, determines the direction of the Hopf bifurcation:
if x2 > 0 (x2 < 0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcat-
ing periodic solutions exist for T > 1y (T < 19).

(ii) The sign of 3, determines the stability of the bifurcating periodic solutions:
if B2 < 0(By > 0), then the bifurcating periodic solutions are stable (unstable).

(iii) The sign of T, determines the period of the bifurcating periodic solutions:
if T, > 0 (T < 0), then the period increases (decreases).

Where the terms X2, 32, and T are given in Equations (4.23), (4.24), and (4.25), respectively.
Proof. Let 7 = 19 4+ x, where x € R. Then, x = 0 is the Hopf bifurcation value of model
(2.2). We rescale time ¢ — (¢/7) obtaining 7 = 1 in the new time variable. Model (2.2) can be
transformed into a functional differential equation in C' = C([—1,0], R?) as follows:
dx(t)
dt

where x;(Q) = [214(0), 72:(0), 23,(0)] T, ® € [-1,0], and z;+(0) = z;(t + ®), Vi. The terms
L, :C—R'andF:Rx C — R are

=Ly (x;) + F(x,x,), (4.18)

Ly (p) = (10 + x)Y2p(0) + (70 + x)Y3p(—1), (4.19)
F(x,p) = (10 +x)(0, [, B) T, (4.20)

where p = [p1, p2,p3] T € C, and Y, and Y3 are given in Equations (4.11). The terms Fyand
in Equation (4.20) are

By = bsp3(0) — bep3(0) + ..

Py = ~bsp3(0) + bsp3(0) + ...,
where

Bk B

b= 3D T (T pDt

Accordingly, for ® € [—1, 0], there exists a function 7(®, x) such that:

0
Li(p) = [ dn(®.0p(0).

In view of Equation (4.19), we can choose:

n(0,x) = (10 + x)J0d(®) — (70 + x)J-0(® + 1),
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where §(0) is the Dirac delta function:

0, ®£0
5(®)_{1’ @ioj

For ¢ = [¢1, 92, 3] € C([~1,0],C?), we define:

~—

dp(®
A()p(©) ={ PN ©e[-1,0),
J__1dn(s, x)e(s), ©=0,

and
07 ) € 7170 ’
R(x)¢(8) = {F(x o :[0 )
Then, for ® € [—1, 0], we can transform Equation (4.18) into
DO) _ A(x(0) + R (®). @21)
For ¢ = [t1,v2,93]" € C'([0,1],C?), we define the adjoint operator A*(0) of A(0) as
follows:
dp(s)
* - 5 S € 0,1 N
AT(O)p(s) = Tds _< ]
Je——ydn' (5,009 (=), s=0,

and a bilinear form as follows:

0

—T © 1
W(:).00) =% 00~ [ [ G -0y me0ema @2

From Section 4.2, we know that +iwgTy are eigenvalues of A(0) and A*(0).

Let q(®) = [1, a1, ay] T €07 be the eigenvector of A(0) corresponding to iwgTy, and q* (s) =
é[l, at,a3] e be the eigenvector of A*(0) corresponding to —iwyry. By direct computa-
tion, we obtain:

(b1 + iwo) (bs 4 iwwy)
obs — (bz + iLU())(b4 + iWQ) ’
. b3(b1 + iw())

obsy — (bz + iwp) (bs + iwo) ’

" v+ (b] + Z‘wo)efiWOTo
a; =
y

. 0y +o(b —iwy)e wom

ay = -
? Yba — iywo

a; =

az

)

From Equation (4.22), we obtain:
G =14 aia} + axaj + yTpe W (a7 — 1),
such that (q*(s),q(®)) = 1 and (q*(s),q(®)) = 0.

