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Abstract. In this paper, we investigate the properties of topological BCK-algebras and com-
pare the linear topology with the topology induced by a system of ideals in a BCK-algebra. We
show that systems of ideals generate zero-dimensional linear topologies and explore the condi-
tions under which these structures preserve the BCK-algebraic operations continuously. Further-
more, we demonstrate how prefilters can induce such topologies and define an order topology
that satisfies the open condition for quotient maps.

1 Introduction

In 1966, Y. Imai and K. Iséki introduced in [5] a new notion, called a BCK-algebra. This notion
originated from two different ways: one of them is based on set theory; another is from classical
and nonclassical propositional calculi. The BCK-operator ∗ is an analogue of the set-theoretical
difference. As is well known, there is a close relationship between the notions of the set differ-
ence in set theory and the implication functor in logical systems. Then the following problems
arise from this relationship. What are the most essential and fundamental common properties?
Can we formulate a new general algebra from this viewpoint? How can we find an axiom sys-
tem to establish a consistent general theory of algebras? To answer these problems, Y. Imai
and K. Iséki introduced a notion of a new class of general algebras called a BCK-algebra. This
name is taken from the BCK-system of C. A. Meredith. Since then, many researchers studied
several notions and properties of BCK-algebras. The interaction between algebraic structures
and topology often leads to rich theories, as seen in topological groups, rings, and lattices. This
paper explores this synergy in the context of BCK-algebras. Building on earlier work, where the
topology induced by a system of ideals was introduced [7] and the concept of Cauchy sequences
was developed [8], this paper aims to further develop the theory of topological BCK-algebras.
In particular, we study the relationships between ideals and topologies on BCK-algebras. We es-
tablish a method for constructing a topology from a single ideal, thereby turning a BCK-algebra
into a topological algebra. We show that the supremum of a family of such topologies preserves
the structure of topological BCK-algebras. We prove that systems of ideals generate linear, zero-
dimensional topologies. Furthermore, we demonstrate how prefilters can induce topological
structures that respect BCK-operations, and we define an order topology that satisfies the open-
ness condition for canonical quotient maps. These results provide a foundational framework for
topological BCK-algebras, analogous to established theories in other algebraic structures.

2 Preliminaries

An algebra (X, ∗, 0) of type (2, 0) is called a BCK-algebra if it satisfies the following axioms:
for any x, y, z ∈ X,
(1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0;
(2) (x ∗ (x ∗ y)) ∗ y = 0;
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(3) x ∗ x = 0;
(4) x ∗ y = y ∗ x = 0 ⇒ x = y;
(5) 0 ∗ x = 0.
In BCK-algebra X, if we define ⩽ by x ⩽ y if and only if x ∗ y = 0, then ⩽ is a partial order
and the following conclusions hold:
(6) (y ∗ x) ∗ (z ∗ x) ⩽ (y ∗ z),
(7) x ∗ (x ∗ (x ∗ y)) = x ∗ y,
(8) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(9) x ∗ 0 = x,
(10) x ∗ y ⩽ x,
(11) x ⩽ y implies x ∗ z ⩽ y ∗ z(See [6]).

Definition 2.1. [6] Let X be a BCK-algebra. An ideal is a nonempty set I ⊆ X such that for
each x, y ∈ X,
(a) 0 ∈ I ,
(b) x ∗ y ∈ I , y ∈ I ⇒ x ∈ I.

Proposition 2.2. [6] Let I be an ideal in a BCK-algebra (X, ∗, 0). Then
(i) if x ⩽ y and y ∈ I , then x ∈ I,
(ii) the relation

x ≡I y ⇔ x ∗ y, y ∗ x ∈ I

is a congruence relation on X.
(iii) if x

I = {y ∈ A : x ≡I y} and X
I = {x

I : x ∈ X}, then X
I is a BCK-algebra under the binary

operation
x

I
∗ y

I
=

x ∗ y
I

.

In this case, X
I is said to be a quotient BCK-algebra.

(iv) the mapping πI : X ↪→ X
I by πI(x) = x/I is an epimorphism and for each S ⊆ X,

(π−1
I ◦ πI)(S) =

⋃
x∈S

x

I
.

πI is also called the canonical epimorphism.

