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Abstract. In this paper we study certain Bessel sequences {fk}∞k=1 in Hilbert C∗-modules
H for which the operator S defined by (1.2) is of the form T + ξI , for some real number ξ and
an adjointable linear operator T . Additionally, we investigate frames known as compact-tight
frames, which have frame operators that are compact perturbations of scalar multiples of the
identity. As a conclusion, we provide a theory regarding the weaving of specific compact-tight
frames.

1 Introduction

The notion of frame is a recent active mathematical research topic with applications in signal
processing, computer science, and related areas. Frames for Hilbert spaces were first introduced
in 1952 by Duffin and Schaeffer [2] for the study of nonharmonic Fourier series. Daubechies,
Grossmann, and Meyer [1] revived and developed them in 1986, and the theory has been widely
popularized since then.

Many mathematicians have recently generalized frame theory from Hilbert spaces to Hilbert
C∗-modules. For details on frames in Hilbert C∗-modules we refer to [3, 4, 6, 7, 8, 9, 10, 11, 12,
13, 14]. The purpose of this paper is to investigate Bessel sequences and frames whose frame
operator admits a decomposition of the form T + ξI .

Throughout this paper, let H be a countably generated Hilbert A-module and {Kk}k∈Z be a
collection of Hilbert A-modules. We also use the notation End∗

A (H,Kk) for the collection of all
adjointable A-linear maps from H to Kk, and End∗

A(H,H) is denoted by End∗
A(H). We will use

N (T ) for the kernel of T .

ℓ2 =

{
{fk}k∈N :

∥∥∥∥∥∑
k∈N

⟨fk, fk⟩A

∥∥∥∥∥ < ∞
}
,

where the shift operator acts as T ({fk}k∈N) = {fk+1}k∈N. Let f = {fk}k∈N and g = {gk}k∈N;
the inner product is defined by ⟨f, g⟩A =

∑
k∈N ⟨fk, gk⟩A, and clearly ℓ2 is a Hilbert A-module.

In the following we briefly recall the definitions and basic properties of Hilbert C∗-modules.

Definition 1.1. [5] Let A be a unital C∗-algebra and H be a left A-module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped with an
A-valued inner product ⟨·, ·⟩A : H×H → A, which is sesquilinear, positive definite, and respects
the module action. More precisely,

(i) ⟨x, x⟩A ≥ 0 for all x ∈ H, and ⟨x, x⟩A = 0 if and only if x = 0.

(ii) ⟨ax+ y, z⟩A = a⟨x, z⟩A + ⟨y, z⟩A for all a ∈ A and x, y, z ∈ H.

(iii) ⟨x, y⟩A = ⟨y, x⟩∗A for all x, y ∈ H.
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For x ∈ H, we define ∥x∥ = ∥⟨x, x⟩A∥
1
2 . If H is complete with respect to this norm, it is called

a Hilbert A-module or a Hilbert C∗-module over A. For every a in the C∗-algebra A, we have
∥a∥2 = ∥a∗a∥.

Lemma 1.2. [9] Let H be a Hilbert A-module. If T ∈ End∗
A(H), then

⟨T x, T x⟩A ≤ ∥T ∥2⟨x, x⟩A, ∀x ∈ H.

Definition 1.3. [5] A family {fk}k∈Θ of elements of H is called a frame for H if there exist two
positive constants A and B such that for all f ∈ H,

A⟨f, f⟩A ≤
∑
k∈Θ

⟨f, fk⟩A⟨fk, f⟩A ≤ B⟨f, f⟩A, (1.1)

where the inequalities are understood in the C∗-algebraic order on A. The constants A and B
are called the lower and upper frame bounds, respectively. If A = B = α, the frame is α-tight.
If A = B = 1, it is called a normalized tight frame or a Parseval frame. A family satisfying only
the upper inequality in (1.1) is called a Bessel sequence with bound B.

Let F = {fk}∞k=1 be a frame for H. The operator

TF : ℓ2 → H, TF
(
{ξk}k∈N

)
=

∞∑
k=1

ξkfk,

is called the synthesis operator of F, and

T ∗
F : H → ℓ2, T ∗

F f = {⟨f, fk⟩A}k∈N

is called the analysis operator of F. Note that the index set Θ is consistently taken to be N
throughout. The frame operator S : H → H, defined by

Sf = TFT ∗
F f =

∞∑
k=1

⟨f, fk⟩A fk, (1.2)

is a positive, self-adjoint, and invertible operator.