Following the algorithm given in [18] and using the similar computation process in [19], we
obtain:

920 =

2
27’0[)5&1 y E
- 1 2 )

. _
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with

_ i920 i§02 — 2wy O
Wy (0) = 707_0‘1(@) + SCL)07_0(1(@)) +Fie ,

Wi (0) = - g(@) + 1g(e) + F,,
woTo woTo

where

Wi (0) =) (©

Fo= (R, R FT,
F2 = [FQ(])’ F2(2)?F2(3>]T'

The terms F; and F, satisfy:

[2iwg + by + ye 2w 0 0 o 0

—rye 200 2iwy + by —0 F1<2) = 2b5a% ,
i 0 —bs  2iwg+bs| |FP —2bsa?
bi+~y 0 0] [FY 0
-y by —0 FZ(Z) = | 2bsajay
| 0 —b3 by F2(3) —2bsaa

Then, the following equations can be computed to obtain the properties of Hopf bifurcation:

- 2
c1(0) = 2;(@(911920 —2lgu|* - |go32\ ) + g%)
_ R®ea(0)}
X2 = —W, (4.23)
B2 = 2R{c1(0)}, 4.24)
o S0} + oSN () 42s)

5 Sensitivity analysis

Model (2.2) has three model outputs (three state variables) and thirteen model inputs (ten param-
eters and three initial conditions). The model outputs are denoted as x = {D, D., D,,}, while the
model inputs are denoted as ¢ = {I,,k, 8,0, i1, 1, pa, 13, 7, (0), Deo, Dpo }. Using the direct
differential method [22], the sensitivity index of an arbitrary model output x; with respect to an
input g; is

S$L(t)_ B, , 1=1,2,3, 57=1,2,...,13.
J
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For simplifying the notations, the variable le( ) is denoted as Sml unless the argument is other
than ¢. According to [22], the system of differential equations for the sensitivity indices of the
model outputs D, D., and D,, with respect to an arbitrary model input g; is

ds? b D & (dD
i _ _ _ 1
= (b4 )55 =785t =7) + 5 . ( ) (5.1a)
de_’c mSgD_c D D D 0 (dD,
J = — d — c P — —_— ¢ .1
= (T 5D.? (n+ 12)SDe +0SP» +4SP(t—7) + agj< yr ) (5.1b)
aslr KSDe p, . O (dD,
i i _ (=P 1
= (ETONE (04 p+p3)SG7 —|—a ( 7 ), (5.1¢)
with the initial conditions:
1o} 0D, 0D
S2(e) = 26() 0 € [-7,0], SP<(0) = ==, ¢ (0) = 2.
J J 8<j J (99

8§j ’

In particular, the system of differential equations for the sensitivity indices of the model
outputs D, D, and D,, with respect to the diabetes incidence rate (/) is

dsp
— = —(u+m)S7 =8P (t—7) +1, (5.2a)
D. De
W1 T (g n)SPe 4 oSPr +SP(t - 1), (5.2b)
dt (1+ BD.)
Dy D,
sy’ kS (J+M+M3)S 7 (5.2¢)

dt (1+5D.)?

with the initial conditions: SP (o) = 0, ¢ € [~7,0], SP<(0) = 0, and S?"(O) = 0. The
equilibrium point of model (5.2) is

b _ 1
Dyt
oD: (0 + i+ pa) (1 + BD2)*SE”
T R+ pa) + () (o + p+ p3) (1 + BDE)?
D; me)Z

S’ = (0 +p+ps) (14 BDx)?>

Next, the system of differential equations for the sensitivity indices of the model outputs D,
D., and D,, with respect to the time delay in developing the first complication (7) is

asb IS D dD(t — 1)
dSDe SDe dD(t —
S (i ) SPe(t) + o8P P () — o 22T (s 3p)
dt (1+6D.) di
dsy” SPe
—_ for — (o + pu+ pz)SPr, (5.3c)

dt (1+8D,)

with the initial conditions: SP(g) = 0, ¢ € [~7,0], $P<(0) = 0, and S-7(0) = 0. The

equilibrium of model (5.3) is STD* =0, STDz =0, and STD” =0.
Then, we compute the normalized forward sensitivity indices as follows:

Tqu% . i=1,2,3, j=1,2,...,13. (5.4)

Sj T
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The term Tfj? can be interpreted as the approximate percentage change in the model output z;

when we increase the model input ¢; by 1%.

