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Abstract This paper is devoted to study and investigate the class of quaternionic demi-
compact and Fredholm right linear operators in order to give and establish some new perturbation
results of the left and right essential S-spectra. More precisely, we give a new characterization
of the essential S-spectra of right linear operators in terms of demi-compact classes. In addi-
tion, we apply the obtained results to study the essential S-spectra of block matrix of right linear
operators via Frobenius-Schur’s decomposition in quaternionic Hilbert spaces.

1 Introduction

In [6], with the paper of G. Birkhoff and J. von Neumann on the logic of quantum mechanics, the
authors show that quantum mechanics can be formulated also on quaternionic case. So, several
authors headed to study and give rise to the development of quaternionic Quantum Mechanics.
However, the development of a theory of quaternionic linear operators has been handicapped by
a lack of a precise definition of the spectrum of a quaternionic linear operator since then. The
principal reason for this was that from the physical point of view, there were no precise clues
for the notion of spectrum for a quaternionic linear operator. Only recently, this problem was
solved with the discovery of the S-spectrum for quaternionic linear operators (see [9]). The S-
spectrum has been introduced for the definition of the S-functional calculus that includes both
the quaternionic functional calculus and a calculus for n-tuples of non-necessarily commuting
operators. The notion of right spectrum for right linear quaternionic operators has been widely
used in the literature, especially in the context of quaternionic quantum mechanics. Due to the
noncommutativity of the quaternions things are different, if T is a quaternionic bounded linear
operator acting on a quaternionic two-sided Banach space UH and q ∈ H, where H is the space
of all quaternions. To define the spectrum of T , we have to consider the second order operator
T 2 − 2 Re(q)T + |q|2I . Then, the S-spectrum of T is defined as those quaternions q ∈ H such
that the operator T 2 − 2 Re(q)T + |q|2I is not invertible in the space of all quaternionic bounded
linear operators B (UH) which is denoted by σS(T ).
In this paper, we interest in the quaternionic operator theory and the essential S-spectra via
the perturbation theory. Also, we apply these results to block matrix of right linear operators
by means of demi-compactness classes and Frobenius Schur’s decomposition. Note that in [4]
Ammar et all extended this concept in a right quaternionic Hilbert space. In particular, they es-
tablished some spectral properties of demi-compact operators. Further, it should be recalled that
the Fredholm theory and the essential S-spectrum are introduced and studied by B. Muraleetha-
ran and K. Thirulogasanthar in [19, 20]. Several authors, have given important contributions to
the development of the spectral theory in the quaternionic version, see [1, 2, 3, 5, 7, 8, 9, 10, 18].
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Accordingly, in this work based on this concept, we characterize and study some results on the
essential S-spectrum to bounded right linear operator and we apply the obtained results to block
operator matrix. More specifically, we will work on a right quaternionic Hilbert spaces. Let us
consider the 2 × 2-block right linear operator matrix

L =

(
A B

C D

)
,

where A,B,C and D are bounded right linear operators on right quaternionic Hilbert spaces.
In this regard, one of the objective of this work is to study the essential S-spectra of L via the
Frobenius-Schur factorization of the pseudoresolvent operator of L with bounded entries. The
intimate relation between the spectral properties of the block operator matrix Rq(L) and those
of its Schur complement

S(q) = Rq(D)− T1Rq(A)
−1T2, for q /∈ σS(A)

is obvious from the so-called Frobenius-Schur decomposition which is the following:

Rq(L) =

(
I 0

T1Rq(A)−1 I

)(
Rq(A) 0

0 S(q)

)(
I Rq(A)−1T2

0 I

)
,

where T1 = CA+ (D − 2q0)C and T2 = BD + (A− 2q0)B. This later was introduced by A.
Ammar, D. Kouas and N. Lazrag (see [5]).
The remaining part of this paper is organized as follows. Section 2 is covered some basic con-
cepts, definitions, notations and terminology on the S-spectral theory used through out this dis-
sertation. Section 3 is entirely devoted to study some properties and perturbation results of
Fredholm operators and demi-compact operators in a right quaternionic Hilbert space. Section 4
is dedicated to develop the essential S-spectrum of bounded right linear operator and some per-
turbation results in association with the demi-compactness classes. Section 5 is devoted to apply
the obtained results for block right quaternionic linear operator matrix via Frobenius Shcur’s fac-
torization, then we shall give the study of some perturbations results of 2 × 2-block right linear
operator matrices.

2 Preliminary and auxiliary results

Let us start this section by recalling the basic definitions of quaternionic S-spectral theory. The
space of quaternions H is the four dimensional real algebra with 0 its null element and 1 its
multiplicative identity. This space includes three imaginary units, which we indicate by i, j, k.
They satisfy

i2 = j2 = k2 = −1, ij = k = −ji, jk = i = −kj, ki = j = −ik.

