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Abstract In this paper, we investigate a class of Neumann quasilinear elliptic equations,
whose prototype is given by

N . .
i ((bo| DiulPi~2Diu w; _ .
2D < (1 + Juf)A >+|“|p" *uwy = f(z,u) inQ,
i=1
N i |Pi=2)in, ).
Z bol D'u D'u wi n; =0 on 0Q,
(1 + [u)*

i=1

where the right-hand side f(z, s) verify only some growth condition in L!(Q). We establish the
existence of solution in the sense of distributional in the case of f(x,u) in L (Q). Moreover,
we conclude the existence of renormalized solutions when f(z,u) belongs to L'(Q), in the
framework of anisotropic weighted Sobolev spaces W1?(Q, &).

1 Introduction

We consider a bounded open domain @ € RY with N > 2 and a Lipschitz boundary Q. The
study of quasilinear elliptic equations with nonstandard data has been the subject of extensive
research over the past decades. Alvino et al. in [4] have studied a degenerate quasilinear elliptic

problem of the form
. VulP=2Vu \ , .
u=20 on 0Q,

(1.1)

where f € L™(Q) form > 1, and 0 < § < 1. They have proved the existence of solutions and
derived some regularity results. For more results concerning degenerate elliptic equations, we
refer to [3, 22, 28, 31], while further related studies are provided in [12, 15, 19, 37].

The Neumann case has also been studied extensively. Betta, Guibé, and Mercaldo in [11]
have considered the nonlinear elliptic problem

—Apu — div(c(z)|ulP~?u) = f in Q,
(|VulP=2Vu + c(z)|u[P~2u) -7 =0 ondQ,
where f € L'(Q) and ¢(x) is a measurable function belonging to a suitable Lebesgue space.

They have proved the existence and regularity of renormalized solutions. For more details and
results, see [5, 14, 29].
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Betta et al. [10] established existence results for solutions to nonlinear elliptic Neumann
problems of the form

1.2
(IVulP2Vu + c(z)|ufP2u) -n =0 on 9Q, (12)

{)\u|p2u — Apu — div (c(2)[u[P2u) + b(z)|VulP *Vu=f inQ,
where A > 0, and the datum f belongs either to the dual space of the classical Sobolev space
WLP(Q) or to L'(Q). The coefficients b and ¢ are assumed to satisfy suitable integrability
conditions in appropriate Lebesgue or Lorentz spaces.

Recently, Bouzelmate et al. [17] investigated the existence of entropy solutions for quasilin-
ear elliptic equations of the form

Au + g(z,u, Vu) + [ul*2uwy = f(z) inQ,
N (1.3)
Z a;(x,u,Vu).n; =0 on 9Q,
i=1
where f € L'(Q), within the framework of anisotropic weighted Sobolev spaces. We also refer
the reader to [8, 13, 20, 26, 30, 27, 35]. For further details on anisotropic weighted Sobolev
spaces, we refer the reader to [7, 16, 18].

In this paper, we focus on the study of the quasilinear anisotropic elliptic equation with a
Neumann boundary conditions

N
— ZDiai(x, u, Vu) + [ulP2uwy = f(z,u) inQ,

Nt 1.4)
Z a;(z,u,Vu)n; =0 on 0Q,
i=1
where 7 = (ny, na, ...,ny) denotes the outward unit normal on 9Q. The term on the right-hand

side f(x, s) is assumed to satisfy suitable growth conditions in L' ().

Our main goal is to establish the existence of renormalized solutions for the degenerated
elliptic problem (1.4) in the framework of anisotropic weighted Sobolev spaces W'?(Q, &).

This paper is organized as follows : In section 2, we recall basic definitions and lemmas re-
lated to anisotropic weighted Sobolev spaces. The section 3 introduces the fundamental assump-
tions required for the existence theory. In section 4, we address the case where f(z,s) € L>=(Q),
establishing the existence of solutions in the sense of distributional. Finally, Section 5 is devoted
to proving the existence of renormalized solutions for the degenerated elliptic problem (1.4) in
the case case f(z,s) € L'(Q).

