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Abstract. This paper presents the relationship between the finite continuous Radon and
Ridgelet transforms. Both transforms are expressed in terms of the finite continuous Fourier
transform. The paper also establishes fundamental properties such as linearity, shifting, scal-
ing, and symmetry. In the concluding section, the relationship between the finite continuous
Radon and Ridgelet transforms is applied to neural networks using the Mexican Hat wavelet.
Additionally, the paper demonstrates an application to neural networks through graphical inter-
pretations and the solution of two forms of the linear non-homogeneous Klein-Gordon equation
with their respective initial conditions. Comparison tables and graphical representations of the
Klein-Gordon equation solutions, obtained using the finite continuous Radon and Ridgelet trans-
forms are also presented.

1 Introduction

Ridgelet transform

The continuous Ridgelet transform for bivariate function f (x, y) defined by Candès [2] as

ℜf (a, b, θ) =

∞∫
−∞

∞∫
−∞

f (x, y)ψa,b,θ (x, y) dxdy (1.1)

where ψa,b,θ (x, y) = a−1/2 ψ
[
(x cos θ+y sin θ−b)

a

]
is a ridge function ∀ a > 0, b ∈ R and θ ∈

[0, 2π) and ψa,b,θ : R2 → R2.
Murata, in [9], independently studied and analyzed ridgelet integral representations. In 1998,
Donoho [10] broadened the notion of ridgelets and studied orthonormal ridgelets whose ele-
ments can be specified in closed form. In [11], the author extended ridgelets to higher dimen-
sions. The discrete finite ridgelet transform was introduced in 2003 by Do and Vetterli [13].
In [12], using the convolution of quaternion-valued functions, the authors defined the ridgelet
transform on square-integrable quaternion-valued functions. The authors also conducted a se-
ries of computational experiments to show an interesting similarity between the scatter plot of
hidden parameters in a shallow neural network after BP training and the spectrum of the ridgelet
transform, as discussed in [14].
The classical work of finite continuous Ridgelet transforms was developed in [18], using Sturm-
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Liouville theory [15, 17] as follows:

ℜp,q,a,bf (x, y) =
a−1/2

4αβ

β∫
−β

α∫
−α

f (x, y)ψ (((paπx/α ) + (qaπy/β )− b) /a) dxdy. (1.2)

The inversion formula of (1.2) is given by

ℜ−1 (ℜp,q,a,bf (x, y))

= a1/2
∞∑

p,q=1

ℜp,q,a,bf (x, y)ψ (((paπx/α ) + (qaπy/β )− b) /a) (1.3)

where1 +
∞∑

p,q=1

e−((paπx/α )+(qaπy/β )−b)/a

−1

= ψ (((paπx/α ) + (qaπy/β )− b) /a) (1.4)

which is a ridge function or ridgelet with parameters:
i) a; the scale of the ridge function
ii) b; location of the ridge function
iii) [(paπx/α ) + (qaπy/β )] ; its orientation.

Radon transform

How to construct a function of two variables from its integrals over all straight lines in the plane
was demonstrated by Johann Radon [1] in 1917 and was defined as

f̂ (P, ϕ) = R {f (x, y)} =

∞∫
−∞

∞∫
−∞

f (x, y) δ (P − x cos θ − y sin θ) dxdy (1.5)

where δ (·) is Dirac delta function (δ (x) = 1 if x = 0 and 0 elsewhere), θ ∈ [0, π] and
P = x cos θ − y sin θ as P ∈ [−∞,∞].
The exponential Radon transform, a generalization of the Radon transform, was defined as a
mapping between function spaces in [3]. In [4], the author presented a summary of the fun-
damental properties of the continuous Radon transform, including delay effects, data shifting,
rotation, scaling, windowing, bowtie events, and energy conservation. The paper also includes
representative examples on standard datasets such as 2D delta functions, boxcar events, Gaussian
bells, and conic sections, which help reinforce the basic concepts of the Radon transform. In [5],
author studied an unbounded realization of the classical domain of type one. In this article, author
defined the Radon transform on IR and obtained an inversion formula IR − 1 = (pi)(−2d)LRL
in terms of a determinantal differential operator. In [6], the author formulated conditions for the
finite-type Radon transform, which, modulo endpoints, lead to regularity properties in two di-
mensions. Numerical integration of finite Radon transforms over various function classes in mul-
tiple dimensions was studied in [7]. In [8], the relationship between the moments of the Radon
transform and those of its modified version was derived. The author used modified Radon trans-
form data to provide a uniform approximation of the original density function. A reconstruction
algorithm was then implemented, and a simple density function was reconstructed from the mo-
ments of its modified Radon transform. This paper presents the relationship between the finite
continuous Radon transform, the finite continuous Ridgelet transform, and wavelets, analogous
to the approach in [11]. Both the finite continuous Radon and Ridgelet transforms are also ex-
pressed in terms of the finite continuous Fourier transform, as in [3]. The fundamental properties
of the finite continuous Radon and Ridgelet transforms—such as linearity, shifting, scaling, and
symmetry—are summarized, in line with the discussion in [4].

