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Abstract In this paper, we investigate a class of Neumann quasilinear elliptic equations,
whose prototype is given by

−
N∑
i=1

Di

(
b0|Diu|pi−2Diu ωi

(1 + |u|)λ

)
+ |u|p0−2u ω0 = f(x, u) in Ω,

N∑
i=1

(
b0|Diu|pi−2Diu ωi

(1 + |u|)λ

)
.ni = 0 on ∂Ω,

where the right-hand side f(x, s) verify only some growth condition in L1(Ω). We establish the
existence of solution in the sense of distributional in the case of f(x, u) in L∞(Ω). Moreover,
we conclude the existence of renormalized solutions when f(x, u) belongs to L1(Ω), in the
framework of anisotropic weighted Sobolev spaces W 1,p⃗(Ω, ω⃗).

1 Introduction

We consider a bounded open domain Ω ⊂ RN with N ≥ 2 and a Lipschitz boundary ∂Ω. The
study of quasilinear elliptic equations with nonstandard data has been the subject of extensive
research over the past decades. Alvino et al. in [4] have studied a degenerate quasilinear elliptic
problem of the form  −div

(
|∇u|p−2∇u

(1 + |u|)θ(p−1)

)
= f in Ω,

u = 0 on ∂Ω,

(1.1)

where f ∈ Lm(Ω) for m ≥ 1, and 0 < θ < 1. They have proved the existence of solutions and
derived some regularity results. For more results concerning degenerate elliptic equations, we
refer to [3, 22, 28, 31], while further related studies are provided in [12, 15, 19, 37].

The Neumann case has also been studied extensively. Betta, Guibé, and Mercaldo in [11]
have considered the nonlinear elliptic problem −∆pu− div

(
c(x)|u|p−2u

)
= f in Ω,(

|∇u|p−2∇u+ c(x)|u|p−2u
)
· n⃗ = 0 on ∂Ω,

where f ∈ L1(Ω) and c(x) is a measurable function belonging to a suitable Lebesgue space.
They have proved the existence and regularity of renormalized solutions. For more details and
results, see [5, 14, 29].
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Betta et al. [10] established existence results for solutions to nonlinear elliptic Neumann
problems of the form{

λ|u|p−2u− ∆pu− div
(
c(x)|u|p−2u

)
+ b(x)|∇u|p−2∇u = f in Ω,(

|∇u|p−2∇u+ c(x)|u|p−2u
)
· n = 0 on ∂Ω,

(1.2)

where λ > 0, and the datum f belongs either to the dual space of the classical Sobolev space
W 1,p(Ω) or to L1(Ω). The coefficients b and c are assumed to satisfy suitable integrability
conditions in appropriate Lebesgue or Lorentz spaces.

Recently, Bouzelmate et al. [17] investigated the existence of entropy solutions for quasilin-
ear elliptic equations of the form

Au+ g(x, u,∇u) + |u|p0−2u ω0 = f(x) in Ω,

N∑
i=1

ai(x, u,∇u).ni = 0 on ∂Ω,
(1.3)

where f ∈ L1(Ω), within the framework of anisotropic weighted Sobolev spaces. We also refer
the reader to [8, 13, 20, 26, 30, 27, 35]. For further details on anisotropic weighted Sobolev
spaces, we refer the reader to [7, 16, 18].

In this paper, we focus on the study of the quasilinear anisotropic elliptic equation with a
Neumann boundary conditions

−
N∑
i=1

Diai(x, u,∇u) + |u|p0−2uω0 = f(x, u) in Ω,

N∑
i=1

ai(x, u,∇u)ni = 0 on ∂Ω,

(1.4)

where n⃗ = (n1, n2, . . . , nN ) denotes the outward unit normal on ∂Ω. The term on the right-hand
side f(x, s) is assumed to satisfy suitable growth conditions in L1(Ω).

Our main goal is to establish the existence of renormalized solutions for the degenerated
elliptic problem (1.4) in the framework of anisotropic weighted Sobolev spaces W 1,p⃗(Ω, ω⃗).

This paper is organized as follows : In section 2, we recall basic definitions and lemmas re-
lated to anisotropic weighted Sobolev spaces. The section 3 introduces the fundamental assump-
tions required for the existence theory. In section 4, we address the case where f(x, s) ∈ L∞(Ω),
establishing the existence of solutions in the sense of distributional. Finally, Section 5 is devoted
to proving the existence of renormalized solutions for the degenerated elliptic problem (1.4) in
the case case f(x, s) ∈ L1(Ω).

2 Notation and preliminary results.

Let Ω be an open bounded subset of IRN (N ≥ 2), with Lipschitz boundary ∂Ω.
Let p1, . . . , pN be N exponents that satisfying 1 < pi < ∞ for i = 1, . . . , N . We denote

p⃗ = (p1, . . . , pN ) and Diu =
∂u

∂xi
for i = 1, . . . , N,

and set
p = min{p1, p2, . . . , pN} and pm = max{p1, p2, . . . , pN}.

Let us define ω⃗(x) = (ω0(x), ω1(x), . . . , ωN (x)) as a vector of weight functions, such that ω0(x)
and ωi(x) are positive and measurable functions a.e. in Ω, with ω0 ≤ ωi for i = 1, . . . , N. Also,
we assume that

ω0 ∈ L1(Ω) with ω∗
0 = ω

− 1
p−1

0 ∈ L1(Ω), (2.1)

and

ωi ∈ L1(Ω) with ω∗
i = ω

− 1
pi−1

i ∈ L1(Ω) for i = 1, . . . , N. (2.2)
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The weighted Lebesgue space Lpi(Ω, ωi) is defined as

Lpi(Ω, ωi) =

{
u measurable function such that

∫
Ω

|u(x)|piωi(x) dx < ∞
}
,

equipped with the norm

∥u∥pi,ωi =

(∫
Ω

|u(x)|piωi(x)dx

) 1
pi

for i = 1, . . . , N. (2.3)

The space (Lpi(Ω, ωi), ∥u∥pi,ωi) is a separable and reflexive Banach space (cf [27]).
Moreover, we define the Hölder’s type inequality by∫

Ω

uv dx ≤ ∥u∥pi,ωi
∥v∥p′

i,ω
∗
i
, (2.4)

and the Young’s inequality by∫
Ω

uv dx ≤ 1
pi

∫
Ω

|u|piωi dx+
1
p′i

∫
Ω

|v|p
′
iω∗

i dx (2.5)

for any u ∈ Lpi(Ω, ωi) and v ∈ Lp′
i(Ω, ω∗

i ), with
1
pi

+
1
p′i

= 1.