2 Notation and preliminary results.

Let Q be an open bounded subset of IRY (N > 2), with Lipschitz boundary 9Q.
Let p1,...,pn be IV exponents that satisfying | < p; < ocofori=1,..., N. We denote

, 0
o= (p1,...,pN) and Diu=22%" for i1=1,...,N,
axi
and set
p =min{py,p2,...,pn} and Dm = max{pi,pa2,..., PN}
Let us define &(x) = (wo(z),w; (), ...,wn(z)) as a vector of weight functions, such that wy ()
and w; () are positive and measurable functions a.e. in Q, with wy < w; fori =1,..., N. Also,

we assume that
wo € LN(Q) with wi =w, - € LYQ), .1

and

w; € LHQ) with wi=w, " el Q) for i=1,...,N. (2.2)



Distributional and renormalized solutions . .. 169

The weighted Lebesgue space LP (Q,w;) is defined as

LPi(Q,w;) = {u measurable function such that / lu(x)
Q

Piw;(z) dzx < oo} )
equipped with the norm

||u||pi,wi=( / u<x>|%i(x>dx)“ for i=1,...,N. 2.3)
Q

The space (LP# (Q, w;), ||u||p; «; ) s @ separable and reflexive Banach space (cf [27]).
Moreover, we define the Holder’s type inequality by

/ wvde < ||u
Q
and the Young’s inequality by
1
Pi; doe + — / v
b; Jo

1
/1wda:§—/|u
Q Pi Jo
1

/ 1
forany u € LP (Q,w;) and v € LPi(Q,w;), with — + — = 1.
pi p;

U”p,’i,w,’; ) 2.4

Pi,wWi

Piw? dx (2.5)

The anisotropic weighted Sobolev space W!7(Q, &) is defined by
WP (Q,&) = {u € L2(Q,wp) and D'u € LP/(Q,w;) for i=1,...,N},

which is a Banach space equipped with the following norm

N

lulli gz = ltllpw, + > 1D
i=1

Thus, under the assumptions (2.1) and (2.2), we have C$°(Q) is a subspace of W17(Q, &).

Lemma 2.1. (see. [7]) Assuming that wy < w;, and (2.1) — (2.2) hold true. Thus, the following
continuous and compact embedding are concluded

(i) The embedding L*i(Q,w;) — L2(Q,wy) is continuous.

(ii) The embedding W''7(Q, &) < W2(Q,wy) is continuous.

(iii) The embedding LP'(Q,w;) < L'(Q) is continuous fori=1,...,N.
(iv) The embedding W'P(Q, &) < LP(Q, wo) is compact.

(v) The embedding W''P(Q, &) — W(Q) is continuous.

Piwi- (2.6)

(vi) The embedding W'P(Q, &) << L9(Q) is compact for any 1 < q <

N-1
Definition 2.2. Let k£ > 0, we consider the truncation function Tj(-) : IR — IR defined by

We define
T(Q,3) := {u: @+ IR is measurable and Tj(u) € W"(Q,&) forany k>0}.

Proposition 2.3. Let u € T'P(Q,&). Foranyi € {1,..., N}, there exists a unique measurable
Sunction v; : Q — IR satisfying

vk >0 DiTk(u) = Vi X{|u|<k} a.e. in Q,

where x g represents the characteristic function of a measurable set FE. The functions v; are
called as the weak partial derivatives of u and are still denoted by D*u. Moreover, if u €
WHH(Q), then v; coincides with the standard distributional derivative of u, that is v; = D'u.
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The proof of Proposition 2.3 is based on the usual techniques developed in [9]. For more
details on the anisotropic Sobolev spaces, we refer the reader to [6, 8, 23, 24].

As in [5], for the case of constant exponent, we define the set T,.7 (Q,d) as a subset of
T1P(Q, &) that satisfies the following conditions: there exists a sequence (uy,), in WP(Q,J)
such that

(a) u, — ua.e.inQ,
(b) DTy (u,) — DTy (u) strongly in L' (Q) for all k > 0, and for eachi = 1,2,..., N,
(¢) there exists a measurable function v on 9€, such that u,, — v a.e. in 0Q.

The function v represents the trace of the function w in the generalized sense as in [5]. The proof
is based on the continuous embedding W!7(Q, &) — W'!(Q) and follows the same argument
as in [5] for classical Sobolev spaces. For more information, we refer the reader to [25] and
[33].