5.1 Sensitivity index of E*

Using the values in Table 2 (see Appendix A for the details), the normalized forward sensitivity
indices of £* = (D*, D}, D;) with respect to every model input are computed and presented in

Table 3.
Table 2. List of values for the model inputs of model (2.2).
Model input Value Dimension Source
(o) 2558998 individuals Assumed after [2]
D 666483 individuals Assumed after [2]
Dy 666483 individuals Assumed after [2]
I 90540.25 individuals year™! Estimated after [2]
v 0.1 year™! Assumed
o 0.15 year™! Assumed
1 0.008678 year~! [20, 21]
i1 5.84x 1074 year~! Assumed after [20, 21]
1o 0.002336 year™! Assumed after [20, 21]
13 0.001752 year™! Assumed after [20, 21]
K 0.988986 year™! Assumed after [20, 21]
8 5% 107 individuals—! Assumed
T 5 years [23]

Table 3. Normalized forward sensitivity indices of E* using the values of model inputs in Table
2.

S > Yo Yo
I I 11708 0.0355
v 209152 0.0993 0.0030
/<; 0 01762 0.9947
8 0 0.1708 —0.9645
o 0 0.1647 ~0.9300
B ~0.0794 ~1.0137 ~0.0849
" 00053 ~0.0063 ~1.899x 10~
2 0 202110 ~0.0064
I3 0 00277 200118
T 0 0 0
¢(e) 0 0 0
Do 0 0 0
Dyo 0 0 0

From Table 3, the model inputs 7, ¢(o), D.o, and Do do not affect £*. While increasing p
will reduce the size of all subpopulations, it is not proposed as a practical or ethical intervention,
but is included to illustrate the sensitivity of the model dynamics. The same argument applies to
the other death-related model inputs (p1, p2, and ps3). Apart from the model inputs 7, ¢(g), Do,
Dpo, p, 1, p2, and p3, we rank the normalized forward sensitivity indices of D*, D}, and D;
with respect to the other model inputs from the most sensitive to the least (see Table 4).
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Table 4. Magnitude and sign of the normalized forward sensitivity indices of D*, D7, and Dy
with respect to the model inputs 1, 7, &, 5, and o.

(A) indices of D* (B) indices of D} (C) indices of D
S Y2"| | sign S YD<) | sign S |T£; | | sign
I 1.0000 + I 1.1708 + K 0.9947 +
¥ 0.9152 — K 0.1762 — 153 0.9645
/<; 3 | 0.1708 o | 09300 |
8 0 n/a o 0.1647 + I 0.0355 n
o ol 0.0993 ¥ 0.0030

From Table 4, a 1% increase (I) causes a significant increase in (D*) and (D) with a mag-
nitude greater than or equal to one. Meanwhile, (D;;) increases by approximately 0.0355%.
Therefore, decreasing the incidence rate of diabetes would be essential to reducing diabetes
cases.

Furthermore D* decreases by approximately 0.9152% if (v) increases by 1%. However,
a 1% increase in vy causes D7 and D to increase by approximately 0.0993% and 0.0030%,
respectively. Even though D* decreases, the interpretation of increasing -y is unsatisfactory be-
cause we aim to reduce diabetes complications. We can reduce D by decreasing the recurrence
rate of complications (o) because a 1% increase in o causes D} to increase by approximately
0.1646%. Hence, the optimal way to reduce diabetes complications is to control the develop-
ment of diabetes-related complications among all people with diabetes by decreasing both rates
of first and recurring incidence of complications.

In Table 4(B), (k) is the second choice after (I) to reduce (D). However, (k) is at its
maximal value because if 3 = 0 individuals™!, x + u + > = 1 year—!. Due to the saturating

1
recovery rate of complications in model (2.2), « decreases by the inhibition effect term 156D,

In reality, can be described as the reverse effect of diabetics with complications being

1
1+ 8D,
postponed for treatment [14]. Reducing 8 will maintain (x) at its maximal value. From Table
4(B), a 1% increase in /3 causes an approximately 0.1708% increase in (D?). Thus, the decrease
in f3 is crucial to increase the number of diabetics who receive treatment for complications and,

as a result, reduce (D).

6 Numerical simulation

6.1 Stability of E*

We use MATLAB to solve the equations numerically. Three examples are presented, and Table
5 shows the differences between them.