The anisotropic weighted Sobolev space W 1,p⃗(Ω, ω⃗) is defined by

W 1,p⃗(Ω, ω⃗) =
{
u ∈ Lp(Ω, ω0) and Diu ∈ Lpi(Ω, ωi) for i = 1, . . . , N

}
,

which is a Banach space equipped with the following norm

∥u∥1,p⃗,ω⃗ = ∥u∥p,ω0 +
N∑
i=1

∥Diu∥pi,ωi
. (2.6)

Thus, under the assumptions (2.1) and (2.2), we have C∞
0 (Ω) is a subspace of W 1,p⃗(Ω, ω⃗).

Lemma 2.1. (see. [7]) Assuming that ω0 ≤ ωi, and (2.1)− (2.2) hold true. Thus, the following
continuous and compact embedding are concluded

(i) The embedding Lpi(Ω, ωi) ↪→ Lp(Ω, ω0) is continuous.

(ii) The embedding W 1,p⃗(Ω, ω⃗) ↪→ W 1,p(Ω, ω0) is continuous.

(iii) The embedding Lpi(Ω, ωi) ↪→ L1(Ω) is continuous for i = 1, . . . , N.

(iv) The embedding W 1,p⃗(Ω, ω⃗) ↪→↪→ Lp(Ω, ω0) is compact.

(v) The embedding W 1,p⃗(Ω, ω⃗) ↪→ W 1,1(Ω) is continuous.

(vi) The embedding W 1,p⃗(Ω, ω⃗) ↪→↪→ Lq(Ω) is compact for any 1 ≤ q <
N

N − 1
.

Definition 2.2. Let k > 0, we consider the truncation function Tk(·) : IR 7−→ IR defined by

Tk(s) =

 s if |s| ≤ k,

k
s

|s|
if |s| > k.

We define

T 1,p⃗(Ω, ω⃗) :=
{
u : Ω 7−→ IR is measurable and Tk(u) ∈ W 1,p⃗(Ω, ω⃗) for any k > 0

}
.

Proposition 2.3. Let u ∈ T 1,p⃗(Ω, ω⃗). For any i ∈ {1, . . . , N}, there exists a unique measurable
function vi : Ω 7−→ IR satisfying

∀k > 0 DiTk(u) = vi · χ{|u|<k} a.e. in Ω,

where χE represents the characteristic function of a measurable set E. The functions vi are
called as the weak partial derivatives of u and are still denoted by Diu. Moreover, if u ∈
W 1,1(Ω), then vi coincides with the standard distributional derivative of u, that is vi = Diu.



170 Arij BOUZELMATE, Hassane HJIAJ and Inssaf RAISS

The proof of Proposition 2.3 is based on the usual techniques developed in [9]. For more
details on the anisotropic Sobolev spaces, we refer the reader to [6, 8, 23, 24].

As in [5], for the case of constant exponent, we define the set T 1,p⃗
tr (Ω, ω⃗) as a subset of

T 1,p⃗(Ω, ω⃗) that satisfies the following conditions: there exists a sequence (un)n in W 1,p⃗(Ω, ω⃗)
such that

(a) un → u a.e. in Ω,

(b) DiTk(un) → DiTk(u) strongly in L1(Ω) for all k > 0, and for each i = 1, 2, . . . , N,

(c) there exists a measurable function ν on ∂Ω, such that un → ν a.e. in ∂Ω.

The function ν represents the trace of the function u in the generalized sense as in [5]. The proof
is based on the continuous embedding W 1,p⃗(Ω, ω⃗) ↪→ W 1,1(Ω) and follows the same argument
as in [5] for classical Sobolev spaces. For more information, we refer the reader to [25] and
[33].

Let u ∈ W 1,p⃗(Ω, ω⃗), we denote by τ(u) the trace of u on ∂Ω. Also, for any u ∈ T 1,p⃗
tr (Ω, ω⃗),

we denote either tr(u) or simply u as the trace of u on ∂Ω. The operator tr(·) satisfying the
following properties

(i) if u ∈ T 1,p⃗
tr (Ω, ω⃗), then τ(Tk(u)) = Tk(tr(u)) for any k > 0,

(ii) if φ ∈ W 1,p⃗(Ω, ω⃗), then for any u ∈ T 1,p⃗
tr (Ω, ω⃗), we have u−φ ∈ T 1,p⃗

tr (Ω, ω⃗) and tr(u−φ) =
tr(u)− tr(φ).

Indeed, if u ∈ W 1,p⃗(Ω, ω⃗), we have tr(u) coincides with τ(u), and it’s clear that

W 1,p⃗(Ω, ω⃗) ⊂ T 1,p⃗
tr (Ω, ω⃗) ⊂ T 1,p⃗(Ω, ω⃗).

Lemma 2.4. (see [1]) Let g ∈ Lpi(Ω, ωi) and (gn)n be a sequence in Lpi(Ω, ωi) with
∥gn∥pi,ωi

≤ C for 1 < pi < ∞. If gn(x) → g(x) a.e. in Ω, then gn ⇀ g weakly in Lpi(Ω, ωi).

Lemma 2.5. (see [34], Theorem 13.47) Let (un)n be a sequence in L1(Ω) and u ∈ L1(Ω) such
that

(i) un → u a.e. in Ω,

(ii) un ≥ 0 and u ≥ 0 a.e. in Ω,

(iii)
∫

Ω

un dx →
∫

Ω

u dx,

then un → u strongly in L1(Ω).

3 Essential assumptions

Let p0 > p. We consider the Leray-Lions operator A : W 1,p⃗(Ω, ω⃗) 7−→
(
W 1,p⃗(Ω, ω⃗)

)′
, defined

by

Au = −
N∑
i=1

Diai(x, u,∇u), (3.1)

where each ai(x, s, ξ) : Ω × R× RN 7−→ RN are Carathéodory functions that satisfying condi-
tions

ai(x, s, ξ) ξi ≥ b(|s|) |ξi|pi ωi with b(|s|) ≥ b0

(1 + |s|)λ
, (3.2)

for almost every x ∈ Ω and all (s, ξ) ∈ R× RN , where b : R+ 7−→ R+ is a decreasing function
such that b ∈ L1(R) ∩ L∞(R), with 0 ≤ λ < p+ − 1 and b0 > 0.

|ai(x, s, ξ)| ≤ β

(
Ki(x) + |s|

p

p′
i ω

1
p′
i

0 ω
1
pi
i + |ξi|pi−1ωi

)
i = 1, . . . , N, (3.3)
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where β > 0 and Ki ∈ Lp′
i(Ω, ω∗

i ) is a nonnegative function,(
ai(x, s, ξ)− ai(x, s, ξ

′)
)
(ξi − ξ′i) > 0 for ξi ̸= ξ′i, (3.4)

In view of (3.2) and the continuity of the function ai(x, s, ·) with respect to ξ, we deduce that

ai(x, s, 0) = 0.

