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Abstract. G-2-frames are generalized 2-frames that include ordinary 2-frames in 2-Hilbert
space. In this article, we prove a version of the Riesz representation theorem in 2-Hilbert space to
introduce a definition of g-2-frames, a generalization of 2-frames in 2-Hilbert spaces that is com-
patible with g-frames already known in Hilbert spaces, and provide some results concerning this
notion. Finally, we will define g-2-frame operators and establish some of their characterizations
in 2-Hilbert spaces, similar to those in Hilbert spaces.

1 Introduction

Frames in Hilbert spaces were introduced by Duffin and Schaeffer to study non-harmonic Fourier
series [6], and were later reintroduced by Daubechies et al. [4] in 1986, with ongoing research
in frame theory ever since. Frame theory has significantly impacted applied mathematics and
engineering; indeed, certain unique properties of frames have made them a crucial aspect of
functional analysis [7, 8, 12].

Over the years, various extensions of frame theory have been explored. In the elegant theory
of g-frames, Sun [13] introduced g-frames as generalized frames, demonstrating that oblique
frames, pseudo-frames, and fusion frames are all special cases of this framework

The concept of 2-inner product spaces was first introduced by Diminnie et al. [5], and frames
in 2-Hilbert spaces were subsequently introduced by Arefijamaal and Ghadir Sadeghi [1].

To achieve this, it is first necessary to prove the Riesz representation theorem in 2-Hilbert
spaces. Finally, we will establish the pre-frame and frame operators for g-2-frames.

Our work is organized as follows: In the preliminaries, we recall the foundational concepts of
frames, g-frames, 2-Hilbert spaces, and 2-frames. In the main results section, we first establish
a Riesz representation theorem in 2-Hilbert spaces. This theorem allows us to define g-2-frames
as a natural generalization of 2-frames, analogous to how g-frames generalize classical frames
in Hilbert spaces, and to study the essential properties of these sequences. Finally, the latter part
of this section is devoted to characterizing these generalized 2-frames through their analysis and
frame operators, establishing key results, and outlining their most important structural properties.

2 Notation and Preliminaries

Throughout this paper,we will use the following notations:

¢ K denotes the field R or C.
e () is the notation used for inner product.

e (H,(-,-)) is the notation used for Hilbert space.
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e  (*(N) refers to the Hilbert space , defined by:

ZZ(N) = {(ui)iEN | u; € (C,Z |’U,Z|2 < OO}
i€N

{H;};en denotes a family of separable Hilbert spaces.

(@ ien H. Z) ,» denotes the external Hilbert direct sum of the Hilbert spaces H;, defined by:

(@) ~{mrene 1[50 <]

1eN ieN €N

e B(H, H;) is the collection of all bounded linear operators from H to H.

X is the notation used for linear space of dimension greater than 1 over the field K.

(-, -]} is the notation used for 2-inner product on X'.

(H, (-]-)) is the notation used for 2-Hilbert space.

L, is the notation used for the subspace generated by a fixed element ) € H.

M,, is the notation used for the algebraic complement of £, in H.

H,, is the notation used for the completion of the inner product space M,,.

# is the notation used for the quotient space H/L,.

e § is the notation for the class g + £, € # represented by g € H.

B,,(H, H;) denotes the space of all n-bounded linear operators from A to H;, equipped with
the norm defined for all 7 € B, (#, H;) by:

Il = sup {7 (N)lla, | f€H, 1finll =1}

In this section, we review some basic facts about frames and g-frames in a Hilbert space H, as
well as 2-frames in a 2-Hilbert space H from [9, 10, 11], which are necessary for our discussion.

Definition 2.1. [10, 11] Let H be a Hilbert space with inner product (-,-). A sequence F =
{fn}nen C H is called a frame for H if there exist two constants A, B with0 < A < B < o0
such that

AP < DI £2)P < BIfI?, Vf € H. 2.1)

neN

The constants A and B are referred to as the lower and upper frame bounds, respectively
for the frame {f,, } nen

F = {fn}nen is called a tight frame if A = B.

F = {fn}nen is called a Bessel sequence if only if the right-hand side inequality is required
in (2.1).