Let u € W'P(Q, &), we denote by 7(u) the trace of u on AQ. Also, for any u € T,27(Q, ),
we denote either ¢r(u) or simply u as the trace of u on 9Q. The operator ¢r(-) satisfying the
following properties

(i) if u € T,V7(Q,3), then 7(Ty(u)) = T (tr(u)) for any k > 0,
(i) if o € WP(Q,d), then forany u € T,7(Q, &), we have u—¢p € 7,27 (Q, &) and tr(u—yp) =
tr(u) — tr(p).

Indeed, if u € W!'P(Q, &), we have tr(u) coincides with 7(u), and it’s clear that
W(Q,5) € T,7(Q,6) ¢ T'(Q,4).

Lemma 2.4. (see [1]) Let g € LPi(Q,w;) and (gn)n be a sequence in LPi(Q,w;) with
gnllpsw: < C for 1 <p; <oo.If gn(x) = g(x) a.e. in Q, then g, — g weakly in LP' (Q,w;).

Lemma 2.5. (see [34], Theorem 13.47) Let (uy,),, be a sequence in L'(Q) and u € L'(Q) such
that

(i) u, > ua.e inQ,

(ii) u, > 0andu > 0a.e. in Q,

(iii) /un dx%/ud:v,
Q Q

then u,, — u strongly in L'(Q).

3 Essential assumptions

Let pg > p. We consider the Leray-Lions operator A : W'7(Q,&) — (W'(Q,&))’, defined
by
N .
Au = — Z D'a;(x,u, Vu), (3.1

i=1

where each a;(z,s,£) : Q@ x R x RN —— R are Carathéodory functions that satisfying condi-

tions
bo

(1+1s)*’

for almost every x € Q and all (s,¢) € R x RV, where b : Rt — R is a decreasing function
such that b € L'(R) N L>=(R), with 0 < X\ < p™ — 1 and by > 0.

ai(r,5,6) & > b(|s|) [& [P wi  with  b(|s]) > (3.2)

r L

7 L
Mgt wl 4 |§i“_lwi> i=1,...,N, (3.3)

7

|%@ﬁfﬂ§5(&@0+B
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where 5 > 0 and K; € LP:(Q,w?) is a nonnegative function,
(a2, 5,€) — ailw,5,€)) (& =€) >0 for & #¢, (34)
In view of (3.2) and the continuity of the function a;(z, s, -) with respect to £, we deduce that
a;(z,s,0) =0.

The right-hand side f(z,s) : Q x R — R is a Carathéodory function that satisfying the growth
condition

[ (,5)] < folx) + c(x) |5 wo, (3.5)
where the nonnegative function fy(z) belongs to L!(Q), and c(xz) € L"(Q,wp) with
po— 1 .
r > ————— and the exponent ~ satisfies 0 < vy < py — 1.
po—1—v

Now, we state a key Lemma that play a fundamental role in proving our main existence result.

Lemma 3.1. (see [7]) Assume that k > 0, and the conditions (2.1), (2.2), and (3.2) — (3.4)
are satisfied. Let (u,), be a bounded sequence in W'P(Q,&) such that w, — u weakly in
WP(Q, &), and

a;i(z, Tk (uyp), Vuy) — a;j(x, Tk (uy, ), Vu Diu,, — D) dx
;/ﬁu (tn), Vtn) — s 2, Ti (1), Vr)) ( ) e

+/ (Jtn |20 — Ul %) (up — u)wo dz —> 0 as n — oo.
Q

Then, we have u,, — u strongly in WP (Q, &) for a subsequence.

4 Existence of solutions in the sense of distribution for F'(x, s) € L>*°(Q)

We study the quasilinear Neumann elliptic problem

N
— ZDiai(x,Tn(u), Vu) + [ul*2uwy = F(z,u) inQ,
Ni:l 4.1)
Z a;(x, Ty (u), Vu).n; =0 on 9Q2,

i=1
in the anisotropic weighted Sobolec space, such that

|F(z,s)] < Cy, fora.e. € Q andany s €R. 4.2)
Definition 4.1. A measurable function w is a solution in the sense of distributions to the quasi-

linear anisotropic elliptic equation (4.1), if u € W1P(Q, &) and |u[Powy € L'(Q), such that u
satisfies the following equation

N
Z/ai(x,Tn(u),Vu)Div dw—i—/ |u [P~ 2uvwg dx:/F(:r,u)v dz, 4.3)
— Ja Q Q

for any v € WHP(Q, &) N L>(Q).