The wavelet lifting scheme is developed in [25] to obtain solutions of hyperbolic differential
equations that arise in mathematical physics. The study in [26] introduces the Sum transform



1302 N. Gupta and V. R. Lakshmi Gorty

and explores its properties and applications in solving differential equations. The study [27]
discusses methods for solving generalized differential equations through a generalized integral
transform. The concluding section applies the relationship between the finite continuous Radon
and Ridgelet transforms within a neural network model using the Mexican Hat wavelet. The
application of these transforms is further extended to obtain solutions to two different forms
of the linear non-homogeneous Klein-Gordon equation using given initial conditions. Finally,
classical results concerning Klein–Gordon–Maxwell-type systems are briefly reviewed, as in
[23].

2 Preliminary results (The Fourier-Radon series and finite continuous Radon
transformation)

Assume f (x, y) is a square integrable function over rectangle such that if l, k are real constants
and {(x, y) : −k < x < k,−l < y < l} then

f (x, y) = cm,n

1 + 2
∞∑

m,n=1

cosπ
(
P − m

k
x− n

l
y
) (2.1)

where m, n, P ∈ R and cm,n is constant. Using [24], multiplying (2.1)by[
1 + 2 cosπ

(
P − m

k x− n
l y
)]

and integrating w.r.t x, y over [−k, k], [−l, l] analogous [15, p.
122-124] yields:

cm,n =
1

8kl

l∫
−l

k∫
−k

f (x, y)

1 + 2
∞∑

m,n=1

cosπ
(
P − m

k
x− n

l
y
)dxdy. (2.2)

From [19, p. 65],

[
1 + 2

∞∑
m,n=1

cosπ
(
P − m

k x− n
l y
)]

represents the regularized Dirac delta

function and can be denoted as [22];1 + 2
∞∑

m,n=1

cosπ
(
P − m

k
x− n

l
y
) = δ

(
π
(
P − m

k
x− n

l
y
))

. (2.3)

Hence (2.2) becomes

cm,n =
1

8kl

l∫
−l

k∫
−k

f (x, y) δ
(
π
(
P − m

k
x− n

l
y
))
dxdy. (2.4)

The convergence of the series (2.3) is straightforward by [17, p. 433] and [19, p. 63].

Remark 2.1. The finite continuous Radon transform analogous to [17, p. 425] as follows:

Rm,n,P f (x, y) =
1

8kl

l∫
−l

k∫
−k

f (x, y) δ
(
π
(
P − m

k
x− n

l
y
))
dxdy (2.5)

Inversion formula of (2.5) is given by

R−1 (Rm,n,P f (x, y)) = f (x, y) =
∞∑

m,n=1

Rm,n,P f (x, y) δ
(
π
(
P − m

k
x− n

l
y
))
. (2.6)

We point out the following operational rules if f (x, y) is zero at boundary:

Rm,n,P

{
∂2f

∂x2

}
= −

(mπ
k

)2
Rm,n,P f (x, y) . (2.7)

Rm,n,P

{
∂2f

∂y2

}
= −

(nπ
l

)2
Rm,n,P f (x, y) . (2.8)
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3 Relations between finite continuous Radon, Ridgelet and Fourier cosine
transform

3.1 Relation between finite continuous Radon and Ridgelet transform

Theorem 3.1. Let f ∈ L1
(
R2
)
. Let Rm,n,P f (x, y) and ℜp,q,a,bf (x, y) be defined on f (x, y)

as in (2.5) and (1.2), then

⟨Rm,n,P f (x, y) , ψa, b (P )⟩ =
π

2
ℜp/πa,q/πa,a,bf (x, y) (3.1)

where ψa, b (t) is a wavelet.