The elements 1, i, j, and k are assumed to form a real vector basis of H, so that any element
q ∈ H takes the form:

q = q0 + q1i+ q2j + q3k

where q0, q1, q2, q3 ∈ R. Given q ∈ H, the quaternionic conjugate of q is q̄ = q0 − iq1 − jq2 −kq3,

the usual norm of q is |q| =
√
qq̄ =

√
q2

0 + q2
1 + q2

2 + q2
3 ∈ R, the real part of q is Re(q) =

1
2(q+ q̄) = q0 ∈ R and Im(q) = 1

2(q− q̄) = iq1 + jq2 + kq3 is the imaginary part of q. Note that

Re(qr) = Re(q)r, r ∈ R and q ∈ H. (2.1)

Let UR
H be a right vector space, that is, an abelian group with a right scalar multiplication. The

inner product is a function ⟨.,.⟩fromUR
H × UR

H into H such that for every u, v, w ∈ UR
H and

p, q ∈ H, the following properties hold:

• ⟨u, v⟩ = ⟨v, u⟩.
• ⟨u, u⟩ > 0 unless u = 0.
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• ⟨u, vp+ wq⟩ = ⟨u, v⟩p+ ⟨u,w⟩q.
• ⟨uq, v⟩ = q̄⟨u, v⟩.
• ∥u∥ =

√
⟨u, u⟩.

If UR
H with the metric dist(u, v) = ∥u−v∥ is a complete metric space, then UR

H is said to be a right
quaternionic Hilbert space. Obviously, if UR

H and V R
H be two right quaternionic Hilbert spaces

with inner product ⟨·, ·⟩, then the product space UR
H × V R

H is still a right quaternionic Hilbert
space with the following induced inner product, still denoted by ⟨·, ·⟩ without any confusion:

⟨(u, u1) , (v, v1)⟩ = ⟨u, v⟩+ ⟨u1, v1⟩ , for all (u, u1) , (v, v1) ∈ UR
H × V R

H .

A right linear operator is a map T : D(T ) ⊆ UR
H −→ V R

H such that

T (up+ vq) = (Tu)p+ (Tv)q, if u, v ∈ D(T ) and p, q ∈ H,

where the domain D(T ) of T is a right vector subspace of UR
H . The range and the kernel of T

are defined respectively as

ran(T ) =
{
y ∈ V R

H : Tu = v for u ∈ D(T )
}
,

ker(T ) = {u ∈ D(T ) : Tu = 0}.

Let T be a right linear operator, T is said to be invertible operator if, and only if, it is injective
with a closed range. As in the complex case, if T : D(T ) ⊆ UR

H −→ V R
H is any right linear

operator, one defines the norm of ∥T∥ by

∥T∥ = sup
u∈D(T )\{0}

∥Tu∥
∥u∥

= inf{c ∈ R : ∥Tu∥ ≤ c∥u∥, for all u ∈ D(T )}.

T is said to be bounded right linear operator, if D(T ) = UR
H and ∥T∥ < ∞. The collection of

all bounded right linear operators as defined above is denoted by B
(
UR
H , V R

H
)
. If UR

H = V R
H , we

write B
(
UR
H
)
= B

(
UR
H , UR

H
)
.

Note that B
(
UR
H , V R

H
)

has a natural structure of real algebra, in which the sum is the usual
pointwise sum, the product is the composition and the real scalar multiplication

B
(
UR
H , V R

H
)
×R −→ B

(
UR
H , V R

H
)

(T, λ) 7−→ Tλ

is defined by setting
(Tλ)(u) = T (u)λ (2.2)

In general, for q ∈ H, we have qT is different from Tq. However, if λ ∈ R, the operator λT and
Tλ are equal and coincide with the operator Tλ defined in (2.2) (see [17, Proposition 3.1]). T

is said compact if T (U) is compact in UR
H , where U =

{
u ∈ UR

H : ∥u∥ ≤ 1
}

. We denote the set
of all compact operators from UR

H to V R
H by B0

(
UR
H , V R

H
)
. If UR

H = V R
H , the set B0

(
UR
H , UR

H
)

is replaced by B0
(
UR
H
)
. Let UR

H and V R
H two quaternionic Hilbert space. Let T ∈ B

(
UR
H , V R

H
)
.

The cokernel of T defined by
coker(T ) = V R

H / ran(T ).

The dimension of the cokernel is called the codimension, and it is denoted by codim(T ) and
defined by codim(T ) = dim

(
V R
H
)
− dim(ran(T )). The sets of left semi-Fredholm operators,

right semi-Fredholm operators, semi-Fredholm operators and Fredholm operators from UR
H to

V R
H are defined respectively by

Fl

(
UR
H , V R

H
)
=
{
T ∈ K

(
UR
H , V R

H
)

: dim(ker(T )) < ∞ and ran(T ) is closed
}
,

Fr

(
UR
H , V R

H
)
=
{
T ∈ K

(
UR
H , V R

H
)

: codim(T ) < ∞ and ran(T ) is closed
}
,

Flr

(
UR
H , V R

H
)
= Fl

(
UR
H , V R

H
)
∪ Fr

(
UR
H , V R

H
)

F
(
UR
H , V R

H
)
= Fl

(
UR
H , V R

H
)
∩ Fr

(
UR
H , V R

H
)
.