Table 5. Numerical examples with respect to model (2.2).
Theorem 4.2
(H2) (H3)

Example Theorem 3.2

1 .
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Example 1

Consider the model inputs: I = 50, v = 0.01, x = 0.8, 3 = 0.0005, ¢ = 0.4, x = 0.01,

w1 =0.05, pp =0.15, u3 = 0.1, 7 = 0, Dy = 800, Doy = 100, and D, = 100, we have

% — 50— 0.01D — 0.06D,
dD, 0.8D,

— 001D — —2%%c__ 04D, —0.16D,,
a = O = G005, O AP — 016D
dD, 08D. o\

dt 1+ 0.0005D,

with the initial conditions:

D(0) = 800, D.(0) = 100, D,(0) = 100.

(6.1a)

(6.1b)

(6.1¢c)

Therefore £* = (714.2857,21.5988,33.5186). By Theorem 3.2, E* is locally asymptotically

stable (see Figure 4).
800
600
K%
©
S
= 400
=
£
200
0
Example 2

N e ]

200 400 600 800 1000

Time (Year)

Figure 4. The dynamics of model (6.1).

Consider the model inputs: I = 50, v = 0.01, k = 0.8, 8 = 0.0005, ¢ = 0.4, p = 0.01,

w1 = 0.05, o = 0.15, p3 = 0.1, ¢(p) = 800, Dy = 100, and D,y = 100, we have

D
‘;—t — 50— 0.01D(t — 7) — 0.06D,
dD, 0.8D,

—0.01D(t—7)— — 3P L o4p —0.16D,
g~ Q0P =7) = 305, 040 — 016D
dD, 08D <ip

dt 1+ 0.0005D,

with the initial conditions:

D(o) =800, ¢ € [~7,0], D.(0) = 100, D,(0) = 100.

Therefore E* = (714.2857,21.5988,33.5186).

(6.2a)
(6.2b)

(6.2¢)
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Following Theorem 4.2, we have y; — v = 0.05 > 0. This shows that condition (H2) holds.
From Theorem 4.2(i), E* is locally asymptotically stable for 7 > 0. Figure 5 displays the
dynamics of model (6.2) with two different 7 values: 7 = 5 and 7 = 50. The solutions D, D,
and D,, of model (6.2) converge to E* regardless of the value of 7.

A)T=5 B) =50
800 [ (A) 800 - B)
N ] N ]
600 1 1 600 1
[%2) [%2]
t_:cs ——— D c—:cs ——— D
2 400 | ———De|{ 2400} ———-D¢|{
S D k] D
< 3 < P
200 1 200 1
O N ——————— O N
0 100 200 300 400 0 100 200 300 400
Time (Year) Time (Year)

Figure 5. (A) The dynamics of model (3.20) with 7 = 5. (B) The dynamics of model (3.20)
with 7 = 50.

Example 3

Consider the model inputs: I = 50, v = 0.15, x = 0.8, 8 = 0.0005, ¢ = 0.4, x = 0.01,
w1 = 0.05, 1o = 0.15, u3 = 0.1, ¢(p) = 100, Dy = 30, and D,y = 10, we have

D
CiTt =50 —0.15D(t — ) — 0.06D, (6.32)
D, 0.8D,
i = 015Dt =7) = T yoo0sp. + 04D — 016D, (6.3b)
D 8D
4D, 08D _51p,, (6.3¢)

dt 1+ 0.0005D,

with the initial conditions:
D(p) =100, ¢ € [—7,0], D.(0) =30, D,(0) = 10.

Model (6.3) has a positive equilibrium point £* = (238.0952,110.3917, 164.1055).

Following Theorem 4.2, we have y; —v = —0.09 < 0, and condition (H3) is satisfied. Hence,
we have the critical value 79 = 14.4192. From Theorem 4.2(ii), E* is locally asymptotically
stable when 0 < 7 < 14.4192, where the solutions D, D., and D,, of model (6.3) converge to £*
(see Figure 6(A)). £ becomes unstable when 7 > 14.4192, where the solutions D, D, and D,,
of model (6.3) get larger as time ¢ increases (see Figure 6(B)). System (6.3) undergoes a Hopf
bifurcation when 7 = 14.4192; a periodic orbit arises (see Figure 6(C)).