The right-hand side f(x, s) : Ω ×R 7−→ R is a Carathéodory function that satisfying the growth
condition

|f(x, s)| ≤ f0(x) + c(x) |s|γω0, (3.5)

where the nonnegative function f0(x) belongs to L1(Ω), and c(x) ∈ Lr(Ω, ω0) with

r >
p0 − 1

p0 − 1 − γ
, and the exponent γ satisfies 0 ≤ γ < p0 − 1.

Now, we state a key Lemma that play a fundamental role in proving our main existence result.

Lemma 3.1. (see [7]) Assume that k > 0, and the conditions (2.1), (2.2), and (3.2) − (3.4)
are satisfied. Let (un)n be a bounded sequence in W 1,p⃗(Ω, ω⃗) such that un ⇀ u weakly in
W 1,p⃗(Ω, ω⃗) , and

N∑
i=1

∫
Ω

(ai(x, Tk(un),∇un)− ai(x, Tk(un),∇u)) (Diun −Diu) dx

+

∫
Ω

(
|un|p−2un − |u|p−2u

)
(un − u)ω0 dx −→ 0 as n → ∞.

(3.6)

Then, we have un −→ u strongly in W 1,p⃗(Ω, ω⃗) for a subsequence.

4 Existence of solutions in the sense of distribution for F (x, s) ∈ L∞(Ω)

We study the quasilinear Neumann elliptic problem
−

N∑
i=1

Diai(x, Tn(u),∇u) + |u|p0−2u ω0 = F (x, u) in Ω,

N∑
i=1

ai(x, Tn(u),∇u).ni = 0 on ∂Ω,

(4.1)

in the anisotropic weighted Sobolec space, such that

|F (x, s)| ≤ C0, for a. e. x ∈ Ω and any s ∈ R. (4.2)

Definition 4.1. A measurable function u is a solution in the sense of distributions to the quasi-
linear anisotropic elliptic equation (4.1), if u ∈ W 1,p⃗(Ω, ω⃗) and |u|p0ω0 ∈ L1(Ω) , such that u
satisfies the following equation

N∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Div dx+

∫
Ω

|u|p0−2uvω0 dx =

∫
Ω

F (x, u)v dx, (4.3)

for any v ∈ W 1,p⃗(Ω, ω⃗) ∩ L∞(Ω).

Theorem 4.2. Under the conditions (2.1), (2.2), and (3.2)−(3.4) and (4.2), there exists at least
one solution in the sense of distributions for the quasilinear elliptic problem (4.1).
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Proof of theorem 4.2

Step 1: Approximate problems.

In order to prove the existence of solutions in the sense of distribution to the problem (4.1), we
introduce the following quasilinear elliptic approximate problem


−

N∑
i=1

Diai(x, Tn(um),∇um) + |Tm(um)|p0−p|um|p−2um ω0 = F (x, u) in Ω,

N∑
i=1

ai(x, Tn(um),∇um).ni = 0 on ∂Ω,

(4.4)

for and m ∈ N∗.
We define the operator Bm, acted from W 1,p⃗(Ω, ω⃗) into its dual (W 1,p⃗(Ω, ω⃗))′, by

⟨Bmu, v⟩ =
N∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Div dx+

∫
Ω

|Tm(u)|p0−p|u|p−2uv ω0 dx−
∫

Ω

F (x, u)v dx,

for any u, v ∈ W 1,p⃗(Ω, ω⃗).

Lemma 4.3. The operator Bm is bounded and pseudo-monotone. Furthermore, the operator
Bm is coercive in the following sense

⟨Bmv, v⟩
∥v∥1,p⃗,ω⃗

→ +∞ if ∥v∥1,p⃗,ω⃗ → +∞ for v ∈ W 1,p⃗(Ω, ω⃗).

Proof of Lemma 4.3

In view of (3.3) and the Hölder’s type inequality, we have

|⟨Bmu, v⟩| ≤
N∑
i=1

∫
Ω

|ai(x, Tn(u),∇u)| |Div| dx+

∫
Ω

|Tm(u)|p0−p|u|p−1|v|ω0 dx

+

∫
Ω

|F (x, u)| |v| dx

≤ β

N∑
i=1

∫
Ω

(
Ki(x) + |Tn(u)|

p

p′
i ω

1
p′
i

0 ω
1
pi
i + |Diu|pi−1ωi

)
|Div| dx

+mp0−p

∫
Ω

|u|p−1|v|ω0 dx+ C0

∫
Ω

|v| dx

≤ C1

N∑
i=1

(∥Ki(x)∥p′
i,ω

∗
i
+ n

p

p′
i ∥1∥pi,ω0 + ∥Diu∥pi−1

pi,ωi
)∥Div∥pi,ωi

+mp0−p∥u∥p−1
p,ω0∥v∥p,ω0 + C2∥v∥1,p⃗,ω⃗

≤ C3

(
1 + ∥u∥pm−1

1,p⃗,ω⃗

)
∥v∥1,p⃗,ω⃗ for any u, v ∈ W 1,p⃗(Ω, ω⃗),

(4.5)

with C3 is a positive constant depending on n and m. Hence, the operator Bm is bounded in
W 1,p⃗(Ω, ω⃗).
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For the coercivity, we have

⟨Bmu, u⟩ =
N∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Diu dx+

∫
Ω

|Tm(u)|p0−p|u|pω0 dx

−
∫

Ω

|F (x, u)||u| dx

≥
N∑
i=1

∫
Ω

b(|Tn(u)|)|Diu|piωi dx+

∫
Ω

|u|pω0 dx−
∫

Ω

ω0 dx− C0

∫
Ω

|u| dx

≥ b0

(1 + n)λ

N∑
i=1

∥Diu∥pi
pi,ωi

+ ∥u∥pp,ω0 − C4 − C5∥u∥1,p⃗,ω⃗

≥ C6∥u∥
p

1,p⃗,ω⃗ − C5∥u∥1,p⃗,ω⃗,

(4.6)
then

⟨Bmu, u⟩
∥u∥1,p⃗,ω⃗

≥ C6∥u∥
p−1
1,p⃗,ω⃗ − C5 −→ +∞ as ∥u∥1,p⃗,ω⃗ → +∞.

It remains to establish that the operator Bm is pseudo-monotone. To this end, let (uk)k be a
sequence in W 1,p⃗(Ω, ω⃗) satisfying the following conditions

uk ⇀ u weakly in W 1,p⃗(Ω, ω⃗),

Bmuk ⇀ χm weakly in (W 1,p⃗(Ω, ω⃗))′,

lim sup
k→∞

⟨Bmuk, uk⟩ ≤ ⟨χm, u⟩.
(4.7)

Our goal is to prove that

χm = Bmu and ⟨Bmuk, uk⟩ −→ ⟨χm, u⟩ as k → +∞.

