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Abstract. The idea of the Fibonacci sequence has been expanded and modified in numerous
ways, some by preserving the initial conditions and altering the recurrence relation, and others
by preserving the recurrence relation and altering the initial condition. One of its interesting
generalizations is the sequence of right k-Fibonacci numbers. This was further generalized into
the ‘right bifurcating Fibonacci sequence’.

In this paper, we generalize this sequence further into the ‘right trifurcating Fibonacci num-
bers’ sequence. We first obtain the generating function for these numbers and use it to derive
its Binet-like formula. Additionally, we derive analogous of various known identities such as
Cassini’s, Catalan’s, and d’Ocagne’s identities. Furthermore, we derive several elementary iden-
tities for the terms of such sequence.

1 Introduction

The Fibonacci sequence is mainly generalized in two ways: one by altering the initial condition,
and the other by altering the recurrence relation. Various generalizations and results related to the
Fibonacci sequence can be easily found in Koshy [8]. Falcon, Plaza [6] generalized the Fibonacci
sequence to the sequence of left k-Fibonacci numbers defined by the recurrence relation FX =
kF® |+ F* , with F} = 0 and F} = 1. Many papers on this generalization have appeared in
recent years [1, 7,9, 11, 12]. These generalization was further generalized by Arvadia, Shah [2]
to right k-Fibonacci numbers defined by the recurrence relation Iy, = FF | + kF[, _, with
FE = 0and Ff*, = 1. Edson, Yayenie [5] generalized the sequence of left k-Fibonacci numbers
to ‘bifurcating Fibonacci numbers and in a similar way Diwan, Shah [4] further generalized these

sequence of right k-Fibonacci numbers to a sequence {Ff’ <a’b>} of right bifurcating Fibonacci

numbers.
Diwan, Shah [3] considered and studied extensively the sequence {F,? (p,q,, s)} of gener-
alized Fibonacci numbers defined by the recurrence relation.

ES(p,q,ry8) = pXMg =XMESG (p g, 7, 5) + XWX RE (5 g r5), (1)
with initial conditions
F¢(p,q.r,s)=0,  Ff(p,qrs) =1,

where

_J0, n=0 (mod?2),
X(n){ n=1 (mod2).

and p, q, r, s are positive integers.
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R(a,b)

Also, the sequence {Fn } is a special case of this sequence with p = ¢ = 1 and r =

a,s = b. These bifurcating sequences of Fibonacci numbers were also studied by [3, 13, 14].

In this paper, the authors extend the sequence { < (p, ¢, r,s)} to a sequence of
{F%(p,q,r,s,t,u)} trifurcating Fibonacci numbers. These numbers are governed by six real
parameters: p, ¢, , s,t, and u. Each term in this sequence is determined by a recurrence relation

Ff(p,q,r,S,t,u)=pL 7¥Jq{17(%ﬂrw (T]JFG (g, 7, 8.t u)

x(n) x(n+2) x(nt+l) (12)
T i Kl Pl JFG 2(p,q, 7, 8,1, u),
where
Oa n=0 (mOd 3)7
x(n)=q1, n=1 (mod3),

2, n=2 (mod 3).

Patel, Shah [10] studied the special case of these trifurcating Fibonacci sequence with p =
a,q = b,r = c¢,and s =t = u = 1. which gives us left trifurcating Fibonacci sequence

{Fé/(‘%bxc) }
In this paper, we study another case of the sequence {FE (p,q,7, 8,1, u)} withp=¢gq=r=1
and s = a,t = b,u = c which gives right trifurcating Fibonacci sequence {Ff(“’b’c)}. The

terms of this sequence {Ff’ (“’b’c)} are defined by the recurrence relation

F2a,b,c) = Fl,

n

(a,b,¢) + a®* P FE (a,b,c). (1.3)

Definition 1.1. For any three positive integers a, b and ¢, the right trifurcating Fibonacci se-

FR(a.b,c) R(a,b,c) __ -0, F R(a,b,c) __

quence { n } is defined recursively by I = 1 and the recurrence

relation
FR(?’b ) 4 aFf_((;’b’c); if n = 0(mod 3)
Febe) = § pRabe) Ly pRabe). e n = 1(mod 3) .