Also, the index of T is the integer

ind(T ) = dim(ker(T ))− codim(T ).
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Theorem 2.1. [5] Let UR
H , V R

H , and WR
H be right quaternionic Hilbert spaces.

(i) If T and S are Fredholm operators, upper semi-Fredholm operators, lower semi-Fredholm
operators, then TS is Fredholm operator, upper semi-Fredholm operator, lower semi-Fredholm
operator, respectively, and

ind(ST ) = ind(T ) + ind(S).

(ii) If T is Fredholm operator and K is compact operator, then T +K is Fredholm operator and
ind(T +K) = ind(T ). ♢

Theorem 2.2. [5] Let UR
H , V R

H be right quaternionic Hilbert spaces and T ∈ K
(
UR
H , V R

H
)

with
dense domain. T is a Fredholm operator if, and only if, there exist S1, S2 ∈ B

(
V R
H ,D(T )

)
, and

compact operators K1,K2 on UR
H and V R

H respectively, such that

S1T = I −K1 on D(T ),

TS2 = I −K2 on V R
H . ♢

Let UR
H be a separable right Hilbert space. For a given right linear operator T : D(T ) ⊆ UR

H −→
UR
H and q ∈ H, we define the operator Rq(T ) : D

(
T 2
)
−→ UR

H by

Rq(T ) = T 2 − 2 Re(q)T + |q|2I.

In the literature, Rq(T ) is called pseudo-resolvent since it is not the resolvent operator of T but
it is the one related to the notion of spectrum as we shall see in the next definition.

Definition 2.3. Let T ∈ B
(
UR
H
)
.

(i) The S-resolvent set is given by

ρS(T ) =
{
q ∈ H : Rq(T ) has an inverse in B

(
UR
H
)}

=
{
q ∈ H : ker (Rq(T )) = {0} and ran (Rq(T )) = UR

H
}
,

and hence the S-spectrum (also called spherical spectrum) is given by

σS(T ) = H\ρS(T )

=
{
q ∈ H : Rq(T ) has no inverse in B

(
UR
H
)}}

=
{
q ∈ H : ker (Rq(T )) ̸= {0} or ran (Rq(T )) ̸= UR

H
}}

.

(ii) The approximate S-point spectrum of T :

σS
ap(T ) = {q ∈ H : there is {φn}∞n=1 such that ∥φn∥ = 1 and ∥Rq(T )φn∥ −→ 0} .

(iii) The defect S-spectrum of T :

σS
δ (T ) = {q ∈ H : Rq(T ) is not surjective } . ♢

Let T ∈ B
(
UR
H
)
, various notions of the essential S-spectra have been defined in the literature.

In this work, we are concerned with the following S-essential spectra:

σS
el(T ) =

{
q ∈ H : Rq(T ) /∈ Fl

(
UR
H
)}

σS
er(T ) =

{
q ∈ H : Rq(T ) /∈ Fr

(
UR
H
)}

σS
elr(T ) =

{
q ∈ H : Rq(T ) /∈ Flr

(
UR
H
)}

σS
e (T ) =

{
q ∈ H : Rq(T ) /∈ F

(
UR
H
)}

σS
ess(T ) =

⋂
K∈B0(UR

H )

σS(T +K)

σS
eap(T ) =

⋂
K∈B0(UR

H )

σS
ap(T +K)

σS
eδ(T ) =

⋂
K∈B0(UR

H )

σS
δ (T +K),
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where σS
ap(T ) and σS

δ (T ) are given in Definition 2.1.
In what follows, we recall a new characterization of essential S-spectrum in a separable right
Hilbert space UR

H (see [5]).

Theorem 2.4. [5] Let T ∈ B
(
UR
H
)
. Then,

σS
ess(T ) = H\

{
q ∈ H : Rq(T ) ∈ F

(
UR
H
)

and ind (Rq(T )) = 0
}
. ♢

In this section, our purpose is to establish and recall some results about demi-compact operators,
which will be needed in the sequel.

Definition 2.5. [4] Let UR
H be a right quaternionic Hilbert space and T : D(T ) ⊆ UR

H −→ UR
H be

a right linear operator on UR
H ·T is said to be demi-compact if for every bounded sequence ( un )

in D(T ) ⊆ UR
H such that un − Tun −→ u ∈ UR

H , there is a convergent subsequence of ( un ). ♢

The set of demi-compact operators on UR
H is denoted by DC

(
UR
H
)
. Let us give an example of

demi-compact operator in queternionic setting.

Example 2.6. Let ℓ2(H) =
{
(un)n≥1 such that un ∈ H and

∑+∞
n=1 |un|2 < ∞

}
be the quater-

nionic Hilbert space of all square-summable sequences in H and let s ∈ S (see [9]). Let us
consider the right linear operator

T : ℓ2(H) −→

(un) 7−→
(
n− 1
n

sun

)
.