Since the embedding W 1,p⃗(Ω, ω⃗) ↪→↪→ Lp(Ω, ω0) is compact, then uk → u strongly in
Lp(Ω, ω0) for a subsequence still denoted (uk)k.
The sequence (uk)k is bounded in W 1,p⃗(Ω, ω⃗), and thanks to (3.3), the Carathéodory func-
tions (ai(x, Tn(uk),∇uk))k are uniformly bounded in Lp′

i(Ω, ω∗
i ). Therefore there exists a

measurable function φi ∈ Lp′
i(Ω, ω∗

i ) such that

ai(x, Tn(uk),∇uk) ⇀ φi weakly in Lp′
i(Ω, ω∗

i ) as k → +∞. (4.8)

We have |F (x, uk)| ≤ C0 and F (x, uk) → F (x, u) a.e. in Ω. Using the Lebesgue dominated
convergence theorem, we deduce that

F (x, uk) −→ F (x, u) strongly in Lp′
(Ω, ω∗

0 ) as k → +∞. (4.9)

We have |Tm(uk)|p0−p ≤ mp0−p. Since the embedding W 1,p⃗(Ω, ω⃗) ↪→↪→ Lp(Ω, ω0) is compact,
we have uk → u strongly in Lp(Ω, ω0) and almost everywhere in Ω. Consequently, we obtain

|Tm(uk)|p0−p|uk|p−2ukω0 → |Tm(u)|p0−p|u|p−2uω0 strongly in Lp′
(Ω, ω∗

0 ). (4.10)

Thus, for all v ∈ W 1,p⃗(Ω, ω⃗) we have

⟨χm, v⟩ = lim
k→∞

⟨Bmuk, v⟩

= lim
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iv dx+ lim

k→∞

∫
Ω

|Tm(uk)|p0−p |uk|p−2uk v ω0 dx

− lim
k→∞

∫
Ω

F (x, uk)v dx

=
N∑
i=1

∫
Ω

φiD
iv dx+

∫
Ω

|Tm(u)|p0−p |u|p−2u v ω0 dx−
∫

Ω

F (x, u)v dx.

(4.11)
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From (4.7) and (4.11), we conclude that

lim sup
k→∞

⟨Bmuk, uk⟩ = lim sup
k→∞

(
N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx

+

∫
Ω

|Tm(uk)|p0−p |uk|p ω0 dx−
∫

Ω

F (x, uk)uk dx

)
≤

N∑
i=1

∫
Ω

φiD
iu dx+

∫
Ω

|Tm(u)|p0−p |u|p ω0 dx−
∫

Ω

F (x, u)u dx.

(4.12)
Thanks to (4.9), we have∫

Ω

F (x, uk)uk dx −→
∫

Ω

F (x, u)u dx as k → +∞, (4.13)

and in view of (4.10), we derive∫
Ω

|Tm(uk)|p0−p |uk|p ω0 dx −→
∫

Ω

|Tm(u)|p0−p |u|p ω0 dx. (4.14)

By (4.12) and (4.13)− (4.14), we get

lim sup
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx ≤

N∑
i=1

∫
Ω

φiD
iu dx. (4.15)

Moreover, according to (3.4), we have

N∑
i=1

∫
Ω

(ai(x, Tn(uk),∇uk)− ai(x, Tn(uk),∇u))
(
Diuk −Diu

)
dx ≥ 0, (4.16)

then

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx ≥

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iu dx

+
N∑
i=1

∫
Ω

ai(x, Tn(uk),∇u)
(
Diuk −Diu

)
dx.

In view of the dominated convergence theorem, we deduce that Tn(uk) −→ Tn(u) strongly in
Lpi(Ω, ωi), which implies that ai(x, Tn(uk),∇u) −→ ai(x, Tn(u),∇u) strongly in Lp′

i(Ω, ω∗
i ),

and since Diuk ⇀ Diu weakly in Lpi(Ω, ωi), it follows that

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇u)
(
Diuk −Diu

)
dx −→ 0 as k → +∞.

Using the weak convergence result in (4.8), we conclude that

lim inf
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx ≥

N∑
i=1

∫
Ω

φiD
iu dx.

Taking into account (4.15), it follows that

lim
k→∞

N∑
i=1

∫
Ω

ai(x, Tn(uk),∇uk)D
iuk dx =

N∑
i=1

∫
Ω

φiD
iu dx. (4.17)

Therefore, by combining the results from (4.11), (4.13)− (4.14), and (4.17), we deduce that

⟨Bmuk, uk⟩ −→ ⟨χm, u⟩ as k → +∞. (4.18)
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On the other hand, using (4.17) we have

lim
k→+∞

( N∑
i=1

∫
Ω

(ai(x, Tn(uk),∇uk)− ai(x, Tn(uk),∇u))
(
Diuk −Diu

)
dx

+

∫
Ω

(
|uk|p−2uk − |u|p−2u

)
(uk − u)ω0 dx

)
= 0.

In view of (4.7) and Lemma 3.1, we conclude that

uk −→ u strongly in W 1,p⃗(Ω, ω⃗) and Diuk −→ Diu a.e. in Ω.

Consequently, ai(x, Tn(uk),∇uk) → ai(x, Tn(u),∇u) almost everywhere in Ω. Using the
growth condition (3.3) together with Lemma 2.4, we deduce the weak convergence

ai(x, Tn(uk),∇uk) ⇀ ai(x, Tn(u),∇u) weakly in Lp′
i(Ω, ω∗

i ) for i = 1, . . . , N.

Finally, combining (4.9)− (4.10), we get χm = Bmu, which complete the proof of the Lemma
4.3.

In view of Lemma 4.3 (see [32], Theorem 8.2), there exists at least one weak solution um ∈
W 1,p⃗(Ω, ω⃗) for the approximate problem (4.4), i.e.

N∑
i=1

∫
Ω

ai(x, Tn(um),∇um)Div dx+

∫
Ω

|Tm(um)|p0−p|um|p−2um v ω0 dx

=

∫
Ω

F (x, u)v dx,

(4.19)

for any v ∈ W 1,p⃗(Ω, ω⃗).

Step 2: A priori estimates.

Taking um ∈ W 1,p⃗(Ω, ω⃗) as a test function for the approximate problem (4.19), we get

N∑
i=1

∫
Ω

ai(x, Tn(um),∇um)DiTm(um) dx+

∫
Ω

|Tm(um)|p0−p|um|p ω0 dx

=

∫
Ω

F (x, um)Tm(um) dx.