P +F abc sif n=2(mod 3)
To avoid cumbersome notation, throughout we denote Ff‘ (a:b.0) by @,,. The first few terms of
{Quyare {0, 1,1, a+1, a+b+1,ac+a+b+c+1l,a>+ab+ac+2a+b+c+1,...}.
It is often useful to extend the sequence {Q,, } backward with negative subscripts. If we try
to extend the sequence backward while keeping the same rule, we obtain the doubly infinite

o0
sequence. This provides the terms of this bilateral sequence as { Flffla,b,C)} =
{.., —g=(a+c+1), g=(a+1), =%, £, 0,1, 1, I+a,1+a+b, ...}

Thus, the sequence of right trifurcating Fibonacci numbers is bilateral, since it can be ex-
o0
tended infinitely in both directions. From the terms of { ff b c)} , the following result
k, n=—oo

follows immediately.

Lemma 1.2. F (a,b,c) _ (=pn*! FR(a,c,b)‘

eI E I

Firstly, we establish that each term and its immediate successor are always coprime in the
sequence {Q}.

Theorem 1.3. gcd (Qn, Qn_1) = 1; foralln =1, 2, ....

Proof. Suppose that ), and @),,_; are both divisible by a positive integer d. Then clearly @,, —
Qn-1 = aQ,—» (if n = 3k) will also be divisible by d. Then, the right-hand side of this result
is divisible by d. This gives d|Q,—,. Continuing this argument, we see that d|Q,—_3, d|Qn—4
and so on. Eventually, we must have d|Q;. Since @; = 1 we get d = 1, This gives the desired
result. o
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2 Fundamental identities for the sequence {Q,, }

In this section, we establish several interesting identities related to the elements of the sequence
{Qn}. We first prove some interesting summation identities for the elements of {Q,, }.

Lemma 2.1. For n > 1, the following identities hold:

(i)
bQsniz = (be+1)> Qae + (0 —1) ) Qapy1 +b.
k=1 k=1
(ii)
aQapi1 = (ab+1)> Qa1+ (a—1))_ Qz +a.
k=1 )
(iii)

Qin=(ac+ 1)) Qa2+ (c—1)> Qa1
k=1 k=1

Proof. Since Q342 = Q3nt1 + cQ3y, We get

Q> = Q1 + cQo,
Qs = Q4 + cQ3,
Qs = Q7 + cQs,

Q3n+2 = Q3n+1 + cQ3p.
Summing up all of these equations, we obtain
Q+Qs+Qs+ ... +Qan2=(Q1+ Qs+ ...+ Q3p+1) +c(Qo+ Q3+ ... +Q3,) (2.1)

Again» Q3n = Q3n—] + aQ3n—2 giVGS

Q3 = Q2+ aQy,
Qs = Qs + a4
Q9 = Qg + aQy

Q3n = Q3n—1 + al3p_2.

Summing up all of these equations, we obtain

Q3+ Qs+ +Q3n=(Q+Qs+  +Qsn1)+a(Qi+ Qs+ -+ Q3,2). (22)

Also, since Q3p4+1 = Q3pn + bQ3,—1, we have

Qs = Q3 + bQ2,
Q7 = Qs + bQs,
Q10 = Q9 + bQs,

Q3n+l = Q3n + bQ3n—1.
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Summing up all of these equations, we obtain
Qi+Q7+ .. .+ Qa1 =(Q3+ Qs+ ... +Q3,) +0(Q2+ Q5+ ... +Q3,1)  (2.3)
Using (2.2) in (2.1) we get
Q2+ Qs+ +Qaps2=(Q1 + Qa+ -+ Qant1)
(@4 Qs+ 4+ Qan1) +a (@ +Qut -+ Qan2)

=(ac+1)(Qi+ Qs+ -+ Q3n—2)
+c(@Q+ Qs+ -+ Q3n1) + Q3ny1-

This finally gives
Qsn=(ac+1)(Qi+Q+...+Q3p2)+(c—1)(Q2+ Q5+ ...+ Q3n_1)

Other results can be proved accordingly by examining the pair of equations (2.2), (2.3), and
subsequently (2.1), (2.3) collectively. O

We next obtain further summation identities for {Q,, }.
Theorem 2.2. For n > 0, let
A= (ab+1)(ac+1)(bc+ 1)+ (a—1)(b—1)(c—1).

