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Abstract. In this paper, we introduce the concept of almost Ry — (¢, ¢, L) weak contractions,
characterized by rational expressions and equipped with a binary relation in the framework of
metric spaces. We investigate these mappings to establish the existence and uniqueness of com-
mon coincidence points and common fixed points. The obtained results are illustrated with suit-
able examples to demonstrate their applicability. As an application of our findings, we establish
the existence of solutions for a boundary value problem.

1 Preliminaries

The Banach contraction principle(BCP) stands as a pivotal result in analysis. Various authors
have extensively explored its generalization, leading to the emergence of new contraction fami-
lies. Alber [7] and others introduced modifications to weak contractions in Hilbert spaces, while
Rhoades [28] developed a specific weak contraction condition for metric spaces aimed at fa-
cilitating the computation of fixed points. Additionally, substantial research has been devoted
to weakly contractive mappings. On the other hand, the field of metric spaces with binary re-
lations, initiated by Turinici [34], represents a novel pathway of study. Subsequently, in the
order-theoretic metric setting, Ran and Reurings [29] have extended the BCP. In a complete met-
ric space with a binary relation, Alam and Imdad [4, 5, 6] established a fixed point result for
the classical Banach contraction principle. A notable aspect of their approach is that the con-
traction condition is required only for pairs of elements that are related through the specified
binary relation, rather than for all pairs of elements in the space. For further reading, we refer
to [2, 4, 5, 6,9, 10, 12, 15, 24, 25, 26, 31, 34, 35, 36]. Furthermore, numerous researchers
[3,8, 14,17, 19, 22, 31, 32, 33] have extended the study of metric spaces equipped with binary
relations. Their contributions include the establishment of various common coincidence point
and common fixed point results under suitable conditions.

Fixed point theory plays an important role in addressing a wide range of integral and differ-
ential equations. Numerous researchers [1, 11, 13, 16, 18, 20, 21, 23, 27, 30, 37, 38, 39, 40]
have investigated the existence and uniqueness of solutions for various classes of mathemati-
cal problems. These include boundary value problems, fractional differential equations, elastic
beam models, integral and fractional integral equations, nonlinear elliptic equations and delayed
hematopoiesis models, provided they adhere to certain prescribed auxiliary conditions.

In this paper, we denote a nonempty binary relation by R C M x M, 4" as NU {0} and triplet
(M, 9, R) is metric space endowed a binary relation R.

Definition 1.1. [24] A pair of elements ¢, [ € M are considered R comparative if (¢, [) € R or
(f,¢) € R and represented by [[, (] € R.

Definition 1.2. [24] Let # £ () with R.
(i)R~' = ([,¢) e M x M: (¢, [) € R} is the inverse relation of R.
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(i7) R* is given by R* = RU A¢, where AC = {(¢, () :  in M} is the reflexive closure of R.
(iii) R*=RUR™L

Definition 1.3. [5] A sequence {(,} C M is referred as R preserving if (., (,+1) € R for all
neN.

Definition 1.4. [5] If every R-preserving Cauchy sequence converges in M, then (M,0,R) is R
complete.

Definition 1.5. [5] R is considered O self closed whenever there is an R- preserving sequence
{¢} with ¢, — ¢, we can always find a subsequence {(,,, }72, with (¢,,,¢) € R.

Definition 1.6. [5] & is designated as (f, 3)-self closed if there is an R- preserving sequence {(,, }
with ¢,, — ¢, we can find a subsequence {(,,} satisfying (f ¢,,,F ¢) € Rforallp € A4

Definition 1.7. [5] R is S- closed if (¢, [) € R implies (S¢,S[) €R, ¢, [ € I

Definition 1.8. [4] Consider two selfmaps S and f on M and R on M is referred as (5, F )-closed
if (F¢, F[) € Rimplies (S¢,S[) € R, forall ¢, [ € M.

When F = I, Definition 1.8 simplifies to the concept of S closed on R, as described in
Definition 1.7.

Definition 1.9. [5] A self map S defined in (4,3, R) is designated as R-continuous at ¢ € M if for
any R-preserving sequence {¢,,} with ¢,—(, then S¢,—S¢. Additionally, M is R - continuous if
it R-continuous at every point of M.

Definition 1.10. [5] Consider two self maps S and f on M. If for any R-preserving sequence
{¢n} € M, [ (,—F ¢ then S¢,—S¢, then we call S is (F,R)-continuous at (. Further, S is
(F ,R)-continuous if S is (f,R) continuous at every point of M.

Under F = I, the Definition 1.10 reduces to Definition 1.9.

Definition 1.11. [4] Consider two self maps S and F on (M,d). A pair (S, f ) is termed R-
compatible when every sequence [, C M satisfies the conditions specified below.

(i) The {S[,} and {F [,} are R- preserving sequences.
(i) I limy—ooF [n = limy_00S[n = t, t € N, it follows that lim,, ,o0(F S[pn, SF [,) = 0.

