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Abstract. Let B(H) be the C∗-algebra of all bounded linear operators acting on a complex
Hilbert space H. Given A,B ∈ B(H), the basic elementary operator MA,B on B(H) is defined
by MA,B(X) = AXB for all X ∈ B(H).

In this paper, we establish some necessary and sufficient conditions on the operators
Ak, Bk ∈ B(H) (1 ≤ k ≤ 3) under which the norm

∥∥∥∑3
k=1 MAk,Bk

∥∥∥ equals its optimal value∑3
k=1 ∥Ak∥∥Bk∥.

1 Introduction and preliminaries

Throughout this paper, let H denote a complex Hilbert space with the inner product ⟨·, ·⟩ and the
corresponding norm ∥ · ∥. We denote by B(H) the C∗-algebra of all bounded linear operators
acting on H. The identity operator on H is represented by I .

Let T ∈ B(H), we designate by ∥T∥ and T ∗ the operator norm and the adjoint of T, respec-
tively. The numerical range W (T ), the maximal numerical range W0(T ) and the normalized
maximal numerical range WN (T ) of T are respectively given by:

W (T ) =
{
⟨Tx, x⟩ : x ∈ H, ∥x∥ = 1

}
;

W0(T ) =
{

lim
n→+∞

⟨Txn, xn⟩ : xn ∈ H, ∥xn∥ = 1, lim
n→+∞

∥Txn∥ = ∥T∥
}

and

WN (T ) =


W0

(
T

∥T∥

)
if T ̸= 0,

{0} if T = 0.

It is well-known that these sets are non-empty and convex. Furthermore, both the maximal
numerical range W0(T ) and the normalized maximal numerical range WN (T ) of an operator
T ∈ B(H) are closed and included in the closure of the numerical range W (T ). Note that, in
general, the numerical range W (T ) is not closed. In addition, it satisfies the following properties:

(1) W (T ∗) =
{
λ : λ ∈ W (T )

}
;

(2) W (aT + bI) = aW (T ) + b for every a, b ∈ C;

(3) W (U∗TU) = W (T ) for any unitary operator U ∈ B(H).

Here λ stands for the complex conjugate of a scalar λ ∈ C. Notice also that the maximal
numerical range W0(T ) of T satisfies properties (1) and (3) above (see [13]). However, it does
not verify the translation property by scalar, i.e., W0(T + b) ̸= W0(T ) + b for b ̸= 0 (see
[13, 20]). Further, we have W0(T + λ1) ∩ W0(T + λ2) = ∅ for λ1 ̸= λ2 (see [20, Lemma
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4]). For more information regarding these sets and their applications, we refer the reader to
[1, 11, 12, 13, 18, 20] and references therein.

For two n-tuples A = (A1, · · · , An) and B = (B1, · · · , Bn) of elements of B(H), the ele-
mentary operator RA,B induced by A and B is the linear operator on B(H) given by:

RA,B(X) =
n∑

k=1

AkXBk (X ∈ B(H)).

Obviously, RA,B is bounded and ∥RA,B∥ ≤
∑n

k=1 ∥Ak∥∥Bk∥. One of the most well-known
examples of elementary operators is the basic elementary operator MA,B associated with the
operators A,B ∈ B(H). It is defined as follows:

MA,B(X) = AXB (X ∈ B(H)).

Another familiar example of elementary operators is the generalized derivation δA,B given by:

δA,B = MA,I +MI,−B .

Elementary operators have attracted the attention of many researchers in operator theory due
to their numerous applications in different branches of mathematics, such as Banach algebras,
quantum information theory, etc. For more details about the elementary operators, we refer the
reader to [2, 3, 4, 5, 6, 7, 8, 9, 14, 15, 16, 17, 19, 20, 21, 22, 23] and references therein.

One of the famous problems relating to elementary operators is the norm problem for ele-
mentary operators which consists of finding a formula that describes the norm of an elementary
operator RA,B in terms of its coefficients Ai and Bi, i = 1, 2, · · · , n. In [23] Timoney presented
the first formula for the norm of the elementary operator RA,B in the Hilbert space setting, but
it is rather complicated. Notice that this problem has been investigated by several authors in
different situations, see for instance [4, 5, 8, 9, 14, 16, 17, 19, 20, 22] and references therein.