In addition, we can get x, = —6.1961 < 0, 5, = 3.1615 > 0, and 7, = —8.3377 < 0.
From Theorem 4.4, the Hopf bifurcation is subcritical, the periodic solutions which exist for
7 < 14.4192 are unstable, and the period of bifurcating periodic solutions decreases.

6.2 Simulation with respect to the model inputs in Table 2
Stability of E*

Using the values in Table 2, E* = (8.2865 x 10°,6.3915 x 10°,1.1955 x 10%). Condition (H3)
for the existence of a pair of purely imaginary roots of characteristic Equation (4.13) is satisfied.
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Figure 6. (A) E* is locally asymptotically stable for 7 = 4 < 75. (B) E* is unstable for
7 =15.5 > 79. (C) System (6.3) undergoes a Hopf bifurcation when 7 = 7.

We obtain the numerical value of 7, which is 16.7073 years. From Theorem 4.2(ii), E* of model
(2.2) is locally asymptotically stable for 7 = 5 years (see Figure 7). From Figure 7, it may be
noted that the solutions D, D, and D,, of model (2.2) approach E* as time ¢ increases, showing
the stability of E* for 7 = 5 < 719. At the current rates, if the trend continues and is left untreated,
(D.) will approach its equilibrium value in the long-term simulation.

From the sensitivity analysis results (Section 5.1), reducing (I) will reduce diabetes cases.
Figure 8 shows that all diabetic subpopulations decrease and persist at lower levels by decreas-
ing I. This can be achieved through education and awareness programs about the dangers of
diabetes.

Second, we suggest decreasing () and (o) to control (D, ). Figure 9 shows that by decreasing
v and o simultaneously, (D,.) decreases while (D) and (D,) increases. To achieve a lower
number of diabetics with complications, early detection of diabetes should continue, as well
as improving the understanding of diabetes complications and self-care management among
diabetics with recovered complications through education and family support.

Lastly, we suggest decreasing (3) to decrease (D.). Figure 10 shows that by decreasing £,
(D.) decreases while (D)) increases. Note that no changes can be observed for Figure 10(A)
because the dynamics of (D) are unaffected by 3. Thus, we immediately recommend decreasing
B, that is, to try to provide adequate medical resources for the treatment of complications.
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Individuals

0 500 1000 1500 2000
Year

Figure 7. Dynamics of model (2.2) with the model inputs in Table 2.

5 X 108 (A) % 10° (B)
2
o)
1,
‘v,._.__.__.__.__.__.__.__.__.__.__.__.__.__..
0 . 0 .
0 500 1000 0 500 1000
Year Year
x10° (©)

— 1= 90540.25 '
— — — -1 =70000

- | = 60000

0 500 1000
Year

Figure 8. Simulation with decreasing value of I (I = 90540.25, I = 70000, and I = 60000)
with the other model inputs in Table 2.

Influence of the first incidence of complications () on Hopf bifurcation corresponds to
the delay parameter T

From Theorem 4.2, the indicator for the occurrence of Hopf bifurcation is v > y;. Hence, we
investigate the variation of the critical value of time delay 7y (Equation (4.8)) with respect to the
various rates of the first incidence of complications (). For the model inputs given in Table
2 and choosing + in the range of 0.01 < v < 0.99, we plot the stable and unstable regions in
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Figure 9. Simulation with decreasing value of v and o ((v,0) = (0.1,0.15), (y,0) =
(0.09,0.14), and (~y,0) = (0.04,0.10)) with the other model inputs in Table 2.

Figure 11. This figure gives the minimum value of  so that £* remains locally asymptotically
stable. This variation shows that the higher rate of the first incidence of complications () results
in introducing a lower critical value 7p. The biological meaning is that if the rate v > 0.32
year—!, then the solutions D, D.., and D, of model (2.2) will show unstable behaviors because
7 =15 > 79 (see Figure 11(B)). Sometimes the number of diabetics will be high and sometimes
low. In this case, it will be difficult to predict the number of diabetic cases and assess the severity
of diabetes. If we want to predict the size of all diabetic subpopulations, () should be no more
than 0.32 year~! for the other model inputs in Table 2.