Proof. Consider
⟨Rm,n,P f (x, y) , ψa, b (P )⟩

=

∞∫
−∞

Rm,n,P f (x, y) ψa, b (P ) dP

=
1

8kl

∞∫
−∞

l∫
−l

k∫
−k

f (x, y) δ
(
π
(
P − m

k
x− n

l
y
))
ψ

(
t− b

a

)
dx dy dP .

⟨Rm,n,P f (x, y) , ψa, b (P )⟩ =

1
8kl

l∫
−l

k∫
−k

f (x, y)

 ∞∫
−∞

δ
(
π
(
P − m

k
x− n

l
y
))

|a|−1/2
ψ

(
P − b

a

)
dP

dx dy (3.2)

Assume P−b
a = c; (3.2) gives:

⟨Rm,n,P f (x, y) , ψa, b (P )⟩

=
|a|−1/2

8πkl

l∫
−l

k∫
−k

f (x, y)

 ∞∫
−∞

δ
(
ac+ b− m

k
x− n

l
y
)
ψ (c) adc

dx dy.
(3.3)

From [21, p. 548]
δ (ax− y) = 1/aδ (x− y/a) . (3.4)

Hence from (3.4), (3.3) gives

⟨Rm,n,P f (x, y) , ψa, b (P )⟩

=
|a|−1/2

8πkl

l∫
−l

k∫
−k

f (x, y)

 ∞∫
−∞

δ

(
c−

(
mx/k + ny/l − b

a

))
ψ (c) dc

dx dy.
Using [19, p. 25] and [20, p. 260], we get

∞∫
−∞

f (y) δ (x− y) dy = f (x) . (3.5)

Hence from (3.5), we get

⟨Rm,n,P f (x, y) , ψa, b (P )⟩ =
|a|−1/2

8πkl

l∫
−l

k∫
−k

f (x, y)ψ

(
mx/k + ny/l − b

a

)
dx dy.

Thus follows:
⟨Rm,n,P f (x, y) , ψa, b (P )⟩ =

π

2
ℜp/πa,q/πa,a,bf (x, y) . (3.6)
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3.2 Representation of finite continuous Radon transform in terms of finite continuous
Fourier cosine transform

Theorem 3.2. The finite continuous Radon transform can be represented in terms of finite con-
tinuous Fourier cosine transform as:

Rm,m,mf (x, y) =
e−iπm

8
F̄cc [f (x, y)] (3.7)

where F̄cc [f (x, y)] = 4
kl

l∫
0

k∫
0
f (x, y) cos

(
mπ
k x

)
cos
(
nπ
l y
)
dxdy, is finite continuous Fourier

cosine transform of f (x, y) [17].

Proof. Considering (2.3) at m = n = P

δ
(
π
(
m− m

k
x− n

l
y
))

= 1 + 2
∞∑

m=1

cosπ
(
m− m

k
x− m

l
y
)

further can be written as

δ
(
π
(
m− m

k
x− m

l
y
))

=
∞∑

m=−∞
cosπ

(
m− m

k
x− m

l
y
)

= eπ(m−m
k x−m

l y )i

= eπmi cos
(mπ
k
x
)

cos
(mπ
l
y
)
.

Hence
δ
(
π
(
m− m

k
x− m

l
y
))

= eπmi cos
(mπ
k
x
)

cos
(mπ
l
y
)

(3.8)

for every −∞ < m <∞ and −∞ < n <∞.
Using (3.8), (2.5) can be written as

Rm,m,mf (x, y) =
4eiπm

8kl

l∫
0

k∫
0

f (x, y) cos
(mπ
k
x
)

cos
(mπ
l
y
)
dxdy,

=
e−iπm

8
F̄cc [f (x, y)]

for m = n which proves (3.7).