Definition 1.12. [5] Let Q C M. Then, R restricted to @ is defined by R N Q>. We denote this
restricted relation by R|, which represents the relation on () induced from R&.

Definition 1.13. [6] A self map S on M is designated as locally S transitive if for each R-
preserving sequence {¢,} C S(M) with range denoted as Q = {(, € .4}, the binary relation
R|Q is transitive.

Lemma 1.14. [9] In ¥, let {(,,} be a sequence. If {(,} is not a Cauchy sequence in ¥, there exists
a real number € > 0 and two subsequences {(,,,(;y} and {,;)} so that 9((pn(j), Cu(j)—1) < € <
O(Cm(4)s Cn(y))- Moreover, if {C,} is so that limy, oo 0((n;s Cny1) = 0 and

].lij{)lo O(Cm(s)s Cns) = jlggo (Cmi)=1:Cn(s)) = jﬁj& A(Cm(s)s Cn()—1) = €

Theorem 1.15. [10] Consider a selfmap F on (M,d) associated with R satisfying:
(i) (M,0) is R-complete and M(F ,R) # ¢

(ii) Ris F -closed

(iii) R is locally F -transitive

(iv) either R is O-self closed or F is R-continuous
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(v) F is a generalized weakly contractive map on R, that is, 3 continuous functions ¢, 1 :

[0,00) = [0,00) 3 ¢(7) = ¢(7) =0 ifand only ift =0, and if ¢, [ € Mwith [(, [] € R then
YOFCF)) <G )) — oA, ), (1.1)

where A1(C. [) = maz{0(¢, [).0(¢, £€).0(/, ), PHEHITHEE
and Ay (¢, [) = maxz{0(¢, [),0(/, F [)}
then [ has a fixed point.
Theorem 1.16. [ /7] Consider a selfmap F on (M, 0) associated with R satisfying:
(i) (M,9) is R-complete and M(F ,R) # ¢
(ii) Ris F-closed
(iii) R is locally F -transitive
(iv) either R is O-self closed or [ is R-continuous
(v) there exist 1 and P, in [0, 1) with &) + P, < 1 such that

o/, F N1 +3(¢, F Q)]
1+0(¢, /)

forall¢,[ e Mwith [¢,[] €R
Then F has a fixed point.

In this paper, we formulate a new class of almost Ry — (1, ¢, L) weak contractions in metric
spaces characterized by rational expressions and equipped with a binary relation. We investigate
these mappings to establish the existence and uniqueness of common coincidence points and
common fixed points. Several illustrative examples are presented to clarify the applicability of
the proposed results. Moreover, our results generalize and extend a number of known results,
particularly those reported in [12, 17], by transferring them from the classical metric framework
to spaces equipped with a binary relation. As an application of our findings, we establish the
existence of solutions for a boundary value problem.

2 Main results

In our subsequent discussion, we adopt the notation given below.
Let ¥ be the set of functions ¢ : [0, 00) — [0, c0) so that

(1) ¥
(¢2)

(13) 1 is increasing.
Let ® be the set of functions ¢ : [0,00) — [0,00) so that for any sequence {(,} in [0, o0)

with ¢, — t, ¢ > 0, limin fr,—00#(Cn) > 0.
Coin(S.F) = {¢ € B/S¢ = £ )
C(S,F)={CeN/(=8C=F}.

Definition 2.1. Consider two selfmaps S and F on M and R on M. S is almost Ry — (v, ¢)

generalized weak contractive map on M if there exists functions ¥ € ¥, ¢ € ® and a parameter
L > 0 such that

1 is continuous.
¢(7) = 0if and only if 7 = 0.

W(B(SC, SI)) < $(A (G, 1) = $(A (¢, 1) + LN (G, ), @.1)
where 5 5 .
///d«, 1) = ma{d(F ¢, F [),8(F [,5¢),0(r [,S[), MLEgutSesol ACIGEIOELSuly,
an

N, [) =min{0(F (,S5¢),0(F [,5¢)}, forall ¢, [ e Mwith (F(,F[) €R
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Proposition 2.2. Consider a triplet (M, 0,R). and two selfmaps S and [ on M. Then the following
conditions are equivalent.
Forally eV, p e Pand L > 0,

(X) v(0(S¢, SN)) <(A#(C,[) — o(A(C, ) + LN(C, [),
forall ¢, [ € Mwith (FC, F[) €N,
(V) $(0(S¢,8))) < (A (¢, ) = o(A(C, [)) + LN(C, [),

forall ¢, [ e Mwith [F(, F [l €N,
where # ((, [) and N(C, [) be defined as in Definition 2.1.

