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Abstract. In this paper we study certain Bessel sequences { f;},-, in Hilbert C*-modules
‘H for which the operator S defined by (1.2) is of the form 7 + £, for some real number ¢ and
an adjointable linear operator 7. Additionally, we investigate frames known as compact-tight
frames, which have frame operators that are compact perturbations of scalar multiples of the
identity. As a conclusion, we provide a theory regarding the weaving of specific compact-tight
frames.

1 Introduction

The notion of frame is a recent active mathematical research topic with applications in signal
processing, computer science, and related areas. Frames for Hilbert spaces were first introduced
in 1952 by Duffin and Schaeffer [2] for the study of nonharmonic Fourier series. Daubechies,
Grossmann, and Meyer [1] revived and developed them in 1986, and the theory has been widely
popularized since then.

Many mathematicians have recently generalized frame theory from Hilbert spaces to Hilbert
C*-modules. For details on frames in Hilbert C*-modules we refer to [3,4, 6,7, 8,9, 10, 11, 12,
13, 14]. The purpose of this paper is to investigate Bessel sequences and frames whose frame
operator admits a decomposition of the form 7 + £1.

Throughout this paper, let H be a countably generated Hilbert .A-module and {K};cz be a
collection of Hilbert .A-modules. We also use the notation End’; (H, KCx,) for the collection of all
adjointable .A-linear maps from H to Ky, and End’y (H, H) is denoted by End’y (H). We will use
N(T) for the kernel of 7.

< oo},

where the shift operator acts as 7 ({ fx }xen) = {fe+1}tren. Let f = {fi}reny and g = {gx}pens
the inner product is defined by (f, g)4 = > j.cn (fx» 9k) 4> and clearly ¢% is a Hilbert .A-module.
In the following we briefly recall the definitions and basic properties of Hilbert C*-modules.

> (S fi)a

keN

2= {{fk}keN :

Definition 1.1. [5] Let A be a unital C*-algebra and # be a left .A-module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A-module if # is equipped with an
A-valued inner product (-, -) 4 : HxH — A, which is sesquilinear, positive definite, and respects
the module action. More precisely,

(1) (z,z)4 > Oforall z € H, and (z,z) 4, = 0 if and only if x = 0.
(1) (ax+y,2)a = alx,2) 4+ (y,z)a foralla € Aand z,y,z € H.
(iil) (z,y)a = (y, )y forall z,y € H.
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For x € H, we define ||z|| = ||(z,z)4]|2. If H is complete with respect to this norm, it is called
a Hilbert .A-module or a Hilbert C*-module over A. For every a in the C*-algebra A, we have
la]]* = lla*a].

Lemma 1.2. [9] Let H be a Hilbert A-module. If T € End’y (M), then
(T, Ta)a < |T|*(x,2)a, VYzeH.

Definition 1.3. [5] A family { f }xce of elements of # is called a frame for H if there exist two
positive constants A and B such that for all f € H,

Af, £ a < A fr)alfes £la < B(f. fa, (L.1)
ke®

where the inequalities are understood in the C*-algebraic order on 4. The constants A and B
are called the lower and upper frame bounds, respectively. If A = B = «, the frame is a-tight.
If A= B =1, itis called a normalized tight frame or a Parseval frame. A family satisfying only
the upper inequality in (1.1) is called a Bessel sequence with bound B.

Let § = {fx}4., be a frame for H. The operator

7% 62_>H 7% {&k}keN ngflm

is called the synthesis operator of §, and

7%* :Hﬁgza 7?f:{<f7fk>A}k;eN
is called the analysis operator of §. Note that the index set © is consistently taken to be N
throughout. The frame operator S : H — H, defined by

oo

SF=TsTgf =D _(f> fada s (12)
k=1

is a positive, self-adjoint, and invertible operator.

Definition 1.4. Let 7 be a finitely or countably generated Hilbert .A-module over a unital C*-
algebra A, and let § = {fi},-, and & = {gi},-, be Bessel sequences in H. If for u > 0,

175 — Tell < n,

then & is called a p-perturbation of 5.