3.3 Representation of finite continuous Ridgelet transform in terms of finite
continuous Fourier cosine transform

Theorem 3.3. The finite continuous Ridgelet transform can be represented in terms of finite
continuous Fourier cosine transform as

ℜp,q,a,bf (x, y) =
a−1/2 eb/a

4
F̄cc [f (x, y)] (3.9)

where F̄cc [f (x, y)] =
4

αβ

β∫
0

α∫
0
f (x, y) cos

(
p′π
α x

)
cos
(

q′π
β y

)
dxdy, is finite continuous Fourier

cosine transform of f (x, y) [17].

Proof. From [18], if 0 < p
i = p′ <∞, 0 < q

i = q′ <∞, then (1.4) can be written as

ψ

(
(paπx/α ) + (qaπy/β )− b

a

)
= eb/a e

−ip′π
α xe

−iq′π
β y. (3.10)
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Rewritting (1.2) using (3.10) as

ℜp,q,a,bf (x, y) =
a−1/2 eb/a

4αβ

β∫
−β

α∫
−α

f (x, y) cos
(
p′π

α
x

)
cos
(
q′π

β
y

)
dxdy

=
a−1/2 eb/a

4
F̄cc [f (x, y)] .

Hence (3.9) proved.

4 Properties of Ridgelet transform

Lemma 4.1 (Linearity). The linearity property of Ridgelet transform for f (x, y) and g (x, y)
from (1.2) can be stated as:

ℜp,q,a,b [cf (x, y) + dg (x, y)] = cℜp,q,a,bf (x, y) + dℜp,q,a,bg (x, y) (4.1)

where c and d are constants.

Proof. The proof is straight-forward using (1.2).

Lemma 4.2 (Shifting). The shifting property of Ridgelet transform can be stated as:

ℜp,q,a,bf (x− c, y − d) = ℜ
p,q,a,(b+(πapc

α +πaqd
β ))f (x, y) (4.2)

∀x ∈ (− (α+ c) , (α− d)) and y ∈ (− (β + c) , (β − d)) .

Proof. Using (1.2), and using x− c = ξ and y − d = η, we get

ℜp,q,a,bf (x− c, y − d)

=
a−1/2

4αβ

(β+d)∫
−(β+d)

(α+c)∫
−(α+c)

f (ξ, η)ψ


(

πpξ
α + πqη

β

)
−
(
b+

(
πapc
α + πaqd

β

))
a

 dξdη.

Replacing ξ by x and η by y, we obtain (4.2). Thus the proof.

Lemma 4.3 (Scaling). The scaling property of Ridgelet transform can be stated as:

ℜp,q,a,bf (cx, dy) =
1
cd

ℜ p
c ,

q
d ,a,b

f (x, y) (4.3)

∀x ∈ (−cα, cα) and dy ∈ (−dβ, dβ) .

Proof. Let c > 0, d > 0. For cx = ξ, dy = η, in (1.2) and [18], we get

ℜp,q,a,bf (cx, dy) =
a−1/2

4αβ

β∫
−β

α∫
−α

f (cx, dy)ψ


(

πpx
α + πqy

β

)
− b

a

 dxdy

=
a−1/2

4αβ

dβ∫
−dβ

cα∫
−cα

f (ξ, η)ψ


(

πpξ
cα + πqη

dβ

)
− b

a

 dξ

c

dη

d
.

Hence the proof.

Lemma 4.4 (Symmetry). The symmetry property of Ridgelet transform can be stated as:

a. First form of symmetric property

ℜp,q,ca,dbf (x, y) = c−1/2 e
b
a( d

c−1)ℜp,q,a,bf (x, y) . (4.4)



1306 N. Gupta and V. R. Lakshmi Gorty

b. Second form of symmetric property

ℜcp,cq,a,bf (x, y) =
1
c2ℜp,q,a,bf (x, y) . (4.5)

Proof.

a. Using (1.2); we get

ℜp,q,ca,dbf (x, y) =
ac−1/2

4αβ

β∫
−β

α∫
−α

f (x, y)ψ


(

πacpx
α + πacqy

β

)
− bd

ac

 dxdy. (4.6)

From [18], we can write

ψ


(

πacpx
α + πacqy

β

)
− bd

ac

 = (ac)
−1/2

e
b
a( d

c−1)ψ


(

πapx
α + πaqy

β

)
− b

a

 . (4.7)

Using (4.7) and (4.6) can be written as:

ℜp,q,ca,dbf (x, y) =
(ac)

−1/2
e

b
a( d

c−1)

4αβ

β∫
−β

α∫
−α

f (x, y)ψ


(

πapx
α + πaqy

β

)
− b

a

 dxdy

= c−1/2 e
b
a( d

c−1)ℜp,q,a,bf (x, y)

which is the required proof.

b. Representing (1.2) as:

ℜcp,cq,a,bf (x, y) =
a−1/2

4αβ

β∫
−β

α∫
−α

f (x, y)ψ


(

πacpx
α + πacqy

β

)
− b

a

 dxdy.