Proof. To prove (X) = ()), we assume that condition (X) holds. Let ¢,/ € M with
[FCFIIERIF(FCF[) €R, then (X) follows from () directly.
On the contrary, if (F [, F ¢) € R, then utilizing symmetry of d and (X), we have

Y(O(SC,S)) <o(A(C,[) — d(A(C, [) + LN(C, [),
Y(A([,C) — (A ([,C)) + LN(/,C),
where

o(+ [, SN +0(F ¢, 5]

A J) = maz{d(ECE O], SO LS =250 ry

8(F<7S<)[1+5(FI,S<>]}
14+0(FCF))

= maz{0(F [, FC),d(SC,F [),d(S],F /), O(S¢, F [)[1+9(S¢, F Q)]

1+3(F [,F¢) ’
0(S¢, F Q1 +5(SC,Ff)]}
1+0(F [,F¢)

=A([,¢)
and
N(C, [) = min{d(F ¢, 5¢),0(F [, 5¢)}

= min{0(S5C, 1 ¢),0(5¢, 1 [)}

= N(/[,0)-
Therefore (X) = (Y). Conversely, (V) = (X) is trivial.
Hence (X) = () follows. i

Theorem 2.3. Consider triplet (M,0,R), where R is locally S-transitive binary relation. Assume
that S is almost Ry — (1, ¢) weak contractive map on M under the following conditions:

(a) if there exists (, € ¥ such that (F ¢,,S¢,) € R;
b) let Q is a complete subset of ¥ such that Q C F (M) and SM C QN F I;
)

(

(¢) Ris (S, F) closed,

(d) At least one the subsequent conditions holds:
(i) S'is F — R continuous;
(i1) R|q is O-self closed,

(e) or alternately

(i) (S, F) is R-compatible;,

(i1) S and I are R continuous.
Then there exists at least one 1 € M such that 1 € Coin(S, F).
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Proof. Let {, € M. By condition (a) of our assumption, (F (,,S¢,) € R. If F(, = S(, then
Co € Coin(S, F). This completes the proof.

Let us suppose that f ¢, # S¢,. Using condition (b), we have SM C f M, we can choose ¢; € M
such that F {; = S¢,.

Using this approach, we construct a sequence {(, } C M such that

FCnr1 = SCy forallme N, (2.2)
We proceed to verify {f (,} is an R-preserving sequence.
(FCnyF 1) €R forallne . (2.3)

To prove this claim we use mathematical induction.

Using (2.2), we have (F (,,S¢,) ER = (F (o, FC1) €ER

which implies condition (2.3) holds when n = 0.

Supposing that condition (2.3) is true for n = k then (F (x, F Cx+1) € R, we verify that condition
(2.3) holds for n = k + 1. To test this, we consider our assumption R is (S, F ) closed, then
(SCk, SCy1) € R implies (F Cxr1, F Cki2) € R, which amounts condition (2.3) holds for every
neN.

For any n, € A, if F ¢, = F (41 then F ¢, = S¢,,. Hence ¢, € Coin(S, F).

If F (. # F Gy for every n € 47, then from conditions (2.1), (2.2) and (2.3), we get

¢<6(FC7U F<n+1)) = ¢(5(5Cn71»5Cn))
< 'L/)(M(Cn—la Cn)) - ¢(M(Cn—l7<n)) + LN(Cn—laCn) (2'4)

where

%(Cn—lagn) :mam{6(F<n—lvFCn)a6(F<naSCn—l)76(F<naS<n)7
5(FCn,SCn)[1 +3(FC7L—17SC7L—1>] 5(F€7z—1754n—1)[1 +6(F<naS<n—l)]

1+6(F<n717FCn) ’ 1+6(F<n717FCn) }
< maz{0(F Co1, F Cu), 0(F Cus F Gur1)} (2.5)
and
N(Cn—] 5 Cn) = min{g(FCn—la SCn—l)a 5(F<n7 SCn—l)} =0. (26)

Utilizing (2.5) and (2.6) in (2.4), we can conclude that

¢(5(FCm F<n+1>) S 1?(///(471—1 5 Cn)) - QS(%(Cn—l ) Cn)) + LN(Cn—l ) Cn)
S ¢(ma${5(FCm FCnfl)a 6(FCTL7 FCn+l)}) - ¢(‘%((<n717 Cn)) (27)
Let z, = O(F Cn, F Cny1) foralln e A
If z,, > 2,1, then from (2.7), using the property of ¢, we have
¢(Zn) < w(zn) - ¢(///(Zn—1)
< Z/)(Zn)a
a contradiction. Hence
zZn < Zn—1 (28)

Therefore the sequence {z,} is decreasing. Thus there exists » > 0 such that lim, ooz, = 7.
Now we prove » = 0. Assume if » > 0, then from the condition (2.4), we have

1/)(2:”) < w(///(Cn—hCn)) - ¢(///(Cn—lvcn)) + LN(C'n—MCn)

Now,

an%oo'%(gmfh Cn) = limn%ocmax{znflv 07 Zny lj_niil} S r. (29)
Zn—1
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and
limn%ooN(Cnfla Cn) - limn%ooinf{znfb O} =0.