Given a frame F' = {f, }nen for H, it is obviously a Bessel sequence; thus, we can define the
frame operator .S as follows:

Sf=>(f fa)fn, Vfe€H. (2.2)

neN

Below we quote the Cauchy-Schwarz inequality in a Hilert space.

Lemma 2.2. Let (H, (-, -)) be a Hilbert space. Then, we have

(£, 9I? <(f.f)(g.9) Vf.geH. (2.3)
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Definition 2.3. [9, 12] Let (H, (-, -)) be a Hilbert space, { H; },ci a sequence of separable Hilbert
spaces, and B(H, H;) the set of all bounded linear operators from H to H;. A sequence A =
{A; € B(H, H;) : i € N} is called a generalized frame, or simply a g-frame, for H with respect
to { H; }ien if there exist two constants A, B with 0 < A < B < oo such that

AIFIP <D AP < BIfIP, Vf € H. (2.4)
i€N
The constants A and B are referred to as the lower and upper frame bounds, respectively
for the g-frame {A; };en.
A = {A;}ien is called a tight g-frame if A = B.
A = {A;}ien is termed a g-Bessel sequence if only the upper bound the right-hand side

inequality in (2.4) is required.

Definition 2.4. [1] The g-synthesis operator T and the g-frame operator Sy of a g-frame for H
w.r.t {H;}ien A = {A;}ien are defined, respectively, by:

Ty : (EB Hi> = H, Tr((hi)ien) =Y _Ajhi. (2.5)
eZ

€N €N

and
Sn:iH — H, Spf=TATif =Y AAf. (2.6)
ieN
We recall here the basic definitions of 2-normed spaces and 2-inner product spaces as presented
in [1, 10].

Definition 2.5. [1] Let X be a linear space of dimension greater than 1 over the field K. A K-
valued function (-, - | -) defined on X x X x X is called a 2-inner product on X’ if it satisfies the
following conditions:

M (f+1g by =(frglh)+ (g | h)forall f, [, g,h € X
(2) {(af,g| hy=alf,g|h)forall f,g,h € X and a € K;

(3) {g.f | h) = (f, g |h)forall f,g,h € X;

) (f,f1g9) = {g,g | [)forall f,geX;

S) {(f,f | g9 = 0forall f,g € X, and (f,f | g) = 0 if and only if f and g are linearly
dependent.

(X, (-, | -)) is referred to as a 2-inner product space.

Definition 2.6. [1] Let X’ be a linear space of dimension greater than 1 over the field K. The
function ||-, -|| defined on X x X by:

If.hl> = (f, f|h), Vfhe&X, Q2.7)

satisfies the following conditions:

(D) |If,gll = 0and || f,g]| = 0if and only if f and g are linearly dependent vectors.

@) |If.9l = llg, f|| forall f,g € X.
3) [lef, gll = lalllf, gl forall f,g € X and o € K.

@) f + 159l < fsgll + [1f7 gll forall f, f7,g € X.

The function |-, -|| is called a 2-norm on X'.

(X, ||-,-]) is referred to as a linear 2-normed space.



Generalized 2-frames 1275

Given a 2-inner product space (X, (-, - | -)), it is naturally considered as a linear 2-normed space
(X, |I-,-]l) equipped with the 2-norm defined by (2.7). Using the properties stated above, we can
prove the Cauchy-Schwarz inequality in a 2-inner product space.

Lemma 2.7. [10] Let (X,(-,- | -)) be a 2-inner product space. Then, the following inequality
holds:

(g | )P < (f. f 1 h) (g, 9| h), Vg heX. (2.8)
Lemma 2.8. [1] Let (X, (-,- | -)) be a 2-inner product space and f,h € X. Then,

1f; bl = sup{[{f, g|h}):g € X, |lg, hl| = 1}. (2.9)

Example 2.9. [1, 2] Let (X, (-, -)) be an inner product space. The K-valued function defined on
X x X x X by

(f,h) (f.9)
(9:h) (9,9)

is called the standard 2-inner product defined on X'

(fihlg) = = (f,n)(9,9) — (9,2)(f, 9), (2.10)

(X, {(-,-] -)) is known as the standard 2-inner product space.
Based on [1, 8], we introduce the definition of a 2-Hilbert space as follows:

Definition 2.10. [1, 8] Let (X, (-, | -)) be a 2-inner product space. A sequence {fy, }nen C X is
said to be convergent to an element f € A if

n—+oo

A sequence {f,}neny C X is called a Cauchy sequence if for every ¢ > 0, there exists N > 0
such that
lfn— frsmll <&, ¥Ym,n>N and VYneX.