Recall that a set X with a family U of its subsets is called a topological space, denoted by
(X,U), if X, ∅ ∈ U , the intersection of any finite numbers of members of U is in U and the
arbitrary union of members of U is in U . The members of U are called open sets of X and the
complement of X ∈ U , that is X \U , is said to be a closed set. If B is a subset of X , the smallest
closed set containing B is called the closure of B and denoted by B (or cluB). A subset P of X
is said to be a neighborhood of x ∈ X , if there exists an open set U such that x ∈ U ⊆ P . A
subfamily {Uα} of U is said to be a base of U if for each x ∈ U ∈ U there exists an α such that
x ∈ Uα ⊆ U , or equivalently, each U in U is a union of members of {Uα}. A subfamily {Uβ}
of U is said to be form a subbase for U if the family of finite intersections of members of {Uβ}
forms a base of U . Let Ux denote the totality of all neighborhoods of x in X . Then a subfamily
Vx of Ux is said to form a fundamental system of neighborhoods of x, if for each Ux in Ux,
there exists a Vx in Vx such that Vx ⊆ Ux. Let X be a BCK-algebra and U be a topology on X.
Then τ̃ = {U ⊆ X/I : π−1

I (U) ∈ U} is a topology on X/I and is called the quotient topology
on X/I (See [3]).

Definition 2.3. Let X be a BCK-algebra and τ be a topology on X. If for any ideal I, the
canonical epimorphism πI : X → X/I is an open map, then we call (X, τ) satisfies the open
condition.

Definition 2.4. A poset (D,≤) is called an upward directed set if for any x, y ∈ D there exists
z ∈ D such that x ≤ z and y ≤ z.

Definition 2.5. Topology τ on BCK-algebra (X, ∗, 0) is called linear topology if there exists a
base β for τ such that for any element B of β containing 0, B is an ideal of X.
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Definition 2.6. Let Λ be an upward directed set and {Ii : i ∈ Λ} be a family of ideals in a BCK-
algebra (X, ∗, 0). Then {Ii : i ∈ Λ} is called a system of ideals of X if i ≤ j implies Ij ⊆ Ii, for
any i, j ∈ Λ.

Let {τγ : γ ∈ Γ} be a non-empty family of topologies on X and τ = ∩γ∈Γτγ . Then (X, τ)
is a topological space. The topology τ is the greatest lower bound of the family of topologies
{τγ : γ ∈ Γ} on X and is denoted by inf{τγ : γ ∈ Γ}. It is clear that τ ⊆ τγ for any γ ∈ Γ.

Let {τ ′

ω : ω ∈ Ω} be a family of all topologies on X such that τγ ⊆ τ
′

ω for any γ ∈ Γ and any
ω ∈ Ω. Since the discrete topology belongs to {τ ′

ω : ω ∈ Ω}, then this family is non-empty and,
hence, we can consider the topology τ

′
= inf{τ ′

ω : ω ∈ Ω}. The topology τ
′

is called the least
upper bound of family {τγ : γ ∈ Γ} and is denoted by sup{τγ : γ ∈ Γ}. Clearly, τγ ⊆ τ

′
for

any γ ∈ Γ. For each x ∈ X, consider the family Bx(X, τ
′
) of subsets U of X such that there

exist finite sets of topologies τγ1 , ..., τγn
and neighbourhoods U1, ..., Un in the topological space

(X, τγ1), ..., (X, τγn
) respectively, such that U = ∩n

i=1Ui. The family Bx(X, τ
′
) is a fundamental

system of neighbourhoods of the element x in (X, τ
′
) (See [1]).

3 Main results

Proposition 3.1. Let X be a BCK-algebra and I be an ideal of X . The collection τI = {U ⊆
X : ∀x ∈ U, x/I ⊆ U} is a topology on X such that (X, τI) is a topological BCK-algebra.

Proof. It is straightforward to verify that τI satisfies the axioms of a topology. The continuity of
the operation ∗ follows from the properties of the congruence classes.

Remark 3.2. Let X be a BCK-algebra. If I1 = {0} and I2 = X , then τI1 and τI2 are the discrete
and indiscrete topologies, respectively. If I is a proper ideal, then τI is a non-trivial topology
where x/I is the smallest open set containing x. If I1 and I2 are distinct ideals, then τI1 ̸= τI2 .
Therefore, the mapping I 7→ τI from the set of ideals I(X) to the set of topological BCK-algebra
topologies T (X) is injective. Hence, |I(X)| ≤ |T (X)|.

