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Abstract. Let R be a x-algebra with the unity and a nontrivial projection. In the present
paper, we show that under the nondegeneracy assumptions and (2.1) - (2.2),ifamap ¥ : R =R
satisfies W(EoKoD) =¥ (E)oKoD+Eo¥(K)oD+ EoKo¥ (D) forall E, K, D € R, then
W is an additive x-derivation. As applications, this result is investigated in different algebras.

1 Introduction

Let R be a x-algebra with unity over the field C of complex numbers. For E, K € R, Eo K =
EK + KF is called the Jordan product, [E, K] = EK — KF is called the Lie product and
similarly F e K = EK + K E* is the Jordan x-product, [E, K], = EK — K E* is the skew Lie -
product and E¢o K = E*K + K*FE denotes the bi-skew Jordan product of E and K respectively.
An additive map ¥ : R — R is called an additive derivation if ¥(EK) = W(E)K + E¥(K)
for all E, K € R. Moreover, if ¥(E*) = W(E)* holds for all E € R, then ¥ is called an
additive x-derivation. Let ¥ : R — R be a mapping (not necessarily additive). Then ¥ is called
a nonlinear Jordan *-derivation if

‘{’(EOK):‘P(E)OK+EO‘I’(K)

holds for all £, K € R. A map (not necessarily additive) ¥ : R — R is known as a nonlinear
Jordan triple x-derivation if

‘P(EOKOD):‘P(E)oKoD—i—Eo‘P(K).D—i—EoKo\P(D)

holds for all £, K, D € R. Also, a map (not necessarily additive) ¥¥ : R — R is known as a
nonlinear mixed Jordan triple derivation if

‘P(EOKOD):‘P(E)oKoD+Eo‘P(K)oD+EoKo‘P(D)

holds for all £, K, D € R (for details see [16]).
Along similar lines, a map (not necessarily additive) ¥ : R — R is called a nonlinear mixed
(o, 0)-Jordan triple derivation if

Y(EocKoD)=¥(E)ocKoD+FEo¥(K)oD+ EoKo¥(D)

holds for all £, K, D € R.

From the past few years, the study of Jordan product, Lie product, Jordan *-product, skew
Jordan product, bi-skew Jordan product, mixed Lie and Jordan triple products has attracted the
attention of many algebraists (see references [2, 3, 5, 8, 9, 10, 11, 12, 13, 14, 19, 18, 20, 21, 22,
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24, 25]). In 2020, Darvish et al. [4] showed that if R is a prime *-algebra and ¥ : R — R is a
map such that

Y(EoKoD)=¥(E)oKoD+EoW¥(K)oD+ FEoKoW¥(D)

holds for all £, K, D € R, then ¥ is an additive *-derivation. Here, it is to be noted that all the
mixed products mentioned above are non-associative in the order written as, i.e;

EeKeD = (EeK)eD; EcKeD = (FoK)eD; EocKoD = (EoK)oD; EocKoD = (EoK)oD.
Yaoxian et al. [23] studied the structure of nonlinear mixed Lie triple derivation on factor von
Neumann algebras and proved that every nonlinear mixed Lie triple derivation on factor von
Neumann algebra is an additive x-derivation. Zhou et al. [26], extended their result to prime
x-algebras and obtained the same conclusion. Furthermore, Rehman et al.[16] demonstrated that
any nonlinear Jordan triple derivation on a unital x-algebra is an additive %-derivation. Very
recently, Siddeeque et al. [17] proved that under certain mild conditions, every nonlinear mixed
skew triple derivation is an additive x-derivation.

In this paper, we examine nonlinear mixed (¢, o)-Jordan triple derivations on unital x-algebras
under the influence of the aforementioned outcomes. Specifically, we demonstrate that every
nonlinear mixed (¢,o)-Jordan triple derivation on x-algebra is an additive *-derivation under
certain conditions. Finally, the mixed (¢, o)- product studied in this paper provides a unified
framework for the characterization and investigation of various other single and mixed products,
including mixed Lie—Jordan triple products, mixed biskew Jordan products, and skew Lie prod-
ucts, on different algebraic structures. This formulation allows flexible interactions among mixed
operations, subsumes earlier results as special cases, and facilitates the study of their algebraic
properties in diverse algebraic settings.