Let cx = ξ, cy = η, we get

ℜcp,cq,a,bf (x, y) =
a−1/2

4αβ

cβ∫
−cβ

cα∫
−cα

f (ξ, η)ψ


(

πpξ
α + πqη

β

)
− b

a

 dξdη

c2 .

Replacing ξ by x and η by y, we obtain (4.5).
Hence the proof.

5 Properties of Radon transform

Lemma 5.1 (Linearity). If Rm,n,P f (x, y) and Rm,n,P g (x, y) are finite continuous Radon trans-
form for f (x, y) and g (x, y), then linearity property of can be stated as:

Rm,n,P [af (x, y) + bg (x, y)] = aRm,n,P f (x, y) + bRm,n,P g (x, y) (5.1)

where a and b are constants.

Proof. The proof is straight-forward using (2.5).

Lemma 5.2 (Shifting). The shifting property of finite continuous Radon transform can be stated
as:

Rm,n,P f (x− a, y − b) = R
m,n,(P−m

k a−n
l b)
f (x, y) . (5.2)

∀x ∈ (− (k + a) , (k − a)) and y ∈ (− (l+ b) , (l − b)) .
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Proof. From (2.5) and using x− a = ξ and y − b = η, we get

Rm,n,P f (x− a, y − b)

=
1

8kl

(l−b)∫
−(l+b)

(k−a)∫
−(k+a)

f (ξ, η) δ
(
π
(
P − m

k
(ξ + a)−

n

l
(η + b)

))
dξdη

=
1

8kl

(l−b)∫
−(l+b)

(k−a)∫
−(k+a)

f (ξ, η) δ
(
π
((
P − m

k
a− n

l
b
)
− m

k
ξ − n

l
η
))
dξdη.

Replacing ξ by x and η by y, we obtain

Rm,n,P f (x− a, y − b) = R
m,n,(P−m

k a−n
l b)
f (x, y) .

Lemma 5.3 (Scaling). The scaling property of finite continuous Radon transform can be stated
as:

Rm,n,P f (ax, by) =
1
ab
Rm

a ,nb ,P
f (x, y) (5.3)

∀x ∈ (−ak, ak) and y ∈ (−bl, bl).

Proof. Let a > 0, b > 0. For ax = ξ, by = η, and (2.5), we have

Rm,n,P f (ax, by) =
1

8kl

l∫
−l

k∫
−k

f (ax, by) δ
(
π
(
P − m

k
x− n

l
y
))
dxdy

=
1

8kl

bl∫
−bl

ak∫
−ak

f (ξ, η) δ
(
π
(
P − m

ak
ξ − n

bl
η
))dξ

a

dη

b

and hence the scaling lemmaperty holds true.

Lemma 5.4 (Symmetric). The symmetric property of finite continuous Radon transform can be
stated as:

a. First form of symmertic property

Ram,an,aP f (x, y) =
1
|a|
Rm,n,P f (x, y) . (5.4)

b. Second form of symmertic property

Ram,an,P f (x, y) =
1
|a|
Rm,n,Pa

f (x, y) . (5.5)

Proof.

a. Using (2.5) and (3.4), first form of symmetric property is given by:

Ram,an,aP f (x, y) =
1

8 |a| kl

l∫
−l

k∫
−k

f (x, y) δ
(
π
(
P − m

k
x− n

l
y
))
dxdy

=
1
|a|
Rm,n,P f (x, y)

which is the required proof.
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b. Second form of symmetric property, using (2.5) and (3.4) is

Ram,an,P f (x, y) =
1

8kl

l∫
−l

k∫
−k

f (x, y) δ
(
π
(
P − am

k
x− an

l
y
))
dxdy

=
1

8 |a| kl

l∫
−l

k∫
−k

f (x, y) δ

(
π

(
P

a
− m

k
x− n

l
y

))
dxdy

=
1
|a|
Rm,n,Pa

f (x, y) .