Then the following identities hold:

(a)
ZQ% [ (Qsns1 — D(e—1)(b—1) — cQsn(ab+ 1)(ac + 1)
+(bQ3n—1 — 1)(ab+ 1)(ac + 1) + (ab + 1)(ac + 1)(be + 1)Q3n]
(b)
gy@ﬁz [0Qs2— D@~ De 1) — (@5~ (e~ Db+ 1)
+eQan(ab+ 1) (be + 1) + (b + 1)(ac + 1) (be + D) @Qsns .
(c)

Z Qsiv2 = 3 [e@snsla—1)(b 1) — (bQsu2 — 1)a— 1)(ac +1)

+a(Q3n+1 — 1)(ac+ 1)(be+ 1) + (ab+ 1)(ac + 1)(be + 1)Q3n+2}.

Proof. We exclusively establish the proof for the result (a) here, while the remaining two results
can be demonstrated analogously. Utilizing (ii) and (iii) from Lemma 2.1, we obtain

Q3ny3 = (Elbcj—ll)) {(0Q3n12 = 1) = (be + 1) (Qo+ Q@3 + ... + Qsn)}

+(c—=1)(@Q+ Qs+ ...+ Q3ny2)
Then

ac+1

L Qaa = 1) = (= 1) (Q+ Qs -+ + Qund)
(ac+ 1)(bc+ 1)

:—T(Q0+Q3+”'+Q3n)-

CQ371,+3
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Using Lemma (2.1) (ii), we get

cQ3n43 — ((abc+)) (bQ3n+2—1) = (c = 1) (Q2+ Qs+ ... + Q3n42)

_ (et D)(act+1) (a(Qan+1—1) = (ab+1)(Q2+ Qs + ...+ Q3n—1))

(b—1)(c—1)
Then,
((ab+ 1) (ac+1)(bc+ 1)+ (a—1)(b—1)(c— 1))ZH:Q31€+2
k=0
= cQ3ns3(a—1)(b—1) = (bQ3ns2 — 1)(a = 1)(ac + 1)
+ a(Qsnt1 — 1)(ac+ 1)(bc+ 1) + (ab+ 1)(ac+ 1)(be + 1)Q3p42
Hence,

— %{canH(a— D(b—1)

_ (bQ3n+2 — 1)(a — 1)(ac+ 1)
+a(Q3n+1 — 1)(ac + 1)(be + 1)

+ (ab + 1)(ac + 1)(be + 1)Q3n+2}.

Q2+ Qs+ -+ Qang2

We now give the sum of the first k terms of the sequence {Q,, }.

Theorem 2.3. Let

1
(ab+ D(ac+ Db+ 1)+ (a— D) — D(c—1)

p:

Let m = |k/3]. Then Zﬁ:l Qn =pS, where

S =a(Qsm+1 — 1) [(c —1)(b—bc—2)+ (ac+ 1)(bec + 1)}
+ (bQ3m—1 — 1)(ab+ 1)(ac+ 1) — (bQ3m+2 — 1)(a — 1)(ac+¢)
+ CQ3m+3(a — 1)(b — 1) + CQ3m(ab+ 1)(bc —b+ 2)

+(ab+1)(ac+1)(bc+l)[Q3m+(lfL1 <’“+1J)Q3m+1+L1 g’ﬂijﬂ}
—(a=1)=D(e=1) [11 = 5L Qs+ (1= 11 = ) Qansa]

Proof. We begin by evaluating the sum Zﬁzl @, for three scenarios: when k = 3m, 3m +
1, and 3m + 2. Subsequently, we consolidate these individual results into a unified outcome.
We let

1/p=(ab+1)(ac+ 1)(bc+ 1)+ (a—1)(b—1)(c—1).

