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Abstract. Our aim in this paper is to give several new numerical radius inequalities for

products of operators in a Hilbert space. These inequalities improve on some earlier related
inequalities.

1 Introduction

In this paper, H denotes a complex Hilbert space with inner product (-,-) and norm ||-|. By
B(H), we denote the algebra of all bounded linear operators acting on H. For A € B(H), A*
denotes the adjoint of A and |A| = (A*A)% is the absolute value of A.

Recall that for A € B(#), the usual operator norm of A is defined as

IA[] = o [ Az].

The numerical range of A, denoted by W (A), is defined as
W (A) :={(Az,z) :x € H, ||z]| = 1}.
The numerical radius is defined as
w(A) :=sup{|(Az,z)|:z € H, ||=| = 1}.

For more material about the numerical radius and other information on the basic theory of
numerical range, we refer the reader to [9].

It is well known that w(-) is a norm on B(H) and for all A € B(H) the following inequality
holds [9, Theorem 1.3]

1
21141 < w(4) < 4], (11)
That is, w(-) defines an equivalent norm to || - || on B(H). The first inequality becomes equality if

A? = 0 and the second one turns into equality if A is normal. Also, the numerical radius satisfies
the following power inequality

w(A™) <w™(A) foralln e N.
Several numerical radius inequalities improving the inequalities in (1.1) have been recently

givenin [1, 3,6, 8, 11].
In [13], Kittaneh improved the second inequality in (1.1) in the following form

1 *
w(A) < SIHA+ AT < 1A
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Another refinement of the second inequality in (1.1) has been established in [14]. This re-
finement asserts that if A € B(H), then

W(4) < AP + 14 (12)
After that, a generalization of (1.2) was given in [6] as follows
W (A) < %u |AP" + |A*]*" || forall + > 1. (1.3)
In 2021, Bhunia and Paul in [3] proved that

G(A) < s (4] + 147, (1.4)

In [5], Dragomir generalized (1.3) for product of two operators, that if A, B € B(*) and
r > 1, then

1 T '
W' (B"A) < S| |A] + B (15)

In this work, we will continue working in this direction and we will prove several new refine-
ments of numerical radius inequalities for products of operators. Further, some applications of
our inequalities are also provided.

2 Prerequisites

In this section, we present some well-known lemmas. The first lemma is the Buzano extension
of Schwarz’s inequality.

Lemma 2.1. [4] If a, b, e are vectors in H and ||e|| = 1, then

[{a, €} (e, b)| < 5 (llall 1] + [{a, b))

| —

Lemma 2.2. [16] Let A € B(H) be a positive operator, and let x € H with ||z|| = 1. Then

(i) (Az,z)" < (A", z) forr > 1.
(i) (A", z) < (Az,x)" for0 < r < 1.

Lemma 2.3. [12] Let A € B(H), and let f and g be non-negative continuous functions on [0, co)
such that f (t) g (t) =t forallt € [0,00). Then

[(Az, ) < (£ (1A z,2) (¢* (|A"]) . )
forall x,y € H.

In particular, if f(t) = t* and g (t) = t'=® with 0 < a < 1, then we have the mixed
Cauchy-Schwarz inequality

Az, ) < (JAP z.2) (AT g, ).
Lemma 2.4. [2] Let x,y € H. Then for any o > 0,

o
1+«

2 2 2 2 2
[(z,y)]" < ]yl €, 9] + [ 77 1 77

1+«

Lemma 2.5. [10] Let a, b be two positive real numbers and 0 < o < 1. Then

a®d'"™* < aa+ (1 —a)b.
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In particular, for o = %, we obtain

\/%S a—20—b’

which is the arithmetic—geometric mean inequality.

Lemma 2.6. [17] Let a; (i = 1,2, ...,n) be positive real numbers and r > 1. Then

n r n
g a; | <n"! E aj.
i=1 i=1

Lemma 2.7. [15] Let A, B € B(H) be positive operators. Then
|A+iB|| < ||[A+ BJ.
Lemma 2.8. [15] Let A, B € B(H) be self-adjoint operators. Then
W (A+iB) < ||A*+ B?|.
Lemma 2.9. [15] Let A, B € B(H) be normal operators. Then

w(A+ B) < V2w (|A] +i|B]).

3 Main results

In this section, we present our results. Our first result can be stated as follows.