Definition 1.5. [15] For a given natural number m, a finite family of frames { {z4; }j cyr b E

{1,... 7m}} in a Hilbert A-module # is said to be woven if there are universal constants C'

and D such that, for every partition {oy,...,0,,} of J, the family {x”}zzl jeos is a frame
for H with lower and upper frame bounds C' and D, respectively. In this case, we say that
{{mij biegr t€{1,.. m}} is woven with universal bounds (C, D). Each family {x;;}\" 1, jeos

is called a weaving.

2 From Bessel sequences to frames

Proposition 2.1. Let { 1, } -, be a Bessel sequence in H with bound n, and let S be the associated

frame operator. Suppose S =T + &1 for some real number & and an adjointable linear operator
T € End’y(H). Then:

(i) If T is a positive operator and & > O, then { .} ;—, is a frame.
(ii) T is bounded and self-adjoint.
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(iii) If {fi}re, is a frame with lower bound A > 0 and & < A, then T is a positive operator.

Proof. (1) Since S = T + &I and T is positive, for every f € H we have (T f, f)4 > 01in the
C*-algebraic order. Hence,

DA I alfen Py a = (SEFa=(TFHa+&(f fla> &S, fa-
k=1

Combined with the Bessel bound, this gives

<Y Frda e g S 0lf Fas
k=1

which shows that { f;},-, is a frame for H with bounds ¢ and 1.

(2) Since {f1 } -, is a Bessel sequence with bound 7, the frame operator S is bounded. Hence
T = S — &I is also bounded. Since S is self-adjoint and £ € R, we have T* = (S — £1)* =

— &I =85—¢I =T,s0T is self-adjoint.

(3) Since {fi},—; is a frame with lower bound A > 0, for every f € H we have (Sf, f) 4 >
A(f, f)a in the C*-algebraic order. Therefore,

(TFHHa=(SEHa=8(f Haz Alf, fla—&f. Hla=(A=(f, [la-

Since ¢ < A, we have A — ¢ > 0, and thus (T f, f).4 > 0 for every f € H, which means 7 is
positive. O

In the following theorem we make use of the following hypothesis: there exist « € R and
n > 0 such that

19l < V1 +n2I(f, g)all <= llef —gll < gl f.geM. 2.1)

1+2

Theorem 2.2. Let 7 € End’y(H) and { fx},—, C H be such that
DAL Sale=Tr+¢f, YfeH,
k=1

where £ € R is a real scalar.
(i) The family { f},-, is a Bessel sequence with bound ||T | + |€|.
(ii) Suppose a € R and n > 0 satisfy (2.1) and the condition

Jof =751 < \| TSI vs en 2
If T is self-adjoint and bounded from below by p > 0 in the sense that ||T f|| > pl| f|| for all
feH, andif
02
1 + 772 |€‘ > 07
e
then { fi.}1-, is a frame with lower bound i |€| and upper bound || T || + ||

(iii) With the hypotheses of part (2), assume further that { gy, } -, is a p-perturbation of { fi. } o,

If
2 2
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then {gi} -, is a frame for H with lower and upper bounds

| 2
2 N2
(w/l _’;nz—m) —u|and (e (T

Proof. (1) Using the Cauchy—Schwarz inequality and Lemma 1.2, we compute

respectively.

= (Tf+&5 1) Al

S At alfir£)a
k=1

< T £ Fall + €N

< ITHTH AR £ all? + NI
< ITIIKE £all + EFI?

= (1T + €D 1S, Fall

This shows that { fx},-, is a Bessel sequence with bound ||| + |¢].
(2) Using hypothesis (2.1) and the self-adjointness of 7, we write

S fda Fr D 4l = KT+ &1 )l
k=1
2 KT f, £)all = €M fal
= £ TH all = 1EHCE £ all
1
> __|IT - P all.
> m” FINA = 1€ML, £)all
Since 7 is bounded from below by p, we have ||[T |||l £l > ol fI*> = pll{f, f)4l|, and thus
Stk alfe 1) 1+ 2||<f, Fall = [€MlI{f: Fall
k=1

2
= (/T Il s Pl

Combined with the Bessel bound from part (1), this shows that { f; } .-, is a frame.

e

1+ n?