Definition 1.4. Let H be a finitely or countably generated Hilbert A-module over a unital C∗-
algebra A, and let F = {fk}∞k=1 and G = {gk}∞k=1 be Bessel sequences in H. If for µ > 0,

∥TF − TG∥ ≤ µ,

then G is called a µ-perturbation of F.

Definition 1.5. [15] For a given natural number m, a finite family of frames
{
{xij}j∈J , i ∈

{1, . . . ,m}
}

in a Hilbert A-module H is said to be woven if there are universal constants C

and D such that, for every partition {σ1, . . . , σm} of J, the family {xij}mi=1, j∈σi
is a frame

for H with lower and upper frame bounds C and D, respectively. In this case, we say that{
{xij}j∈J , i ∈ {1, . . . ,m}

}
is woven with universal bounds (C,D). Each family {xij}mi=1, j∈σi

is called a weaving.

2 From Bessel sequences to frames

Proposition 2.1. Let {fk}∞k=1 be a Bessel sequence in H with bound η, and let S be the associated
frame operator. Suppose S = T + ξI for some real number ξ and an adjointable linear operator
T ∈ End∗

A(H). Then:

(i) If T is a positive operator and ξ > 0, then {fk}∞k=1 is a frame.

(ii) T is bounded and self-adjoint.
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(iii) If {fk}∞k=1 is a frame with lower bound A > 0 and ξ ≤ A, then T is a positive operator.

Proof. (1) Since S = T + ξI and T is positive, for every f ∈ H we have ⟨T f, f⟩A ≥ 0 in the
C∗-algebraic order. Hence,

∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A = ⟨Sf, f⟩A = ⟨T f, f⟩A + ξ⟨f, f⟩A ≥ ξ⟨f, f⟩A.

Combined with the Bessel bound, this gives

ξ⟨f, f⟩A ≤
∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A ≤ η⟨f, f⟩A,

which shows that {fk}∞k=1 is a frame for H with bounds ξ and η.
(2) Since {fk}∞k=1 is a Bessel sequence with bound η, the frame operator S is bounded. Hence

T = S − ξI is also bounded. Since S is self-adjoint and ξ ∈ R, we have T ∗ = (S − ξI)∗ =
S∗ − ξI = S − ξI = T , so T is self-adjoint.

(3) Since {fk}∞k=1 is a frame with lower bound A > 0, for every f ∈ H we have ⟨Sf, f⟩A ≥
A⟨f, f⟩A in the C∗-algebraic order. Therefore,

⟨T f, f⟩A = ⟨Sf, f⟩A − ξ⟨f, f⟩A ≥ A⟨f, f⟩A − ξ⟨f, f⟩A = (A− ξ)⟨f, f⟩A.

Since ξ ≤ A, we have A − ξ ≥ 0, and thus ⟨T f, f⟩A ≥ 0 for every f ∈ H, which means T is
positive.

In the following theorem we make use of the following hypothesis: there exist α ∈ R and
η ≥ 0 such that

∥f∥∥g∥ ≤
√

1 + η2∥⟨f, g⟩A∥ ⇐⇒ ∥αf − g∥ ≤

√
η2

1 + η2 ∥g∥, f, g ∈ H. (2.1)

Theorem 2.2. Let T ∈ End∗
A(H) and {fk}∞k=1 ⊂ H be such that

∞∑
k=1

⟨f, fk⟩A fk = T f + ξf, ∀f ∈ H,

where ξ ∈ R is a real scalar.

(i) The family {fk}∞k=1 is a Bessel sequence with bound ∥T ∥+ |ξ|.

(ii) Suppose α ∈ R and η ≥ 0 satisfy (2.1) and the condition

∥αf − T f∥ ≤

√
η2

1 + η2 ∥T f∥, ∀f ∈ H. (2.2)

If T is self-adjoint and bounded from below by ρ > 0 in the sense that ∥T f∥ ≥ ρ∥f∥ for all
f ∈ H, and if √

ρ2

1 + η2 − |ξ| > 0,

then {fk}∞k=1 is a frame with lower bound

√
ρ2

1 + η2 − |ξ| and upper bound ∥T ∥+ |ξ|.