(4.20)

According to (3.2), (4.2) and the Young’s inequality, we get

b0

(1 + n)λ

N∑
i=1

∫
Ω

|Dium|piωi dx+

∫
Ω

|Tm(um)|p0−p|um|p ω0 dx

≤ C1

∫
Ω

|F (x, um)|p
′
0ω∗

0 dx+
1
2

∫
Ω

|Tm(um)|p0ω0 dx

≤ C2 +
1
2

∫
Ω

|Tm(um)|p0−p|um|p ω0 dx.

(4.21)

This implies that

b0

(1 + n)λ

N∑
i=1

∫
Ω

|Dium|piωi dx+
1
2

∫
Ω

|Tm(um)|p0−p|um|p ω0 dx ≤ C3. (4.22)

Moreover, since p0 > p we have

∥um∥1,p⃗,ω⃗ =
N∑
i=1

∫
Ω

|Dium|p ωi dx+

∫
Ω

|um|p ω0 dx

≤
N∑
i=1

∫
Ω

|Dium|p ωi dx+

∫
Ω

|Tm(um)|p0−p|um|p ω0 dx+

∫
Ω

ω0 dx

≤ C4,

(4.23)
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where C4 is a constant that does not depend on m. Hence, the sequence (um)m is uniformly
bounded in W 1,p⃗(Ω, ω⃗), and there exists a subsequence still denoted (um)m such that

um ⇀ u weakly in W 1,p⃗(Ω, ω⃗),

um → u strongly in Lp(Ω, ω0) and a.e in Ω,

um ⇀ u weakly in L1(∂Ω).

(4.24)

Due to (4.22), we have∫
Ω

|Tm(um)|p0 ω0 dx ≤
∫

Ω

|Tm(um)|p0−p|um|p ω0 dx ≤ C5, (4.25)

hence, (Tm(um))m is uniformly bounded in Lp0(Ω, ω0), and since Tm(um) → u a.e. in Ω, we
obtain

Tm(um) ⇀ u weakly in Lp0(Ω, ω0). (4.26)

Step 3 : The convergence almost everywhere of the gradient.

By taking um − u ∈ W 1,p⃗(Ω, ω⃗) as a test function for the approximate problem (4.19), we have

N∑
i=1

∫
Ω

(
ai(x, Tn(um),∇um)− ai(x, Tn(um),∇u)

)
(Dium −Diu) dx

+

∫
Ω

|Tm(um)|p0−p
(
|um|p−2um − |u|p−2u

)
(um − u)ω0 dx

≤
∫

Ω

|Tm(um)|p0−p|u|p−1|um − u|ω0 dx+

∫
Ω

|F (x, um)| |um − u| dx

−
N∑
i=1

∫
Ω

ai(x, Tn(um),∇u)(Dium −Diu) dx.

(4.27)

Due to (4.25), we have∫
Ω

(|Tm(um)|p0−p|um|)
p0

p0−p+1 ω0 dx =

∫
Ω

|Tm(um)|p0−p|um|p
(
|Tm(um)|

|um|

) (p0−p)(p−1)
p0−p+1

ω0 dx

≤
∫

Ω

|Tm(um)|p0−p|um|pω0 dx ≤ C1.

Moreover, in view of Young’s inequality we have∫
Ω

(|Tm(um)|p0−p|u|)
p0

p0−p+1 ω0 dx ≤
∫

Ω

|Tm(um)|p0ω0 dx+

∫
Ω

|u|p0ω0 dx ≤ 2C2,

Thus, the sequence (|Tm(um)|p0−p(um − u))m is uniformly bounded in L
p0

p0−p+1 (Ω, ω0). Hav-
ing in mind that |Tm(um)|p0−p(um − u) → 0 almost everywhere in Ω, in view of Lemma 2.4

we conclude that |Tm(um)|p0−p(um − u) ⇀ 0 weakly in L
p0

p0−p+1 (Ω, ω0), and since |u|p−2u ∈
L

p0
p−1 (Ω, ω0), it follows that∫

Ω

|Tm(um)|p0−p|u|p−2u(um − u)ω0 dx −→ 0 as m → ∞. (4.28)

Also, we have F (x, um) ⇀ F (x, u) weak−∗ in L∞(Ω), and since um → u strongly in L1(Ω),
we obtain ∫

Ω

|F (x, um)| |um − u| dx −→ 0 as m → ∞. (4.29)

Furthermore, we have ai(x, Tn(um),∇u) → ai(x, Tn(u),∇u) strongly in Lp′
i(Ω, ω∗

i ), and since
Dium ⇀ Diu weakly in Lpi(Ω, ωi), it follows that

N∑
i=1

∫
Ω

ai(x, Tn(um),∇u)(Dium −Diu) dx −→ 0 as m → ∞. (4.30)
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Combining (4.27) and (4.29)-(4.30), and since um → u strongly in Lp(Ω, ω0) we obtain

N∑
i=1

∫
Ω

(ai(x, Tn(um),∇um)− ai(x, Tn(um),∇u)) (Dium −Diu) dx

+

∫
Ω

(
|um|p−2um − |u|p−2u

)
(um − u)ω0 dx −→ 0 as m → ∞.

(4.31)

In view of Lemma 3.1 we obtain{
um → u strongly in W 1,p⃗(Ω, ω⃗),

Dium → Diu a.e in Ω for i = 1, · · · , N.
(4.32)

Hence, we have ai(x, Tn(um),∇um) −→ ai(x, Tn(u),∇u) a.e. in Ω, and we conclude that

ai(x, Tn(um),∇um) ⇀ ai(x, Tn(u),∇u) weakly in Lp′
i(Ω, ω∗

i ) for i = 1, · · · , N,
(4.33)

and
F (x, um) −→ F (x, u) strongly in Lp′

(Ω, ω∗
0 ). (4.34)

Step 4 : Passage to the limit.

By taking v ∈ W 1,p⃗(Ω, ω⃗) ∩ L∞(Ω) as a test function for the approximate problem (4.19), we
get

N∑
i=1

∫
Ω

ai(x, Tn(um),∇um)Div dx+

∫
Ω

|Tm(um)|p0−p|um|p−2umv ω0 dx

=

∫
Ω

F (x, um)v dx.

(4.35)

By combining (4.25)− (4.26) and (4.34), then passing to the limit as m → ∞, we deduce that

N∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Div dx+

∫
Ω

|u|p0−2uvω0 dx =

∫
Ω

F (x, u)v dx, (4.36)

which conclude the proof of the Theorem 4.2.

5 Existence of renormalized solution for f(x, u) ∈ L1(Ω)

Let Ω be a bounded open subset of IRN (N ≥ 2), with Lipschitz boundary ∂Ω. We consider the
degenerated quasilinear elliptic problem

−
N∑
i=1

Diai(x, u,∇u) + |u|p0−2u ω0 = f(x, u) in Ω,

N∑
i=1

ai(x, u,∇u).ni = 0 on ∂Ω.