Thus the symmetric property holds true.

6 Application

Example 6.1. The network trained to map the f (x, y) = e(−(x−2)2−(y−1.5)2)− e(−(x−4)2−(y−4)2)

occur in neural network during data stream processing as in [14], find the Ridgelet transform of
such a function.
The Ridgelet transform of this function
f (x, y) = e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2), using (3.6) is given by:

ℜp,q,a,bf (x, y) =
2
π

∞∫
−∞

Rm,n,P

[
e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2)

]
ψa, b (t) dt . (6.1)

From (2.5)

Rm,n,P

[
e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2)

]
=

1
8kl

l∫
−l

k∫
−k

[
e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2)

]
δ
(
π
(
P − m

k
x− n

l
y
))
dxdy. (6.2)

From (3.5), we get

Rm,n,P f (x, y) =
p

8πlmn

[
e(−(kp/m −2)2−3) − e(−(kp/m −4)2−16)

]
. (6.3)

Using (6.3), (6.1) can be represented as:

ℜp,q,a,bf (x, y) =
p

4π2lmn

∞∫
−∞

[
e(−(kp/m −2)2−3) − e(−(kp/m −4)2−16)

]
ψa, b (t) dt . (6.4)

Consider ψa, b (t) =
(
1 − t2

)
e−at2/2 which is a Mexican Hat wavelet [21] for a = 1, (6.4) is

obtained as:

ℜp,q,a,bf (x, y) =
p

4π2lmn

∞∫
−∞

[
e(−(kt/m −2)2−3) − e(−(kt/m −4)2−16)

] (
1 − t2

)
e−t2/2 dt.

(6.5)

ℜp,q,a,bf (x, y) =
p

8e16π3/4 lkn

{
erf (4 − kl/m )− erf (kl/m + 4)
+e13 (erf (kl/m + 2) + erf (kl/m − 2))

}
. (6.6)
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The example 6.1 concludes that using relation between finite continuous Radon and Ridgelet
transform, the neural network function f (x, y) = e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2) can be
converted to finite continuous Ridgelet transform which gives a clear 3D view of this network.
The FIGURES 1 and 2, shows the plot of e(−(x−2)2−(y−1.5)2)−e(−(x−4)2−(y−4)2),whereas impos-
ing finite continuous Ridgelet transform on the network which is given by (6.6), the FIGURES
are represented as 3 and 4.

Figure 1. Plot of the networks f (x, y) = e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2) without finite
continuous Ridgelet transform

Figure 2. Plot of the networks f (x, y) = e(−(x−2)2−(y−1.5)2) − e(−(x−4)2−(y−4)2) without finite
continuous Ridgelet transform

Figure 3. 3D plot: Finite continuous Ridgelet transform on the networks trained to map
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Figure 4. Contour plot: Finite continuous Ridgelet transform on the networks trained to map

Example 6.2. Application of finite continuous Radon transform and finite continuous Ridgelet
transform to Klein-Gordon equation of linear non-homogeneous form:
Considering the linear non-homogeneous Klein-Gordon equation for any scalar field u, with
initial conditions [16]

utt − uxx + u = −x cos t+ x2cos2t; (6.7)

u0 (x, 0) = x, ut (x, 0) = 0. (6.8)

i. To solve the initial value problem, applying finite continuous Radon transform (2.5) on both
the sides of (6.7), we get

Rm,n,P

[
∂2u

∂t2

]
−Rm,n,P

[
∂2u

∂x2

]
+Rm,n,Pu = − cos tRm,n,P [x] + cos2tRm,n,P

[
x2] . (6.9)

Using (2.7) and (2.8)

∂2Ū

∂t2
−
[(mπ

k

)2
− 1
]
Ū = − cos t C + cos2tD; (6.10)

where Ū = Rm,n,Pu (x, y) =
1

8kl

l∫
−l

k∫
−k

u (x, y) δ
(
π
(
P − m

k x− n
l y
))
dxdy andC = Rm,n,P [x] =

constant and D = Rm,n,P

[
x2
]
= constant.