Then, T is demi-compact. ♢

We recall the following results established in [5].

Proposition 2.7. Let T ∈ K
(
UR
H
)
. If T ∈ B0

(
UR
H
)
, then T ∈ DC

(
UR
H
)
. ♢

Remark 2.8. In general, we have B0
(
UR
H
)
⊊ DC

(
UR
H
)
. ♢

The following result is a connection between demi-compact operators and left semi-Fredholm
operator in the quaternionic setting.

Theorem 2.9. Let T ∈ K
(
UR
H
)

with dense domain. Then, the following statement are equivalent
(i) T is demi-compact.
(ii) I − T is a left semi-Fredholm operator. ♢

Theorem 2.10. Let T ∈ B
(
UR
H
)
. If αT ∈ DC

(
UR
H
)
, for each α ∈ [0, 1], then I − T ∈ F

(
UR
H
)

with ind (I − T ) = 0. ♢

Let T ∈ B
(
UR
H
)
. We define the set ΛUR

H
by:

ΛUR
H
=
{
S ∈ B

(
UR
H
)

: Sµ is demi-compact for every µ ∈ [0, 1]
}
.

Now, we extend the following definition in the quaternionic setting.

Definition 2.11. Let T ∈ B
(
UR
H , V R

H
)
. We call that T has a left (resp. right) inverse modulo

compact operator if there exist Tl ∈ B
(
V R
H , UR

H
)

(resp. Tr ∈ B
(
V R
H , UR

H
)

) and K ∈ B0
(
UR
H
)

) (resp. K1 ∈ B0
(
UR
H
)

) such that TlT = I −K (resp. TTr = I −K1 ) . ♢

3 Some properties of Demi-compact and Frdholm right linear operators

We begin this section by giving some perturbation results of demi-compact and Fredholm oper-
ators in a right quaternionic Hilbert space.
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Theorem 3.1. Let T ∈ F
(
UR
H , V R

H
)
. Assume that F ∈ B

(
UR
H , V R

H
)

such that −FG and −GF
are demi-compact 1 -set-contractive for some operator G which is an inverse of T modulo com-
pact operator. Then, T + F is a Fredholm operator with ind(T + F ) = ind(T ). ♢

Proof. Based on the fact that −FT0 and −T0F are demi-compact 1-set-contractive for some op-
erator T0 which is an inverse of T modulo compact operator and since T is a Fredholm operator,
then by Theorem 2.2 there is a bounded right linear operator T0 : V R

H −→ UR
H such that

T0T = I − F1

TT0 = I − F2,

where F1 and F2 are compact operators. This implies that T0 is an inverse of T modulo compact
operator. Now, we have

T0(T + F ) = I − F1 + T0F

= I − L1

and
(T + F )T0 = I − F2 + FT0

= I − L2

where L1 = F1 + T0F and L2 = F2 + FT0. Based on −FT0 and −T0F are demi-compact
1-set-contractive and F1 and F2 are compact, we obtain that L1 and L2 are demi-compact 1 -set-
contractive operators. Hence, by using of Theorem 2.1 (ii), we infer that T + F is a Fredholm
operator. Now, it remains to show that ind(T + F ) = ind(T ). Since T is Fredholm, then by
Theorem 2.2, there is a bounded right linear operator A : V R

H −→ UR
H such that

AT = I −K1

TA = I −K2

where K1 and K2 are compact operators with ran (K1) = ker(T ) ⊂ UR
H . Furthermore, we have

that A is also a Fredholm operator. Therefore, it follows from Theorem 2.1(i) that

ind(A(T + F )) = ind(A) + ind(T + F ).

Setting T1 = K1 −AF . If we consider T1 as a demi-compact 1-set-contractive operator, then by
applying Theorem 2.10, we deduce that I −T1 is a Fredholm operator and ind (I − T1) = 0. Let
us assume that

ind(A(T + F )) = ind (I − T1) (3.1)

Also, we have
ind(T + F ) = − ind(A).

Again, by Theorem 2.1 (i), we infer that

ind(AT ) = ind(A) + ind(T ).

The fact that ind(AT ) = ind (I − T1) = 0 implies that ind(T ) = − ind(A). Thus,

ind(T + F ) = ind(T ).