2 Main result

To begin with, we introduce the lemma that is crucial for proving our main theorem.

Lemma 2.1 (Peirce multiplication table). Let R be a unital x-algebra and let Py, P, € R be two
orthogonal projections such that Py + P, = 1. For i,j = 1,2, set R;; = PyRP;. Then the
following Peirce multiplication relations hold:
Ril) lf] = ka
RijRi €
{0}, ifj#k

In particular,
RuRit € Rux, R2Ra € Roa,

RiRiz2 € Ria, Ri12Raz C Ria,
R2nRa C Rar, R21R11 C Rau,
Ri2Ra1 € Rux, R21R12 € Raa,
Ri2Ri1 = RuRi2 = RaiRa = RiuRar = {0}
Moreover, the algebra R admits the Peirce decomposition
R =TRi1 ® Ri2 ® Ra1 © Raa.
Our main theorem is as follows:

Theorem 2.2. Let R be a unital x-algebra with a nontrivial projection P, satisfying

KRP,=0 = K=0 @2.1)

and
KR(I-P)=0 e K =0, (2.2)

where K is an element of the unital x-algebra R. Suppose that a map ¥ : R — R satisfies
the condition

Y(EoKoD)=¥(E)oKoD+Eo¥(K)oD+EoKo¥(D)
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forall E;K,D € R. Then ¥ is additive. Moreover, if W(P)) is self-adjoint, then ¥ is a
x-derivation.

Proof. Let Py be a nontrivial projection in R and set P, = I — P;. For i,j = 1,2, define
Ri; = P;RP;. Then, by the Peirce decomposition of R, we have R = R11 @ Ri2 ® R21 @ Rap.
Note that any £ € R can be written as £ = Ey; + E;p + E» + Ex, where E;; € R;; for
i,7 = 1,2. Now to show the additivity of ¥ on R, we use the above partition of R and establish
some lemmas that will show that ¥ is additive on each R;; for 4,5 = 1,2. Also the following
multiplicative relations are satisfied:

(Z) RijRj1 € Ra (i,j,l = 1,2),

(1) RijRu =0 (k= 1,2), if j # k.

|
Thus, the above theorem is a consequence of the following lemmas.
Lemma 2.3. ¥(0) = 0.
Proof. 1t is trivial that
Y(0) =¥(00000)=¥(0)0000+00¥(0)o0+0c00¥(0)=0. O

Lemma 2.4. ¥ is additive.

We will complete the proof of Lemma 2.4 in following steps.

Step 2.1. Let F; € Ry and Ey; € Ry;. Then lP(Elz + Ez]) = lP(E]z) + lP(Ez]).

Proof. Let K = W(E» + E»1) — W(Ei2) — W(E2 ). We have

ProEpol ={PfEp+ ELP)ol
= {PEy, + PFE*PfP) o]
= {P,PEP, + BE*P\ Py} o I
={0+0}or
= 0.

Invoking Lemma 2.3, we have

lP(PzO(E12+E21)OI) :T(PQOEHOI)—F‘P(PzOEZl OI)
:‘P(PZ)QElzOI+P20T(E12)OI+P2<>E120T(I)
—i—‘P(Pz)OEzl OI+P2<>‘P(E21) ol + P o Ey O‘P(I).