Now for k = 3m + 2, using the above theorem we get

ZQn— Q3+ Qe+ +Q3m) +(Q1+ Qs+t + Q3mt1)

n=I

T (Q2+ Qs+ + Qams2)
—p[a(Q3m+| —D{(c=1)(b=1) = (c = 1)(be+ 1) + (ac + 1)(be + 1)}
+ (ng,m_] — 1)(ab + 1)(&0—1— 1) + cQ3m+3(a — 1)(b — 1)
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- (0Qsmsz — Dla—1D){(c—1) - (ac+ 1)}
+ cQ3m(ab+ 1){(bc+1)— (b—1)}

+ (ab+ 1) (ac+ 1)(be + 1) (Qam + Qamst + Qams2)] (2.4)

Next, for the case k = 3m + 1, we get

ZQn—Q3+Q6+ 4 Q3m) + (@1 + Qa+ -+ + Qaman)

+(Q2+ Qs+ 4+ Q3m—1)

[ (Q3ms1 — D{(c=1)(b—1) = (c— D)(be+ 1) + (ac+ 1)(be + 1)}
+ (0Q3m—1 — 1)(ab+ 1)(ac+ 1) + cQ3m+3(a — 1)(b — 1)
+ (bQ3m+2 — 1)(a — ){(c—l) (ac+1)}

+ cQam(ab+ 1){(be+ 1) — (b—1)}

+ (ab+ )(GC+1)(bC+ )(Q3m + Q3mt1)

~(a= 1= 1)~ DQamsa|. 2.5)

Finally, for k = 3m, we get

ZQn—Q3+Q6+ 4 Qam) + Q1+ Qa+ -+ + Qam—2)

+(Q2+ Qs+ + Q3m_1)
zp[a(Q3m+1 —D{(c=1)(b—1) = (c = 1)(be+ 1) + (ac+ 1)(be + 1)}
+ (bQ3m—1 — 1)(ab+ 1)(ac+ 1) + (ab+ 1)(ac + 1)(bc + 1)Q3m,
+ (bQ3main — 1)(a — 1){(c— 1) - (ac+1)}
+ cQam(ab+ 1){(bc+1) — (b—1)} + cQ3m+3(a —1)(b—1)
(

)
~(a= 1= 1)(e = D)@+ Qunsa)|. (2.6)

Combining these results, we get the required result. The above are some key identities regarding
the summation of right trifurcating Fibonacci numbers. O

Theorem 2.4. 57 ol 57 Lol — 0.0h - 1.

Proof. By applying the definition of right trifurcating Fibonacci numbers, we have

Q3n = Q3n—1+aQ3n—2, Q3nt1 = Q3n +0Q3n—1, Q3n12 = Q3nt1 + cQ3n.

These expressions can be represented as

aQ3n—2 = Q3n — Q3n—1, bQ3n—1 = Q3ny1 — Qin, Q3n = Q3ni2 — Q3nt1-
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Thus, we can derive the following set of equations:

cQo = Q2 — Q1,
aQr = Q3 — Qa,
bQr = Qs — Q3,

aQn = Qni2 — Qn11, ifn=1 (mod 3),
bQn = Qni2 — Quy1, ifn=2 (mod 3),
cQn = Qni2 — Qny1, ifn=0 (mod3).

Combining the aforementioned equations and utilizing the initial conditions Qg = 0 and @} = 1,
we obtain

ialliMJbllincPi@J Qr = Qpnir— 1.

k=0
]
Theorem 2.5.
n
B T L e L P Y S S
k=0
Proof. By expanding the shifted summation, we have
ia[l_MJb[l_MJcll_&Jka
k=0
n+i Ll_x(w'ﬂ)J [I_MJ LI_MJ
=2 ab T TG,
r=0
B e M P
r=0
=Qntita— 1 —(Qiz1 —1)
= Qn+i+2 - Qi+1.
]

Theorem 2.6.