Consequently, our purpose is to prove (3.1). Based on ran (K1) = ker(T ) ⊂ UR
H and AF is a

right linear operator from UR
H to UR

H , we obtain that

ran (T1) ⊂ UR
H . (3.2)

So, we can see that ker(A(T +F )) ⊂ ker (I − T1). For the reverse inclusion, if x ∈ ker (I − T1),
then it follows from (3.2) that x = T1x ∈ UR

H . This leads to

ker(A(T + F )) = ker (I − T1) . (3.3)
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Now, since I − T1 is Fredholm, there exist a finite dimensional subspace U of UR
H such that

UR
H = ran (I − T1)⊕ U. (3.4)

Or, we have ran(A(T + F )) ⊂ ran (I − T1). Conversely, if y ∈ ran (I − T1), then y = x− T1x,
for some x ∈ UR

H . Based on ran (T1) ⊂ UR
H , then we get y = A(T + F )x, which implies that

ran (I − T1) = ran(A(T + F )). This leads to

UR
H = ran(A(T + F ))⊕ U. (3.5)

Combining (3.4) and (3.5), we conclude that

codim(A(T + F )) = dimU = codim (I − T1) .

This allows us to deduce that (3.1), which completes the proof.

With the same proof, we prove the following result.

Proposition 3.2. Let T ∈ F
(
UR
H , V R

H
)
. Assume that F ∈ B

(
UR
H , V R

H
)

such that −αFG is demi-
compact, for every α ∈ [0, 1] and for some operator G which is an inverse of T modulo compact
operator. Then, T + F is a Fredholm operator with ind(T + F ) = ind(T ). ♢

In the following, we give a quaternionic version of Theorem 5.31 and 5.32 [21], which are
needed to prove our first main result.

Proposition 3.3. Let UR
H , V R

H , and WR
H be right quaternionic Hilbert spaces.

(i) If T ∈ B
(
UR
H , V R

H
)
, S ∈ B

(
V R
H ,WR

H
)

and ST ∈ Fr

(
UR
H ,WR

H
)
. Then, S ∈ Fr

(
V R
H ,WR

H
)
.

(ii) If T ∈ B
(
UR
H , V R

H
)
, S ∈ B

(
V R
H ,WR

H
)

and ST ∈ Fl

(
UR
H ,WR

H
)
. Then, T ∈ Fl

(
UR
H , V R

H
)
.
♢

Proof. (i) Using the fact that ST ∈ Fr

(
UR
H ,WR

H
)
, then dim

(
ran(ST )⊥

)
< ∞. This implies

that there is a subspace W such that dimW < ∞ and WR
H = ran(ST )⊥ ⊕ W . Also, since

ran(ST ) ⊂ ran(S), ran(S) is closed and ran(S)⊥ ⊂ ran(ST )⊥, then we have

dim ran(S)⊥ < ∞.

Consequently, S ∈ Fr

(
V R
H ,WR

H
)
.

(ii) Since, ST ∈ Fl

(
UR
H ,WR

H
)
, then by using [5, Remark 3.1], we have T ∗S∗ ∈ Fr

(
WR

H , UR
H
)
.

In view of (i), we get T ∗ ∈ Fr

(
V R
H , UR

H
)

which means that T ∈ Fl

(
UR
H , V R

H
)
.

4 Stability and perturbation results of essential S-spectra

In this section, we give some new perturbation results and the connection between the essential
S-spectrum of the sum of two quaternionic bounded right linear operators and the essential S-
spectrum of each of these right linear operators.

Theorem 4.1. Let T, S ∈ B
(
UR
H
)
, UR

H is a right quaternionic Hilbert space. If for every q ∈
Fl

(
UR
H
)
, there exists Tql (resp. Tqr ) a left (resp. right) inverse modulo compact operator of

Rq(T ) such that STql and (resp. TqrS ) is demi-compact and Rq(S)K+ST +TS− |q|2I (resp.
K ′Rq(S) + ST + TS − |q|2I ) is compact, then

σS
el(T + S) = σS

el(T ). ♢

Proof. Our purpose is to prove σS
el(T + S) ⊆ σS

el(T ). Let q ∈ H. If Tql is a left inverse modulo
compact operators of Rq(T ), then there exist a compact operator K such that

TqlRq(T ) = I −K. (4.1)

Also, we can write Rq(T + S) in the following form:

Rq(T + S) = (T + S)2 − 2 Re(q)(T + S) + |q|2I

= Rq(T ) +Rq(S) + TS + ST − |q|2I.
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Therefore, according to (4.1) we obtain that

Rq(T + S) = [I +Rq(S)Tql]Rq(T ) +Rq(S)K + TS + ST − |q|2I. (4.2)

In the same way, there exists Tqr a right inverse modulo compact operator of Rq(T ). So, we can
write

Rq(T + S) = Rq(T ) [I + TqrRq(S)] +K1Rq(S) + TS + ST − |q|2I, (4.3)

where K1 is a compact operator. Now, let q /∈ σS
el(T ), then Rq(T ) ∈ Fl

(
UR
H
)
. Set Tql (resp. Tqr

) be a left (resp. right) inverse modulo compact operator of Rq(T ). Hence, (4.2) and (4.3) hold.
Using the fact that STql (resp. TqrS ) is demi-compact implies from Theorem 2.9 that

(I + STql) (resp . (I + TqrS)) ∈ Fl

(
UR
H
)
.