(3) Since { fi.} -, is a frame with bounds

(\/: §)éf <

By the triangle inequality for operator norms and the definition of p-perturbation,

— ¢l and || T|| + ||, for every f € H we

have

2O < (el + 1T 1£1-

; 3
17601 = [T ()] - 175 = Ta ] 171 2 (,/ljnz—m) | 171
Similarly,
176 (A1 < 175 = Tall 151+ 175 (A < (i (T -+ 16DF) 171
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Hence,

(S

2 _|£| — K Z fvgk? gka >
I+7 Pt

1\2
< (i (T +16D) (£ a

3 Compact and finite-rank-tight frames

We assume in this section that the compact self-adjoint operator 7 admits the spectral decompo-
sition

T:Zak <'7€k>A€k, (31)
k=1

where {ey},-, is an orthonormal basis for # consisting of eigenvectors of 7, and the series
converges in the operator norm. The convergence and compactness of such an operator in the
Hilbert C*-module setting require that o, — 0 as & — oo, which we assume throughout this
section. This decomposition is used to give sufficient conditions under which a Bessel sequence
is in fact a frame.

Theorem 3.1. Let T be a compact self-adjoint operator admitting the representation (3.1) with
ay — 0, and let {fy,},-, be a Bessel sequence in H such that S = T + &I for some & > 0.
Set o := infy ap + & If a > 0, then {fi},—, is a frame with lower bound o and upper bound
sup, (ax +€).

Proof. For every f € ‘H, expanding S f using (3.1) and the Parseval identity gives
Sf=TF+&f

:Z <f7ek7 ek+§z faek? €k
k=1

Mg

(ar + &) (f er) 4 ek

k=1
Consequently,
(fofedalfis ) a= (ST f) Z o + &) (frer) 4 (exs f) 4
k=1 k=

> (illgfak +€> (frex)qler, [ a=alf, [a

=1

where we used o = £ + inf;, o, > 0 and the Parseval identity. This provides the lower frame
bound, the upper frame bound follows analogously. O

Definition 3.2. A frame {f;},-, for H is called a compact-tight frame if its frame operator S
satisfies
S=K+&, (3.2)

where /C is a compact self-adjoint operator and ¢ € R. The self-adjointness of K is required since
S and &1 are both self-adjoint. The same definition applies when /C has finite rank, in which case
the frame is called a finite-rank-tight frame.

Proposition 3.3. Let { 1, } -, be a compact-tight frame. The representation of the frame operator
S in the form (3.2) is unique; that is, if S = K| + &1 = Ky + &1 with compact self-adjoint
operators K1,K, and &1,& € R, then & = & and K = Ks.



Bessel sequences in Hilbert C*-modules 1163

Proof. From K; + &1 = Ky + &1 we obtain

K=Ky = (& — &)1 (3.3)

The left-hand side is compact, being the difference of two compact operators. The right-hand
side (& — &)1 is compact only if & — & = 0, since the identity operator on an infinite-
dimensional Hilbert C*-module is not compact. Hence & = &, and substituting back into
(3.3) gives K1 = K. O

Following Proposition 3.3, we say that {f;},—, is a (£, K)-compact-tight frame if it is a
compact-tight frame whose frame operator satisfies S = IC + £1.
Theorem 3.4. Let £ > 0 and let {1;,} -, be a sequence of real numbers with l;, > & for all k and
1 o0
limy, o0 Ik = & If {ex} e, is any orthonormal basis of H, then {l,ﬁ ek}k ] is a (&, K)-compact-

tight frame for H with lower bound & and upper bound sup, lj;.

Proof. Let f € H. Using the Parseval identity,

i<f’ll%6k>A<léek’ > Zlk frer) aler, )4

k=1
Since [}, > £ for all k£ and I, < sup, I, we obtain

oo

A<y (rtie) (Henf) < (sgpzk> ()

k=1

Thus {l i ek} is a frame for # with lower bound ¢ and upper bound sup,, /5. To identify the
frame operator, we compute