(awmman;HJ {1 ) ><<n3+1>J

3

ral =L 1) 02— 0,00,

T aletlple ol {1 - ><<n+2>J

Proof. We demonstrate this result specifically for the scenario where n = 0 (mod 3), with the

remaining cases following suitably. Letting n = 3m, we apply mathematical induction on m.
For m = 1, we have

3

S al I QF = abe + abQ} + Q3 + Q3.

k=0
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Since Qp=0,Q; =1,Q, =1, and Q3 = 1 + a, we obtain

3
S ol IEELSQ = 1+ ) (1 4 a4 0) = 5Qs

k=0

We then suppose that the result is valid for a certain positive integer m = [ > 1. That is let

31

S alFE R QF = uun.

k=0
Now, considering the sum up to 3(I + 1):

3(1+1)

Z a |_3l+33—k+l J b|—31+3;k+2J c|~3l+§—kJ Qi
k=0
3 3l43—k+1 3143 —k+2 3l+3—k
= ZGL T p Ll e JQ%C +abQ§l+l + bQ%lJrz + Q%l+3
k=0
= abcQ3 Q311 + abQ3y 1 +bQ% 0 + Q313
= abQ314+1Q3142 + Q315 + Q3143
= bQ312Q31+3 + Q3113
= Q30+1)@3041)+1-
Hence, by induction, we confirm that the result holds for all positive integers n. O
Theorem 2.7.
Z <a|_n—zk+2JbI—n;kJCLn—Ek+IJ \\1 _ X(n3+ I)J
k=0

al gl =) {1 - ><<”3+2>J

"’aL%JbLn%MJCLn;kJ {1 - X(3n)J> 12+k = Qn+iQntit1 — QiQi1-

Proof. We can demonstrate this theorem by applying the same reasoning as in Theorem 2.5. O

3 Binet-Type Formula for {Q,, }

In this section, we establish the generating function for the sequence {@,,} and subsequently
utilize it to derive a Binet-like formula for these numbers. To begin, we establish a relationship
between three consecutive terms of the sequence {Q,, }, which will be essential for determining
the generating function of {Q,, }.

Lemma3.1. Q43 — (a+ b+ c+ 1)Q, — abcQ,_3 = 0.

Proof. We prove the result by considering the three cases when n = 3k, n = 3k + 1, and
n = 3k + 2. We present the proof only for the case n = 3k, and other cases follow accordingly.
Using the definition, We get

Q3113 = Q3py2 + aQ3p41 = Q341 + cQ3i + a (Q3r + bQ3x—1)
= Q3 + Q31 + (a + ¢)Q3r + abQ31—2 + abcQz;—3.

Expanding on the given definition, if we multiply both sides of Q3r = Q3r_1 + aQ3r_2 by b,

we obtain bQs; = bQ3k—1 + abQai—_».
Substituting this value into the equation provided earlier,we obtain:

Q3k+3 = (a+ b+ c+ 1)Qsx + abeQsy—3.
Hence, Q313 — (a +b+c+ 1)Q3k — abcQsr_3 = 0. O
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Next, we derive the generating function for the sequence {@,,} whenn = 0, 1, 2(mod 3).

Lemma 3.2. The generating function of the subsequence {Q,} of {Qn} is

5

(l) f( ) a+bii}—al(;§’xfabcm6 ’ when m =2 (mOd 3)
(1) 9(%) = g - Whenm = 1 (mod 3)

(iii) h(z) = 1= (Hb(f;ll))xtamﬁ ; when'm =0 (mod 3).

Proof. We present the proof only for the case m = 2 (mod 3). The other cases can be proved
accordingly.
We first let

) = Z Qan—127" 1 = Qoa? + Qsz” + Qs + ...
n=I
Then

(a+b+ec+ 1)z’ flz)=(a+b+c+ 1)@’ + (a+b+c+ 1)Qsa® + ...

and
20 f(z) = abeQqa® + abeQsz'! 4 abeQga'* + .. ..

Using Lemma 3.1, we get

(1= (a+b+c+ 1)z —abea®) f ()

= 22 + aced — Z Q3p12 — a +b+c+ )Q3k—1 - abCQ3k_4)x3k+2
k=2

=2 + acx.