Also, we know that

Zn S %(Cnflu Cn)a

taking limits as n — oo, the preceding inequality yields

7 < im0t (Gut Gn)- (2.10)
Thus from (2.9) and (2.10), we can conclude that

limity, ool (Cne1,Cn) =T (2.11)
From (2.6) and (2.11), by taking the limit supremum as n — oo in (2.4), we obtain

P(r) < P(r) = limin fr oo (A (Cny Gr-1))
i.e., Using the ¢ property, we have the contradiction ¢ (r) < ¢ (r) . Thus, r = 0, i.e.,
limy,—oozn = 0. (2.12)

Next our purpose is to establish {F ¢, } is a Cauchy sequence in M.
On the contrary, by applying Lemma 1.14, there exists ¢ > 0 and two subsequences {F (,,, } and
{F ¢n, } with ¢ <my, <n, so that

O(F Gy £ Gnyp1) < € <O(F Gy F Cny)-

Moreover, if {F ¢, } is so that lim, o O(F (s, F Cne1) = 0 and

plinoloa(FCmvaCnp) :pli{goa(FCmpflaFCnp) :pli)n;lo6(F<mpaF<npfl) = €. (2.13)

As {F(,} is R-preserving and {f (,} C S(M), on using local S-transitivity of R, we have
O(F Gm,» F Cn,) €R.
Utilizing the axioms of metric, we obtain

O(F Cmy =1 F Cnp1) S O(F Gy =1, F Gy ) +0(F Gy F Gy ) +0(F Gy F Gnyp1)-

On taking upper limit as p — oo, utilizing (2.12) and (2.13), we get

limsupp—,ocO(F CGny—1, F Cnpy—1) < €. (2.14)
Also,

€ <O(F Gy FGn,) O(F Gy F Gy 1) +0(F Gy =15 F Gy 1) +0(F Gyt F Gy )-

Taking upper limits as p — oo, using (2.13) and (2.14), we get

limsupp-+ocd(F Gyt F Gapet) = €. (2.15)
Similarly, we could prove

limian fp 0o O(F Cmy—1, F Cnpy—1) = €. (2.16)
Hence from (2.15) and (2.16), we get

limp—o0O(F Cmy—1,F Cnpy—1) = € (2.17)

Now as {F ¢, } is R -preserving sequence, utilizing (2.1), we have

1/J(6(FCmP7FCnp)) < w(%(gmpfhgnpfl) - Qb(%(éhmpfl?gnpfl)) + LN(Cmpfl7<np71)7
(2.18)
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where

M (Cmy—15Cny—1) = maz{O(F Cmy—15 F Cnp—1)5 0(F Cnp—1,SCmy—1), O(F Cnp—1,SCnp—1),
O(F Gnp—1,SCm,—1)[1 + 0(F Cmy—1, SGm,—1))]
1+ 0(F Gmyp—1,F Cnp—1) ’
O(F Cmy—1,SGm,—1)[1 + 5(F4np—1,54mp—1)]}
1+ 0(F Cmyp—1,F Cnp—1)
= maz{0(F Cm,—1,F Cnpy—1), 0(F Cop—15 F G,y ), O(F Grp—1, F Gy).
O(F Cnp—15 F Gy )[1+O(F Cpy—15 F G,y )]
1+ 0(F Cmp—1,F Cnp—1) ’
O(F Gmy—1, F G, )1 +0(F Goy—1, FCmp)]}
14+ 0(F Cmp—1,F Cnp—1)

letting p — oo, on availing conditions (2.12), (2.13) and (2.17), we get

€

limp%oo%(gmpfb Cnpfl) = {07 €, m

t=e 2.19)
and

N (Cny—15Cny—1) = min{(SCm, 15 F Cmy—1)s O(F Cny—15 SCmy—1)}
= min{0(F Gm,s F Gmy—1),0(F Cnp—1,F Cm,) }

which on taking limits as p — oo, using (2.12) and (2.13), we get

limpﬁooN(CmpflaCnpfl) =0. (220)

Taking the limitsup as p — oo in (2.18), using (2.19), (2.20) and property of ¢, leads to a
contradiction. Therefore, {f (,} is a R-preserving Cauchy sequence in M. As, {f (,} C F ¥ and
{F(n} C Q, therefore {f (,} is a R-preserving Cauchy sequence in Q. In virtue of (Q,0) is
R-complete there exists £ € @ such that lim,,_,, F (, = £. Also, Q C F (M) there exists 2 € M
such that

limp—oofF Cn =€ = Fu. 2.21)
To prove « € Coin(S, F ), we consider two different conditions of ().
Subcase(i): If S is (F ,R) continuous, then
limp ooF Gyl = limy 005G = 51, (2.22)

which leads to S» = F 1. Hence 2 € Coin(S, F).

(ii): Suppose that R|q is O-self closed. Then for any R preserving sequence {F ¢, } with F ¢, —
I 2, there is a subsequence {f ¢, } of {F (.} such that [F (, ,F 1] € Rlg C Rforall p e .4 and
F Cn, — F 1. Now define § = 9(S%, f +) and suppose that 6 > 0.