A 2-inner product space X is called a 2-Hilbert space if it is complete, meaning that every
Cauchy sequence in X converges to an element in X.

In what follows, we will require the results from [1] as well as the subsequent notations:
* (H,{-,-|-)) is a 2-Hilbert space, and 7 is a fixed element in H.
* L, is the linear subspace spanned by 7.
* M, is the complement of £, in H, i.e., L, ® M, = H.
* A semi-inner product is defined on # as follows:
(frgn=(f9lm, VfgeH. (2.11)
* (-,- | n) induces an inner product on the quotient space H/L,,, defined by:

(f+Lyg+Ly)y=(f9)n YIgeH (2.12)

* Since H/L, ~ M,, ([, g), defines an inner product on M,,.

* (M, ] - |l;,) is a normed space equipped with the following norm:
1flln® = (. )ne VEEM,,. (2.13)

* H, denotes the completion of M,, in .

Definition 2.11. [1] Let (%, (-,- | -)) be a 2-Hilbert space, and let 1 be a fixed element in H. A
sequence F' = {f,}nen C H is called a 2-frame associated with 7 if there exist two constants
A, Bwith0 < A < B < oo such that

AlfnllP <D U fa [P < Blfnl?, Ve (2.14)

neN
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The constants A, B are referred to as the lower and upper frame bounds, respectively for
the 2-frame { f,, }nen-

F = {fn}nen is called a tight 2-frame if A = B.

F = {fn}nen is called a 2-Bessel sequence associated with 7 if only the right-hand side
inequality is required in (2.14).

Let F' = {fn}nen be a 2-frame for #H associated with 7, and let 7,, be the completion of the
inner product space M,,. According to Lemma 5.1.2 in [3], the sequence F' = { f,, },,en is also a
frame for H,, with the same bounds.

To summarize, we state the following theorem from [1]:

Theorem 2.12. [1] Let (M, (-,- | -)) be a 2-Hilbert space, and let 1) be a fixed element in H. A
sequence F' = { fn}nen C H is a 2-frame associated with 1 having bounds A and B if and only
if it is a frame for the Hilbert space H,, with the same bounds A and B.

Definition 2.13. [1] The 2-synthesis operator 7}, and the 2-frame operator S, of 2-Bessel se-
quence F' = {f,, } nen associated to n are defined as follows:

T, : C(N) = Hy,  Ty({antnen) = Y anfn,  V{an}nen € £(N), (2.15)
neN

Sy Hy = My, Sof =TyTrf =Y (fifaln)fn, VfEH, (2.16)
neN

Moreover, if F = {f,, },en be a 2-frame associated with 7, these operators are well-defined and
bounded. Under this condition, S, is also a self-adjoint and invertible operator.

3 Main results

In this section, we introduce the concept of g-2-frames in 2-Hilbert spaces and establish several
key results; furthermore, we characterize these g-2-frames in terms of their associated operators.

3.1 G-2-frames in 2-Hilbert spaces

Firstly, we need to prove the Riesz representation theorem in 2-Hilbert space as if below in order
to be able to define the adjoint of an operator of B, (#, H) thus, generalize 2-frames in 2-Hilbert
spaces. For this reason, we remind some definitions from [8].

Definition 3.1. [8] Let A be a vector space over K with dim &’ > 1, and let » € X. Two elements
z,y € X are said to be n-congruent if and only if x — y € £,, where £, is the linear subspace
spanned by 7.

Definition 3.2. [8] Let H be a 2-Hilbert space, let  be a fixed non-zero element in H, and
(H,(-,-)) be a Hilbert space. A linear operator 7 : H — H is said to be n-bounded if there exists
a constant M > 0 such that:

Il < Mlfomll, VfeH. 3.1

This is equivalent to saying that its n-operator norm is finite, which is defined by:

Il = sup [ITf[| < +oc. (3.2)
1

I £mll=
We denote by B, (H, H) the space of all n-bounded linear operators from A into H.