Thus,
a2 + acx’

f@) = 1—(a+b+c+ 1)z — abcxt’

as required. O
The following outcome provides the generating function for the sequence {Q,, }.
Theorem 3.3. The generating function for the sequence {Q,,} is

v+ 22+ (1 +a)z? — a2’ + *
1—(a+b+c+1)z3 —abexd”

F(z) =

Proof. We consider the power series representation of the generating function for {Q,, }.
Let

F(ai):Q0+Q1$+Q2$2+---+Qk$k+~-~:ZmeCm

Then,
2F(z) = Qoz 4+ Qia? + Q2 + ...+ Qpa™ + ... =D Qua™! =D Qpoia™
m=0 m=1

Also,

(oo}

cr’F(z) = cQox? + cQi2° 4+ cQax* + ... 4+ cQpa®*? 4 ... = Z Q™ t?

m=0
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Since Q3x+2 = Q3p+1 + cQs3, We get

(1-z—c?) F(z) =2+ Y (Qsm — Qan—1 — Qin2) 2"
n=1

oo

+ Z (Q3n+1 — Q3n — cQ3p—1)z™" .

n=1

Since Q31 = Q3p—1 + a@Q3—2 and Q31 = Q3 + bQ3x—1, wWe get

n=I

(I-z—ca®)Fx) =+ (a—c)a® Y Qanaz™ 2+ (b= )2’ Y Qzn1z™ .
n=1

For convenience, we let

f(l‘) = Z Q3n—1x3n71 and g(z) = ZQ%L—Z‘T%L?Z.

n=1 n=1

Using Lemma 3.2 (i) and 3.2 (ii) we get

4

e pe — o T —cx
( x cx) (x) =z + (a C)xlf(a+b+c+1)x3—abcx6

5

2% + acx
b—c)a’ :
+(b-c) l—(a+b+c+ 1)z3 — abcx®

After simplification, we obtain the desired outcome.

We now obtain the Binet-like formula for the sequence {Q,, }.

Theorem 3.4. The terms of the sequence {Q.,,} are given by

where

and

= ( W B+ (fl)X(”)a{lf(fé)MJCLMJ + 11— X(3n> >;

with o = u+\/u;+4abc7 B _ uf\/u;Jrétabc7 w=aqa+ b+C+ 1’

0 ifn=0 (mod 3),
x(n)=< 1 ifn=1 (mod 3),
2 ifn=2 (mod 3).

Proof. From the generating function of {Q,,}, we have

F(x)_sc+a:2+(l+a)a:2—aa:3+x4
1 —(a+b+c+1)ad —abcad’

Now, if @, 3 are the roots of 1 — (a + b+ ¢ + 1)z — abcz® = 0, then

o u+ Vu? + 4abc 5= uw — Vu? + 4abc
— 5 , B= .

2
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If we letu = a + b+ ¢+ 1, then it is easy to observe that

af=—-1,a+B8=u and a-— = Vu?+4abc.
This can be rewritten as
r+ 22+ (1+a)z? — az® + 2*
(abex? + a)(abez? 4 B)

F(z) =

F(z)=-—

1 (1+ a)a — (abe + ca)z + (aca — abe)x?
a—p abcx’ + o

(1 +a)B — (abc + cB)z + (acB — abe)z?
B abex? + 8 '

Using McLaurin series expansion, we get

Fl)= ! {Z ("0 o), 5 ()" (abe tca) s

(a=A)abe) | 2 (=)™ = ()
)™ (aca — abe) 5, = D1 +a)B 3,

+Z ( o )n+l x3 2 Z n+1 3
abe n=0 abc)

o0

£ 30 D abe +08) 5 (21" acB —abe) }

+1 n+l
— 5 \" — B
n=0 <m> n=0 <@>

oo

—7_1 —1)"(abc)™ ! a pr—on "
_(a—ﬁ)(abC){nZ( a0 (g )+

=0

B i(—l)”(abc}”“ <(abc + ca)Bm ! — (abe + cﬁ)an+1> o

gt ()
N —ab Bn-H _ ﬂ —ab n+1 "
+Z "(abe)™ ! ((aca abe) (aﬁ)n(f]c abe)a >x3 +2}.
Then
0 a — 5n N
F(z) = {T;J(l—i-a) ( s >x3
o~ ((a—c)a™ = (B—c)B™\ 3n41
— ; ( - ) 23t
> ( + ) n+l _ ( "‘B)Bnﬂ N
_’_;(ac a)a a_ﬂac )x3 +2}.
Thus,
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For convenience if we write