(5.1)

Definition 5.1. A measurable function u is called a renormalized solution for the quasilinear
degenerated elliptic problem (5.1), if u ∈ T 1,p⃗

tr (Ω, ω⃗) and |u|p0−2u ω0 ∈ L1(Ω) such that

lim
h→∞

1
h

N∑
i=1

∫
{|u|≤h}

ai(x, u,∇u)Diu dx = 0, (5.2)

and u satisfies the following equality

N∑
i=1

∫
Ω

ai(x, u,∇u)
(
S′(u)φDiu+ S(u)Diφ

)
dx+

∫
Ω

|u|p0−2uS(u)φω0 dx

=

∫
Ω

f(x, u)S(u)φ dx,

(5.3)
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for all φ ∈ W 1,p⃗(Ω, ω⃗) ∩ L∞(Ω) and any S(·) ∈ W 1,∞(IR) with compact support.

The aim of this paper is to prove the existence of renormalized solutions for the quasilinear
degenerate elliptic problem (5.1).

Theorem 5.2. Assuming that (3.2)−(3.4) are satisfied. Then, the quasilinear degenerate elliptic
problem (5.1) has at least one renormalized solution u.

Remark 5.3. The uniqueness of the renormalized solution can be obtained using some additional
assumptions on the Carathéodory function ai(x, s, ξ) and f(x, s). For further details and related
results, we refer the reader to [23, 24].

Proof of theorem 5.2

Step 1: Approximate problems.

We consider the approximate problem for our quasilinear degenerated elliptic equation
−

N∑
i=1

Diai(x, Tn(un),∇un) + |un|p0−2un ω0 = fn(x, un) in Ω,

N∑
i=1

ai(x, Tn(un),∇un).ni = 0 on ∂Ω,

(5.4)

with fn(x, s) = Tn(f(x, s)). In view of Theorem 4.2, there exists at least one solution in the
sense of distributions un ∈ W 1,p⃗(Ω, ω⃗) for the approximate problem (5.4), that is

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)D
iv dx+

∫
Ω

|un|p0−2unvω0 dx =

∫
Ω

fn(x, un)v dx, (5.5)

for any v ∈ W 1,p⃗(Ω, ω⃗) ∩ L∞(Ω), with |un| ∈ Lp0(Ω, ω0).

Step 2: Weak convergence of truncations.

Let k ≥ 1, by taking Tk(un) as a test function for the approximate problem (5.4), we have

N∑
i=1

∫
{|un|≤k}

ai(x, Tn(un),∇un)D
iun dx+

∫
Ω

|un|p0−1|Tk(un)|ω0 dx

=

∫
Ω

fn(x, un)Tk(un) dx

(5.6)

According to (3.2) and (3.5), we get

b0

(1 + k)λ

N∑
i=1

∫
{|un|≤k}

|Diun|piωi dx+

∫
Ω

|un|p0−1|Tk(un)|ω0 dx

≤ k∥f0∥L1(Ω) + k

∫
Ω

|c(x)|
p0−1

p0−1−γ ω0 dx+
1
2

∫
Ω

|un|p0−1|Tk(un)|ω0 dx.

(5.7)

Therefore
N∑
i=1

∫
{|un|≤k}

|Diun|piωi dx ≤ C1k(1 + k)λ, (5.8)

and∫
Ω

|Tk(un)|pω0 dx ≤
∫

Ω

(|Tk(un)|p0 + 1)ω0 dx+ C2 ≤
∫

Ω

|un|p0−1|Tk(un)|ω0 dx+ C3 ≤ C4k,

(5.9)
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with C1 and C4 being two positive constants independent of k and n. Furthermore, we have

∥Tk(un)∥1,p⃗,ω⃗ = ∥Tk(un)∥p,ω0 +
N∑
i=1

∥DiTk(un)∥pi,ωi

=

(∫
Ω

|Tk(un)|pω0 dx

) 1
p

+
N∑
i=1

(∫
Ω

|DiTk(un)|piωi dx

) 1
pi

≤ C5k +
N∑
i=1

∫
Ω

|DiTk(un)|piωi dx+N

≤ C6k
λ+1.

(5.10)

Thus, the sequence (Tk(un))n∈IN∗ is uniformly bounded in W 1,p⃗(Ω, ω⃗), and there exists a sub-
sequence still denoted (Tk(un))n∈IN∗ and a measurable function υk ∈ W 1,p⃗(Ω, ω⃗) such that{

Tk(un) ⇀ υk weakly in W 1,p⃗(Ω, ω⃗),

Tk(un) → υk strongly in Lp(Ω, ω0) and a.e in Ω.
(5.11)

Due to (5.9), it follows that

k · meas ({|un| > k}) =

∫
{|un|>k}

|Tk(un)| dx ≤
∫

Ω

|Tk(un)| dx

≤ C7 ∥Tk(un)∥p,ω0

≤ C8k
1
p .

(5.12)

Then

meas ({|un| > k}) ≤
C8k

1
p

k
−→ 0 as k → ∞. (5.13)

Now, we will show that the sequence (un)n is a Cauchy sequence in measure.
For each ρ > 0 and k > 0, we have

meas{|un−um| > ρ} ≤ meas{|un| > k} + meas{|um| > k} + meas{|Tk(un)−Tk(um)| > ρ}.

For ε > 0, using (5.13) we can choose k0(ε) > 0 large enough such that

meas{|un| > k} ≤ ε

3
and meas{|um| > k} ≤ ε

3
for any k ≥ k0(ε). (5.14)

On the other hand, thanks to (5.11) we have Tk(un) → νk strongly in Lp(Ω, ω0) and a.e in Ω,
then the sequence (Tk(un))n∈IN is a Cauchy sequence in measure. It follows that : for any k > 0,
and ρ, ε > 0, there exists n0 = n0(k, ρ, ε) such that

meas{|Tk(un)− Tk(um)| > ρ} ≤ ε

3
for any n,m ≥ n0(k, ρ, ε). (5.15)

Thanks to (5.14) and (5.15), we conclude that : for all ρ, ε > 0, there exists n0 = n0(ρ, ε) such
that

meas{|un − um| > ρ} ≤ ε for any n,m ≥ n0(ρ, ε).

Thus the sequence (un)n is a Cauchy sequence in measure, then converges almost everywhere
in Ω to some measurable function u. Hence, thanks to (5.11) we conclude that{

Tk(un) ⇀ Tk(u) weakly in W 1,p⃗(Ω, ω⃗),

Tk(un) → Tk(u) strongly in Lp(Ω, ω0) and a.e in Ω.
(5.16)
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Step 4: Some regularity results.