Lemma 3.3. Let (M, (-, - | ) be a 2-Hilbert space, 1 a fixed non-zero element of H. We define a
norm || - ||,, on the quotient space H = H /L, by:

11l = 11 + Lolly = d(f, £4) = nf If =gl =fnll, wheref eH.  (3.3)

Moreover, (H, | - ||,,) is a Hilbert space.
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Proof. Firstof all, || - |, is well-defined; indeed, let f, f’ € 7 such that
f=r.
Applying (2.12), (3.3), and the fact that f’ — f € L,,, we obtain:
Vil = I£mll = 1 + 5 = fonll = 1% mll) = 17

Let us show that || - [, defines a norm on the quotient space A.
Let f = f + L, be an element of 7{ such that || f||,, = 0. By the definition of this norm, we have

<f+£mf+£n>n =0.

According to relation (2.12), the above equality is equivalent to:

<f7 f>7] :07 i.e., f~€ £7].

Let A € K and let f € 7, we have

INF Iy = 1INl = IXFomll = AL 0l = M-
Soient f, f/ € H, Since || f 4+ f',nll < || f.nll + ||/, nll, it follows that

1F+ Flly = 1 + £+ Lally
=|f+fnl
<ol + 15l
<l + 17 W
Let us prove that # is complete.

Let {dn }n>0 be a Cauchy sequence in 7; therefore, for every n € N, there exists an index ¢(n)
such that

for p,q > go(n), ||§p - qun < 2%

Noting that such a function ¢ can always be chosen, it suffices to replace ¢ with a function ¢’
defined by

¢'(n+1) =maz{p(n+1),¢'(n) + 1}
It follows that ¥ € N, |7,(n41) — Jo(n)lln < 5= that is,

. 1
flenﬁfnﬂ(gw(nﬂ) = o) = Frmll < o

Soit f,, € Ly, such that

1

1(9pns1) = Gotn)) = frs 1l < NGp(ns1) = Go(n)lln + S

and letting h,, = gy (n) + Z::ll fi» we obtain

n—1
Z thJrl - hnﬂ?” = Z || (gap(nJrl) =+ Zfi) - (gap(n) + Zfl) 77’“
i=1 i=1

n>0 n=0
lnfl
:Z”(gw(n+l)*gga(n))ffmn” < ZE < 00
n=0 n=0

hence, the series }, - (hnt1 — hyn) converges in (#, [|-, n||), which is a 2-Hilbert space; that is,

lim ||h, —a,n|]| =0,a € H,

n—-+oo
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We conclude that
n—1

Hgtp(n-‘rl) - ELW” = inf ||(gga(n+1) - Cl) - f7 7]” < H(ggo(n—&-l) - CL) - Z fZaTIH = ||h’7l - CL,??H
i=1

FEL,
that is,
||§<p(n+l) - d”ﬂ — 07
et comme §, is a Cauchy sequence in (#, || - ||,,), alors
tim g, —dll, =0,
which yields the result. O

Lemma 3.4. Let (1, (-, - | -)) be a 2-Hilbert space, let ) be a fixed element in H, and let (H, (-, -))
be a Hilbert space. If T € B, (H, H), then the mapping 7 : H — H defined by

() =7(f+Ly) =7(f), VfeH, (3.4)
is well-defined and belongs to B(H, H).

Proof. Since, L, ® M,, = H, we have for all f, g € H, there exist two unique elements f,, g, €
M., and «, 8 € K such that

f=th+an, g=gy+P6n
7 is well-defined; Let f, g € H such that
f+Ly=9g+L,y.
This implies that f —g € £,,. Assuming f,, g, are the representative elements such that f, — g, €
M, N L, and since M,, N £,, = {0}, we obtain
fo = 9n-

Consequently, Applying 7 yields
Tf n = T9n,

which means that
7~'(fn + En) = 7~'(gn + En)-

Noting that f,, + £, = f + £,, and g,, + L,, = g + L,,, we conclude that
F(f+ Ly) = Flg+ ﬁn)~