Theorem 4.2. Under the conditions (2.1), (2.2), and (3.2) — (3.4) and (4.2), there exists at least
one solution in the sense of distributions for the quasilinear elliptic problem (4.1).
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Proof of theorem 4.2

Step 1: Approximate problems.

In order to prove the existence of solutions in the sense of distribution to the problem (4.1), we
introduce the following quasilinear elliptic approximate problem

N
- Z Diai(x, Ty (um), Vtr) + [T () [P0 72|t |22t wo = Fz,u)  in Q,
N 4.4)
Z ai(z, T (um), Vum).n; =0 on 0Q,

i=1

for and m € N*.
We define the operator B,,, acted from W!7(Q, &) into its dual (W!?(Q,d))’, by

N
(Bmu,v>:Z/ai(m,Tn(u),Vu)Div dac—l—/ \Tm(u)|p<‘*ﬂ|u|B*2uvwodm—/F(m,u)v dz,
‘= Ja Q Q

for any u,v € WHP(Q, ).

Lemma 4.3. The operator B, is bounded and pseudo-monotone. Furthermore, the operator
By, is coercive in the following sense

(Bmv,v)

=400 if |vlips—+oo for veWH(Q,E).
[vll1,5.5

Proof of Lemma 4.3

In view of (3.3) and the Holder’s type inequality, we have

N
[{Bpmu, v)| SZ/ la;(x, Ty (u), Vu)| |Div|dcc—|—/ | Ty () [P 2l 0] wo diz
i=1 78 Q

—i—/ |F(z,u)| |v| dx

Q
<ﬁz;/g <Ki(x)+|Tn(u)

_i_mpo*g/ |u‘£71|’0‘wO dl’+CO/ |’U‘dl’
N e ?

<& (1K)

P
plwr TN
i=1

_ p—1
+mpo EHUHE,wo ||U||g,wo + CZHUH 1,p,&

< G (14 Jullfg') o

1,p,d

1

‘\’U

1
p’ N :
Wy w4+ |D'u

p

p’ilwi) |Div| da
4.5)

1 i || Dy

Pi,wi

pises 1D

Di,wi

|5 forany u,v € W'"P(Q,d),

with (3 is a positive constant depending on n and m. Hence, the operator B,, is bounded in
WP(Q,d).
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For the coercivity, we have

By ) Z / (e, To(w), V) Diuda 4 [ [Ty ) P2 o
Q

Pig, dx+/ \u|3w0d:v—/w0d:c—co/ |u| dz
Q Q

0t o Tz, = Ca = Csllulh 5o

Z/ DID
1+ AZ”

ZCéHUHLﬁ,Q Csllullp.o,

I \/

(4.6)

then
<Bmu7 U>

Jull @

It remains to establish that the operator B,, is pseudo-monotone. To this end, let (uy)x be a
sequence in W1P(Q, &) satisfying the following conditions

-1
> Cellullf ;5 — Cs — +o0  as  |lull 55 — +oo.

up — u weakly in  WP(Q, J),
Bug — Xm weaklyin  (WHP(Q, &), 4.7)
lim sup (B, ug, k) < (Xm, ).

k—o0

Our goal is to prove that
Xm = Bmu and  (Bjug,ug) — (Xm,u) as k— +oo.

Since the embedding W'7(Q,&) << LE(Q,wp) is compact, then u;, — u strongly in
L2(Q,wy) for a subsequence still denoted (ug)g-

The sequence (ug)y is bounded in W!P(Q, &), and thanks to (3.3), the Carathéodory func-
tions (a;(z, T, (ux), Vug))s are uniformly bounded in LP:(Q,w?). Therefore there exists a
measurable function ¢; € L (Q,w?) such that

a;(z, T (ug), Vug) — ¢;  weakly in P (Q,w?) as k — +oo. (4.8)

We have |F(z,u)| < Cp and F(x,ur) — F(z,u) a.e. in Q. Using the Lebesgue dominated
convergence theorem, we deduce that

F(z,uy) — F(x,u) strongly in L (Q,wi) as k — +oo. 4.9)