By referring to Theorem 2.1 and (4.2) (resp. (4.3)), we infer that

(I + STql)Rq(T ) (resp .Rq(T ) (I + Tqr)) ∈ Fl

(
UR
H
)
.

Finally, based on the hypotheses Rq(S)K+ST +TS−|q|2I (resp. K ′Rq(S)+ST +TS−|q|2I
) is compact, it follows from Theorem 2.1 that Rq(T + S) ∈ Fl

(
UR
H
)

and so q /∈ σS
el(T + S).

For the reverse inclusion, let q ∈ H such that q /∈ σS
el(T + S). If Tql is a left inverse modulo

compact operator of Rq(T ), then there exist a compact operator K such that (4.1) holds. Hence,
we can write (4.2). Also, by the hypothesis Rq(T + S) ∈ Fl

(
UR
H
)
, we can deduce that

Rq(T + S)−Rq(S)K − TS − ST + |q|2I = [I +Rq(S)Tql]Rq(T ) ∈ Fl

(
UR
H
)
.

In view of Proposition 3.3 (ii), we obtain that Rq(T ) ∈ Fl

(
UR
H
)
. As a result, q /∈ σS

el(T ), as
desired.

Theorem 4.2. Let T, S ∈ B
(
UR
H
)

and UR
H is a right quaternionic Hilbert space. If for every

q ∈ σS
⋆ (T ), where ⋆ ∈ { er, elr, e, ess, eap, e δ} there exists Tql (resp. Tqr) a left (resp.

right) inverse modulo compact operator of Rq(T ) such that STql ∈ Λ (resp. TqrS ∈ Λ) and
Rq(S)K + ST + TS − |q|2I (resp. K ′Rq(S) + ST + TS − |q|2I) is compact, then

σS
⋆ (T + S) = σS

⋆ (T ). ♢

Proof. By using of (4.2) and (4.3), we just give the proof of the case ⋆ = eδ because it is the
same in the other cases. Let us suppose that q /∈ σS

eδ(T ), then by using of [?, Theorem 2.12]),
we obtain that

Rq(T ) ∈ Fr

(
UR
H
)

and ind (Rq(T )) ≥ 0.

Setting now, Tql a left inverse modulo compact operator of Rq(T ), then (4.2) holds. Using the
fact that STql ∈ Λ, we get

(I − STql) ∈ F
(
UR
H
)

and ind (Rq(T )) = 0.

This implies from Theorem 2.1 and (4.2) that

Rq(T + S) ∈ Fr

(
UR
H
)

and ind (Rq(T + S)) ≥ 0.

Therefore, q /∈ σS
eδ(T + S) which is equivalent to saying that σS

eδ(T + S) ⊆ σS
eδ(T ). In the same

manner, we can show the reverse inclusion.

5 Application to block matrix of right linear operators

In this section, the main tool is that to study the essential S-spectra of a 2 × 2 block right linear
operator matrix defined by

L =

(
A B

C D

)
, (5.1)

where A,B,C and D are bounded right linear operators involving demi-compactness perturba-
tion and by means of the Frobenius-Schur’s decomposition in right quaternionic Hilbert spaces.
In this regard, let us recall the Frobenius-Schur’s decomposition of L (see [5]).
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Theorem 5.1. Suppose that A : D(A) ⊆ UR
H → UR

H , B : D(B) ⊆ V R
H → UR

H , C : D(C) ⊆
UR
H → V R

H , and D : D(D) ⊆ V R
H → V R

H are right linear operators satisfies ran(C) ⊂
ker(B), ran(B) ⊂ ker(C),D(A) ⊂ D(C) and D(B) ⊂ D

(
D2
)
. If q ∈ ρS(A), then we have

Rq(L) =

(
I 0

G(q) I

)(
Rq(A) 0

0 S(q)

)(
I F(q)

0 I

)
(5.2)

where G(q) = T1Rq(A)−1,F(q) = Rq(A)−1T2,S(q) = Rq(D) − T1Rq(A)−1T2, T1 = CA +
(D − 2q0)C and T2 = BD + (A− 2q0)B. ♢

Remark 5.2. For q ∈ ρS(A). The matrix operator L can be factorized in the Frobenius-Schur
sense by

Rq(L) = X (q)Y(q)Z(q)

where X (q) =

(
I 0

G(q) I

)
Y(q) =

(
Rq(A) 0

0 S(q)

)
and Z(q) =

(
I F(q)

0 I

)
. Further-

more, we have the following equalities:

dim (ker (Rq(A))) = codim (Rq(A)) = 0

dim(ker(Y(q))) = dim(ker(S(q)))
codim(Y(q)) = codim(S(q)).

♢

Now, we take the following conditions:
(H1): For every q /∈ σS

⋆ (S(p)), where (⋆ ∈ { el, er, elr, e, ess, eap, e δ}), there exists Sql ∈
B
(
V R
H
)

a left inverse modulo compact operator of Rq(S(p)).
(H2): For every q /∈ σS

⋆ (S(p)), where (⋆ ∈ { el, er, elr, e, ess, eap, e δ}), there exists Sqr ∈
B
(
V R
H
)

a right inverse modulo compact operator of Rq(S(p)).