In [10], Fialkow proved that ∥MA,B∥ = ∥A∥∥B∥ for every A,B ∈ B(H). Therefore, a
natural question that can be raised is:

Question: Do we have ∥RA,B∥ =
∑n

k=1 ∥Ak∥∥Bk∥?

Unfortunately, the answer to this question is negative in general. Indeed, Stampfli [20] showed
the following equivalence:

Theorem 1.1 ([20, Theorem 7]). Let A,B ∈ B(H) \ {0}. Then the following assertions are
equivalent:

(i) ∥δA,B∥ = ∥A∥+ ∥B∥;

(ii) WN (A) ∩WN (−B) ̸= ∅.

Later on, Boumazgour [8] generalized Theorem 1.1 as follows:

Theorem 1.2 ([8, Theorem 3.1]). Let A,B,C,D ∈ B(H) \ {0}. Then the following assertions
are equivalent:

(i) ∥MA,B +MC,D∥ = ∥A∥∥B∥+ ∥C∥∥D∥;

(ii) WN (C∗A) ∩WN (DB∗) ̸= ∅, ∥C∗A∥ = ∥C∥∥A∥ and ∥DB∗∥ = ∥D∥∥B∥.

Following these results, our purpose in this paper is to establish necessary and sufficient
conditions on the operators Ak, Bk ∈ B(H) (1 ≤ k ≤ 3) under which the norm

∥∥∥∑3
k=1 MAk,Bk

∥∥∥
equals its optimal value

∑3
k=1 ∥Ak∥∥Bk∥.

For λ ∈ C, let ℜ(λ) denote the real part of λ.

2 Main results

In this section, we give our main results. We begin with the following theorem.
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Theorem 2.1. Let A,B ∈ B(H)\{0}. If AB∗ = B∗A = ∥A∥∥B∥I , then the following assertions
are equivalent:

(i) ∥I +MA,B +MB,A∥ = 1 + 2∥A∥∥B∥;

(ii) WN (A) ∩WN (B∗) ̸= ∅.

Proof. (i) ⇒ (ii) : Using the triangular inequality and the assumption in Part (i), we obtain that
∥I +MA,B∥ = 1 + ∥A∥∥B∥. Hence, it follows from Theorem 1.2 that

WN (A) ∩WN (B∗) ̸= ∅.

(ii) ⇒ (i) : We suppose that WN (A)∩WN (B∗) ̸= ∅. So, according to Theorem 1.1, we get that

∥δA,−B∗∥ = ∥A∥+ ∥B∥.

Hence, there exist two sequences {Xn} ⊆ B(H) and {xn} ⊆ H such that ∥Xn∥ = ∥xn∥ = 1 for
each n and

lim
n→+∞

∥AXnxn +XnB
∗xn∥ = ∥A∥+ ∥B∥. (2.1)

For each n ∈ N, we have

∥AXnxn +XnB
∗xn∥2 = ∥AXnxn∥2 + ∥XnB

∗xn∥2 + 2ℜ(⟨AXnxn, XnB
∗xn⟩)· (2.2)

Since ∥AXnxn∥ ≤ ∥A∥∥Xnxn∥ ≤ ∥A∥, ∥XnB
∗xn∥ ≤ ∥B∗xn∥ ≤ ∥B∥ and |⟨AXnxn,

XnB
∗xn⟩| ≤ ∥A∥∥B∥, then by combining (2.1) and (2.2), we deduce that

lim
n→+∞

∥Xnxn∥ = 1; (2.3)

lim
n→+∞

∥AXnxn∥ = ∥A∥; (2.4)

lim
n→+∞

∥XnB
∗xn∥ = lim

n→+∞
∥B∗xn∥ = ∥B∥; (2.5)

lim
n→+∞

ℜ(⟨AXnxn, XnB
∗xn⟩) = ∥A∥∥B∥. (2.6)

Set yn = B∗xn

∥B∥ . We claim that

lim
n→+∞

∥AXnByn +BXnAyn +Xnyn∥ = 1 + 2∥A∥∥B∥. (2.7)