This ensures that 7 is well-defined. Moreover, the linearity of 7 follows directly from the linearity
of 7. Furthermore, we can show that 7 is a bounded operator. Indeed, for all f € #, and by using
(2.12), we have:

17(f + L)I? = lI7fl?
o [
<I7IP1f + Lqll;
Taking the square root on both sides yields:
IFCON < MLl
Hence, 7 is bounded, meaning that 7 € B(H, H). o

Theorem 3.5. Let (H, (-, | -)) be a 2-Hilbert space, let n be a fixed element in H, and T €
B, (H,K) a n-bounded linear functional. Then, there exists a unique element g, € H such that:

T(f) = (frgn | m), VfeEH. (3.5)
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Proof. By Lemma 3.3 the quotient space H = H/ L, is a Hilbert space. Applying Lemma 3.4
yields ~
T € B(H,K).

Then, by applying the Riesz Representation Theorem to 7 € B(H, K), there exists an element
g € H unique up to n-congruence such that:

T(f+Ly)=(f+Lyg+Ly|n), YfeH
Since g € H, there exists an unique element g, € M,, and o € K such that
g=gnton, g+Ly=gy+Ly
Using the relation above and (2.12), we obtain
Vf € Hu T(f) = ?(f + ‘Cﬂ)

= <f + Enag + £7]‘77>

= <f + ﬁﬁ’gﬂ + £77|77>

= (f, 9nlm),

which ensures that there exists a unique element g,, € M,, such that

(f) = (fign | m), VfEH.
This completes the proof of the theorem. O

Secondly, we introduce the concept of g-2-frames in a 2-Hilbert space H and establish some
of their key properties.

Definition 3.6. Let (7, (-,- | -)) be a 2-Hilbert space, let n be a fixed element in %, and let
{H,}ien be a family of separable Hilbert spaces. A sequence A = {A; € B, (H,H;) : i € N}
is called a generalized 2-frame, or simply a g-2-frame for H, with respect to { H; };cn (or briefly
w.r.t {H;};en) associated with 7 if there exist two constants A, B with 0 < A < B < oo such
that

Allfnl? < IAFIP < BlIf,nl?, Vf €A (3.6)
€N

The constants A, B are referred to as the lower and upper frame bounds, respectively for
the g-2-frame {A; };en.

A = {A;}ien is called a tight g-2-frame if A = B.

A = {A;}ien is called a g-2-Bessel sequence associated with 7 if only the right-hand side
inequality is required in (3.6).

Theorem 3.7. A 2-frame is equivalent to a g-2-frame whenever H; = C, for each i € N.

Proof. Let F' = {f;}ien a 2-frame associated with 7 € H with bounds A and B, then from
(2.14), we have

AllfnlP <N Fil)P < Bl fnlP Vf €.
ieN
For each i € N, we consider the linear functional

Ai:H—=C, A(f)=(f filn).

This functional is bounded and satisfies ||A;|| < || fi, n||, where the norm is defined by

1Al = sup{|Ai(A)| | f € H, [ fimll =1}

Consequently, there exist two constants A, B with 0 < A < B < oo such that

AllfnllP <D IAHP < Bllfml> VfeH.

€N
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Conversely, suppose that A = {A; € B,(H,C) : i € N} is a g-2-frame for H w.r.t C associated
with 7. It follows from equations (3.6) that there exist two constants A, B with0 < A < B < o0
such that

Al £l <D IMNP < Bllfml> VfeH.

€N

Applying Theorem 3.5 to each A; € B, (#,C) shows that there exists a unique f; €  such that

Ai(f)=(f.film) Vfen.

then, there exist two constants A, B with 0 < A < B < oo such that

Alf.nl> <YW fif/mP < BllfnlPP Vf e H,

€N
which completes the proof. O
Proposition 3.8. Let (H, (-, -)) be a Hilbert space, let n) be a fixed element in H with ||n|| = 1, and
let {H;};en be a family of separable Hilbert spaces. Every g-2-frame for the standard 2-inner

product space (H, (-, | -)) w.rt {H; };en associated with n is a g-frame for L# w.rt {H; }ien,
where L, is the subspace generated by 1.