Proposition 5.3. Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ̸= |p|. Assume that the
hypotheses of Theorem 5.1 hold.

(i) Let the condition (H1) be satisfied. If
(
|q|2 − |p|2

)
(I + G(q)F(p))Sql ∈ DC

(
V R
H
)
. Then,

σS
el(S(q)) = σS

el(S(p)).

(ii) Let the condition (H2) be satisfied. If
(
|q|2 − |p|2

)
(I + G(q)F(p))Sqr ∈ ΛV R

H
. Then,

σS
er(S(q)) = σS

er(S(p)). ♢

Proof. (i) Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ≠ |p|. Since, we can write:

S(q)− S(p) = Rq(D)− T1Rq(A)
−1T2 −Rp(D) + T1Rp(A)

−1T2

= Rq(D)−Rp(D) + T1
[
Rp(A)

−1 −Rq(A)
−1]T2

= |q|2 −
∣∣p2∣∣+ (|q|2 − ∣∣p2∣∣)T1Rq(A)

−1Rp(A)
−1T2

=
(
|q|2 −

∣∣p2∣∣) [I + T1Rq(A)
−1Rp(A)

−1T2
]

=
(
|q|2 −

∣∣p2∣∣) [I + G(q)F(p)].

Then, we get
S(q) = S(p) +

(
|q|2 −

∣∣p2∣∣) [I + G(q)F(p)].

Based on the hypothesis ( H1 ) and the fact that
(
|q|2 −

∣∣p2
∣∣) [I + G(q)F(p)]Sql ∈ DC

(
V R
H
)

it
follows from Theorem 4.1 that σS

el(S(q)) = σS
el(S(p)).

(ii) Since the condition (H2) holds true and
(
|q|2 − |p|2

)
(I + G(q)F(p))Sqr ∈ ΛV R

H
, then by

applying of Theorem 3.2, we get σS
er (S(q)) = σS

er (S(p)).
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The following result is an application of Theorem 4.1 to block operator matrix L, this is equiv-
alent to prove the connection between S-essential spectra of L and the S-essential spectra of its
entries.

Theorem 5.4. Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ≠ |p|. Assume that the
hypotheses of Theorem 5.1 hold.
(i) Let the condition (H1) be satisfied. If

(
|q|2 − |p|2

)
(I + G(q)F(p))Sql ∈ DC

(
V R
H
)
. Then,

σS
el(L) ∩ ρS(A) = σS

el(S(p)) ∩ ρS(A).

(ii) Let the condition (H2) be satisfied. If
(
|q|2 − |p|2

)
(I + G(q)F(p))Sqr ∈ ΛV R

H
. Then,

σS
er(L) ∩ ρS(A) = σS

er(S(p)) ∩ ρS(A). ♢

Proof. (i) Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ̸= |p|. Since X (q) and Z(q)
are bounded with bounded inverse. Hence,

dim ker (Rq(L)) = dim ker(Y(q)).

However, according to Remark 5.2, we obtain that

dim ker (Rq(L)) = dim ker (Rq(S(q))) .

Therefore, Rq(L) is an upper-semi Fredholm operator if, and only, if Rq(S(q)) is so. Now, based
on the condition (H1), then by referring to Proposition 5, we infer that q ∈ σS

el(L). This implies
that q ∈ σS

el(S(p)). As a consequence,

σS
el(L) ∩ ρS(A) = σS

el(S(p)) ∩ ρS(A).

(ii) The same reasoning as (i), we prove that σS
er(L)∩ρS(A) = σS

er(S(p))∩ρS(A). In particular,
we use the condition (H2) and Proposition 5.3 (ii).

Proposition 5.5. Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ̸= |p|. Assume that the
hypotheses of Theorem 5.1 hold. Let the conditions (H1) and (H2) hold true. If

(
|q|2 − |p|2

)
(I+

G(q)F(p))Sqr ∈ ΛV R
H

. Then,

σS
⋆ (S(q)) = σS

⋆ (S(p)), where ⋆ ∈ { elr , e , ess, eap, e δ}. ♢

Proof. The proof follows from Proposition 5.3 (i) and (ii). In particular, we use Theorem 4.2.

Theorem 5.6. Let q ∈ ρS(A) and p ∈ H such that Re(p) = Re(q), |q| ≠ |p|. Assume that the
hypotheses of Theorem 5.1 hold. Let the conditions (H1) and (H2) hold true. If

(
|q|2 − |p|2

)
(I+

G(q)F(p))Sqr ∈ ΛV R
H

. Then,

σS
⋆ (L) ∩ ρS(A) = σS

⋆ (S(p)) ∩ ρS(A), where ⋆ ∈ { elr , e , ess, eap, e δ}. ♢

Proof. In view of Remark 5.2, we have

dim ker (Rq(L)) = dim ker (Rq(S(q)))

and
codim (Rq(L)) = codim (Rq(S(q))) .