(iii) With the hypotheses of part (2), assume further that {gk}∞k=1 is a µ-perturbation of {fk}∞k=1.
If

µ <

√
ρ2

1 + η2 − |ξ|

1
2

,
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then {gk}∞k=1 is a frame for H with lower and upper bounds
√

ρ2

1 + η2 − |ξ|

1
2

− µ


2

and
(
µ+ (∥T ∥+ |ξ|)

1
2

)2
,

respectively.

Proof. (1) Using the Cauchy–Schwarz inequality and Lemma 1.2, we compute∥∥∥∥∥
∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A

∥∥∥∥∥ = ∥⟨T f + ξf, f⟩A∥

≤ ∥⟨T f, f⟩A∥+ |ξ|∥f∥2

≤ ∥⟨T f, T f⟩A∥
1
2 ∥⟨f, f⟩A∥

1
2 + |ξ|∥f∥2

≤ ∥T ∥ ∥⟨f, f⟩A∥+ |ξ|∥f∥2

= (∥T ∥+ |ξ|) ∥⟨f, f⟩A∥.

This shows that {fk}∞k=1 is a Bessel sequence with bound ∥T ∥+ |ξ|.
(2) Using hypothesis (2.1) and the self-adjointness of T , we write∥∥∥∥∥

∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A

∥∥∥∥∥ = ∥⟨T f + ξf, f⟩A∥

≥ ∥⟨T f, f⟩A∥ − |ξ|∥⟨f, f⟩A∥
= ∥⟨f, T f⟩A∥ − |ξ|∥⟨f, f⟩A∥

≥ 1√
1 + η2

∥T f∥∥f∥ − |ξ|∥⟨f, f⟩A∥.

Since T is bounded from below by ρ, we have ∥T f∥∥f∥ ≥ ρ∥f∥2 = ρ∥⟨f, f⟩A∥, and thus∥∥∥∥∥
∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A

∥∥∥∥∥ ≥

√
ρ2

1 + η2 ∥⟨f, f⟩A∥ − |ξ|∥⟨f, f⟩A∥

=

√
ρ2

1 + η2 − |ξ|

 ∥⟨f, f⟩A∥.

Combined with the Bessel bound from part (1), this shows that {fk}∞k=1 is a frame.

(3) Since {fk}∞k=1 is a frame with bounds

√
ρ2

1 + η2 − |ξ| and ∥T ∥+ |ξ|, for every f ∈ H we

have √
ρ2

1 + η2 − |ξ|

1
2

∥f∥ ≤
∥∥T ∗

F (f)
∥∥ ≤ (|ξ|+ ∥T ∥)

1
2 ∥f∥.

By the triangle inequality for operator norms and the definition of µ-perturbation,

∥T ∗
G(f)∥ ≥

∥∥T ∗
F (f)

∥∥−
∥∥T ∗

F − T ∗
G

∥∥ ∥f∥ ≥


√

ρ2

1 + η2 − |ξ|

1
2

− µ

 ∥f∥.

Similarly,

∥T ∗
G(f)∥ ≤

∥∥T ∗
F − T ∗

G

∥∥ ∥f∥+ ∥∥T ∗
F (f)

∥∥ ≤
(
µ+ (∥T ∥+ |ξ|)

1
2

)
∥f∥.
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Hence, 
√

ρ2

1 + η2 − |ξ|

1
2

− µ


2

⟨f, f⟩A ≤
∞∑
k=1

⟨f, gk⟩A ⟨gk, f⟩A

≤
(
µ+ (∥T ∥+ |ξ|)

1
2

)2
⟨f, f⟩A.

3 Compact and finite-rank-tight frames

We assume in this section that the compact self-adjoint operator T admits the spectral decompo-
sition

T =
∞∑
k=1

αk ⟨·, ek⟩A ek, (3.1)

where {ek}∞k=1 is an orthonormal basis for H consisting of eigenvectors of T , and the series
converges in the operator norm. The convergence and compactness of such an operator in the
Hilbert C∗-module setting require that αk → 0 as k → ∞, which we assume throughout this
section. This decomposition is used to give sufficient conditions under which a Bessel sequence
is in fact a frame.

Theorem 3.1. Let T be a compact self-adjoint operator admitting the representation (3.1) with
αk → 0, and let {fk}∞k=1 be a Bessel sequence in H such that S = T + ξI for some ξ > 0.
Set α := infk αk + ξ. If α > 0, then {fk}∞k=1 is a frame with lower bound α and upper bound
supk(αk + ξ).