By Proposition 2.2, and the fact that [F ¢, , F 1] € R for all p € .4, we have

1/}(6(F4np+17 SZ)) = 1/1(5(5Cnp7 Sl))
< Y(AM (Cnyr1)) — d( A (Cnyr1)) + LN(Cn,pr2) (2.23)
where

0(F 2, 5Gn, )[1 +0(F o, S,
14+0(F ¢n,o F2) ’

M (Cn,yr1) = maz{O(F G, F1),0(F 2,8),0(F1,5Cn,),

O(F Cny> SCny)[1 +0(F2,5¢,,)]

T4 0(F Cor F0) b

Letting p — oo, we get

lim .7 (Cy,,1) = max{0,0(F 2,52),0,0} = 0(F 2, 5). (2.24)

p—o0
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Also, N(gnpy 1) = min{ﬁ(FCnpv SC"L;})? 3(FZ, Scnp)}’
which on taking limits as p — oo, we get

limyp 0o N (Cn,, 1) = 0. (2.25)
Now, taking limitsuperior as p — oo in (2.23), we get

limsupp—scV(O(F Cnys1,5%)) < limsupy oot (A (Cn,y»r)) — limin fpoo (M (Cn,y2))
+ limsup,—0c LN (G, 2)-
By the property of ¢, using (2.24) and (2.25) in the above inequality, we get 1(5) < (d), a
contradiction. Hence § = 0. Thus Sz = 1. i.e, 1 € Coin(S, F).
Alternately, suppose the conditions of (e) hold.

Taking in account of condition (2.2), we have {f (,} € SM C @, and hence {f (,} is R-
preserving Cauchy sequence in Q. Since @ is R- complete, there exists z € ) such that

limy_ooF ¢ = 2z and limy, 005, = 2. (2.26)

Now we demonstrate that z € Coin(S, f ). Based on the condition (2.26) and R-continuity of f
and S, it follows that
limp—ooF (SCn) = F 2. 2.27)

limnoeS(F C) = Sz (2.28)

Since {S¢,} and {F ¢,} are R-preserving sequences and using (2.26) together with condition
(e)(7) of our assumption, we obtain

limp—o0c0(SF oy F SCr) = 0. (2.29)
Thus on using conditions (2.27), (2.28) and (2.29), we get
0(Sz, F z) = 0(limp—0o SF Cny limp oo F SCn) = limy—s000(SF o, F SCn) = 0.
Hence z € Coin(S, F). i

Theorem 2.4. Suppose that all the premises of Theorem 2.3 is satisfied and assume that

(i) F & and [ b are & comparable for all &,b € Coin(S, [) with & # b.

(i2) One of F or S is one-one.

Then Coin(S, F) is unique. Further, the pair (S, F) is weakly compatible, then C(S,F) is
singleton set.

Proof. From Theorem 2.3, Coin(S, F) # ¢. Let a,b € Coin(S, F), we have S& = [ a,Sb =
Fband [F&,Fb] R If Fa=Fb, then by utilizing the property of one of S and f is one-one,
we get & = b. Hence, Coin(S, ) unique.

If f & # F b, then by condition (2.1) and Proposition 2.2, we have

Y(O(Fa, Fb)) =y(d(Sa,Sh)) < (4 (8,b)) — ¢(4(8,0)) + LN(4,b), (2.30)

where

= 0(S4, Sb) (2.31)
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and
N(a,b) = min{d(F &, Sa),d(f b,5a)} = 0. (2.32)
Now utilizing (2.31) and (2.32) in (2.30), we get
(0(S58, 5b)) < ¥ (9(S8, Sb)) — (0(S54, Sb)). (2.33)

~

Suppose, we define a sequence {r,, } by r,, = 9(54a, 5b) forall n € 4 then r,, — 9(S4a, Sb) > 0
as n — oo. Hence limin f,— 0o ®(r5,) > O that is

od(rn) >0 = ¢(6(S58,5b)) > 0. (2.34)
Thus from (2.33) and (2.34), it follows that
$(0(58, 5b)) < ¥(8(54,5b)),

a contradiction. Hence d(Sa, Sh) =0 = Sa = Sb, since S or F is one-one, it follows that
& = b. Hence Coin(S, ) unique.

Next suppose that (S, ) is weakly compatible. Since & € Coin(S, F) which implies Sa =
F & = v(say). As the pair (S, F) is weakly compatible, we have SFa = FS& = Sv = Fo.
Hence v € Coin(S, F). In view of uniqueness of the coincidence point, we have v = @& and
Sv = Fv=nv.Hencev e C(S,F).

In order to prove Coin(S, [ ) is a singleton set, let w be the another common fixed point of
(S, F) then w € C(S, F). Therefore, by the above argument, we have w = v.

Hence F w = w = Sw = Sv = wv = v.

Therefore (S, F ) is a singleton set. O

Theorem 2.5. In addition to the conditions of Theorem 2.3, if R|SM is complete, then Coin(S, )
is a singleton set. Furthermore, if the pair (S, F) is weakly compatible, there exists at least one
v € Msuch that v € C(S, F).

Proof. On the account of proof of Theorem 2.3, Coin(S, F) # 0.