7 Conclusion

In this paper, we extended the work of [12] to incorporate a nonlinear term representing the
limited resources for the recovery rate of diabetes complications. After the model formulation,
we investigated the non-negativity and boundedness of the solutions of both delay and non-
delay models. However, the non-negativity of the solutions D, D., and D,, of the delay model
(2.2) depends on condition (H1). In any event that the number of diabetics who never had any
complications drops to zero, the number of diabetics who will develop the first complication
should be less than the number of newly developed diabetics, that is if condition (H1) is met.
Despite the possibility that the solutions may become negative, there exists a set of model inputs
(parameters and initial conditions) guaranteeing the non-negativity.

In the stability analysis, we first investigated the local and global stability of E* of the cor-
responding non-delay model (3.1) in Section 3.2. It is found that E* is locally asymptotically
stable without restriction on any positive parameter values. Subsequently, we attempted to con-
struct a suitable Lyapunov function for £*.

For the delay model (2.2), considering the time delay 7 as the bifurcation parameter, we
investigated the local stability and the existence of Hopf bifurcation of E*. In Section 4.2, we
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Figure 10. Simulation with decreasing value of 3 (3 = 5 x 1079, 3 = 4.5 x 1075, and 3 =
4 x 10°) with the other model inputs in Table 2.

proved that if the rate of the first incidence of complications is no more than the total death
rate of diabetics who never had any complications, that is, condition (H2) is met, then E* of
model (2.2) is locally asymptotically stable for all 7 > 0. On the other hand, if the rate of
the first incidence of complications is greater than the total death rate of diabetics who never
had any complications, condition (H3) is met. Consequently, a Hopf bifurcation occurs at the
critical value 7 = 79, and the delay value affects the stability of £*. If 7 < 79, £* is locally
asymptotically stable and E* becomes unstable for 7 > 7p. We validated these analytical results
through numerical simulations.

In Section 5, we computed the normalized forward sensitivity indices of the model outputs
with respect to the model inputs. Three main findings from sensitivity analysis are as follows:

(i) The decrease in (I) led to a decrease in the diabetic equilibrium point E*. We recommend
that the government provide appropriate awareness programs about the dangers of diabetes
at all levels of the population, starting from school.

(ii) The decrease (y) and (o) resulted in a decrease in (D). We recommend that the govern-
ment continue screening for diabetes and diabetes-related complications. Early detection
and treatment of diabetes and diabetes-related complications can improve the outcomes
and reduce the progression to more severe conditions.

(iii) The decrease in (8) improved the recovery rate of diabetes complications. We recommend
that the government provide adequate medical resources to treat complications, especially
those involving organ transplantation. Awareness of the benefits of organ donation after
death may help the organ shortage problem.

For the recommendation of future work, we would like to acknowledge that model (2.2) has
several limitations that can be addressed. First, in the proposed model, the parameters are as-
sumed to be constants. Second, the age structure within the diabetes population is also neglected
in the proposed model. Furthermore, it is important to note that the present study is intended
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Figure 11. Graph of 7 versus « showing the stable and unstable regions of model (2.2) with the
other model inputs in Table 2 (the dashed line represents the line 7 = 5).

to focus on providing a theoretical and qualitative analysis for understanding diabetic popula-
tion dynamics, rather than offering precise quantitative predictions. Consequently, the findings
should be interpreted qualitatively, as they primarily capture essential behaviors of the system.
A direct comparison with real epidemiological data (to validate the model predictions) was not
feasible due to the limited availability of comprehensive and detailed time-series data on dia-
betes progression, complication onset, and recovery within the Malaysian population. However,
we have parameterized the model using estimates derived from Malaysian national health sur-
veys and demographic reports, and the values assigned to parameters such as incidence rate and
mortality rates are grounded in published sources and reasonable assumptions, as detailed in Ap-
pendix A. Therefore, it is hoped that the analytical and numerical results can provide valuable
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insights into the role of key parameters governing the system dynamics. Incorporating real epi-
demiological data for calibration and validation remains an important direction for future work.