On the other hand, we have

Y(Poo(En+Ey)ol)=¥(P)o(Ein+Eyn)ol+P,o¥(En+ Ey)ol
+Po (E12 + EZI) o lP(I)
From the last two relations, we infer that P, o K o I = 0, i.e., K + K*P, = 0. Multiplying
the previous relation by P from right, we get P, K P; = 0. Analogously, interchanging P, by P
and E, by F»; and solve as above, we get P, o K o [ =0, i.e., PP K + K*P; = 0. Multiplying
the previous relation by P, from right, we get P K P, = 0.
Now, again I ¢ (P, — P;) o E; = 0 and invoking Lemma 2.3, we have
lP(IO (Pz — Pl) ] (E12 + EZI)) = ‘P(IO (P2 — Pl) o E12) + T(IO (Pz — P]) o Eg])
=¥Y(I)o(P,—Pi)oEn+I1c¥(P,—P)oEp
+ 1o (Pz — Pl) O‘P(E]z) +\P(I) <o (P2 — Pl) o Fy
+ IO‘P(PQ — Pl) oEy +1¢ (P2 — Pl) OlP(Egl).
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On the other hand, we have

"P(IO (Pz — P]) o (E]z + Ez])) = lP(I) & (Pz — P]) o (EIZ + Ez])
+ [OIP(Pz — Pl) o (EIZ + E2l) +1¢ (Pz — Pl) o lP(Elz + E21).
From the last two relations, we find that 7 o (P, — Pj) o K = 0,i.e.,2P,K — 2P| K + 2K P, —
2K P, = 0. Multiplying the previous relation by P; from both left and right, we get P, K P; = 0.

Analogously, multiplying the previous relation by P, from both left and right, we get P, K P, =
0. Hence, K =0, i.e., ¥(Ei» + E») = ¥(E12) + ¥Y(En). o

Step 2.2. Forevery Iy € Ri1, Ei2 € Ri2, B2 € R and Ej; € R, we have
(i) W(Enw+En+En)=YEn)+%¥En) +¥YE);
(i) W(Ei+ Eyn + Exn) =¥Y(En) +Y(En) +¥Y(En).

Proof. Let K = ¥(Ey| + Ei2 + Ey ) — ¥Y(E1n) — ¥(E12) — ¥(F,1). On one hand, we have

Y(Po(Enn+En+Ey)ol) = Y(P)o(En+En+Ey)ol
—.—PZO‘II(E]] —|—E12+E21)OI
+Py o (B + Epp + Ey) o ¥(I).

On the other hand, invoking Step 2.1 and using P, ¢ Fy; o I = 0, we have

Y(Po(Enn+En+En)ol)=¥(PyoFEjol)+¥(P,oEpol)+ ¥ (PoEyol)
Y(P)oE ol +P,o¥(E)ol+ PoEy oW(I)
Y(Py) o Eppol+ Pro¥(Ep)ol+ PoEpoP(I)
Y(P)oEyol+ Po¥(Ey)ol+ PyoEyo¥(I).

+ +

From the last two relations, we find that P, o K o [ = 0. This gives us that B, K + K*P, = 0.
Multiplying the previous relation by P; from right, we find that P, K P; = 0. Analogously, we
can show that P, K P, = 0.

Since
I I I
(Pz — P]) <o 3 oKy = {(Pz — Pl)i + E(Pz — Pl)} o F»
= (P2 — P]) o K
=(P,— P)Epn+ Enn(Py — Py)

=—-FEp+Ep
=0

and similarly, (P, — P;) ¢ % o FEp; = 0. Invoking Lemma 2.3, we obtain

I I I
lP((Pz — Pl) <o 5 o (E]l + E12 + E21)) = lP((Pz — Pl) bod E o EM) +‘P((P2 — Pl) <o E o E12)
I

I I
+T((P2 —Pl)Of OEQ]) :lP(Pz —P1)<>7 o Fy -|—(P2 —Pl)O‘P(Z

2 2
I 1 1
+ (P2 7P1)<>§ OT(E]]) +‘{’(P2 7P1)<>§ o FEiy + (P2 7P])<>lP(§) o E»

)oEll

I I 1
+ <P2 7P1)<>§ O\P(Elz) +T(P2 7P1)<>§ OE21 + (Pz 7P1)<>\P(§) OE21

1
+ (P2 — Pl) <o E O‘P(Egl).
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On the other hand, we have

I I
Y(P,—Pp)o 5 (En+En+En))=¥P—P)o 50 (Eni + En+ Eyn)

!