A simple calculation shows that

∥AXnByn +BXnAyn +Xnyn∥2 = ∥AXnByn∥
2
+ ∥BXnAyn∥2 + ∥Xnyn∥2

+ 2ℜ(⟨AXnByn, BXnAyn⟩) + 2ℜ(⟨AXnByn, Xnyn⟩)
+ 2ℜ(⟨BXnAyn, Xnyn⟩)

for each n ∈ N. Therefore, to prove (2.7), it suffices to show that

lim
n→+∞

∥AXnByn∥ = ∥A∥∥B∥; (2.8)

lim
n→+∞

∥BXnAyn∥ = ∥A∥∥B∥; (2.9)

lim
n→+∞

∥Xnyn∥ = 1; (2.10)

lim
n→+∞

ℜ(⟨AXnByn, BXnAyn⟩) = ∥A∥2∥B∥2; (2.11)

lim
n→+∞

ℜ(⟨AXnByn, Xnyn⟩) = ∥A∥∥B∥; (2.12)

lim
n→+∞

ℜ(⟨BXnAyn, Xnyn⟩) = ∥A∥∥B∥. (2.13)
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Let us first observe that, according to (2.5), there exists a sequence {εn} of elements of H which
converges to 0 such that

BB∗xn = ∥B∥2xn + εn (n ∈ N). (2.14)

Let us now show (2.11). By using (2.14), we have for each n ∈ N:

ℜ(⟨AXnByn, BXnAyn⟩) = ℜ(⟨B∗AXnByn, XnAyn⟩)
= ∥A∥∥B∥ℜ(⟨XnByn, XnAyn⟩)

= ∥A∥
(
∥B∥2ℜ(⟨Xnxn, XnAyn⟩) + ℜ(⟨Xnεn, XnAyn⟩)

)
= ∥A∥

(
∥B∥2ℜ

(〈
Xnxn, XnA

B∗xn

∥B∥

〉)
+ ℜ(⟨Xnεn, XnAyn⟩)

)
= ∥A∥

(
∥B∥2∥A∥∥Xnxn∥2 + ℜ(⟨Xnεn, XnAyn⟩)

)
.

Letting n → ∞ and using (2.3), we conclude (2.11).
The equalities in (2.8) and (2.9) follow directly from (2.11) and the following inequality

ℜ(⟨AXnByn, BXnAyn⟩) ≤ ∥AXnByn∥∥BXnAyn∥ ≤ ∥A∥2∥B∥2 (n ∈ N).

Clearly, the equality (2.10) is an immediate consequence of (2.8) and (2.12). It therefore
suffices to prove the equality (2.12). Applying (2.14) again, we obtain that

ℜ(⟨AXnByn, Xnyn⟩) =
ℜ(⟨AXnBB∗xn, XnB

∗xn⟩)
∥B∥2

= ℜ(⟨AXnxn, XnB
∗xn⟩) +

ℜ(⟨AXnεn, XnB
∗xn⟩)

∥B∥2 ,

for every n ∈ N. Letting n → ∞ and using (2.6) we deduce the equality in (2.12). It remains
to prove (2.13). Note first that by virtue of the equality in (2.9) and the hypothesis, we infer
that limn→+∞ ∥BXnxn∥ = ∥B∥. Consequently, there exists a sequence {zn} ⊆ H such that
limn→+∞ zn = 0 and

B∗BXnxn = ∥B∥2Xnxn + zn (n ∈ N). (2.15)

We now turn to the proof of (2.13). For each n ∈ N, we have

ℜ(⟨BXnAyn, Xnyn⟩) = ℜ
(〈

∥A∥∥B∥BXnxn

∥B∥
,
XnB

∗xn

∥B∥

〉)
= ℜ

(〈
AB∗BXnxn

∥B∥2 , XnB
∗xn

〉)
= ℜ (⟨AXnxn, XnB

∗xn⟩) + ℜ
(〈

Azn
∥B∥2 , XnB

∗xn

〉)
(by (2.15)).

Letting n → ∞ and using the equality in (2.6), we get the desired result. This completes the
proof.

Our second main result is stated as follows.