If Coin(S, I) is a singleton set, then the proof is completed. Otherwise, choose a, b € C(S, ),
so that

vand Sb=Fb=w. (2.35)

Si=/[d=
[v,w] € R. Using Proposition 2.2, and condition (a), we get

Suppose that R|SM is complete, [v, w]
¥(3(r,w)) = ¥(3(S4, b)) < v(.#(8,6)) — ¢(.#(4,6)) + LN(8,b),  (2.36)

where
(8,6) = maz{3(r . £ 8),3(F b, 58),9(F b, Sb), 5“"&“2( g‘; Sa)
d(Fa,Sa)[l + 5(Fa,Sﬁ)]}
1+3(Fa,rb)
— max{(S8, 56), 5(36, sa), —0850)
14 0(Sb, Sa)

= 9(Sa, Sh). (2.37)

and . .
N(,b) = min{d(F &,5a),d(Fb,58)} = 0. (2.38)

Now utilizing (2.37) and (2.38) in (2.36), we get
P(0(v,w)) < P(0(r,w)) — ¢(0(v,w)),

inview of property ¢, it follows that

$(0(v,w)) < PO, w)),

which encounters a contradiction. Consequently, v = w. O
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3 Consequences and examples

Corollary 3.1. Consider selfmaps S and | on (M, 0) associated with R. Suppose that conditions
(a), (b), (c),(d) or (e) of Theorem 2.3 and (i), (ii) of Theorem 2.4 together with the following
assumptions :

(i) there exists ¢ € ¥ and ¢ € ® such that

PY(O(SC,S))) < y(a(C,))) — d(A(C, ))), 3.1
where

(F/,SQ[1 +0(F¢ SQ)]
14+0(FC¢FY) ’

(G T) = max{O(F G, F ), 0(F [.5¢),0(F J.5]),

o(r ¢, SOIL+0(F [,5¢)]
L+0(FC.F))

}

forall¢,[ e Mwith (F(,F [) €R.
(i) the pair (S, F) is weakly compatible, under the above condition, S and F posses a unique
common fixed point within M.

Proof. The proof follows immediately by setting . = 0 in Theorem 2.4. O
Corollary 3.2. Let S be a self map on (M,0) with R. Assume that

(a) S is almost R — (v, ¢) weak contractive map on M that is

there exists ¢ € ¥, ¢ € ® and L > 0 such that

U(O(SC, 51) < VLA (G )) = HA 1)) + LN ) 62)
where
A6, = mas (6,001, 56),0(7, ), XS HCEC
0. SO +3(/. 50)],
1430, 0)
and

N(C, [) = min{0(C, 5¢),0(/, S¢)}
forall ¢, [ € Mwith ((,F) €R.
(b) There exists (, € M such that ((,,S¢,) € R.
(¢) There is a complete subset Q of M such that S C Q (N F M.
(0) Ris S closed.
(e) One of the succeeding conditions is satisfied:

(1) S is R continuous

(i1) R|q is O-self closed,
then S has a fixed point. Further

(f) if¢.q] € Fia(S) = [¢,]] €R
then S has a unique fixed point in M.

Proof. The proof follows immediately by setting / = I in Theorem 2.4. O

Corollary 3.3. Corollary 3.2 remains correct even if (f*) takes the place of (f).
(f*) SMis R® is connected,

then S has a unique fixed point in M.
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Proof. We can assume that by above Corollary 3.2, S has a fixed point, say v. Suppose that S
has another fixed point w such that v # w. Then there exists a path R® C Fiz(S). Let us denote
this path by {Jo, 1, ..., 9} such that v = ¥y, w = V4, such that 9; # ;1 for all i, where
0<i<k-—1and

[05,9i+1] € R. (3.3)
As ¥; € Fiz(S),so that S(¢;) = 0, forall i € {1,2,......k — 1}.
Consequently, on using proposition 2.2, we have

PY(0(S9i, SVi11)) < (A (Di,9i41)) — d(A (SVi, SVi11)) + LN (03, 9is1), (3.4)

where

O(Vi11, SY)[1 + 0(94,9;)

M (05,0511) = max{d(Vs,9411),0(0i11, SY:),0(0i11, SViv1), 1+ 3(0;, Uir1) ’

0, 9:)[1 + 0(Fix1,94)]
1 +0(9i,0i41)

- 9y, Wi din)
= ma${8(1927 191+1)’ 1 + 6(19“ 197;-9—1) }
= 0(%i, %i1) -
and
N9, 0iv1) = min{0(9;,Vit1),0(diy1,9i1)} = 0. G0

Thus, on making use of inequalities (3.4), (3.5) and (3.6), we attain
Y(0(9i,9i1)) < Y00, Yi1)) — d(O(Ii, Vig1))s

taking account of properties of ¢, we get ¥(9(9;,0;41)) < ¥(0(9;,Yi11)), a contradiction.
Hence 9; = 9;.1. Hence S has a unique fixed point in M. O

Example 3.4. Let ¥ = (—1, 1], we define & : M x ¥ — M by

maz{(, [} if ¢# [

a¢. f) =
0 if =17
Define Ron M by R = P x P, where P = [0, 1]. We define S, f on M by
% che(_L%] C che(_L%]
S¢= and f ¢ =

We now verify the conditions of the Theorem 2.3. There exists {, = % such that (S¢,, F ¢,) € R.
Let Q = [1,3]. Clearly, @ C F¥M = [0,3]U{2} and [§,3] = S C QN F . Clearly, Q is
complete subset of M. The relation R satisfies the property of locally S transitive and R is (S, F)
closed.