+(P2—P1)<>‘P(2

Yo (B + Enn + Ea)
I
+(P,—P)o 3 oW(Ey + Ein+ En).
From the last two relations, we obtain (P, — P) ¢ % o K = 0. This implies that
PK—-P K+ KP,— KP; =0. That yields PIKP,=PKP, =0. Hence, K =0, 1.e.,
Y(Ei+ En + Eyn) =¥Y(En) +¥Y(En) + ¥Y(En).
Analogously, we can show

Y(Ei2 + By + Ex) =¥ (En) + ¥Y(Ea) + Y(En).

Step 2.3. Forany E;; € R;;,1 <1i,j <2, we have

Proof. Let K = W(Ei + Ei + By + Exn) —W(En) —Y(Ei2) — Y(Ey) — P(E»).
On one hand, we have

lP(P2<>IO (E11 + Ep+ By +E22)> = lP(PZ) olo (Ell + B+ B +E22)
+Py o W(I)o (B + Ena+ B + Ex)
+Pyolo¥W(E + Eip + Ey + Ep).

On the other hand, since P, ¢ I o F; = 0, invoking Lemma 2.3 and steps used in the proof of
Lemma 2.4, we have

Y(Pyolo(Ey+En+Ey+En))=W(P,oloE)+¥(PyoloFEp) +W¥(PolokFE),)
+W¥W(PaoloEy)=¥Y(P)oloE 1+ P,o¥(I)oE )+ Polo¥(E)
+W¥(P)oloEpn+Po¥Y(I)oEn+Polo¥(ER)+Y(P)oloEy,
+PoY(I)oEn+Polo¥(Ey)+¥(P)oloEy+ PoW()oEy
L PoloW(Ey).

From the last two relations, we arrive at Pl o K = 0. Hence PLKP, = P,KP, = B, KP, = 0.
Analogously, we can show that PyK P, = 0. Thus K =0, i.e.,

Y(E\ + Ei + By + Exp) =¥(En) +¥Y(En) +Y(En) + ¥ (En).

Step 2.4.  For any E;j, Nij € Ry; with 4 * j,“P(Eij + Nij) = ‘P(Eij) + lI"(]\fu)
Proof. Let N = ¥(E;; + N;;) — W(E;;) — ¥(N,;). Since

P+ Ey + E7,
)P+ Ny)

P, + E;; + E}; P, +E; + E}
={I( 2] L)+ ( 2j L)1} o (P + Nij)

= (P + Eij + Ejj) o (P + Nij)
= (Pi + Eij + Ej;)(Pj + Nij) + (P; + Nij)(P; + Eij + EJ;)
= Nij + Eij + Ej;Nij + Ef; + Ny B

Iof(
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Invoking step 2.3, we have
P+ E;; + EL*J)
2
P, + E;j + E;

W(Nij + Eij) + (B Ni;) + P(ES) + (N E) =PI o ( o (Pj + Nij))

P+ E;j + £

=¥(I)o( > )o (Pj+ Nij) + IoY¥( 3 )o (P + Nij)
P+ By + B},
+ To(———F——2) o ¥(P + Nyy)
:‘P(Io%opj)—i— ‘P(Io%oNij)—i— W(re (28 20) p)
Ey+ B,
+ T(IO(#)ON”)

2
= W(Ny) +¥(Ey + E) +¥(EG Ny + Nij Bj)
= W(Ny;) + W(Ei;) + Y(Ej;) + W(E;Ni;) + W (N Ef).
Therefore, ¥(E;; + Ni;) = Y(Eij) + ¥(Nij)-
Step 2.5. Forany F;;, Ni; € Ry, 1 <i <2, we have
Y(E;; + Nii) = Y(Eii) + ¥(Nig).