We have |T,, (ug,)[P°"2 < mP~2. Since the embedding W!P(Q, &) —s— L2(Q,wy) is compact,
we have u,, — u  strongly in L2(Q, wy) and almost everywhere in Q. Consequently, we obtain

|Tm(uk)|p°’ﬂ\uk|ﬁ’2ukwo — |Tm(u)|p°’ﬁ|u|ﬁ’2uw0 strongly in LBI(Q,w[)*). (4.10)
Thus, for all v € WP(Q, &) we have

(Xm,v) = lim (Bpug,v)

k—o0

= lim Z/ ai(z, T, (uy), Vug) D' do + hm / | T (e ) [P0 72 g |22, v wo dix

k—o0

— lim [ F(z,ux)vdz
k—o0 Q

N
:Z/ @iD™ dm—l—/ |Tm(u)|p°73|u\372uvwodm—/F(x,u)v dx.
= Jo Q Q

@.11)
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From (4.7) and (4.11), we conclude that

k—o00 k— o0

N
lim sup(B,ug, ug) = limsup (Z/ a;(z, Ty (ug), Vug ) Diuy, d
i=1 7€
—I—/ |Tm(uk)|p0_2|uk|ﬁwoda:—/F(x,uk)uk dac)
@ | Q
SZ/cpiDludm—l—/ |Tm(u)|p"_£|u|ﬁw0dx—/F(x,u)udx.
= Je Q Q

(4.12)
Thanks to (4.9), we have
/ F(z,ug)uy dv —> / F(z,u)udr ask — oo, (4.13)
Q Q
and in view of (4.10), we derive
/ [T (uge ) P02 Jug |2 wo dx —>/ | T (w) P02 | B wyy dx. (4.14)
Q Q
By (4.12) and (4.13) — (4.14), we get
limsupZ/ a;(z, Ty (ug), Vug)D'uy do < Z/ ;D' u dz. 4.15)
k—o0 i—1 Q i=1 Q
Moreover, according to (3.4), we have
N . .
Z/ (ai(x, Ty (ug), Vug) — a;(z, T, (ug), Vu)) (D’uk - Dzu) dz >0, (4.16)
i=1 Q

then

N N
Z/ a;i(z, Ty (ug), Vug)Diuy doe > Z/ ai(z, Ty (ug), Vug ) Diu dx
Q — Ja

i=1

N
+Z/ a;(z, Ty (uy), Vu) (D'uy, — D'u) da.
=178

In view of the dominated convergence theorem, we deduce that T}, (uy) — T),(u) strongly in
LP#(Q, w;), which implies that a; (2, T, (uz), V) — a;(2, T, (1), V) strongly in L (Q, w}),
and since Duy, — Du weakly in LP: (Q, w;), it follows that

N
Z/ a;(z, T, (uy), Vu) (D'uy, — D'u) dz — 0 as k — +4oo.
i=1 /¢

Using the weak convergence result in (4.8), we conclude that

k—oo 4

N N
limian/ ai(x, T (ug), Vug) D uy dz > Z/ iD'udz.
=179 =179

Taking into account (4.15), it follows that

N

N
klim E /ai(x,Tn(uk),Vuk)Diuk dx = E /goiDiudm. 4.17)
—00 “ Q R Q

i=1 i=1

Therefore, by combining the results from (4.11), (4.13) — (4.14), and (4.17), we deduce that

(B, ug) — (Xm,u) as k — +oo. (4.18)
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On the other hand, using (4.17) we have

k—+o00

N
lim Z/ (a;(@, Ty (ur), Vug) — a;(z, Ty (ug), Vu)) (D'uy, — D*u) da
—'Ja
—l—/ (Jugl2 2wy — w2 ?w) (ug, — u) wo dx) =0.
Q

In view of (4.7) and Lemma 3.1, we conclude that
up — u  strongly in - W'P(Q,d) and Diuj, — D'u ae.in Q.

Consequently, a;(z,T,(u), Vug) — a;(z,T,(u), Vu) almost everywhere in Q. Using the
growth condition (3.3) together with Lemma 2.4, we deduce the weak convergence

ai(x, T (ur), Vug) = ai(z, T (u), Vi) weaklyin  LP (Q, w}) for i=1,...,N.