Firstly, we will establish the following regularity result:

lim
h→∞

lim sup
n→∞

1
h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx = 0. (5.17)

By taking
Th(un)

h
∈ W 1,p⃗(Ω, ω⃗) as a test function for the approximate problem (5.4), we have

1
h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx+

1
h

∫
Ω

|un|p0−1|Th(un)|ω0 dx

≤ 1
h

∫
Ω

|f0(x)| |Th(un)| dx+
1
h

∫
Ω

|c(x)| |un|γ |Th(un)|ω0 dx

≤ 1
h

∫
Ω

|f0(x)| |Th(un)| dx+
1
h

∫
Ω

|c(x)|
p0−1

p0−1−γ |Th(un)|ω0 dx

+
1

2h

∫
Ω

|un|p0−1 |Th(un)|ω0 dx.

(5.18)

According to (5.13), we have meas{|un| > h} → 0 as h → ∞, then
|Th(un)|

h
⇀ 0 weak−∗ in

L∞(Ω). It follows that

1
h

∫
Ω

|f0(x)| |Th(un)| dx −→ 0 as h → ∞. (5.19)

Similarly, we have |c(x)|
p0−1

p0−1−γ ω0 ∈ L1(Ω), then

1
h

∫
Ω

|c(x)|
p0−1

p0−1−γ |Th(un)|ω0 dx −→ 0 as h → ∞. (5.20)

By combining (5.18) and (5.19)− (5.20), we get

lim
h→∞

lim sup
n→∞

1
h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx = 0, (5.21)

and
lim
h→∞

lim sup
n→∞

∫
{|un|>h}

|un|p0−1ω0 dx = 0. (5.22)

Now, we will show that

|un|p0−1ω0 −→ |u|p0−1ω0 strongly in L1(Ω).

Indeed, for any measurable subset E ⊂ Ω it’s clear that∫
E

|un|p0−1ω0 dx ≤
∫
{|un|>h}

|un|p0−1ω0 dx+

∫
E

|Th(un)|p0−1ω0 dx. (5.23)

On the one hand, thanks to (5.22) we have : for any ε > 0, there exists h0(ε) > 0 such that∫
{|un|>h}

|un|p0−1ω0 dx ≤ ε

2
for any h ≥ h0(ε). (5.24)

On the other hand, there exists a positive constant small enough ϑ(ε, h) > 0 such that : for any
E ⊂ Ω with meas(E) ≤ ϑ(ε, h), we have∫

E

|Th(un)|p0−1ω0 dx ≤ ε

2
. (5.25)
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By combining (5.23) and (5.24) − (5.25), we obtain : for any ε > 0, there exists a positive
constant ϑ(ε) > 0 such that∫

E

|un|p0−1ω0 dx ≤ ε for any E ⊂ Ω with meas(E) ≤ ϑ(ε). (5.26)

Consequently, the sequence (|un|p0−2unω0)n is uniformly equi-integrable.
By applying Vitali’s theorem and since |un|p0−1ω0 −→ |u|p0−1ω0 a.e. in Ω, we deduce that

|un|p0−1ω0 −→ |u|p0−1ω0 strongly in L1(Ω). (5.27)

Moreover, we will show that (fn(x, un))n converges strongly to f(x, u) in L1(Ω).
We have fn(x, un) → f(x, u) almost everywhere in Ω. In view of the Vitali’s theorem, we will
show that the sequence (fn(x, un))n is uniformly equi-integrable.
For any measurable subset E ⊂ Ω we have∫

E

|fn(x, un)| dx ≤
∫
E

|f0(x)| dx+

∫
E

c(x)|Th(un)|γω0 dx+

∫
{|un|>h}

c(x)|un|γω0 dx

≤
∫
E

|f0(x)| dx+

∫
E

c(x)|Th(un)|γω0 dx+

∫
{|un|>h}

|c(x)|
p0−1

p0−1−γ ω0 dx

+

∫
{|un|>h}

|un|p0−1ω0 dx.

(5.28)
Thus, for any ε > 0 and h > 0 there exists a positive constant µ(ε, h) > 0 such that∫

E

|f0(x)| dx+

∫
E

c(x)|Th(un)|γω0 dx+

∫
{|un|>h}

|c(x)|
p0−1

p0−1−γ ω0 dx ≤ ε

2
, (5.29)

By combining (5.24), (5.28) and (5.29) we conclude that : For any ε > 0 there exists µ(ε) > 0
such that ∫

E

|fn(x, un)| dx ≤ ε for any meas(E) ≥ µ(ε).

Thanks to Vilali’s theorem, we conclude that

fn(x, un) −→ f(x, u) strongly in L1(Ω). (5.30)

Step 5 : The strong convergence of the gradients.

In this sequel, we denote by εi(n) for i = 1, 2, . . . some various functions of real number which
converge to 0 as n tends to infinity. Similarly, we define εi(h) and εi(n, h).

Let 1 ≤ k ≤ h, we define Sh(s) = 1 − |T2h(s)− Th(s)|
h

.

Choosing (Tk(un)−Tk(u))Sh(un) ∈ W 1,p⃗(Ω, ω⃗) as a test function for the approximate problem
(5.4), we obtain

N∑
i=1

∫
{|un|≤k}

ai(x, Tk(un),∇Tk(un))
(
DiTk(un)−DiTk(u)

)
Sh(un) dx

−
N∑
i=1

∫
{|un|>k}

ai(x, Tn(un),∇un)D
iTk(u)Sh(un) dx

−1
h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, T2h(un),∇T2h(un))D
iT2h(un)|Tk(un)− Tk(u)| dx

+

∫
Ω

|un|p0−2un(Tk(un)− Tk(u))Sh(un)ω0 dx

=

∫
Ω

fn(x, un)(Tk(un)− Tk(u))Sh(un) dx.

(5.31)
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On the set {|un| ≤ k}, we have Sh(un) = 1, and having in mind that Tk(un) − Tk(u) has the
same sign as un on the set {|un| > k}, we derive

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))
(
DiTk(un)−DiTk(u)

)
dx

≤
∫

Ω

|f0(x)| |Tk(un)− Tk(u)| dx+

∫
Ω

|c(x)|
p0−1

p0−1−γ |Tk(un)− Tk(u)|ω0 dx

+

∫
Ω

|un|p0−1|Tk(un)− Tk(u)|ω0 dx

+
2k
h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, T2h(un),∇T2h(un))D
iT2h(un) dx

+
N∑
i=1

∫
{k≤|un|≤2h}

|ai(x, T2h(un),∇T2h(un))| |DiTk(u)| dx.