0 ifn=0 (mod3),
x(n)=4¢ 1 ifn=1 (mod 3),
2 ifn=2 (mod3),

and

3 3
§(n) = ({X(n;Jer B+ (*I)X(n)a{ 7(75)X(7L)JJMJ + Ll - X(;)D :

This gives

as desired. O

The following results are the easy consequence of this theorem.

Corollary 3.5. (i) Q3, = (1 +a) (a;i§>
(ii) Qant1 = (%)

(iii) Q3ni2 = ((QCM)QZ:ZIHB)B”).

We now express a” and 3" in terms of o', a”~? and ", 5772, respectively.
Theorem 3.6. (i) o" = ua™ ! + abea2
(ii) " = upB™ ' 4 abeBm 2.

Proof. We prove both results by induction on 7.

Forn =2,
w+ V2 + dabe 2w (u +vVu? + 4abc> + 2abc
ol = 5 = 3 = ua + abe.

Thus, the validity of the result is confirmed for n = 2. Assuming it holds for some positive
integer n = k, we have
o = ua® ! + abeat 2.

Now, we aim to prove that it also holds for n = k 4 1. We begin by noting that
ot =M1 (?) = o (ua + abe) = ua® + abea® .

Hence we conclude that the statement is true for all positive integers n. In simplification, the
second result can be proven accordingly. O

Next, we present another expression for Q.

Theorem 3.7.If F(z) = Y .o (Qma™; x € (=1 1) then Q,, = L::!(O) , where F(™(z)
denotes the n'"* order derivative of the function F(z).
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Proof. For F(z) =" Qma™, we have Qyz° = 0 and

"(z) = i mQma™ ' =1+ i mQma™ !

m=1 m=2
Also,
im — 1)Qua™ —2><1><1+Z m—1)Quma™"
=2
FO@) =10-1)(1-2)- (- =1)Q
£ mm 1) - (- 1))@
m=Il+1

then we get

D(z)=1Q, + i m(m —1)--(m— (1 —1)Qua™"

m=l+1

Thus, F(l>(0) = [!Q,, which gives Q; = F(ll)!(o). Hence Q,, = % as required. m|

4 Some more identities relating {Q,, }

In this section, we apply the Binet-like formula mentioned earlier to uncover some interesting
properties of the terms {Q,, }. If we let v(n)d(n) = w, then we see that

w= x(n) +2 {aﬁ+ <(—1)X(">a{ch[WJ + {1 — X(n)J) (a+5)}

_px(n) 5 +(—1)x(n) )+
+ I_M <1+2(—1)X(”>a{1+( — JCLX(@)“J) _i_az{il( 2 JC%%J

Upon simplification, this yields the simplified value of w = (n)d(n) as

(1+a)?, ifn=0 (mod 3)
w=1q (a—c)(B—c), ifn=1 (mod 3)
(a+ac)(B+ac), ifn=2 (mod 3).

We begin by establishing an identity for the terms of {Q,, }, similar to how Catalan’s identity
operates for Fibonacci numbers.

Theorem 4.1. For any two non-negative integers k and r with r < L%J, we have

2
Qr—3-Qr13r — QF = —(—abc) L5 ]-m4 (Q3"> .
(OF

Proof. We prove the result by considering the three cases when n = 3k, 3k + 1, or 3k + 2. We
present the proof only for the case n = 3k + 1, as the other cases follow accordingly.
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If welet k =1 (mod 3), then by setting k = 3/ + 1 and applying Corollary 3.5, we obtain:

2
Q3l—3r+lQ3l+3r+1 - Q3l+1

- ((O‘ —c)at" — (B - 0)5l”> ((a — )t — (B - C)Blw)

a—pf a—pf
(@@d_f@wy
1

— (a — )2{(al—r+l _ ﬂl—r+l) (al+r+l _ ﬁl+r+l)