Theorem 3.3. Let X be a BCK-algebra and Ξ be a family of topologies on X such that (X, τ)

is a topological BCK-algebra for any τ ∈ Ξ. Then (X, τ
′
) is a topological BCK-algebra where

τ
′
= sup{τ : τ ∈ Ξ}.

Proof. Let Ba(τ) be the family of all neighbourhoods of the element a in topological space
(X, τ). Then

Ba(τ
′
) = {U ⊆ X : U = ∩n

i=1Ui, Ui ∈ Ba(τi), τi ∈ Ξ, 1 ≤ i ≤ n}.

Let a, b ∈ X and U ∈ Ba∗b(τ
′
). Then there exist topologies τ1, τ2, ..., τn ∈ Ξ such that U =

∩n
i=1Ui where Ui ∈ Ba∗b(τi). Since (X, τi) is a topological BCK-algebra for i = 1, 2, ..., n, there

exist Vi ∈ Ba(τi) and Wi ∈ Bb(τi) such that for Vi ∗Wi ⊆ Ui for i = 1, 2, ..., n. Let V = ∩n
i=1Vi

and W = ∩n
i=1Wi. Then V ∈ Ba(τ

′
) and W ∈ Bb(τ

′
) and we have

V ∗W = ∩n
i=1Vi ∗ ∩n

i=1Ui ⊆ ∩n
i=1(Vi ∗Wi) ⊆ ∩n

i=1Ui = U.

Hence ∗ is continuous.

Proposition 3.4. Let (X, τ) be a topological BCK-algebra and I be an ideal of X. Then
(i) If {0} is open (closed), then {x} is open (closed), for any x ∈ X.
(ii) If 0 is an isolated point of I, then the subspace topology on I is discrete.
(iii) If 0 is an interior point of I, then I is closed.

Proof. (i) For a fixed x ∈ X , define f : X → X × X by f(y) = (y ∗ x, x ∗ y). This map is
continuous. If {0} is open, then {(0, 0)} is open in X ×X , so f−1({(0, 0)}) = {y ∈ X : y ∗x =
x ∗ y = 0} = {x} is open.
(ii) Let x ∈ I. We show that {x} is open in I. Since 0 is an isolated point of I, there exists an
open neighbourhood U of 0 such that U∩I = {0}. Since x∗x = 0 ∈ U and ∗ is continuous, there
exists an open neighbourhood V of x such that V ∗V ⊆ U. Then (V ∩I)∗(V ∩I) ⊆ (U∩I) = {0}.
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If y ∈ V ∩ I then x ∗ y, y ∗ x ∈ (V ∩ I) ∗ (V ∩ I) = {0}. Thus x ≤ y and y ≤ x. Hence x = y
and therefore V ∩ I = {x}. Thus {x} is open in I.
(iii) If 0 is an interior point of I , then there exists an open neighborhood U of 0 that is contained
in I . To show I is closed, let x ∈ X \ I . Since x ∗ x = 0 ∈ U , there exists an open neighborhood
V of x such that V ∗V ⊆ U . We claim V ⊆ X \ I . Suppose not; then there exists y ∈ V ∩ I . For
any z ∈ V , we have z ∗ y ∈ V ∗ V ⊆ U ⊆ I . Since y ∈ I and I is an ideal, z ∈ I . This implies
V ⊆ I , contradicting x ∈ V and x /∈ I . Hence, V ⊆ X \ I , so X \ I is open.

Proposition 3.5. [7] Let I = {Ii : i ∈ Λ} be a system of ideals of BCK-algebra (X, ∗, 0). Then
the set β = {x/Ii : x ∈ X, i ∈ Λ} is a base for a linear topology τI on X. Moreover, (X, τI) is
a topological BCK-algebra.

Remark 3.6. Let I = {Ii : i ∈ Λ} be a system of ideals. Then:

τI = {U ⊆ X : ∀x ∈ U,∃Ii ∈ I such that x/Ii ⊆ U}.

When I = {I}, we have τI = τI , consistent with Proposition 3.1. By Remark 3.2, there is an
injective map from I(X) to LT (X), the set of all linear topological BCK-algebra topologies on
X , so |I(X)| ≤ |LT (X)|.

Lemma 3.7. Let I = {Ii : i ∈ Λ} be a family of ideals of a BCK-algebra X. Then I is a system
of ideals of X if and only if (I,⊆) is a downward directed set.

Proof. The result follows directly from the definitions of a system of ideals and a downward
directed set.