Proof. Let Q = ¥Y(E;; + Ni) — W(Ei;) — W(Nyi). Since Pj o I o E;; = 0 for i # j, invoking
Lemma 2.3, we have

lP(PjOIO(E”‘FN“)) = lP(PjOIOEii)—FlP(PjOIONii)
+‘P( )OION“+P OIP( )ONii+PjOIOlP(Nii).

On the other way, we also have
‘P(Pj olo (E“ + Nu)) = \P(Pj) olo (Eii + Nii) + Pj O‘II(I) o (Em + N”)

From the last two relations, we arrive at P; o I o Q = 0. It follows that P;QP; = P;QP; =
P,QP; = 0.
Next, for any X;; € R;; with i # j, we have

W(P;o Xij0(Ey + Nig)) = W(FB)oXijo (Eiu+ Ny)+ PioW(Xi)) o (Eii + Nii)

On the other hand, using steps 2.3 and 2.4, we have

Y(P; o X;jo(Ey+ Ni)) = ‘I—’(X B+ X i Ni + B Xij + NiiXij)
= W(X[Eiu + EuXiy) + W (XN + N Xij)
V(X[ Eii) + ¥ (Eii Xij) + P (X[ Nii) + P (Nii Xij)
= Y(p <>X1] oE;)+¥(PoX;jo Nu)
= Y(P)oX;joE;+Po¥(X;j)oE;+PoX;jo¥(E;)

+1P( )OX”ON“—FP OIP( z])ONii+Pi<>Xij OIP(N”>

From the last two relations, we conclude that P; ¢ X;; 0 @ = 0. It follows that P; ¢ X;; 0 Q;; = 0.
Now solving this, we get

X5Qii + QX5 = 0.

Multiplying the previous relation from the right by P;, we get Q;;X;; = 0. Using (2.1) and (2.2),
it follows that );; = 0. Thus @ = 0. O
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Step 2.6. Forany E. N € R, we write ' = Ej1 + Ejp + E»1 + Ex and N = Nyjy + Ny +
Ny + Np. Invoking steps 2.3-2.5, we get

Y(E+N) = Y(Eu+En+ En+ Epn+ N+ N+ Ny + Ny)

Y(Ey + Nn) +¥(Ei+ Ni2) + Y(Ea + Nap) + W(Exn + Nao)
Y(En) +¥(Ni) +W(ER) + ¥ (Ni2) +¥(Exa) +¥(Na)
(
(

+ Y(Exn)+ Y (Nx)
Y(E\ + Enp + Exi + Exn) +W(Ni1 + Nio + Najp + Npo)
= Y(E)+Y¥Y(N).

Now, it follows from above all steps that ¥ is additive, proving Lemma 2.4. O

Now, in the rest of the paper, we show that ¥ is a *-derivation.

Lemma 2.5. (Z) Pl‘P(Pl)Pz = 7P]lP<P2)P2;
(ll) P2 ‘P(Pl)Pl = _PQT(PZ)PI;
(i)  PY(P)P = P,Y(P)P, =0.

Proof. (i) It follows from P; ¢ P; o P, = 0 and Lemma 2.3, that
0 = ¥Y(PoPoh)

= Y(P)oPoP+ P o¥(P)oP,+ PioPo¥(P)

= 2P\¥Y(P)P, +2P,¥(P)* P, +2P\¥(P,) + 2¥(P,)P,.
Multiplying the previous relation by P; from left, we get

2P\Y(P) Py + 2P ¥(P,) + 2PW(P,) P, = 0.
Again, multiplying the last obtained relation by P, from right, we deduce that
2P\W(P) P, 4 2P ¥(P,) P, = 0.

Thus
PY(P)P, = —PY(P)P,.

(i4) Since P, o P, o P = 0, applying Lemma 2.3, we get
0 = Y (PoPoh)

= Y (P)oP,oP+P,o¥(P)o P+ PoPo¥(P)

= 2PVY(P)P +2PY(P)* P, + 2PY(P)) + 2¥(P) Ps.
Multiplying the previous relation by P, from left, we get

2P, (P) P +2PY(P) + 2PY(P) P, = 0.
Again, multiplying the last obtained relation by P, from right, we arrive at
2PY(P)P, +2P,Y(P)P, = 0.