Theorem 2.2. Let A,B,C,D,E ∈ B(H) \ {0} satisfy the following conditions:

(C1) DB∗ = B∗D = ∥D∥∥B∥I;

(C2) CE∗ = E∗C = ∥C∥∥E∥I.

Then, the following assertions are equivalent:

(i) ∥MA,B +MC,D +ME,D∗∥ = ∥A∥∥B∥+ ∥C∥∥D∥+ ∥E∥∥D∥;

(ii) WN (C∗A + E∗A) ∩ WN (I + D∗B∗) ̸= ∅, ∥C∗A + E∗A∥ = ∥C∥∥A∥ + ∥E∥∥A∥ and
∥I +D∗B∗∥ = 1 + ∥D∥∥B∥.
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In order to prove Theorem 2.2, we need the following auxiliary lemmas.

Lemma 2.3. Let A,B,C,D,E ∈ B(H) satisfy the conditions (C1) and C2 of Theorem 2.2.
Assume that exist two unit sequences {Xn} ⊆ B(H) and {xn} ⊆ H such that

lim
n→+∞

∥AXnBxn + CXnDxn +EXnD
∗xn∥ = ∥A∥∥B∥+ ∥C∥∥D∥+ ∥E∥∥D∥. (2.16)

Then the following equalities hold:

lim
n→+∞

∥AXnBxn∥ = ∥A∥∥B∥; (2.17)

lim
n→+∞

∥CXnDxn∥ = ∥C∥∥D∥; (2.18)

lim
n→+∞

∥EXnD
∗xn∥ = ∥E∥∥D∥; (2.19)

lim
n→+∞

ℜ(⟨AXnBxn, CXnDxn⟩) = ∥A∥∥B∥∥C∥∥D∥; (2.20)

lim
n→+∞

ℜ(⟨AXnBxn, EXnD
∗xn⟩) = ∥A∥∥B∥∥E∥∥D∥; (2.21)

lim
n→+∞

ℜ(⟨CXnDxn, EXnD
∗xn⟩) = ∥C∥∥E∥∥D∥2; (2.22)

lim
n→+∞

∥Bxn∥ = ∥B∥. (2.23)

Proof. A simple calculation shows that

∥AXnBxn + CXnDxn +EXnD
∗xn∥2 = ∥AXnBxn∥2 + ∥CXnDxn∥2 + ∥EXnD

∗∥2

+ 2ℜ(⟨AXnBxn, CXnDxn⟩) + 2ℜ(⟨AXnBxn, EXnD
∗xn⟩)

+ 2ℜ(⟨CXnDxn, EXnD
∗xn⟩). (2.24)

Hence, by combining (2.16) and (2.24), we easily derive the desired equalities.

Lemma 2.4. Under the same assumptions and notations of Lemma 2.3, we have the following
equalities:

lim
n→+∞

∥C∗AXnyn∥ = ∥C∥∥A∥; (2.25)

lim
n→+∞

∥E∗AXnyn∥ = ∥E∥∥A∥; (2.26)

lim
n→+∞

∥Xnyn∥ = 1; (2.27)

lim
n→+∞

∥XnD
∗B∗yn∥ = ∥D∥∥B∥; (2.28)

lim
n→+∞

ℜ(⟨C∗AXnyn, E
∗AXnyn⟩) = ∥C∥∥E∥∥A∥2; (2.29)

lim
n→+∞

ℜ(⟨C∗AXnyn, Xnyn⟩) = ∥C∥∥A∥, (2.30)

where yn = Bxn

∥B∥ for all n ∈ N.

Proof. First of all, observe that from Equality (2.23), we can find a sequence {ϵn} ⊆ H, with
limn→+∞ ∥ϵn∥ = 0 such that

B∗Bxn = ∥B∥2xn + ϵn (n ∈ N). (2.31)

We start by showing the equality in (2.29). For each n, we have

ℜ(⟨C∗AXnyn, E
∗AXnyn⟩) = ℜ(⟨AXnyn, CE∗AXnyn⟩)

= ∥C∥∥E∥ℜ
(〈

AXn
Bxn

∥B∥
, AXn

Bxn

∥B∥

〉)
[by Hypothesis (C2)]