Proof. If A = {A; € B,(H,H;) : i € N} is g-2-frame for the standard 2-inner product space
(H,(-,-|-)), w.r.t {H, };en associated with 7, then (3.6) implies, there exist two constants A and
B with 0 < A < B < oo such that

A(IFP=1CmP) < D2 IAF 1P < BIFIP = I(FmP) . Vf € H.

ieN

Consequently, if f € L#, then (f,n) = 0, which reduces the inequality to standard g-frame
bounds. Therefore, A = {A;}cn is a g-frame for the Hilbert space L, w.r.t { H; };en, where

Li={feH|(fg)=0Yge Ly}
O

Theorem 3.9. Let (H,(-,- | -)) be a 2-Hilbert space, let 1) be a fixed element in H, and let
{H;}ien be a family of separable Hilbert spaces. A sequence A = {A; € B,(H,H;) : i € N}
is a g-2-frame for H w.rt {H;};cn associated with n if and only if A is a g-frame for a Hilbert
space Hy w.rt {H;}ien.

Proof. By considering the operator A; € B(H, H;) defined in (3.4), we have
A(f) = Ai(f + Ly) = Ai(fy + L), Vf=fy+ane.

Applying (3.6) to A = {A; };en, there exist two constants A and B with 0 < A < B < oo such
that

AllfnlP <D IAFIP < Blfnl?, Vf e,
€N

which is equivalent to
Allfy + an,n|* < Z ||/~\2(fn + En)Hz < Bl fy + an, ||, Yy € My
i€N

By virtue of (2.12), this simplifies to

Alfally < D IAF P < Bllfalls, iy € My,

i€N
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Since M,, is dense in H,, for any f € #H,, there exists a sequence (f,) C M, such that
lim,, 4o || fn — fll, = 0. Using the standard triangle inequality and the frame bounds on M,,,
we obtain:

AlIFI2 < 240 full2 + 2411 — ful2
<2 AP 4240 f = a2

€N
=23 (IAi(fo = ) + A FIP+ 240 F = ful3
ieN
<A AP+ 4D A — HIP+241F = £l
€N 1€N
<4 IAFIP+ (4B +24)[If — fall2
ieN

Taking the limit as n — +o0, the term || f — fn||3, vanishes, yielding:

A
TIFIG <D IAFIP, VS €My

‘€N
The upper bound Y, [Aif[|* < 2BJ|f||; follows similarly by density. Consequently, A =
{A; € B,(H, H;)}ien is a g-frame for H,, with respect to {H; };en. |

Remark 3.10. By Theorem 3.9 every question about g-2-frame for 2-Hilbert space H w.r.t
{H,}ien associated with 7, can be solved as a question about g-frame for the Hilbert space
Hn W.rI.t {H’L}ZEN

3.2 Operators for g-2-frames

This subsection is dedicated to introducing the synthesis and frame operators for g-2-frames in
2-Hilbert spaces. First, we will prove the existence of the adjoint operator for a -bounded linear
operator from H to H, where 7 is a fixed element in .

Proposition 3.11. Let (H, (-,- | -)) be a 2-Hilbert space, let ) be a fixed element of M, and let
(H,(-,-)) be a Hilbert space. For every T € B, (H,H), there exists a unique operator 7* &
B(H,H) such that

(7(f),9) = (f,7"(9) |m), VfeH, VgeH. (3.7

Moreover,

[ = lI7ll.

Proof. For each fixed element g € H, we consider the bounded linear functional v, defined on
the quotient space 7 /L,, as follows:

Vg H/Ln = C, y(f+ Ln) = (F(f + Ln), g)- (3.8)

By applying the Riesz Representation Theorem to 1, € B(#H, C), there exists a unique hg € H
up to n-congruence such that

Vg(f+Ly) =(f+ Ly hg+ Lyln) VfeEN. (3.9)

Using (3.4), we have
(T(f)ag) = <f + Em hg + [’7]|77> VfeH.