Therefore
PY(P)P = —-PY(P)P.

(441) From (7), we have
0= ZPIIP(PI)PQ + 2P2T(P1)*P1 + ZPIT(PZ) + Z\P(Pz)Pl 2.3)

Multiplying (2.3) by P, from both right and left, we get P{\¥(P,)P; = 0. Analogously, from
(i7), we have

0=2RPY¥Y(P)P +2P\Y¥Y(P)* P, + 2P,Y¥Y(P)) + 2¥ () P». 24
Multiplying (2.4) by P, from both right and left, we get
PY(P)P, =0.
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Lemma 2.6. Let W (P, )* is self-adjoint. Then P\¥Y(P,)P, = B,Y(P)P, = 0.
Proof. For every Ejy € Rz, applying Lemma 2.4 , we get
Y(P o PoEp) =2Y(EpR).
On the other hand, we have
Y(PioPoEp) = Y(P)oPioEp+Pio¥(P)oFEn+ PoPo¥(EpnR)
= 2¥(P)*Epn+2PY(P)En +2E,¥(P) Py
+ 2PY¥Y(Ep)+2¥(En)P.
From the last two relations, we conclude that
Y(P)*Eip + PAY(P)En + ER¥Y(P)* P+ PY(EnR) +Y(En)P— Y(E)R) =0.
By the given hypothesis W(P;) is self-adjoint. Therefore, from last relation, we have
Y(P)En+ PY(P)E;, + ERY(P)P + PY(EnR) + Y (En)P —Y(E)) =0.
Multiplying the previous relation by P, from right, we obtain
Y(P)Ep+ PIY(P)E;, + PY(ER)P, —P(ER)P, =0.
Again, multiplying the last obtained relation by P; from left, we get
PY(P)E;, + PY(P)E\, + PIY(E;R) P, — PY(ER)P, = 0.

Hence, we have P\¥(P))E; =0, i.e., PY(P) P EP, =0 forall E € R. It follows from (2.1)
and (2.2) that P{¥(P;) P, = 0. Analogously, we can prove that P, ¥(P,) P, = 0. O

Lemma 2.7. (i) W(P) = PY(P)P, + PBY(P)P,¥Y(P,) = PY(P)P + BY(P)P.
(ii) W(I)=0.

Proof. (i) By Peirce decomposition, we have
P(P) = PY¥Y(P)P, + P\¥(P) P, + PP (PP + PP (P,) P

In view of Lemma 2.5 and Lemma 2.6, it follows that ¥(P;) = PV (P) P, + BY(P)P,.
Analogously, we can show that ¥(P,) = P\W(P) P, + PRY(P)P.
(44) Invoking Lemmas 2.4- 2.6, we have

\P(I) = \P(Pl + Pz) = \P(Pl) —+ lP(Pz) = PIIP(PI)Pz —+ leP(P])Pl + PllP(Pz)Pz
+ PZIP(Pz)Pl =0.

Lemma 2.8. ¥ preserves 'x’, e, Y(E*) = ¥(E)* forall E € R.

Proof. By using Lemma 2.4, i.e.,¥ is additive, we have

IoEol = {I"E+E*I}ol
IoEol = 2E+42E"
Y(oEol) = WQE+2E")
Y(IoFEol) = Y(E)+Y(2E")
Y(IoEol) = W(E+E)+W¥Y(E*+FE)
Y(IoEol) Y(E)+Y¥Y(E)+Y¥Y(E") +Y(E")

= 2¥(FE)+2¥(E").
On the other hand, using Lemma 2.7, we have
Y(oEol)=10¥(E)ol=2¥(F)+2¥Y(F)*.