_ c(al—r _ 6[—7') (al+r+l _ BlJrrJrl)
. C(al7r+l _ /BZ7T+1) (al+r _ 5l+r)

4 02 (al—r _ Bl—r) (alJr'r' _ BlJr'r')
_ (Cz (al _ 61)2 — 2 (ozl _ Bl) (al“ _BHI) + (a“l _ Bl+1)2)}

_ 1 02 —abe l—r [2r a2r —abe)”
_(a—ﬁ)Z{( be)' " [BF + o + 2(—abe)"]

— (—abe) [B* + o + 2(—abe)"]

—cteae) [(2) @+ 0+ (5) @+ 8+ 2a+9)] }

_(_ l—r
:éJﬁ§7wﬂfwww4
—(—ab I—r
= El j_z))z (a - C) (6 - C)Q%r'
Thus,
Q31-3r11Q31 13011 — Q3py = —(—abe) " wQ3,Q57.
This completes the required result. O

The subsequent identity mirrors Cassini’s identity for Fibonacci numbers.
Corollary 4.2. For any integer k > 3, we have
Qi—3Qns3 — Q2 = —(—abe) 5171,
Proof. Follows immediately by setting » = 1 in Theorem 4.1. O
The subsequent identity is similar to Cassini’s identity for Fibonacci numbers.

Theorem 4.3. Where m,n are non-negative integers such that m > n and m = n (mod 3), we
have

QO3 — Qus3Qn = (—abe)" Qu_n (5) .
3

Proof. Since m = n (mod 3), we first consider both m and n to be of the form 3;5+2 and 3k 42,
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respectively. Then, for positive integers j and k£ < j, we obtain:

@3j4+2Q3k1312 — Q3j43+2Q3k+2

_ ((GC + a)ad — (ac+ B)ﬁj) ((ac + a)akt! — (ac+ 5)5k+1>

a—pf a—f
(ac+ a)adt! — (ac + B)p7IH! (ac + a)aF ! — (ac+ B)pF+!
() ()

= (0415)2{@202 (Oéjﬁk(a - 5) - akﬁj(a - 5))

+ ac (oﬂﬂk (oz2 — 52) — akﬁj (a2 - 62))

(e @ ) =t o m)}

= a—ﬁ {(a*c® + acu + (—abc))a*BF (a?F — g77F)}

= (—abc)*(a + ac)(B + ac) (Oé]a_gj>
= (—abc) [%] WQm—nQ3 "

Similarly, we can obtain the results when m and n are of the form 3k and 3% + 1. Combining
all these cases yields:

QmQni3 — QmizQn = (_abc) L%J me—nQ}’_l-
O

We next use a Binet-type formula to obtain an identity which includes the summation of Q,,’s
and binomial coefficients.

Theorem 4.4. For any integer m > 0, we have

n

n n—k
> (k> u"(abe)" " Qsp s x(m) = Qontx(m)-

k=0

Proof. We prove the result only for the case m = 3n; the remaining cases m = 3n + 1 and
m = 3n + 2 can be handled accordingly.
If m =0 (mod 3), then applying Corollary 3.5 yields:

n n

Z( ) (abe)™~ ’“Qm—Z(Z) E(abe)™ (1 + a) (

=0 k=0

:(;;)(g@ ki() w«)

- (; f Z) ((au + abe)™ — (Bu + abe)")

()

= Qen = Q2(3n)+x(n)'

Hence, in general, we obtain:

n n _
Z (k> u*(abe)" " Qspsx(m) = Qontx(m)-

k=0
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the

We complete this paper by introducing a result similar to the golden ratio property found in
Fibonacci sequence.

Theorem 4.5. The limiting ratio of any two terms of {Q,} whose suffixes are at a distance 3r
apart is

lim Qn+3r —a"
n—oo n ’

Proof. By Binet’s formula, we have

Qni3r _ . v(n)aL%J” —s(n)plalr

lim
n— 00

Dividing both the numerator and the denominator by « [%] , we get:

This yields:
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