Theorem 3.8. Let I = {Ii : i ∈ Λ} be a system of ideals of a BCK-algebra X. Then τI =
sup{τIi : i ∈ Λ}.

Proof. Let τ
′
= sup{τIi : i ∈ Λ}. Since (X, τIi) is a topological BCK-algebra for any i ∈

Λ, by Theorem 3.3, (X, τ
′
) is a topological BCK-algebra. Suppose that x ∈ U ∈ τ

′
. There

exist neighbourhoods Ui1 , Ui2 , ..., Uin of x in the topological space (X, τi1), (X, τi2), ..., (X, τin)
respectively, such that U = ∩n

j=1Uij . By Lemma 3.7, since (I,⊆) is a downward directed set,
there exists I ∈ I such that I ⊆ ∩n

j=1Uij . Thus

x ∈ x/I ⊆ x/ ∩n
j=1 Iij = ∩n

j=1x/Iij ⊆ ∩n
j=1Uij = U.

Hence τ
′ ⊆ τI . The converse inclusion τI ⊆ τ

′
is obvious because each τIi ⊆ τ

′
and thus the

base for τI is contained in τ
′
.

Remark 3.9. Let (X, υ) be a topological BCK-algebra such that υ is a linear topology on X. By
the assumption, a base β for υ exists such that any element of β that contains 0 is an ideal of X.
Let S be the set of all elements of β that contain 0 and Y is the set of all finite intersections of
the elements of S. Suppose that Y = {Ii : i ∈ J}. Define a relation ≤ on J by i ≤ j if and only
if Ij ⊆ Ii for any i, j ∈ J. For any i, j ∈ J , the intersection Ii ∩ Ij is an element of Y (say Ik),
and Ik ⊆ Ii and Ik ⊆ Ij , meaning i, j ≤ k. It follows that (J,≤) is an upward directed set and Y
is a system of ideals of X.

A topological space (X,U) is called zero-dimensional if U has a base consisting of clopen sets.

Proposition 3.10. [8] Let I = {Ii : i ∈ Λ} be a system of ideals of a BCK-algebra X. Then
(X, τI) is a zero-dimensional space.

Proposition 3.11. [7] Let I = {Ii : i ∈ Λ} be a system of ideals of a BCK-algebra X. If A is a
subset of the topological space (X, τI), and A/Ii =

⋃
x∈A x/Ii, then the closure of A is given

by A =
⋂

i∈Λ
A/Ii.

Theorem 3.12. Let S,Y and υ be as given in Remark 3.9. Then τY ⊆ υ. Moreover, if ∩i∈ΛIi ∈ Y
and (X, υ) is zero-dimensional space, then υ ⊆ τY .
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Proof. Let x ∈ X. Define the maps rx, lx : (X, υ) → (X, υ) by rx(a) = x ∗ a and lx(a) = a ∗ x,
respectively, for any a ∈ X. These maps are continuous. Since Ii ∈ υ for any i (as it is a
finite intersection of base elements), the preimages r−1

x (Ii) and l−1
x (Ii) are open in (X, υ). Since

x/Ii = {y ∈ X : x∗y ∈ Ii, y ∗x ∈ Ii} = r−1
x (Ii)∩ l−1

x (Ii), we obtain x/Ii ∈ υ. Since sets of the
form x/Ii form a base for τY , it follows that τY ⊆ υ. Now, assume (X, υ) is zero-dimensional
and I =

⋂
i∈Λ

Ii ∈ Y. Let η be a clopen base for υ. Let x ∈ U ∈ η. Since U is closed, by
Proposition 3.11, we have ∩i∈Λx/Ii = ∩i∈Λ{x}/Ii = {x} ⊆ U = U. By assumption, I ∈ Y ,
and

⋂
i∈Λ

x/Ii = x/
(⋂

i∈Λ
Ii
)
= x/I . Thus, x/I ⊆ U . Since x/I is a τY -neighborhood of

x, this shows that U is also a τY -neighborhood of x. Because η is a base for υ, we conclude
υ ⊆ τY .

Proposition 3.13. Let S,Y and υ be as given in Remark 3.9. Then
(i) S is a fundamental system of neighbourhoods of 0 for υ.
(ii) If Y is finite and I = ∩Y , then I ∈ S.