Comparing the above two relations, we arrive at ¥(E*) = W(E)* for all E € R. Thus,
we explicitly note that the above computation relies solely on the additivity of ¥ and that no
assumption of C-linearity is used at this stage. O
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Lemma 2.9. (i) ¥(iI) =0;
(i) W(—il) =0, where i is the imaginary unit.

Proof. (i) Applying Lemmas 2.4 and 2.7, we have
W(iloilol) =Y(il)oil ol +il o¥(il)oT
Thus, W(il)* = W¥(iI). Also, we have
W(iloTol)=Y(il)oIol

Thus, W(il)* = —¥(il). Since ¢! is skew-adjoint, the two identities imply W(iI) = 0.
(1) Analogously, we can show that W(—il) = 0. O

Lemma 2.10. (i) ¥(—iE) = —i¥(F);
(1) W(iFE) =i¥Y(F), where i isthe imaginary unit.

Proof. (i) Since (—iE) oI ol = Eoil o, we have
W((—iE)olol)=W(Eoilol).
Invoking Lemmas 2.7 and 2.9, we have
Y(—iE)* + ¥Y(—iF) = i¥Y(E)" —i¥Y(E). (2.5)
Also, since (—iE) oil oI = (—I) ¢ E o I, utilizing Lemma 2.3, we have
W((—iE)oilol)=W¥(—ToEolI).
Now by Lemmas 2.7 and 2.9, we have
W (—iE)" —i¥(—iF) = -¥(F) —¥(E)". (2.6)
Multiplying (2.6) from left by il, we get
PY(—iE)* — i*WY(—iE) = —i¥Y(E) — i¥(E)*
—Y(—iE)* +¥Y(—iF) = —i¥(F) — i¥Y(E)". 2.7
By adding (2.5) and (2.7), we get
Y(—iE) = —i¥(F) forall E € R.
(74) Analogously, we can show that W(iE) = i¥(F). i
Lemma 2.11. ¥ is a derivation.

Proof. Forevery E,K € R, we have (Eo K* o) =2(E*K* + KFE). Now, applying Lemmas
2.7 - 2.8, we have

2 Y(E*K*+ KE) Y(EoK*ol)

Y(E)oK* ol +Eo¥(K)*ol+0

Y(E)oK ol +EoW¥(K)* ol

(P(E)'K* + K¥Y(E)} o [ + {E*¥(K)* + ¥(K)E} o I
= {¥Y(E)'K"+ K¥Y(E)} + I{¥(E)*K* + K¥Y(E)}

+ {EB"Y(K)" +¥(K)E} + I[{E*¥Y(K)" +¥(K)E}

= Y(E)'K*+ KY(E)+Y¥Y(E)'K*+ K¥Y(E)

+ EY(K)*+¥(K)E+ E'Y(K)*+¥(K)E

= 2¥(E)*K* +2K¥(E) +2E*¥(K)* +2¥(K)E.

Therefore,

QY(KE+E*K*) = 2¥(E)'K* +2KY(E)+2E"¥(K)* +2¥(K)E.  (2.8)
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Also, we have (K*0iFol)=2 i (KE — E*K*).
So, invoking Lemmas 2.7, 2.8 and 2.10, we have
2 Y(i(KE—-FE*K*)) = Y(K*¢iEol)
= W(K)*oiEol+ K"oW(iE)oI
= 2i¥(K)E+2iKY(E) - 2i¥(E)*K* — 2iE"¥(K)*.
Therefore
2IW(KE - E*K*) = 2¥Y(K)E+2JKY(FE)-2¥(E)'K* —2iE*¥(K)".
Multiply above relation from left by i/, to get
2¥(KE - E*K*) = 2¥(K)E+2KY(E)-2¥(E)*K* —2FE*¥(K)". 2.9)
Adding (2.8) and (2.9) and using additivity of ¥, we get
2¥(KE) +2¥(E*K*) + 2¥(KE) —2¥(E*K*) =2¥(E)*K* + 2K¥(E) + 2E*¥Y(K)*
+ Z‘P(K)E +2¥(K)E +2KY(E)
—2¥(E)*K* —2E*"¥(K)*
4¥Y(KE) =4¥Y(K)E +4KY¥Y(E).
Thus

W(KE) = ¥(K)E + K¥(E).