5f=Z<f,lé€k> li ek—zlk frer) aen
K1

= =& (frer)aen +6D_ (fren) e

k=1 k=1

=Kf+&f,

where K := >"027, (I — &) (-, ex) aex. Since Iy, — & > 0 and [, — & — 0 as k — oo, the operator K
is a compact positive self-adjoint operator, confirming that {l é ek }k X is a (&, K)-compact-tight

frame. =

Example 3.5. Let {e;, },-, be an orthonormal basis for 7, and set

2
Iy =1 +exp<—]€2> .

Since exp(—k2/2) > 0 for all k, we have [, > 1 for every k. Moreover, limy_,, [, = 1. By

1 oo
Theorem 3.4, the sequence {l,ﬁ ek}k 1 is a compact-tight frame with lower bound ¢ = 1 and
upper bound sup,, I, = 1 + ¢~ 1/2.
Proposition 3.6. Let { g1, } ;2 | be a frame in H constructed from an orthonormal basis {e; e, . . .}
by selecting a finite collection of basis elements e;, ..., e;, and repeating each e;, exactly
0., > 1 additional times. Then {g;, }7° , is a finite-rank-tight frame with § = 1.

Proof. Under the stated construction, each basis element e, (form = 1,...,n) appears (6,,+1)
times in total in {g}, while every other basis element e; with i ¢ {ji,...,j,} appears exactly
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once. Therefore, for every f € H:

SF =" {f ) a0k

k=1
=Y O+ D)(fres)ae, + D (fredae
m=1 i€ {j1,-dn}

- 0m<fv ejm>./46jm +Z<f7 ei>Aei

m=1 i=1

where

K= 0mlej,) a6,

m=1

is a finite-rank (hence compact) self-adjoint operator with coefficients 6,,, > 0. This shows that
S = K + I, confirming that {g;}72, is a (1, )-compact-tight frame with finite-rank K. i

Theorem 3.7. The canonical dual of a (£, K)-compact-tight frame is compact-tight.

Proof. Let {fi},—, be a (&, K)-compact-tight frame with frame operator S = K + &I, where
¢ # 0 and K is a compact self-adjoint operator. We claim that S~! = 7 + ¢~ for a compact
operator 7. Define 7 by 7S = ('K, ie., T = —¢1KCS~!. Since K is compact and S~ is
bounded, 7 is compact. We verify:
(T+¢')S=TS+¢7'S

=K+ (K +el)

=—¢'K+K+T

=TI

Hence S~! = T + ¢~'1, showing that the canonical dual frame has frame operator S~! of the
required compact-tight form. O

Theorem 3.8. Let § = {f.}5°, and & = {fi,}32, be (1,K,)-and (1, Ks)-compact-tight frames,
respectively. If there exists an infinite subset o of N such that { f}reo and {fi}reoe are each
orthonormal bases for H, then § and & cannot be woven.

Proof. Assume for contradiction that § and & are woven. Then for the partition {o,0¢} of N,
the family { % }reoe U {fx }reo must be a frame for H.
Since § is a (1, K1 )-compact-tight frame, we have Sp = Ky + I. Splitting the sum over o and

o

Sef =Y (f fe)ats+ D fedafe =Kif + f.
keo keo©
Since { fx } xco is an orthonormal basis for H, by the Parseval identity:
S fi)ats =T
keo

Therefore:

STUf fu)afe = Spf — f=Kif.

keo©

Since & is a (1, K;)-compact-tight frame, we have S¢ = K, + I. Splitting the sum over ¢¢ and
o

Saf =Y (f: F)als + Y {f: F)afi = F + Kaf.

keo© keo
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Since {fi}xeoe is an orthonormal basis for #, by the Parseval identity:

ji: (fafk>Aj% ::f'

keo©

Therefore:

S (o Ty afe = Saf - f = Kaf.

ke€o

Denote by S, the frame operator of the weaving { fi }reoe U {fk}kea. For every f € H:

Seiaf = Y fe)afe+ Y Fu)ale

ke€o® k€o
=Kif+Kaf
= (K1 +K5%)f,

We have shown that Spi¢ = K| + K. Since K; and K, are compact operators, their sum
K1 + K, is also compact. However, the frame operator Sy, of any frame must be invertible.
A compact operator on an infinite-dimensional Hilbert C*-module cannot be invertible. This is
a contradiction, which shows that § and & cannot be woven. O
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