Proof. (i) Let η be the given base for υ and let U be an open neighbourhood of 0 in υ. Then
there exists B ∈ η such that 0 ∈ B ⊆ U. Since υ is a linear topology and 0 ∈ B ∈ η, we have
B ∈ S (by definition of S). Hence, S is a fundamental system of neighbourhoods of 0.
(ii) Let Y be finite and I =

⋂
Y. Then I is a finite intersection of sets containing 0 and open

sets, so 0 ∈ I ∈ υ. By part (i), there exists J ∈ S such that J ⊆ I. Since J ∈ S ⊆ Y , we have
I ⊆ J . Hence, I = J ∈ S.

Proposition 3.14. If I is an ideal of a BCK-algebra X, then x ∗ I = {x ∗ y : y ∈ I} ⊆ x/I for
any x ∈ X.

Proof. Let y ∈ I. We need to show x ∗ y ∈ x/I , i.e., that (x ∗ y) ∗ x ∈ I and x ∗ (x ∗ y) ∈ I . By
axiom (8), (x∗y)∗x = (x∗x)∗y = 0∗y = 0 ∈ I . By axiom (1) and (5), and since I is an ideal,
we have x ∗ (x ∗ y) ≤ y. Since y ∈ I and I is an ideal, Proposition 2.2 implies x ∗ (x ∗ y) ∈ I .
Therefore, x ∗ y ∈ x/I .

Proposition 3.15. [7] Let I be an ideal of a commutative BCK-algebra X and x ∈ X. If the
congruence class x/I has a maximum element, then

y = max(x/I) ⇔ y ∗ I = x/I.

Theorem 3.16. In the context of Remark 3.9, if X is a finite commutative BCK-algebra, then τY
is finer than υ if and only if max(x/I) ∈ U for any x ∈ U ∈ η, where I = ∩Y and η is a base
for υ.

Proof. Let η and β = {x/Ii : x ∈ X, i ∈ J} be bases for topologies υ and τY respectively.
Assume τY is finer than υ. Let x ∈ U ∈ η. Then U ∈ τY . Since β is a base for τY , there exists

some basic open set y/Ii ∈ β such that x ∈ y/Ii ⊆ U . This implies x/Ii = y/Ii. Since I ⊆ Ii,
we have x/I ⊆ x/Ii = y/Ii ⊆ U . In particular, since max(x/I) ∈ x/I , we get max(x/I) ∈ U .
Conversely, let max(x/I) ∈ U for any x ∈ U ∈ η. Let x ∈ X and U ∈ η such that x ∈ U .
We need to find a τY -open set V such that x ∈ V ⊆ U . If U ∈ S (the base of ideals around 0),
then U ∈ Y and U = 0/U is itself a basic open set in τY , so we can take V = U . If U /∈ S,
let y = max(x/I). By assumption, y ∈ U . Since S is a fundamental system of neighbourhoods
of 0 in υ and the operation ∗ is continuous, there exists Iy ∈ S such that y ∗ Iy ⊆ U . Since
I =

⋂
Y ⊆ Iy, we have y ∗ I ⊆ y ∗ Iy ⊆ U . Similarly, by continuity, there exists Ix ∈ S such

that x ∗ Ix ⊆ U , and thus x ∗ I ⊆ U . By Propositions 3.14 and 3.15, we have x/I = y/I = y ∗ I .
Therefore, x ∈ x/I = y ∗ I ⊆ U . So we can take V = x/I ∈ τY . Hence, τY is finer than υ.

Recall that a family Σ of non-empty subsets of a set X is called a prefilter on X, if X ∈ Σ and
for elements A1, A2, ..., An of Σ, there exists B ∈ Σ such that B ⊆ ∩n

i=1Ai.

Definition 3.17. Let W be a non-empty subset of a BCK-algebra X. For any x ∈ X define

W (x) = {y ∈ X : rx(y) ∈ W and lx(y) ∈ W}

where rx(y) = x ∗ y and lx(y) = y ∗ x for any y ∈ X.
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Proposition 3.18. Let W be a non-empty subset of a BCK-algebra X. Then the following prop-
erties hold:
(i) if 0 ∈ W, then x ∈ W (x),
(ii) y ∈ W (x) if and only if x ∈ W (y),
(iii) if 0 ∈ W, then W (0) = W,
(iv) if I is an ideal of X, then I(x) = x/I,
(v) if V ⊆ W ⊆ X, then V (x) ⊆ W (x),
for any x, y ∈ X.

Proof. The proofs follow directly from Definition 3.17 and the axioms of a BCK-algebra.