Theorem 3.1. Let A, B € B(H). Then

r % 1 2r 2r 1 r r
W (B'A) < 7 [14P" +1BP|| + 3@ (BI" A1),

forall r > 2.
Proof. Let x € H be a unit vector. Then

|(B*Ax,z)|" = |(Az, Bx)|"
| Az|" || Bz||"

<\A|2m,x>g <|B|2m,x>g

IN

< (JA|"z,z){|B|" x,z) (by Lemma 2.2 (i))

< (A" 2,2) (z,| B 2)
1 T T T T

< S (Al @] 1B @]l + (A" 2, Bl x)) (by Lemma 2.1)
1 ' r T T r T

= 5 (VOar a1 an/usr a8 o) + 0B 147 2,2)))
l ‘s r r T

= 3 <\/<|A|2 $,$>\/<|B|2 x,x>—0—|<|B| |A] amx))
1 2r 2r 1 T T

< = _

< (A7 za)+ (1B a,2)) + 5 [IBI A 2,2)]
(by the arithmetic-geometric mean inequality)

o 1 2r 2r 1 r T

= 2 (1P +1BP") 2,0} + S (B |A] 2,2)
1 2r 2r 1 r T

< - - .

< o |1aPr 1P| + 5w 1B1 1417
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Therefore,

* r 1 s s 1 r T
(B* Av,2)|" < ¢ ||AP” +1BI" | + 50 (BI" |41

By taking the supremum in the above inequality over x € H with ||z|| = 1, we get

r * 1 2r 27 1 T r
W' (B'A) < 7 |[IAP" + 1B | + 5w (B4,

as required. O

Remark 3.2. We note that the inequalities obtained in Theorem 3.1 refine the inequality (1.5).
Indeed, using (1.5) we observe that

W (BA) < + 5w (B[4l

1 .
S |A|27" + |B‘2'r' + Z H|A|2'I + |B|27"

N = = =

|A|27" + |B‘2T

Theorem 3.3. Let A, B € B(H). Then

AP+ |5

1 -
+ 5w (B4l

forallr > 2.

Proof. Let x € H be a unit vector. Then
(B* Az, z)|" |(Az, Bx)|"
[Az|" || Bz|"

<|A|2:c,x>% <\B\zz,x>%
(|A]" z,2) (|B|" z,z) (by Lemma 2.2 (1))

= (A" 2,2) (x,|B|" z)
1

IA

IN

(A 2| 1Bl =] + (A" 2, |B|" 2)) (by Lemma 2.1)

= N

(Al . a7 ) JUBI o, B a) + 18T 14T 2.2)])

- ;(WA%@WB|2Tx,x>+|<B|TA|Tx,x>|>

3 (AP o) + (1B ,2)) + 5 [IBI 1A 2,2)

(by the arithmetic-geometric mean inequality)

IN

< Y2 (147 418 ) a0+ 3 0B 14 2.0,

Here we have used the fact that |a + b| < v/2|a + ib| for a,b € R. Thus,

(Bracal < (AP +i|BP)a.0)| + SUBT AT 2.)

IN

2 r . T
V2 (AP + i1

IN

1 s T
+ 5w (B 1A,

Taking the supremum over z € H with ||z|| = 1 in the above inequality, we get
2
W (B*A) < % |

2r . 2r 1 r r
[1AP7 +3 B || + 3 (1BI"141).
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Corollary 3.4. Let A, B € B(H). If |B||A| =0, then

w(B*A) <

V2 H|A|

Proof. If |B||A| = 0, then by using Lemma 2.7 we have

w(B*4) <

IN

IN

Theorem 3.5. Let A, B € B(H). Then

W' (B*A) <

forall r > 2.

1

W (|A]" +i]B[")

Proof. Let x € H be a unit vector. Then

Al

IA

IN

IN

IN

IN

<

(B Az, z)|"
|(Az, Bx)["
| A" || B|"

<|A|2x,m>% <|B|2x,x>g

(|A|" z,2) (|B|" z,x) (by Lemma 2.2 (1))

N N N [ N S N gy e

=

1

W (|A]"+14|B[")

(A" 2, z) +

(41 a.2)?

|<<|A|’“ +i|B")a,2) +

(|BI" z,z))*

+i1B] < g lap + 15
U2 a1
22 a1
3 1ae + 5]
b5 1P+ 1P|+ Jw (B 1A1),

+ (1B x,)* +2 (A" 2,2) (1B 2,2))

(A" +ilBI) z,0) + 5

BT 2,

5l

|A|2'I" + |B|27"

(A" 2, ) + i (|BI 2)[" + 5 <\A| @, x) (z,|B"

x)

(IIIAI [ I1B[" =] + (|AI" =, |B|" z))

+ Zw(\B\T

r 2 r 2
g(|||A| 2> + 1B 1)

Al").

Taking the supremum over all x € H with ||z|| = 1, we get the desired inequality.

Remark 3.6. By using Lemma 2.8 and the inequality (1.5), it can be observed that

W (B*A)

<

<

3 !