Proof. For every f ∈ H, expanding Sf using (3.1) and the Parseval identity gives

Sf = T f + ξf

=
∞∑
k=1

αk ⟨f, ek⟩A ek + ξ

∞∑
k=1

⟨f, ek⟩A ek

=
∞∑
k=1

(αk + ξ) ⟨f, ek⟩A ek.

Consequently,

∞∑
k=1

⟨f, fk⟩A ⟨fk, f⟩A = ⟨Sf, f⟩A =
∞∑
k=1

(αk + ξ) ⟨f, ek⟩A ⟨ek, f⟩A

≥
(

inf
k
αk + ξ

) ∞∑
k=1

⟨f, ek⟩A ⟨ek, f⟩A = α⟨f, f⟩A,

where we used α = ξ + infk αk > 0 and the Parseval identity. This provides the lower frame
bound, the upper frame bound follows analogously.

Definition 3.2. A frame {fk}∞k=1 for H is called a compact-tight frame if its frame operator S
satisfies

S = K+ ξI, (3.2)

where K is a compact self-adjoint operator and ξ ∈ R. The self-adjointness of K is required since
S and ξI are both self-adjoint. The same definition applies when K has finite rank, in which case
the frame is called a finite-rank-tight frame.

Proposition 3.3. Let {fk}∞k=1 be a compact-tight frame. The representation of the frame operator
S in the form (3.2) is unique; that is, if S = K1 + ξ1I = K2 + ξ2I with compact self-adjoint
operators K1,K2 and ξ1, ξ2 ∈ R, then ξ1 = ξ2 and K1 = K2.
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Proof. From K1 + ξ1I = K2 + ξ2I we obtain

K2 −K1 = (ξ1 − ξ2)I. (3.3)

The left-hand side is compact, being the difference of two compact operators. The right-hand
side (ξ1 − ξ2)I is compact only if ξ1 − ξ2 = 0, since the identity operator on an infinite-
dimensional Hilbert C∗-module is not compact. Hence ξ1 = ξ2, and substituting back into
(3.3) gives K1 = K2.

Following Proposition 3.3, we say that {fk}∞k=1 is a (ξ,K)-compact-tight frame if it is a
compact-tight frame whose frame operator satisfies S = K+ ξI .

Theorem 3.4. Let ξ > 0 and let {lk}∞k=1 be a sequence of real numbers with lk > ξ for all k and

limk→∞ lk = ξ. If {ek}∞k=1 is any orthonormal basis of H, then
{
l

1
2
k ek

}∞

k=1
is a (ξ,K)-compact-

tight frame for H with lower bound ξ and upper bound supk lk.

Proof. Let f ∈ H. Using the Parseval identity,

∞∑
k=1

〈
f, l

1
2
k ek

〉
A

〈
l

1
2
k ek, f

〉
A
=

∞∑
k=1

lk ⟨f, ek⟩A ⟨ek, f⟩A .

Since lk > ξ for all k and lk ≤ supk lk, we obtain

ξ⟨f, f⟩A ≤
∞∑
k=1

〈
f, l

1
2
k ek

〉
A

〈
l

1
2
k ek, f

〉
A
≤

(
sup
k

lk

)
⟨f, f⟩A.

Thus
{
l

1
2
k ek

}∞

k=1
is a frame for H with lower bound ξ and upper bound supk lk. To identify the

frame operator, we compute

Sf =
∞∑
k=1

〈
f, l

1
2
k ek

〉
A
l

1
2
k ek =

∞∑
k=1

lk ⟨f, ek⟩A ek

=
∞∑
k=1

(lk − ξ) ⟨f, ek⟩A ek + ξ

∞∑
k=1

⟨f, ek⟩A ek

= Kf + ξf,

where K :=
∑∞

k=1(lk − ξ)⟨·, ek⟩Aek. Since lk − ξ > 0 and lk − ξ → 0 as k → ∞, the operator K
is a compact positive self-adjoint operator, confirming that

{
l

1
2
k ek

}∞

k=1
is a (ξ,K)-compact-tight

frame.

Example 3.5. Let {ek}∞k=1 be an orthonormal basis for H, and set

lk := 1 + exp
(
−k2

2

)
.

Since exp(−k2/2) > 0 for all k, we have lk > 1 for every k. Moreover, limk→∞ lk = 1. By

Theorem 3.4, the sequence
{
l

1
2
k ek

}∞

k=1
is a compact-tight frame with lower bound ξ = 1 and

upper bound supk lk = 1 + e−1/2.