Similarly applying finite continuous Radon transform on both sides of (6.8), we get

Ū (x, 0) = C, Ūt (x, 0) = 0. (6.11)

Solving (6.10), using (6.11), we get

Ū = A

(
e
−
(√

(mπ
k )

2−1
)
t
+ e

(√
(mπ

k )
2−1

)
t

)

− cos t(
mπ
k

)2 +
1
2

 cos 2t((
mπ
k

)2
+ 3
) − 1((

mπ
k

)2 − 1
)
 (6.12)

where A = 1
2

[
C + 1

(mπ
k )

2 −
(

1(
(mπ

k )
2
+3

) + 1(
(mπ

k )
2−1

))].

We may now invoke the inversion formula (2.6) to provide the required result
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u (x, t) =

∞∑
m=1,n=1


A

(
e
−
(√

(mπ
k )

2−1
)
t
+ e

(√
(mπ

k )
2−1

)
t

)

− cos t(
mπ
k

)2 +
1
2

 cos 2t((
mπ
k

)2
+ 3
) − 1((

mπ
k

)2 − 1
)


 δ
(
π
(
P − m

k
x− n

l
y
))

.

(6.13)

ii. Similarly (6.7)-(6.7) can be solved using finite continuous Ridgelet transform (1.2), using
ℜp,q,a,b

{
∂2f
∂x2

}
=
(
pπ
α

)2ℜp,q,a,bf (x, y) from [18] and (1.3), we obtain the result

u (x, t) =

a1/2
∞∑

p,q=1


E

(
e
−
(√

( pπ
α )

2−1
)
t
+ e

(√
( pπ

α )
2−1

)
t

)

− cos t(
pπ
α

)2 +
1
2

 cos 2t((
pπ
α

)2
+ 3
) − 1((

pπ
α

)2 − 1
)


ψ

(

πapx
α + πaqy

β

)
− b

a


(6.14)

where E = A = 1
2

[
F + 1

( pπ
α )

2 −
(

1(
( pπ

α )
2
+3

) + 1(
( pπ

α )
2−1

))] and

F = ℜp,q,a,b [x] = constant.

In TABLE 1, numerical value of u (x, t) at different order of m × n or p × q using finite
continuous Radon and Ridgelet transform is studied. The comparison graph shown in FIGURE
5 indicates that the value of u (x, t), when computed using the finite continuous Radon trans-
form, continues to increase. In contrast, the value obtained using the finite continuous Ridgelet
transform tends to saturate, particularly at 40 × 40.

Table 1. Numerical value of u (x, t), using finite continuous Radon and Ridgelet transform at
k = l = α = β = 10

m× n/p× q u (x, t) fron (6.13) u (x, t) from (6.14)
at p = 500 at a = b = 4000

2 × 2 0.48 4.5578
4 × 4 0.6118 6.5066
8 × 8 1.0415 8.8906

12 × 12 1.474 9.7899
16 × 16 1.9083 10.0715
20 × 20 2.3424 10.1540
24 × 24 2.7754 10.1540
28 × 28 3.2080 10.1778
32 × 32 3.6415 10.1846
36 × 36 4.076 10.187
40 × 40 4.5107 10.1872
50 × 50 5.593 10.1873
60 × 60 6.6795 10.1873
70 × 70 7.7622 10.1873
80 × 80 8.8485 10.1873
90 × 90 9.9311 10.1873

100 × 100 11.0174 10.1873
110 × 110 12.1001 10.1873
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Figure 5. u(x, t): comparison between finite continuous Radon and Rigdelet transform using
(6.13) and (6.14)

Example 6.3. Application of finite continuous Ridgelet transform finite continuous Radon trans-
form to Klein-Gordon equation of linear non-homogeneous form:
Considering the linear non-homogeneous Klein-Gordon equation for any scalar field v, with
initial conditions [16]

vtt − vxx − 2v = −2 cosx cos t; (6.15)

v (x, 0) = 0, vt (x, 0) = cosx. (6.16)

i. To solve the initial value problem (6.15), applying finite continuous Ridgelet transform (1.2)
on both sides, we get

ℜp,q,a,b

[
∂2v

∂t2

]
−ℜp,q,a,b

[
∂2v

∂x2

]
− 2ℜp,q,a,bv (x, y) = −2 cos tℜp,q,a,b cosx. (6.17)