5|

W (|A]" +1]BI")

1 2r 2r
> [rarr+ 1B

H|A‘2T + ‘B‘ZT

+ W(IBI [Al")

Z |<<|A|T +ilB)z,a)f + g (147 + 1B ) a,2) +  KIBT 1AL 2, 2)
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Theorem 3.7. Let A, B € B(H) and0 < o < 1,0 < 8 < 1. Then

1
(B A) < el +(-a)at 1B+ (- p) B

1 4 4 1 2 2
+g |11+ 1B + 30 (1BP 14F).

Proof. Let x € H be a unit vector. Then

VA

IN

IN IN

IN

IN

((B* Az, )|
(Az, Bz)[?
| Az|* || Bz|®

<\A|2x x> <|B\2x x>

(<|A\ z2)+ (Bl @ m>>2

<\A| x x> <|B| x>2+2<|A|2x,x><B|2x,x>>
<\A|2x > <|B| z m>2+2<|A|2x,x> <x |B|2w>>
1(<|A40‘:c w> <|A*| (1-e) x> <|B\4°‘ H> <|B*|4<1*a)x,x>)

H|A| HH|B| H+<|A| 1B >) (by Lemma 2.3)

APz, x> <|A It x>17 <|B| x,g;>'8<B*|4:z:,x>1ﬂ>

(|A|4 + |B|4) zx> +2 ‘<|B|2 AP :E:17>’ (by Lemma 2.2 (ii))

<a \A|4x,x> + <(1 —a) |A*\4a:,x> + <5 |B\4x,x> +(1-8) <|B*|4:c,a:>)

VR

<(|A|4 + |B|4) a?x> + % ‘<|B|2 AP xm>’ (by Lemma 2.5)
{alaf + (1 —a) a7 +B1Bf + (1= 8) 1B} 2,2)
(141 4181 . 2) + 7 [(1BP AP 2, 2)|

al Al + (1= a) |4°[ + B1BI' + (1 - B) | B[

3 H'A' +1B1 + 3o (1B 14P) .

Taking the supremum over all x € H with ||z|| = 1, we get

P B A) < gl|olal (- a) At BB (-8B
+% 1art + 11| + %w (1BP14P).

O

The following result presents an upper bound for w?”(B* A) that interpolates between the two
bounds 3 H\A|2r + |B|27"H w(B*A) and 1 H|A\2’" +i |B|2rH , as o goes from 0 to oco.
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Theorem 3.8. Let A, B € B(H), and let « > 0,1 > 1. Then

w2 (B*A)

1
<5yl

AP + B[ ||w (B*4) +

H|A\2T +i|B|.

2(1+a)

Proof. Let x € H be a unit vector. By using Lemma 2.4, we have

|(B* Az, )"

IN

IN

IN

IN

IN

IN

(Az, Bz)[*"

1 a 2 2\’
(1 1421 1Bl Az, B + 2 el Bl

1
= sl | Bell”|(Az, Ba)l” + - || sl || Bal

1
2(1+a)

@
2(1+a)
(by the arithmetic-geometric mean inequality)

2(11+a) ((1aP2.2) + (1B 2,2) ) [(B* Az, )]

+ﬁ <<|A2x, x>2r + <|B|2x, x>2r>

sty (A7 o) + (B 2.0)) 1B A )

—l-iz (IC:_ ) <<|A2T x,x>2 + <|B|2T a:,ac>2>

(by Lemma 2.2 (i))

ey (47 )+ () 0 o

+2(1L+a) (’<A|2T:z:,:17> +¢<|B|2’°x,z>’2)

1
2(1 +a)

+ﬁ ((1ar + 1) xm>‘2

(14alP" + 1Bz} |( A, Ba)l

+ (14" + 1Bz ")

(147" + 1B ) 2,2 ) (B Az, )"

1 2r 2r
— ||A B
2(1+a)H| " +1B]

w" (B*A)

+ 27”‘

ﬁ H|A\2’" +i|B]

Corollary 3.9. Let A, B € B(H), and let o« > 0. Then

w? (B*A)

<

<

st (47 +18) 0 (B 4) + 555 (148 +1187)
2|+ 151

Proof. Using the inequality (1.5), it follows that
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* 1 * a .

1 2 2 2 o 2 2, sip2

< — A B — A B

< g (AP +18F) + e (148 +i187)
1 2 (A2 L B2 o 21 A2 4 B2

< — A B — A B

S 20y (147 +4] |)+2(1+a)“ (147 +418F)

(by Lemma 2.9)

N 2 | pR2

= 5w (4P +i|BF)

< % H|A|4 + \B\4H (by Lemma 2.8).

In [3] the authors proved the following theorem.