Since hy € H, there exists a unique element (hy),, € M, such that h, = (hy), + an for some
a € K. We then define the mapping 7* as follows:

" H = H, 7°(9) = (hg)n. (3.10)
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To show that 7* is well-defined, let g, ¢’ € H such that g = ¢’. This implies that
hg —hg € Ln,
which is equivalent to
(hg)n — (hg')n € L.
Since H = L,) ® M,,, it follows that (hgy), — (hy), € L, N M,, = {0}, which yields
(hg)n = (hg')y.

This proves that 7*(g) = 7*(¢’), confirming that 7* is well-defined.
To show that 7* is a linear operator, let g, ¢’ € H and «, 8 € K. Then, for any f € H, we have

(f + Ly (hagrpg )y + Lyn) = (1f, a9 + Bg')
=a(f + Ly, (hg)y + Laln) + B(f + Loy, (hg )y + La|n)
=a(/, T*(g) + Lyln) + B{f.7(9') + Laln)
= (f,ar™(g) + Lo|n) + {f,B77(g') + LnIn)
=(f+ ﬁmaT (9) +B77(g') + Lyln),

since at*(g) + A7*(¢') € M,, and due to the uniqueness of (hag+ag/), € M, we get
Flag+By') = af*(9) + B77(¢), Vg9 €M Va,feK
Using (2.12), we have
(7(£),9) = (f + Ly, 77(9) + Lylm) = {f, 7" (9)lm), VfeH, VgeH, (.11
show that 7* is bounded and that ||7*|| = ||7||. Recall that

I7ll = sup{lir (NI f € H, [£onll =1}, 7] = sup{ll="(9),nll | g € H, llg]l = 1}.

Substituting f = 7*(g) into (3.11) and applying (2.3), and then substituting g = 7(f) into (3.11)
and applying (2.8), we obtain:

I7*(9)nl* = (r*(9). 7 (9)Im) ITfI? = (rf.7)
= (m(r"9),9) ={f,7(7f)In)
< (= 9)llgll < sl f)
< |I7llll=(g), nllllgll- < AL il (I Il
This proves that ||7*|| < ||7|| and ||7]] < ||7*||, which implies that || 7*|| = ||7||. Consequently, T

is a bounded operator, known as the n-adjoint of 7, and satisfies:

(7(f),9) = {f,7"(9)Im),Vf € H,Vg € H,
O

Remark 3.12.Let A = {A; € B,(H,H;) : i € N} be a g-2-Bessel sequence for H with
respect to {H; };cn associated with 7. For each i € N, there exists a unique n-adjoint operator
A} € B, (H;,M)) satisfying

(Ai(f),9) ={f,Al(g) |m), VfEH, VgeH, (3.12)
Moreover, |Af|| = || A4l

Lemma 3.13. Let A = {A; € B, (H, H;) : i € N} be a g-2-Bessel sequence for H w.r.t {H; };en
associated with a fixed element n € H with bounds A and B. Then, the synthesis operator, Tp of

A, defined by
Ta- (@ HZ) — My, Ta(hi)ien = > Ajhi, (3.13)
1€N 02 ieN
is well-defined and bounded.
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Proof. For n < m,we have

IIZA*h —ZA*h In =1l Z ARl

i=n+1
Using (2?), (2.8), (2.9), and (3.6), we obtain:

m

I Afhily < supf| Z (Afhisgl)? | g € Hap llglly = 1}

i=n+1 i=n+1

<sup{ Y [(Arhi,gln)* | g € Hy, llglly =1}

i=n+1

<sup{ > g, Afhaln) | g € Hyp, llglly = 1}
i=n+1

< sup{ Z | (Aig, hi)* | g € Hy, llglly = 1}

i=n+1

Z [P stup{z 1Aigl* | g € Mo, llglly = 1}

i=n+1
<B Z 1B 1.
i=n+1

Consequently, the series » . Ajh; is well-defined as an element of #,. Since (hi)ien is a
sequence in (EB ien H Z) (2> an argument similar to the one used above shows that

ITAll < VB. (3.14)
O

Next, we can determine the adjoint operator 7y of T}, as follows:

X H, —><@H> . Ta(f) = (Aif)ien. (3.15)
ZZ

ieN

From (3.6), we have

DOIAAIP < Bl fonl?, Ve (3.16)
€N

This allows us to conclude that T} is well-defined, from which we deduce that | 7| < v/B.