Theorem 3.19. Let Σ be a prefilter on a BCK-algebra X such that for any a, b ∈ W ∈ Σ :
(i) 0 ∈ ∩Σ,
(ii) if (ra ◦ rb)(x) = 0, then x ∈ W.
Then there exists a topology τ on X such that (X, τ) is a topological BCK-algebra.

Proof. Let τ = {U ⊆ X : ∀x ∈ U ∃W ∈ Σ s.t. W (x) ⊆ U}. We claim that
(a) τ is a topology on X,
(b) Σ is a fundamental system of neighbourhoods of 0,
(c) If W ∈ Σ, then W is an ideal,
(d) the prefilter Σ is a system of ideals,
(e) The set ξ = {W (x) : x ∈ X,W ∈ Σ} is a base for τ,
(f) (X, τ) is a topological BCK-algebra.
(a) Clearly ∅, X ∈ τ. Let U, V ∈ τ and x ∈ U ∩ V. Then there exist W1,W2 ∈ Σ such that
W1(x) ⊆ U and W2(x) ⊆ V. Since W1,W2 ∈ Σ and Σ is a prefilter, there is W ∈ Σ such that
W ⊆ W1 ∩W2. Hence W (x) ⊆ (W1 ∩W2)(x) ⊆ W1(x)∩W2(x) ⊆ U ∩V. Therefore U ∩V ∈ τ.
Let {Uα}α∈K be a family of elements of τ and x ∈ ∪α∈KUα. Then x ∈ Uα for some α ∈ K.
There exists W ∈ Σ such that W (x) ⊆ Uα ⊆ ∪α∈KUα. Hence ∪α∈KUα ∈ τ.
(b) Let W ∈ Σ. First, we show that W ∈ τ. Let x ∈ W. We prove that W (x) ⊆ W. Let y ∈ W (x).
Then x ∗ y ∈ W. By (3) we have,

(rx∗y ◦ rx)(y) = rx∗y(x ∗ y) = (x ∗ y) ∗ (x ∗ y) = 0.

By condition (ii), since x ∗ y ∈ W and x ∈ W , this implies y ∈ W . So W (x) ⊆ W , thus W ∈ τ
and is an open neighbourhood of 0 (since 0 ∈ W by (i)). Now, let U be any open neighbourhood
of 0. Then there exists some V ∈ Σ such that V (0) ⊆ U . By (i) and Proposition 3.18 part (iii),
V (0) = V , so V ⊆ U . Hence, Σ is a fundamental system of neighbourhoods of 0.
(c) Let W ∈ Σ. By (i), 0 ∈ W. Let x ∗ y ∈ W and y ∈ W . We need to show x ∈ W . Consider:

(rx∗y ◦ ry)(x) = (x ∗ y) ∗ (y ∗ x).

Thus, (rx∗y ◦ ry)(x) = 0. Since x ∗ y ∈ W and y ∈ W , condition (ii) implies that x ∈ W .
Therefore, W is an ideal.
(d) Since Σ is a prefilter consisting of ideals (by (c)) and for any W1,W2 ∈ Σ, there exists W3 ∈ Σ

with W3 ⊆ W1 ∩W2, the family (Σ,⊆) is downward directed. By Lemma 3.7, Σ is a system of
ideals.
(e) Let W (x) ∈ ξ. First, we show W (x) ∈ τ. Let y ∈ W (x). We prove W (y) ⊆ W (x). Let
z ∈ W (y). Then y ∗ z, z ∗ y ∈ W. Since y ∈ W (x), x ∗ y, y ∗ x ∈ W. Using BCK-algebra
axioms (1) and (8), one can show x ∗ z, z ∗ x ∈ W (since W is an ideal). Thus z ∈ W (x), so
W (y) ⊆ W (x). Hence W (x) ∈ τ . Now, let x ∈ U ∈ τ. Then there exists W ∈ Σ such that
W (x) ⊆ U , and x ∈ W (x) by (i) and Proposition 3.18 part (i). So ξ is a base for τ .
(f) Let x, y ∈ X and let U be an open neighbourhood of x ∗ y. Then there exists W ∈ Σ such
that W (x ∗ y) ⊆ U. Since W is an ideal, by Proposition 3.18 part (iv), W (x ∗ y) = (x ∗ y)/W .
In the quotient algebra, we have x/W ∗ y/W = (x ∗ y)/W . The sets x/W = W (x) and
y/W = W (y) are open neighbourhoods of x and y, respectively (by (e)). Their product under ∗
is W (x) ∗W (y) = (x ∗ y)/W = W (x ∗ y) ⊆ U . Therefore, ∗ is continuous.
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Example 3.20. Let X = {0, a, b, c}. Define a binary operation ∗ on X as follows:

∗ 0 a b c
0 0 0 0 0
a a 0 0 0
b b b 0 0
c c c c 0

Then (X, ∗) is a BCK-algebra. Let Σ = {W1,W2}, where W1 = {0, a} and W2 = {0, a, b, c}.
One can easily show that Σ is a prefilter and satisfies the conditions of Theorem 3.19. Then

τ = {U ⊆ X : ∀x ∈ U, ∃W ∈ Σ s.t. W (x) ⊆ U}

is a topology on X . Routine calculation shows that W1(0) = {0, a} = W1(a),W1(b) =
{b},W1(c) = {c} and W2(x) = {0, a, b, c} for any x ∈ X . Hence {{0, a}, {b}, {c}, {0, a, b, c}}
is a base of τ . Therefore, (X, τ) is a topological BCK-algebra.

Proposition 3.21. [7] Let I be an ideal of a BCK-algebra X and x, y ∈ X. If x/I ≤ y/I, then
for each b ∈ y/I there exists a ∈ x/I such that a ≤ b.

Let X be a BCK-algebra. for any x ∈ X we define T (x) = {y ∈ X : y ≤ x}. Then
(i) 0 ∈ T (x), for any x ∈ X,
(ii) y ∈ T (x) implies T (y) ⊆ T (x),
(iii) T (0) = {0}.

Theorem 3.22. Let X be a BCK-algebra. Then there exists a topology ξ on X such that (X, ξ)
satisfies the open condition.

Proof. Let ξ = {U ⊆ X : ∀x ∈ U : T (x) ⊆ U}. It is straightforward to verify that ξ is a
topology and γ = {T (x) : x ∈ X} is a base for it. We show that for any ideal I , the canonical
map πI : (X, ξ) → (X/I, τ̃) is open, where τ̃ is the quotient topology. First, we show that for any
x ∈ X , the image πI(T (x)) is open in X/I . Consider T (πI(x)) = {y/I ∈ X/I : y/I ≤ x/I}.
We claim π−1

I (T (πI(x))) ∈ ξ. Let y ∈ π−1
I (T (πI(x))), so y/I ≤ x/I . Let z ∈ T (y), meaning

z ≤ y. Then z/I ≤ y/I ≤ x/I , so z/I ∈ T (πI(x)), i.e., z ∈ π−1
I (T (πI(x))). This shows

T (y) ⊆ π−1
I (T (πI(x))) for any y in this preimage. Therefore, π−1

I (T (πI(x))) ∈ ξ, so T (πI(x))
is open in X/I . Now, let U be an arbitrary open set in (X, ξ). To show πI(U) is open, let
x/I ∈ πI(U). Then there exists a ∈ U with a/I = x/I . Since U is open and a ∈ U , we
have T (a) ⊆ U . We will show πI(T (a)) = T (πI(a)) = T (x/I). Let y/I ∈ πI(T (a)). Then
y/I = πI(z) for some z ≤ a, so z/I ≤ a/I = x/I , hence y/I = z/I ∈ T (x/I). Conversely, let
y/I ∈ T (x/I), so y/I ≤ x/I = a/I . By Proposition 3.21, there exists z ∈ y/I such that z ≤ a,
i.e., z ∈ T (a). Then πI(z) = y/I , so y/I ∈ πI(T (a)). Therefore, πI(T (a)) = T (x/I). Since
T (a) ⊆ U , we have πI(T (a)) ⊆ πI(U). Thus, x/I ∈ T (x/I) = πI(T (a)) ⊆ πI(U). This shows
that πI(U) contains a neighbourhood T (x/I) of each of its points, so it is open. Hence, πI is an
open map.

Example 3.23. In Example 3.20, one can easily verify that T (0) = {0}, T (c) = X,T (a) =
{0, a} and T (b) = {0, a, b}. Using the previous theorem we obtain ξ = {∅, {0}, {0, a}, {0, a, b},
X}. By considering I = {0, a} we have X/I = {0/I = a/I = I, b/I, c/I} = {{0, a}, {b}, {c}}
and the canonical epimorphism πI is an open map.
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