Theorem 3.10. Let A;, X;, B; € B(H) (i = 1,2, ...,n) and let f and g be non-negative continu-
ous functions on [0, c0) satisfying the relation f (t) g (t) =t (t € [0,00)). Then forallr > 1, we
have

n

W (Z Azxia) < ”ﬁw (Z ([asg? (17D A+ [Br 2 <|Xi|>Bi]T)> .
i=1

i=1
In the following theorem we introduce a refinement of the above theorem.
Theorem 3.11. Let A;, X;, B; € B(H) (i = 1,2,...,n) and let f and g be non-negative continu-

ous functions on [0, 0o) satisfying the relation f (t) g (t) =t (t € [0,00)). Then forallr > 1, we
have

n

y (Z s XiBi) < 5 (Z (1A (XD A i (B2 £ (1) Bﬂ)

i=1

inf ),
2 ||x\|:177()

where

n

1) =3 ({1 (x2) 4 2.0)

i=1

o=

(s en)')

Proof. Let x € ‘H be a unit vector. Then

(o))

T

r

n

i=1

n
> WA} X Biw, )"

i=1

IN

n

= Y [(XiBiz, Aiz)["

i=1

<Z (2 (1x:0) Bm:,Bixﬁ (g% (|1X}]) Aiz, Aszr) )

ol—

IN

i=1
(by Lemma 2.3)
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n ST (1X]) B, Bix) (g (IX7]) A, A

<
(by Lzejrllma 2.6)
< WS {(E R 0D BY ) (4 (X7 4) )
(by Le;nma 2.2 (1)
_ [ (< A* 2 e Z) >+<(B;‘f2(|Xi|)Bi)rx,x>)]
3 n ( (B (X)) B:) W>%‘<(A2‘92<|X;‘|>Ai)rxvx>%)2
(since vavh = a—zi_b <\[ \[) » Where a,b > 0)
% oo
;l i < sz (1X:]) i) :l:d:>I <(A* (X7 A ) ,x>£)2

S| 1

s

- [ (s x4y +i (Big* (x7) B.)' m>]
=1

r—1 n

S (((mn G B ) = (i x40 ) )

i=1

(as la+0] < V2|a+ib|,Va,beR)

) Tgw(Z-i([“‘fgzwmmi]m[B:f2<xi|>Bi]’">>
=1
- ||915r“1f1n()
where
n(@) = <[A?92<|X:|>AJ’"N>£—<[B:f2<|xi|>3i]’“x,x>é) |

i=1

3
(AN

It is clear that 5y () > O for all x € H with ||z|| = 1. Then, | iIHlfl n(z)>0.

Now, by taking the supremum over « € H with ||z| = 1, we get

y (Z s XiBi) < 5 (Z (141 (i) A+ (B2 <Xz~|>Bi]T)>

inf n(x).
2 Jell=t n(@)
This completes the proof. O

Corollary 3.12. Let A;, X;,B; € B(H) (i = 1,2,...,n) and let f and g be non-negative contin-
uous functions on [0, 00) satisfying the relation f (t) g (t) =t (t € [0,00)). Then

r—1

o (ZX)s ﬂw<;\gr(XZ|)+if’"(lXil)|>— 5 inf @),
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where

o=

).

n) in Theorem 3.11 we deduce the desired result. O

1@ =3 ({6 (X1 D) = (7 (X w.0)

forall r > 1.

Proof. Taking A;, =B, =136 =1,2,...,

Next, takingn = 1,7 = L and f (t) = g (t) = ¢* in Corollary 3.12 we get the

following inequality.

Corollary 3.13. Let A € B(H). Then

o (4) £ Jsw (1A +i[A]) - 5 int n(o),

L
V2"

where
. 1 1\2
n(@) = (4% 2,2)* = (|4l 2, 2)?) "
Remark 3.14. Since 7 (z) > 0 for every unit vector =, we have”u”lf | n(z) > 0. Therefore,

Corollary 3.13 provides a sharper bound than

w(A) < (|A%] +i]A]),

V2
which was proved in [3, Corollary 2.15]. Also, it is easy to observe that
2 1 2 * *
W (4) < 3 (A7 +i14) < 7 [ 147 + 4.

Hence, Corollary 3.13 refines (1.2).
For X; = I (i=1,2,..,n),7 > land f (t) = g (t) = t2 (¢t € [0,00)) in Theorem 3.11 we

get the following inequality.

Corollary 3.15. Let A;, B, € B(H) (i=1,2,....,n)and r > 1. Then

n

n n’r‘fl
w" <Z A’{Bl) < Ww <Z (|Ai|2r +i Bl-|2”>>
i=1 '

i=1

inf ),
2 uzu:ln()

where

n(z) = zn: <<|Ai|zrx,x>; - <|Bi|2rx,x>;>2.

i=1
Remark 3.16. For n = 1 in Corollary 3.15, we get

* 2r . r 1
W (A"B) < 7 w (JAP7 +iBET) = 5 inf 0 (),

)= (1P a0y~ (157r)')
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