Definition 3.14. Let A = {A; € B, (H,H;) : i € N} be a g-2-Bessel sequence for H w.r.t
{H;}ien associated with a fixed element n € #H with bounds A and B. The g-2-frame operator
S associated with A is defined by

Sh: My =My, Saf =TaATxf =D AiAf. (3.17)
€N

The operator Sy = T)T7 is linear by construction. Furthermore, S, is bounded. Indeed,
using (2.9) and (3.6), we obtain:

1Sall = sup [Saf,fim)l = sup |D (Af. Mf)l < sup D A <

ll£.mll=1 I£mll=1 jeN lF:mll=1en

Hence, S, is a bounded operator with ||Sx|| < B. Using (3.6), we obtain:

Allf,nll < [[Safinll < Bllf;nll, VS € Hy. (3.18)
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Theorem 3.15. Let A = {A; € B, (H, H;) : i € N} be a g-2-frame sequence for H w.r.t {H;};en
associated with a fixed element n € H with bounds A and B, its g-2-frame operator S is
self-adjoint and invertible operator.

Proof. ltis easy to check that S, is self-adjoint, for any f, g € H,,, we get

(Safo9)n =D _(NIAif,9)y = > (£ AT Aig)y = (f,Sag)n-
i€N 1€N
Then S, is a self-adjoint operator and we have, for any f € H,,

(Safs Fn= O NAS g =D NS> (3.19)

ieN ieN
Using (3.19) and (3.6), we obtain
Alf,n? < (Safs fIn) <Blfinl?, Vf €M,y (3.20)
Furthermore, we find that:

1 1
((I_ ESA)fvf)n = (fvf)n_ E(SAfvf)n
1
=15 = 52 IAfI?

ieN
<(1- D)1}
<24
<1712,

Then, we obtain:

1 1 B—-A
1T = 5Sall= sup (I = 5Sa)f, flm] < <1 (321

1fml=1 B

This implies, by the Neumann series theorem, that the operator Sy is invertible Substituting
Sle for f in (3.18), we obtain:

—||f||n Sy fIl < Hflln, Vf €My, (3.22)

and . |
S D0 S S Dy < 5 (g VI EH, (3.23)
O

Corollary 3.16. Let A = {A; € B,(H,H;) : i € N} be a g-2-frame sequence for H w.r.t
{H,}ien associated with a fixed element n € H, and let Sp be its associated g-2-frame operator.
Then, every f € H, can be represented as:

F=SaS =) AN S (3.24)
€N

F=50"Saf =Y SyAIA (3.25)
i€N

Proposition 3.17. Let A = {A; € B,(H,H;) : i € N} be a g-2-frame sequence for H w.r.t
{Hi}ien associated with a fixed element n € H, and let Sy be its associated g-2-frame operator.
Then, the sequence A = {A;}icn is also a g-2-frame for H w.rt {H;};en associated with n,
where

A =NSy', VieN (3.26)

This sequence A is called the canonical dual g-2-frame of A.
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Proof. Using (2.3), (3.23) , and (3.24), we have For any f € H,,

15 = O Cien ATALS )y Sien lAifIP =T ien(AiSy ' . ASL )y
= Yien(Aif, Aif)y = (Cien AT AL, 83 )y
< (Cien IAFIP) 2 (e 1A £12)2 = (£,85" F)n
< VB lln(Sien 1A £1)2. < SIFIR

which implies that:

1 . 1
SITIE < STIASIP < ISR, 91 € Hy.

€N

Hence A is a g-frame for H,, w.r.t { H;};cn with frame bounds % and %. Then A is a g-2-frame
for H w.r.t { H;};cn associated to i with frame bounds % and %. O

4 Conclusion remarks

In this paper, we have introduced and studied g-2-frames in 2-Hilbert spaces. We have demon-
strated that these new structures preserve the essential properties of classical g-frames, while
successfully generalizing the existing concept of 2-frames. By bringing these ideas into spaces
with a 2-inner product, this work provides a broader and more flexible theoretical framework for
studying the structure of these spaces.
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