We now define ) and ¢ : [0, 00) — [0, 00) by

2 L oift<l1
U(t) =5 and o(t) =
Loift> 1

Then obviously, ) € ¥ and ¢ € .

We now show that S and F are R- continuous maps, for let {¢,} be an R preserving sequence
converging to ¢ in [0, 3] then S¢,, — 2 = SCand F ¢, — ¢ = F(asn — oo and {(,,} be an R
preserving sequence converging to ¢ in (%, 1] then S¢,, — % —(¢(=58Cand F ¢, — % = [ (as
n — oo, hence S and f are R- continuous maps. Also, the maps S and F are R— compatible.
Indeed, let {,, = % — %, then S¢, = % and f(, = % — Lare R preserving sequences and

n
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converging to % as n — oo, then limy, ;00 0(SF Cn, FS¢,) =0
We now verify the contraction condition (2.1) when (F ¢, F [) € R, forany L > %

Case-1: When ¢, [ € [0, 3], then we have /(3(S¢, S[)) = 0. Hence

Case-2: When ¢, [ € (3, 1], then without loss of generality ( > [. We have

4 2
w(se.sn) = S i m =302 oatc =1 N =

The max value of LHS attains at [ = 1, therefore

Case-3: When ¢ € (3, 1], and [ € [0, 3], then we have

YO(SC.S1)) = g, WA ) = 2o, LA G) = e N(G.f) =

Hence
Case-4: When ¢ € [O, %] andf € (% ] We have

YO(SCS) = o, WA G )) = 22, MG )) = oo NG 1) =0,

The max value of RHS attains at { = % therefore

$(0(S¢, S))) < (A (¢ [)) = ¢(A(C, ) + LN(C, )-

Noticeably, S and F commute at their coincidence point, satisfying the hypotheses of Theorem
2.3. Add1t1onally, is the unique common fixed point of .S and F .

Example 3.5. Let ¥ = [0, 1) with the usual metric. Let us define a binary relation on M by
={(0,0),(%,0),(%,0),(5,0), (3, 3). (3, %), (£,0)}. We define selfmaps S and F on M by

0 if¢el0 4] ¢ ifCef{0,5}
S¢= and [ ¢ =
1 ifced) $  otherwise.
We now verify the conditions of the Theorem 2.3. There exists ¢, = 0 such that (S¢,, F (,) € R.
Let @ = {0, ;}. Obviously, @ C F M= [0, }] and {0, 1} = SH C QN F M. Clearly, Q is complete
subset of M. The relation R exhibits the property of being locally S transitive and (S, F) closed.

We now show that S and f are R- continuous maps, for let {(,,} be an R preserving sequence
in @ converging to ¢ then there exists m € .4 such that ¢, = ¢ € {0, %} for all n > m. We can
choose a subsequence ¢,, = ¢ forall p € A = [(s,,¢] € R|Q for all p. Therefore R|Q is
0-self closed. Moreover, it is readily apparent that R|.SM is complete.

The functions ¢ and ¢ : [0, 00) — [0, 00) are defined as follows:

Ioaft<l1

P(t) =In(1+t) and ¢(t) =
1 ift>1.

Then obviously, ¢ € ¥ and ¢ € ®. To authenticate the contraction condition (a) of Theorem
2.3, we have to verify when (£ ¢, F [) € {(3,0),(3,0),(%,0)}, or else (5S¢, Sf) = 0.
Case-1: When ¢ = %, [ =0, then

NG =15

AN =

DB(SG, 81)) = In3, G(A(C1)) = Ing, S 1) =
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Hence
holds for any L > 2.

Case-2: When ¢ = %, [ =0, then

5 3 1 1

Hence
holds for any L > 1.

Case-3: When ¢ = %, [ =0, then

Y(O(SC,S1) = n3, (A1) =13, S 1)) = g0 N(G.T) = o5

Hence
P(O(SC,S)) < (A(C,[)) — d(A(C, ) + LN(C, [),

holds for any L > 3.
Intelligibly, S and F commute at their coincidence point, satisfying prerequisites of Theorem 2.5

and 0 is the unique common fixed point of S and f. We note that Condition (3.1) of Corollary
3.1 fails to hold when ¢ = 2, [ = 0, indeed

w@@aﬂDZM%M%KJD=m;M%KJD=é

We have
$(B(S¢,S5)) ﬁln* = =(A(C ) = o(A(C,]))-
Thus, Theorem 2.3 generalizes Corollary 3.1

Here it is worth noting that the mapping F is not a generalized weakly contractive map on R.
This is evident that when considering ¢ = % J =0,and ¢(7) = 7, we have

WG F 1) = log(3) £ 10g(3) — 5 = 6(AI(C, 1)) — 6(A(G, )

Hence, condition (2.1) is more general than condition (1.1).