Proposition 3.6. Let {gk}∞k=1 be a frame in H constructed from an orthonormal basis {e1, e2, . . .}
by selecting a finite collection of basis elements ej1 , . . . , ejn and repeating each ejm exactly
θm > 1 additional times. Then {gk}∞k=1 is a finite-rank-tight frame with ξ = 1.

Proof. Under the stated construction, each basis element ejm (for m = 1, . . . , n) appears (θm+1)
times in total in {gk}, while every other basis element ei with i /∈ {j1, . . . , jn} appears exactly
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once. Therefore, for every f ∈ H:

Sf =
∞∑
k=1

⟨f, gk⟩Agk

=
n∑

m=1

(θm + 1)⟨f, ejm⟩Aejm +
∑

i/∈{j1,...,jn}

⟨f, ei⟩Aei

=
n∑

m=1

θm⟨f, ejm⟩Aejm +
∞∑
i=1

⟨f, ei⟩Aei

= Kf + f,

where

K =
n∑

m=1

θm⟨·, ejm⟩Aejm

is a finite-rank (hence compact) self-adjoint operator with coefficients θm > 0. This shows that
S = K+ I , confirming that {gk}∞k=1 is a (1,K)-compact-tight frame with finite-rank K.

Theorem 3.7. The canonical dual of a (ξ,K)-compact-tight frame is compact-tight.

Proof. Let {fk}∞k=1 be a (ξ,K)-compact-tight frame with frame operator S = K + ξI , where
ξ ̸= 0 and K is a compact self-adjoint operator. We claim that S−1 = T + ξ−1I for a compact
operator T . Define T by T S = −ξ−1K, i.e., T = −ξ−1KS−1. Since K is compact and S−1 is
bounded, T is compact. We verify:(

T + ξ−1I
)
S = T S + ξ−1S

= −ξ−1K+ ξ−1(K+ ξI)

= −ξ−1K+ ξ−1K+ I

= I.

Hence S−1 = T + ξ−1I , showing that the canonical dual frame has frame operator S−1 of the
required compact-tight form.

Theorem 3.8. Let F = {fk}∞k=1 and G = {f̃k}∞k=1 be (1,K1)- and (1,K2)-compact-tight frames,
respectively. If there exists an infinite subset σ of N such that {fk}k∈σ and {f̃k}k∈σc are each
orthonormal bases for H, then F and G cannot be woven.

Proof. Assume for contradiction that F and G are woven. Then for the partition {σ, σc} of N,
the family {fk}k∈σc ∪ {f̃k}k∈σ must be a frame for H.

Since F is a (1,K1)-compact-tight frame, we have SF = K1 + I . Splitting the sum over σ and
σc:

SF f =
∑
k∈σ

⟨f, fk⟩Afk +
∑
k∈σc

⟨f, fk⟩Afk = K1f + f.

Since {fk}k∈σ is an orthonormal basis for H, by the Parseval identity:∑
k∈σ

⟨f, fk⟩Afk = f.

Therefore: ∑
k∈σc

⟨f, fk⟩Afk = SF f − f = K1f.

Since G is a (1,K2)-compact-tight frame, we have SG = K2 + I . Splitting the sum over σc and
σ:

SGf =
∑
k∈σc

⟨f, f̃k⟩Af̃k +
∑
k∈σ

⟨f, f̃k⟩Af̃k = f +K2f.
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Since {f̃k}k∈σc is an orthonormal basis for H, by the Parseval identity:∑
k∈σc

⟨f, f̃k⟩Af̃k = f.

Therefore: ∑
k∈σ

⟨f, f̃k⟩Af̃k = SGf − f = K2f.

Denote by SF+G the frame operator of the weaving {fk}k∈σc ∪ {f̃k}k∈σ. For every f ∈ H:

SF+Gf =
∑
k∈σc

⟨f, fk⟩Afk +
∑
k∈σ

⟨f, f̃k⟩Af̃k

= K1f +K2f

= (K1 +K2)f,

We have shown that SF+G = K1 + K2. Since K1 and K2 are compact operators, their sum
K1 + K2 is also compact. However, the frame operator SF+G of any frame must be invertible.
A compact operator on an infinite-dimensional Hilbert C∗-module cannot be invertible. This is
a contradiction, which shows that F and G cannot be woven.
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