Then, we get
ind (Rq(L)) = ind (Rq(S(q))) .

Therefore,

σS
⋆ (L) ∩ ρS(A) = σS

⋆ (S(p)) ∩ ρS(A), where ⋆ ∈ { elr , e , ess , eap , e δ}.
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Lemma 5.7. Let A ∈ DC
(
UR
H
)

and D ∈ DC
(
V R
H
)
. We consider the matrix of right linear

operators

M =

(
A 0
0 D

)
.

Then,
(i) M ∈ DC

(
UR
H × V R

H
)
.

(ii) If D ∈ B0
(
V R
H
)
. Then, L ∈ DC

(
UR
H × V R

H
)
, for all C ∈ B

(
UR
H , V R

H
)
. ♢

Proof. Let (un)n = (xn, yn)n be a bounded sequence in UR
H × V R

H such that

vn = (I −M)un −→ v with (vn)n = ((I −A)xn, (I −D)yn)n and v = (x, y).

Hence, we get (
I −A 0

0 I −D

)(
xn

yn

)
−→

(
x

y

)
.

This implies that, (I − A)xn −→ x and (I − D)yn −→ y. In what follows, we give the S-
essential spectrum of the sum of two block operators matrix defined on a right quaternionic
Hilbert space UR

H × V R
H through the S-essential spectrum of each of these right linear operators.

So, let us consider the two right bounded linear operators A1 : D (A1) ⊂ UR
H −→ UR

H and D1 :
D (D1) ⊂ V R

H −→ V R
H . Now, we define the block operator matrix T by

T =

(
A1 0
0 D1

)
. (5.3)

Theorem 5.8. Let L and T are given respectively in (5.1) and (5.3) such that T and L are anti-
commute. If for every q /∈ σS

ess (T ), there exist I1 and I2 respectively an inverse of Rq (A1) and
Rq (D1) satisfies the two following statements:
(i) α

(
Rq(A) + |q|2

)
I1 ∈ DC

(
UR
H
)
, α
(
Rq(D) + |q|2

)
I2 ∈ DC

(
V R
H
)
, for every α ∈ [0, 1].

(ii) ((A− 2q0)B +BD) I2 ∈ B0
(
V R
H , UR

H
)
. Then,

σS
ess(T + L) ⊆ σS

ess(T ). ♢

Proof. Let q /∈ σS
ess (T ), then Rq(T ) is a Fredholm operator and ind (Rq(T )) = 0. First of all,

we prove that I =

(
I1 0
0 I2

)
is an inverse modulo compact operator. In fact, we have

IRq(T ) =

(
I1 0
0 I2

)(
Rq (A1) 0

0 Rq (D1)

)

=

(
I1Rq (A1) 0

0 I2Rq (D1)

)
.

Based on the hypthesis I1 and I2 respectively an inverse of Rq (A1) and Rq (D1), then there exist
K1 ∈ B0

(
UR
H
)

and K2 ∈ B0
(
V R
H
)

such that

I1Rq (A1) = I −K1

I2Rq (D1) = I −K2.

As a consequence, we obtain that

IRq(T ) =

(
I −K1 0

0 I −K2

)
= I−K.



1298 Dorsaf Kouas

where K =

(
K1 0
0 K2

)
∈ B0

(
UR
H × V R

H
)
. In addition, since ran(C) ⊂ ker(B) and ran(B) ⊂

ker(C), we get

(
Rq(L) + |q|2I

)
I =

(
Rq(A) + |q|2I (A− 2q0)B +BD

CA+ (D − 2q0)C Rq(D)|q|2I

) I1 0

0 I2


=

( (
Rq(A) + |q|2

)
I1 ((A− 2q0)B +BD) I2

(CA+ (D − 2q0)C) I1
(
Rq(D)|q|2

)
I2

)

=

( (
Rq(A) + |q|2

)
I1 T1I2

T2I1
(
Rq(D) + |q|2

)
I2

)

where T1 = (A− 2q0)B +BD and T2 = CA+ (D − 2q0)C. In view of (i) and (ii), it follows

from Lemma 5.7 that α

( (
Rq(A) + |q|2

)
I1 T1I2

T2I1
(
Rq(D) + |q|2

)
I2

)
is a demi-compact for every

α ∈ [0, 1]. In Proposition 3.2, if we take T = Rq(T ) and F = Rq(L) + |q|2I, then we deduce
that Rq(T ) +Rq(L) + |q|2I is Fredholm and ind

(
Rq(T ) +Rq(L) + |q|2I

)
= ind (Rq(T )) = 0.

Based on the fact that T and L are anti-commute, hence

Rq(T + L) = Rq(T ) +Rq(L) + |q|2I.

This implies that Rq(T + L) is Fredholm and ind (Rq(T + L)) = ind (Rq(T )) = 0. Thus,
q /∈ σS

ess (T + L).
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