Hence ¥ is a derivation. So by Lemmas 2.4, 2.8 and 2.11, we get ¥ is a %-derivation. This
completes the proof of Theorem 2.2 O

Remark 2.12. Some special classes of x-algebras in which conditions (2.1) and (2.2) hold:

1:- If R is a prime algebra, then by definition, R satisfies conditions (2.1) and (2.2).

2:- As shown in [15, 1], any von Neumann algebra Z without central summands of type I;
satisfies conditions (2.1), (2.2).

3:- Moreover, conditions (2.1)- (2.2) hold in each corollary, for further details, see corollaries
3.1-3.3.

3 Corollaries

Let R be an algebra, it is said to be prime if for each E, K € R, ERK = 0, implies either £ = 0
or K = 0. Therefore, from the definition of a prime *-algebra, the conditions (2.1) and (2.2) are
satisfied as shown below.

For any K, P| € R such that K'RP; = 0. By using the definition of primeness, either K = 0
or P, = 0. Since P is a nontrivial projection, we have P; # 0, hence K = 0. Similarly, the
second condition follows. Thus the following corollary follows:

Corollary 3.1. Suppose R is a unital prime *x-algebra with a nontrivial projection P) such that
(2.1) -(2.2) follows from the primeness of R . If ¥ : R — R satisfies

‘P(EOKOD):‘P(E)OKOD+E<>‘P(K)oD+E<>Ko‘P(D)

forall E,K,D € R. Then ¥ is additive. Moreover, if ¥(Py) is self-adjoint, then ¥ is a *-
derivation.

Consider H, as a complex Hilbert space. Assume B(H) and T(#) denote the algebra of all
bounded linear operators and its subalgebra consisting of finite rank operators respectively. It
is well known that T(H) forms a x-closed ideal of B(#). A subalgebra F of B(H) is called a
standard operator algebra if T(H) C F. As a result, we have the following immediate corollary.
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Corollary 3.2. Let H be an infinite dimensional complex Hilbert space and F be a unital stan-
dard operator algebra on H such that F is closed under adjoint operation. Suppose that
VY : F — F is a map satisfying

Y(EoKoD)=W(E)oKoD+Eo¥(K)oD+EoKo¥(D)

forall E,K,D € F. Then'¥ is additive. Moreover, if V() is self-adjoint for some nontrivial
projection Py, then W is a x-derivation.

Proof. A standard operator algebra, denoted as F , which is a conventional operator algebra is
a prime algebra that follows directly from the Hahn-Banach theorem [7]. Since this algebra F
inherently satisfies the conditions (2.1) and (2.2). Therefore, we deduce, by Theorem 2.2 that ¥
is an additive *x-derivation. O

A von Neumann algebra Z C B(H) is a weakly closed, self-adjoint algebra of operators on a
Hilbert space H containing the identity operator 1. Also it is well known that if a von Neumann
algebra Z has no central summands of type [;, then Z satisfies conditions (2.1) and (2.2) of
Theorem 2.2. As a result, the immediate corollary is as follows:

Corollary 3.3. Let Z be a von Neumann algebra with no central summands of type I, and
consider the map V¥ : Z — Z satisfying

W(EoKoD)=Y¥(E)oKoD+Ec¥(K)oD+EoK oW¥(D)

forall E,K,D € Z. Then ¥ is additive. Moreover, if ¥(P) is self-adjoint for some nontrivial
projection Py, then W is a x-derivation.

Proof. Let Z be a von Neumann algebra. As shown in [15, 1, 6], any von Neumann algebra Z
without central summands of type I satisfies conditions (2.1) - (2.2). Consequently, by Theorem
2.2, it follows that the previously defined map is an additive x-derivation. O
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