=
∥C∥∥E∥∥AXBxn∥2

∥B∥2 .
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Using the equality in (2.17) and letting n → ∞, we obtain the required equality.
The equalities in (2.25) and (2.26) follow directly from (2.29).
Clearly, the equality in (2.27) is an immediate consequence of (2.30). Let us now show the

equality in (2.30). For each n, we have

ℜ(⟨C∗AXnyn, Xnyn⟩) =
ℜ(⟨C∗AXnBxn, XnBxn⟩)

∥B∥2

=
ℜ(⟨C∗AXnBxn, XnDB∗Bxn⟩)

∥B∥3∥D∥
[by Hypothesis (C1)]

=
ℜ(⟨C∗AXnBxn, XnDxn⟩)

∥B∥∥D∥
+

ℜ(⟨C∗AXnBxn, XnDϵn⟩)
∥B∥3∥D∥

[by (2.31)]

=
ℜ(⟨AXnBxn, CXnDxn⟩)

∥B∥∥D∥
+

ℜ(⟨C∗AXnBxn, XnDϵn⟩)
∥B∥3∥D∥

.

Using (2.20) and letting n → ∞, we infer the desired equality.
It remains to establish the equality in (2.28). It follows from (2.19) that

lim
n→+∞

∥XnD
∗xn∥ = ∥D∥.

Thus, by combining this equality with (2.31), we obtain the equality in (2.28). This completes
the proof.

Lemma 2.5. Under the same conditions and notations of Lemma 2.3, the following equalities
hold:

lim
n→+∞

ℜ(⟨C∗AXnyn, XnD
∗B∗yn⟩) = ∥C∥∥A∥∥D∥∥B∥; (2.32)

lim
n→+∞

ℜ(⟨E∗AXnyn, XnD
∗B∗yn⟩) = ∥E∥∥A∥∥D∥∥B∥; (2.33)

lim
n→+∞

ℜ(⟨E∗AXnyn, Xnyn⟩) = ∥E∥∥A∥; (2.34)

lim
n→+∞

ℜ(⟨Xnyn, XnD
∗B∗yn⟩) = ∥D∥∥B∥. (2.35)

Proof. Note first that there exist two sequences {ϵ′n} and {ϵ′′n} of elements of H both converging
to 0 such that for each n, we have

CC∗EXnD
∗xn = ∥C∥2EXnD

∗xn + ϵ′n; (2.36)

C∗CXnDxn = ∥C∥2XnDxn + ϵ
′′

n. (2.37)

Indeed, using (2.22) and the equality

ℜ(⟨CXnDxn, EXnD
∗xn⟩) = ℜ(⟨XnDxn, C

∗EXnD
∗xn⟩) (n ∈ N),

we get that

lim
n→+∞

∥C∗EXnD
∗xn∥ = ∥C∥∥E∥∥D∥. (2.38)

Hence, by combining (2.19) and (2.38), we can infer (2.36). The equality (2.37) follows from
(2.18) by using a similar reasoning.
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We now show Equality (2.32). For each n, we have

ℜ(⟨C∗AXnyn, XnD
∗B∗yn⟩) =

ℜ(⟨C∗AXnBxn, XnD
∗B∗Bxn⟩)

∥B∥2

= ℜ(⟨C∗AXnBxn, XnD
∗xn⟩)

+
ℜ(⟨C∗AXnBxn, XnD

∗ϵn⟩)
∥B∥2 [by (2.31)]

=
ℜ(⟨AXnBxn, CC∗EXnD

∗xn⟩)
∥E∥∥C∥

+
ℜ(⟨C∗AXnBxn, XnD

∗ϵn⟩)
∥B∥2 [by (C2)]

=
∥C∥ℜ(⟨AXnBxn, EXnD

∗xn⟩)
∥E∥

+
ℜ(⟨AXnBxn, ϵ

′
n⟩)

∥E∥∥C∥

+
ℜ(⟨C∗AXnBxn, XnD

∗ϵn⟩)
∥B∥2 [by (2.36)].