(5.32)

We have (Tk(un)− Tk(u)) ⇀ 0 weak−∗ in L∞(Ω) as n goes to infinity, and since f0(x) ∈
L1(Ω), |c(x)|

p0−1
p0−1−γ ω0 ∈ L1(Ω) and |un|p0−1ω0 → |u|p0−1ω0 strongly in L1(Ω), we deduce that

ε1(n) =

∫
Ω

|f0(x)| |Tk(un)− Tk(u)| dx −→ 0 as n → ∞, (5.33)

ε2(n) =

∫
Ω

|c(x)|
p0−1

p0−1−γ |Tk(un)− Tk(u)|ω0 dx −→ 0 as n → ∞, (5.34)

and

ε3(n) =

∫
Ω

|un|p0−1|Tk(un)− Tk(u)|ω0 dx −→ 0 as n → ∞. (5.35)

Moreover, in view of (5.21) we get

ε4(h) =
2k
h

N∑
i=1

∫
{h<|un|≤2h}

ai(x, T2h(un),∇T2h(un))D
iT2h(un) dx −→ 0 as h → ∞.

(5.36)
For the last term on the right-hand side of (5.32), we observe that (ai(x, T2h(un), ∇T2h(un)))n
is bounded in Lp′

i(Ω, ω∗
i ), then there exists a measurable function ζi ∈ Lp′

i(Ω, ω∗
i ) such that

ai(x, Tk(un),∇Tk(un)) ⇀ ζi weakly in Lp′
i(Ω, ω∗

i ), it follows that

ε5(h) =
N∑
i=1

∫
{k<|un|≤2h}

ai(x, T2h(un),∇T2h(un))D
iTk(u) dx

−→
N∑
i=1

∫
{k<|u|≤2h}

ζiD
iTk(u) dx = 0 as n → ∞.

(5.37)

From (5.32) and (5.33)− (5.37), we get

N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(un))
(
DiTk(un)−DiTk(u)

)
dx ≤ ε6(n, h). (5.38)

Hence

N∑
i=1

∫
Ω

(
ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u))

) (
DiTk(un)−DiTk(u)

)
dx

≤
N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(u))
(
DiTk(un)−DiTk(u)

)
dx+ ε6(n, h).

(5.39)
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Concerning the first term on the right-hand side of (5.39), thanks to (5.16) we have Tk(un) →
Tk(u) converges strongly in Lpi(Ω, ωi). By applying the Lebesgue’s dominated convergence the-
orem we conclude that ai(x, Tk(un),∇Tk(u)) strongly to ai(x, Tk(u), ∇Tk(u)) in Lp′

i(Ω, ω∗
i ),

and since DiTk(un) ⇀ DiTk(u) weakly in Lpi(Ω, ωi), we conclude that

ε7(n) =
N∑
i=1

∫
Ω

ai(x, Tk(un),∇Tk(u))D
iTk(un)−DiTk(u) dx −→ 0 as n → ∞. (5.40)

Combining (5.39) and (5.40), we conclude that

0 ≤
N∑
i=1

∫
Ω

(
ai(x, Tk(un),∇Tk(un))− ai(x, Tk(un),∇Tk(u))

) (
DiTk(un)−DiTk(u)

)
dx

+

∫
Ω

(
|Tk(un)|p−2Tk(un)− |Tk(u)|p−2Tk(u)

)
(Tk(un)− Tk(u))ω0 dx → 0 as n → ∞.

(5.41)
According to Lemma 3.1, we deduce that

Tk(un) −→ Tk(u) strongly in W 1,p⃗(Ω, ω⃗) and Diun −→ Diu a.e. in Ω. (5.42)

Consequently, we have ai(x, Tn(un),∇un)Diun tends to ai(x, u,∇u)Diu almost everywhere in
Ω. Thanks to (5.21) and Fatou’s lemma we obtain

lim
h→∞

1
h

N∑
i=1

∫
{|u|≤h}

ai(x, u,∇u)Diu dx

≤ lim
h→∞

lim inf
n→∞

1
h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx

≤ lim
h→∞

lim sup
n→∞

1
h

N∑
i=1

∫
{|un|≤h}

ai(x, Tn(un),∇un)D
iun dx = 0.

(5.43)

Step 6: Passage to the limit.

Let φ ∈ W 1,p⃗(Ω, ω⃗) ∩ L∞(Ω) and S(·) be a smooth function in W 1,∞(IR) with supp(S(·)) ⊆
[−M,M ] for some M ≥ 0.
Choosing S(un)φ ∈ W 1,p⃗(Ω, ω⃗)∩L∞(Ω) as a test function for the approximate problem (5.4),
we get

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)
(
DiunS

′(un)φ+ S(un)D
iφ
)
dx+

∫
Ω

|un|p0−2unS(un)φω0 dx

=

∫
Ω

fn(x, un)S(un)φ dx.

(5.44)
Since (ai(x, TM (un),∇TM (un)))n is uniformly bounded in Lp′

i(Ω, ω∗
i ) and ai(x, TM (un),

∇TM (un)) tends to ai(x, TM (u),∇TM (u)) almost everywhere in Ω, we get

ai(x, TM (un),∇TM (un)) ⇀ ai(x, TM (u),∇TM (u)) weakly in Lp′
i(Ω, ω∗

i ),

and since DiTM (un)S′(un)φ + S(TM (un))Diφ converges strongly to DiTM (u)S′(u)φ +
S(TM (u)) Diφ in Lpi(Ω, ωi), we deduce that

lim
n→∞

N∑
i=1

∫
Ω

ai(x, Tn(un),∇un)
(
DiunS

′(un)φ+ S(un)D
iφ
)
dx

=
N∑
i=1

∫
Ω

ai(x, u,∇u)
(
DiuS′(u)φ+ S(u)Diφ

)
dx.

(5.45)
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Moreover, we have S(TM (un))φ ⇀ S(TM (u))φ weak−∗ in L∞(Ω), and by (5.27), we get

lim
n→∞

∫
Ω

|un|p0−2unS(TM (un))φω0 dx =

∫
Ω

|u|p0−2uS(TM (u))φω0 dx

=

∫
Ω

|u|p0−2uS(u)φω0 dx.

(5.46)

Similarly, we have fn(x, un) → f(x, u) strongly in L1(Ω), then

lim
n→∞

∫
Ω

fn(x, un)S(TM (un))φ dx =

∫
Ω

f(x, u)S(TM (u))φ dx =

∫
Ω

f(x, u)S(u)φ dx. (5.47)

Combining (5.44)− (5.45) and (5.47), we deduce that

N∑
i=1

∫
Ω

ai(x, u,∇u)
(
DiuS′(u)φ+ S(u)Diφ

)
dx+

∫
Ω

|u|p0−2uS(u)φω0 dx

=

∫
Ω

f(x, u)S(u)φ dx.

(5.48)

which conclude the proof of Theorem 5.2.
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