The linear non-homogeneous Klein-Gordon equation can be further solved by using
ℜp,q,a,b

{
∂2f
∂x2

}
=
(
pπ
α

)2ℜp,q,a,bf (x, y) from [18] as:

∂2V̄

∂t2
−
((pπ

α

)2
+ 2
)
V̄ = −2C1 cos t, (6.18)

where V̄ = ℜp,q,a,bu (x, y) =
a−1/2

4αβ

β∫
−β

α∫
−α

v (x, y)ψ

(
(πapx

α +πaqy
β )−b

a

)
dxdy

and C1 = ℜp,q,a,b cosx = constant.
Also finite continuous Ridgelet transform on both the sides of(6.16), we obtain:

V̄ (x, 0) = 0, V̄t (x, 0) = C1. (6.19)

Equation (6.18) is second order differential equation, whose solution is given by

V̄ = A1e
−
(√

( pπ
α )

2
+2

)
t
+B1e

(√
( pπ

α )
2
+2

)
t
+

2C1 cos t(
pπ
α

)2
+ 3

. (6.20)

To find constants A1 and B1, applying the conditions (6.19), we obtain

V̄ =
C1

2
√(

pπ
α

)2
+ 3

−e−(√
( pπ

α )
2
+2

)
t
+ e

(√
( pπ

α )
2
+2

)
t
+

4C1 cos t√(
pπ
α

)2
+ 3

 . (6.21)
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We may now invoke the inversion formula (1.3) to provide the required result as:

v (x, t)

= a1/2
∞∑

p=1,q=1

C1

2
√(

pπ
α

)2
+ 3

−e−(√
( pπ

α )
2
+2

)
t
+ e

(√
( pπ

α )
2
+2

)
t
+

4C1 sin t√(
pπ
α

)2
+ 3



× ψ


(

πapx
α + πaqy

β

)
− b

a

 .

(6.22)

ii. Similarly applying finite continuous Radon transform from (2.5) to (6.13) and (6.14), using
the operator from (2.7) and (2.8) then applying the inversion formula (2.6), we obtain

v (x, t)

=
∞∑

m=1,n=1

G

2
√(

mπ
k

)2
+ 3

−e−(√
(mπ

k )
2
+2

)
t
+ e

(√
(mπ

k )
2
+2

)
t
+

4G sin t√(
mπ
k

)2
+ 3


× δ

(
π
(
P − m

k
x− n

l
y
))

(6.23)

where G = Rm,n,P [cosx] = constant.

The numerical value of v (x, t) at different order of m×n or p× q using finite continuous Radon
and Ridgelet transform is studied in TABLE 2. The comparison graph given in FIGURE 6
concludes that the value of v (x, t) using finite continuous Radon transform increases, while the
value of v (x, t) using finite continuous Ridgelet transform value reaches saturation level after
p× q at 20 × 20.

Table 2. Numerical value of v (x, t), using finite continuous Radon and Ridgelet transform at
k = l = α = β = 10

m× n /p× q v (x, t) using (6.22) v (x, t) using (6.23)
at p = 1 at a = b = 400

2 × 2 0.00613 0.00075
4 × 4 0.01435 0.0011

10 × 10 0.03376 0.001166
20 × 20 0.0773 0.001167
30 × 30 0.1175 0.001167
40 × 40 0.16217 0.001167
50 × 50 0.2022 0.001167
60 × 60 0.2470 0.001167
70 × 70 0.2870 0.001167
80 × 80 0.3319 0.001167
90 × 90 0.3718 0.001167

100 × 100 0.4167 0.001167
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Figure 6. v(x, t): comparison between finite continuous Radon and Rigdelet transform

7 Conclusion remarks

The study presents the relationship between the finite continuous Radon and Ridgelet trans-
forms. Both transforms are represented in terms of the finite continuous Fourier transform. The
concluding section includes applications and graphical representations involving a neural net-
work that uses the Mexican Hat wavelet. Additionally, the study demonstrates an application to
a neural network based on the solutions of two different forms of the linear non-homogeneous
Klein-Gordon equation with their respective initial conditions. This study also checks the va-
lidity of the newly developed finite continuous Radon and Ridgelet transforms, which are better
suited for certain types of data and problems, especially those involving geometric features like
lines, edges, or ridges in multi-dimensional data.
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