Hence, we achieve the required equality by letting n → ∞ and using (2.21).
The equality (2.33) comes directly from (2.21) and (2.31). It remains to show the equalities

in (2.34) and (2.35). To do this, we need the following two equalities. The first one is as follows:

ℜ(⟨E∗AXnyn, Xnyn⟩) =
ℜ(⟨AXnBxn, EXnBxn⟩)

∥B∥2

=
ℜ(⟨AXnBxn, EXnDB∗Bxn⟩)

∥D∥∥B∥3 [by (C1)]

=
ℜ(⟨AXnBxn, EXnDxn⟩)

∥D∥∥B∥
+

ℜ(⟨AXnBxn, EXnDϵn⟩)
∥D∥∥B∥3 [by (2.31)]

=
ℜ(⟨AXnBxn, EC∗CXnDxn⟩)

∥D∥∥B∥∥C∥2 − ℜ(⟨AXnBxn, Eϵ
′′

n⟩)
∥D∥∥B∥∥C∥2

+
ℜ(⟨AXnBxn, EXnDϵn⟩)

∥D∥∥B∥3 [by (2.37)]

=
∥E∥ℜ(⟨AXnBxn, CXnDxn⟩)

∥D∥∥B∥∥C∥
− ℜ(⟨AXnBxn, Eϵ

′′

n⟩)
∥D∥∥B∥∥C∥2

+
ℜ(⟨AXnBxn, EXnDϵn⟩)

∥D∥∥B∥3 [by (C2)],

the second equality is:

ℜ(⟨Xnyn, XnD
∗B∗yn⟩) =

ℜ(⟨XnBxn, XnD
∗B∗Bxn⟩)

∥B∥2

= ℜ(⟨XnBxn, XnD
∗xn⟩) +

ℜ(⟨XnBxn, XnD
∗ϵn⟩)

∥B∥2 [by (2.31)]

=
ℜ(⟨XnDB∗Bxn, C

∗EXnD
∗xn⟩)

∥B∥∥D∥∥C∥∥E∥

+
ℜ(⟨XnBxn, XnD

∗ϵn⟩)
∥B∥2 [by (C1) and (C2)]

=
∥B∥ℜ(⟨CXnDxn, EXnD

∗xn⟩)
∥D∥∥C∥∥E∥

+
ℜ(⟨XnDϵn, C

∗EXnD
∗xn⟩)

∥B∥∥D∥∥C∥∥E∥

+
ℜ(⟨XnBxn, XnD

∗ϵn⟩)
∥B∥2 [by (2.31)].
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So, by letting n → ∞ and using (2.20) and (2.22), we obtain the required equalities. This
completes the proof.

We are now in a position to give the proof of Theorem 2.2.
Proof of Theorem 2.2.

(i) ⇒ (ii) : As per Theorem 1.1, to establish (ii), it suffices to show that

∥δC∗A+E∗A;−(I+D∗B∗)∥ = ∥C∗A+E∗A∥+ ∥I +D∗B∗∥ (2.39)

= ∥C∥∥A∥+ ∥E∥∥A∥+ 1 + ∥D∥∥B∥.

To do so, observe first that from assumption (i) there exist two unit sequences {Xn} ⊆ B(H)
and {xn} ⊆ H such that

lim
n→+∞

∥AXnBxn + CXnDxn +EXnD
∗xn∥ = ∥A∥∥B∥+ ∥C∥∥D∥+ ∥E∥∥D∥.

Therefore, in order to obtain Equality (2.39), we only need to prove that

lim
n→+∞

∥(C∗A+E∗A)Xnyn +Xn(I +D∗B∗)yn∥ = ∥C∥∥A∥+∥E∥∥A∥ (2.40)

+ 1 + ∥D∥∥B∥,

where yn = Bxn

∥B∥ for all n ∈ N. By a straightforward calculation, we have

∥(C∗A+E∗A)Xnyn +Xn(I +D∗B∗)yn∥2

= ∥C∗AXnyn∥2 + ∥E∗AXnyn∥2 + ∥Xnyn∥2 + ∥XnD
∗B∗yn∥2

+ 2ℜ(⟨C∗AXnyn, E
∗AXnyn⟩) + 2ℜ(⟨C∗AXnyn, Xnyn⟩) + 2ℜ(⟨C∗AXnyn, XnD

∗B∗yn⟩)
+ 2ℜ(⟨E∗AXnyn, Xnyn⟩) + 2ℜ(⟨E∗AXnyn, XnD

∗B∗yn⟩)
+ 2ℜ(⟨Xnyn, XnD

∗B∗yn⟩),

for every n. Therefore, by applying Lemmas 2.4 and 2.5, we obtain the equality in (2.40).
Consequently, the equality in (2.39) is reached using the triangular inequality and (2.40).
(ii) ⇒ (i) : Combining Theorem 1.1 together with the assumption in Part (ii), we obtain that

∥δC∗A+E∗A;−(I+D∗B∗)∥ = ∥C∥∥A∥+ ∥E∥∥A∥+ 1 + ∥D∥∥B∥.