4 Applications

Boundary value issues are an important branch of mathematics that find extensive use in engi-
neering, chemistry, biology, physics, and other fileds where real-world phenomena are modeled.
Motivated the applications of boundary value problems we solve the following differential equa-
tion taken from Samet et. al., [31].

O
Ok?

where f : [0, 1] x R — R is continuous.

= f(k,u(k)), k€ [0,1],u(0) = u(1) =0, @.1)

Green’s function associated with (4.1) is
k(1—s) if0<k<s<l
F(kﬂ 5) =
s(1—k) if0<s<k<l.
Let¥ = C[0, 1] be set of all continuous functions defined on [0, 1] and we define 0 : Mx# — R

by 9(¢, /) = supyepo,yl¢(k) — [(k)|. We are aware that (C([0, 1],0) forms a complete metric
space.
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Theorem 4.1. Let S be a self maps of a complete metric space M = C|0, 1] satisfying:

1. A function f : [0,1] x R — R is satisfying:

(R, C(R)) = f (R, [(R))] < 8(A (C(F), [(K)) — (A (C(K), [(F)))
such that for all ((k), [(k) € Rwith {(k) < [(k), where p € ® and
A (C(), [ (k) = maz{[C(k) — [(K)l, [ (k) = SC(R)|, [/ (k) — S[(K)],
[/ (k) = SCUL+[c(k) = SCCN [6(k) = SCURIIL+ [ (k) = SC(R)I]y
L+ [¢(k) — [(F)] 1+ [C(k) = [ (F)] '
2. There exists (, € C([0, 1]) such that
S¢(k) = /1 F(k,s)f(s,¢(s))ds. 4.2)
0

Under the above assumptions the equation (4.1) has a unique solution.
Proof. Finding solution of (4.1) is equal to finding fixed point in . We define a binary relation
R={(¢,)) € C0,1] x C[0,1] : ((k) < [(k), forall k € [0,1]}.

Let us consider the sequence {(,,} which R preserving and converges to z. For every k in the
range [0, 1], it holds that

G(k) < Gi(k) <

and converges to (k) which implies ¢, (k

G (k) Of {Gu(K)} such that [C,, C()
For (¢, [) € R, ie., ((s) < [(s) and F (F,

....... < Cu(k) < oo

¢(k) for all k € [0, 1] we can choose subsequence
for all n € .4/, which proves R is O-self closed.
0

) <
<
R
> 0 forall k, s € [0, 1], we have

Gk
)
S
s)
Ck):/OF(k,s)f ds</st $))ds = Sf(k)

which implies (S¢(k), S[(k)) € R, thus R is S- closed.
Now for (¢, [) € R, we have

6(5C’5’f) = SUPkeo,1] |SC( ) - Sf( )‘

—supke[01|/st ds—/st s))ds|
Smmwﬂéwwmwwqm—ﬂmeﬂ

S&%@ﬂ—ﬂﬁmﬂmmeAW%@W

ko k2
=8(#((,[) - QO(J/Z(C,f))supke[(),l](E — 7)

= (A1) ~ oA (¢, ) simee supeg (5 - £y = )

< AH(CT) = (A [) + LN(G )
This shows that S satisfies condition (a) of Corollary 3.2. Let z € C([0, 1], R) be a solution of
(a), that is,
s 1
o) < [ H(1 =) ralk)dk+ [ 41 =) (k)b
0 s

1
:/0 F(k,s)f (k, o(k))dk = Sx(k),
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forall k € [0,1], (z(k), Sz(k)) € Ri.e., M(S,R) # ¢.

Let us define r as r = maz{3,9}. Consequently, for any ¢, 8(k) < r(k) and 9(k) < r(k),
(B,7) € Rand (9, r) € R. This establishes the sequence {3, 7,9} forms a path connecting 3 and
¥ in R. Consequently, all the hypotheses of Corollary 3.2 is satisfied, leading to the conclusion
that S has a unique fixed point, which is the solution of the problem (4.1).

O

5 Conclusions

Utilizing a relation-theoretic technique, we studied the existence of common fixed points for al-
most weak contraction in complete metric spaces. Recent studies in the literature have employed
relational contraction conditions, which are less restrictive compared to normal contraction con-
ditions. Our theorems not only extend but also generalize the well-known results in the literature.
It is worth mentioning that in our results, we often use weaker notions like R-completeness on
a subspace rather than completeness on the whole space and R-continuous, not necessarily con-
tinuous and R|¢ is O-self closed. Notably, these contraction conditions reduce to their classical
forms when the underlying relation is taken to be universal.
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