A Appendix A

First, we determine the values of the initial conditions of model (2.2), that is, the initial num-
ber of diabetics who never had any complications (¢(g)), the initial number of diabetics with
complications (D), and the initial number of diabetics with recovered complications (D).
Based on the 2019 Malaysian National Health and Morbidity Survey (NHMS) report [2], the
estimated number of diabetics in 2019 was 3, 891,965. Among them, 1,892, 515 individuals did
not know they had diabetes. We assume 1,892,515 individuals in the category of diabetics who
never had any complications because they did not know they had diabetes. Then, the estimated
number of known diabetics was 3,891,965 — 1,892,515 = 1,999,450 individuals. We assume
that some portions of these known diabetics are in the category of diabetics who never had any
complications, diabetics with complications, and diabetics with recovered complications. We as-
sume each category represents one-third, that is, 666, 483 individuals of diabetics who never had
any complications, 666,483 individuals of diabetics with complications, and 666,483 individ-
uals of diabetics with recovered complications. We set the initial condition ¢(p) by combining
1,999,450 and 666,483. Therefore, we have ¢(9) = 2,558,998 individuals, D,y = 666,483
individuals, and D, = 666, 483 individuals.

Next, we determine the value for the incidence rate of diabetes (I), the rate of the first inci-
dence of complications (), and the recurrence rate of complications (). In the 2015 NHMS
report, the estimated number of diabetics was 3,529, 804 individuals. In the interval of four
years, the number increased by 362,161 to a total of 3,891,965 diabetics in 2019. By divid-
ing 362, 161 by four, the yearly incidence rate of diabetes is given by 90, 540.25. We assume
I = 90,540.25 individuals year—!. For the rate of the first incidence of complications (vy) and
the recurrence rate of complications (o), due to unavailable information, we assume v = 0.1
year—! and o0 = 0.15 year™!.

Next, we determine the value for the mortality-related parameters, that is, the death rate due
to causes other than diabetes (1), diabetes-related death rate among diabetics who never had
any complications (p), diabetes-related death rate among diabetics with complications (u5),
and diabetes-related death rate among diabetics with recovered complications (u3). The life
expectancy of Malaysian is about 74.9 years [20]. The average lifespan of 74.9 years corresponds
to 1+ a1 + po + 3 = 1/74.9 2~ 0.013351 year~!. Note that diabetes accounted for 35% of total
Malaysian mortality [21]. Therefore, we estimate the death rate due to causes other than diabetes
as follows: 1 = 0.65 x 0.013351 ~ 0.008678 year~!, and the total diabetes-related death rate
as follows: gy + po + p3 = 0.35 x 0.013351 =~ 0.004673 year—!. The specific mortality rate
among the subpopulation of diabetics is unknown. Intuitively, we assume the diabetics who
never had any complications (D) are still at the early stage of diabetes, while the diabetics with
complications (D..) and the diabetics with recovered complications (D)) are not. We assume the
values for the diabetes-related death rate as follows: j; = 5.84 x 10~* year™!, u, = 0.002336
year—!, and p3 = 0.001752 year™'.

In model (2.2), we use the recovery rate of complications in the form of a saturating function

kD, kD,

h(D.) = T 8D, Note that 116D,
of individuals leaving one particular compartment is at most 1 year~!. Then, if the resources are
unlimited (that is, 8 = 0), we need to satisfy k + p + pp = 1 year~! for compartment D,., which
yields: x = 0.988986 year—!. For the non-negative parameter /3 measuring the limited medical
resources, due to unavailable information, we assume: § = 5 x 10~ individuals—'. The time
delay 7 for the first incidence of complications may vary for different types of complications.
For the complications related to the (very) small blood vessels, the delay ranges from 6 to 13
years. In the case of retinopathy, it might appear five years after the onset of diabetes [23]. We
assume 7 = 5 years.

The model inputs for model (2.2) are summarized in Table 2.

< kD, with equality if and only if 5 = 0. The total rate
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