From the equality above, we can find two sequences {Xn} ⊆ B(H) and {xn} ⊆ H with ∥Xn∥ =
∥xn∥ = 1 for all n, such that

lim
n→+∞

∥C∗AXnxn +E∗AXnxn +Xnxn +XnD
∗B∗xn∥

= ∥C∥∥A∥+ ∥E∥∥A∥+ 1 + ∥D∥∥B∥.

This implies the following equalities:

lim
n→+∞

ℜ(⟨C∗AXnxn, Xnxn⟩) = ∥C∥∥A∥; (2.41)

lim
n→+∞

ℜ(⟨E∗AXnxn, XnD
∗B∗xn⟩) = ∥E∥∥A∥∥D∥∥B∥; (2.42)

lim
n→+∞

ℜ(⟨Xnxn, XnD
∗B∗xn⟩) = ∥D∥∥B∥; (2.43)

lim
n→+∞

∥B∗xn∥ = ∥B∥. (2.44)

Set yn = B∗xn

∥B∥ . We want to prove

lim
n→+∞

∥AXnByn + CXnDyn +EXnD
∗yn∥ = ∥A∥∥B∥+ ∥C∥∥D∥+ ∥E∥∥D∥.
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For this purpose, it suffices to establish the following equalities:

lim
n→+∞

∥AXnByn∥ = ∥A∥∥B∥; (2.45)

lim
n→+∞

∥CXnDyn∥ = ∥C∥∥D∥; (2.46)

lim
n→+∞

∥EXnD
∗yn∥ = ∥E∥∥D∥; (2.47)

lim
n→+∞

ℜ(⟨AXnByn, CXnDyn⟩) = ∥A∥∥B∥∥C∥∥D∥; (2.48)

lim
n→+∞

ℜ(⟨AXnByn, EXnD
∗yn⟩) = ∥A∥∥B∥∥E∥∥D∥; (2.49)

lim
n→+∞

ℜ(⟨CXnDyn, EXnD
∗yn⟩) = ∥C∥∥E∥∥D∥2. (2.50)

Obviously, the equalities in (2.45), (2.46) and (2.47) are immediate consequences of (2.48),
(2.49) and (2.50). Therefore, it is sufficient to show the last three equalities. First, observe from
(2.44) that there exists a sequence {un} of elements of H such that limn→+∞ un = 0 and

BB∗xn = ∥B∥2xn + un (n ∈ N). (2.51)

Let us now begin by showing (2.48). For each n, we have

ℜ(⟨AXnByn, CXnDyn⟩) =
ℜ(⟨AXnBB∗xn, CXnDB∗xn⟩)

∥B∥2

= ∥B∥∥D∥ℜ(⟨C∗AXnxn, Xnxn⟩)

+
ℜ(⟨AXnun, CXnDB∗xn⟩)

∥B∥2 [by (C1) and (2.51)].

Using (2.41) and letting n → ∞, we obtain Equality (2.48). The equality in (2.49) follows
directly from (2.42) and (2.41). Combining the assumptions in (C1) and (C2) with the equality
in (2.43), we directly obtain Equality (2.50). This completes the proof.

Data availability.

Data sharing not applicable to this article as no datasets were generated or analysed during the
current study.

References
[1] A. Baghdad and M.C. Kaadoud, A note on maximal numerical range, J. Math. Ext., 14(1) (2020), 117–

126.

[2] M. Barraa and M. Boumazgour, A lower boud for the norm of the operator X → AXB+AXB, Extracta
Math., 16(2) (2001), 223–227.

[3] M. Barraa and M. Boumazgour, Inner derivations and norm equality, Proc. Amer. Math. Soc., 130(2)
(2002), 471–476.

[4] M. Barraa and M. Boumazgour, Norm equality for a basic elementary operator, J. Math. Anal. Appl., 286
(2003), 359–362.

[5] A. Blanco, M. Boumazgour and T.J. Ransford, On the norm of elementary operators, J. London Math.
Soc., 70(2) (2004), 479–498.

[6] M. Boumazgour and M. Barraa, A note on the norm of a basic elementary operator, Bull. Belg. Math.
Soc. Simon Stevin, 22 (2015), 603–610.

[7] M. Boumazgour and H.A. Nabwey, A note concerning the numerical range of a basic elementary opera-
tor, Ann. Funct. Annal., 7(3) (2016), 434–441.

[8] M. Boumazgour, Norm inequalities for sums of two basic elementary operators, J. Math. Anal. Appl., 342
(2008), 386–393.



ON THE NORM EQUALITIES OF ELEMENTARY OPERATORS 1187

[9] M. Boumazgour, On the S-universal elementary operators, Linear Algebra Appl., 507 (2016), 274–287.

[10] L. Fialkow, Structural properties of elementary operators, in: M. Mathieu (Ed.), Elementary Operators
and Applications, Proc. Int. Workshop, Blaubeurn, 1991, World Scientific, Singapore, 1992, pp. 55–113.

[11] K.E. Gustafson and D.K.M. Rao, Numerical range: The field of values of linear operators and matrices,
Springer, New York, Inc, (1997).

[12] P.R. Halmos, A Hilbert space problem book, Springer-Verlag, New York, (1982).

[13] G. Ji, N. Liu and Z. Li, Essential numerical range and maximal numerical range of the Aluthge transform,
Linear Multilinear Algebra, 55(4) (2007), 315–322.

[14] B. Magajna and A. Turnsek, On the norm of symmetrised two-sided multiplications, Bull. Austral. Math.
Soc., 67 (2003), 27–38.

[15] B. Magajna, On the distance to finite-dimensional subspaces in operator algebras, J. London Math. Soc.,
47(2) (1993), 516–532.

[16] M. Mathieu, The norm problem for elementary operators, in: K.D. Bierstedt, et al. (Eds.), Recent Progress
in Functional Analysis, Elsevier, Amsterdam, 2001, 363–368.

[17] A. Seddik, On the norm of elementary operators in standard operator algebras, Acta Sci. Math., 70
(2004), 229–236.

[18] O. Sellat, R. Chettouh and S. Bouzenada, On the geometry of the numerical range, Palest. J. Math. 14(3)
(2025), 56–62.

[19] L.L. Stacho and B. Zalar, On the norm of Jordan elementary operators in standard operator algebras,
Publ. Math. Debrecen, 49 (1996), 127–134.

[20] J. Stampfli, The norm of a derivation, Pacific J. Math., 33 (1970), 737–747.

[21] S.G. Tanha, A.N. Motlagh and A. Bodaghi, On Jordan ∗-derivation and generalized Jordan ∗-derivation,
Palest. J. Math. 11(4) (2022), 293–299.

[22] R.M. Timoney, Computing the norm of elementary operators, Illinois J. Math., 47 (2003), 1207–1226.

[23] R.M. Timoney, Some formulae for norms of elementary operators, J. Operator Theory 57(1) (2007), 121–
145.

Author information
Abdelghani Sougrati, Department of Mathematics, Faculy of Sciences, University Ibn Zohr, Agadir, Morocco.
E-mail: sougratiabdelghani@gmail.com

Mohamed Boumazgour, Faculy of Economic Science, University Ibn Zohr, Dakhla city, P.O. Box 8658 Agadir,
Morocco.
E-mail: m.boumazgour@uiz.ac.ma

Zakaria Taki, Department of Mathematics, Mohammed V University,
Higher Normal School of Rabat (E.N.S de Rabat), P.O. Box 5118, 10105, Rabat, Morocco.
E-mail: zakaria.taki@ens.um5.ac.ma

Received: 2024-12-07
Accepted: 2026-07-12


	1 Introduction and preliminaries
	2 Main results