Finally, combining (4.9) — (4.10), we get x,, = By,u, which complete the proof of the Lemma
4.3.

In view of Lemma 4.3 (see [32], Theorem 8.2), there exists at least one weak solution u,,, €
WLP(Q, &) for the approximate problem (4.4), i.e.

N
Z/ ai(x,Tn(um),Vum)Div dm—i—/ |Tm(um)\p°*9|um|372umvwodx
Q Q

(4.19)
= / F(z,u)vdz,
Q
for any v € WHP(Q,d).
Step 2: A priori estimates.
Taking u,, € WP(Q, &) as a test function for the approximate problem (4.19), we get
N .
Z/ ai(, T (um ), V) D Ty (um) dz —l—/ | T () [P0 2 |ty |2 wo dix
Q Q (4.20)
= / F(z, um)Tin (um) dz.
o
According to (3.2), (4.2) and the Young’s inequality, we get
+n (R Z/ | D, [P dm—t—/ T () P° 2 |t | B o d
< Cl/ |F (2, um) |Pows; do + = / | T () |PPwp dax (4.21)
<O ti /|T )12 [P dr
This implies that
1 + ((EER Z/ | Dy, [Piw; da + = / | T () |P° 2|t |E wo d < Ch. (4.22)
Moreover, since py > p we have
N .
il =3 [ 1D unlpsids+ [ fun oo do
(4.23)

<Z/ |Dlum\pwld:c+/ | Lo ()P0 p|um|pwodx+/ wo dz

o
< Oy,



176 Arij BOUZELMATE, Hassane HITAJ and Inssaf RAISS

where Cy is a constant that does not depend on m. Hence, the sequence (uy, ), is uniformly
bounded in W!P(Q, &), and there exists a subsequence still denoted (i, )., such that

Um —u  weakly in WHP(Q, &),
Um — u  stronglyin L2(Q,wy)  and a.ein Q, (4.24)
U —u  weaklyin L'(0Q).

Due to (4.22), we have
/ [T (1) PO wo dr < / | T (i ) [P 2 |t |B o d < Cs, (4.25)

hence, (T, (um))m is uniformly bounded in L*°(Q,wy), and since T;, (u,n) — u a.e. in Q, we
obtain
T (um) = u  weaklyin  LP(Q, wy). (4.26)

Step 3 : The convergence almost everywhere of the gradient.

By taking u,,, —u € W!P(Q,J) as a test function for the approximate problem (4.19), we have

Z/ a;(x, Tp(Unm), V) — ai(z, T (um), Vu))( Uy — D) da

/|T m) |0 p(|u P~ 20, — |ulP™ 2u> (U — u) wo dx
(4.27)
/\T )POTR|u2™ 1|um—u|wodx—|—/ |F (2, um)| |um — u| dz
72/ ai(x,Tn(um),Vu)(DiumfDiu) dx.
i=1 7
Due to (4.25), we have
7 (pp—p)(p—1)
Py po—p+I
) i)t = [ T (L) T
Q Q |t |

< / [T () PO 2|ty [P dz < Cy.
Q
Moreover, in view of Young’s inequality we have

Po
/(|Tm(um)|p“*ﬂ|u|)f’0—£“ wo dx < / [T (1) PPy da —l—/ [uPwy dx < 2Ch,
Q Q Q

Thus, the sequence (|75, (tm )P 2(um — u))m is uniformly bounded in L”O*GB+l (Q,wp). Hav-
ing in mind that |7}, (tm )P "2 (um — u) — 0 almost everywhere in Q, in view of Lemma 2.4

Po
we conclude that [T}, (t,)|P° "2 (um, — u) — 0 weakly in L7027 (Q, wp), and since |u2%u €
_Po_
L27T(Q,wyp), it follows that

/ | T () P02 |2 20ty — 1) dz —> O as m — oo. (4.28)
Q

Also, we have F(z,u,;,) — F(z,u) weak—x in L>(Q), and since u,, — u strongly in L' (Q),
we obtain

/ |F (2, um)| |tm — u| de — 0 as m — oo. (4.29)
Q

Furthermore, we have a;(x, Ty, (tn), V) = a;(z, T, (1), Vu) strongly in L (Q, w?), and since
D'u,, — D'u weakly in LPi (Q, w;), it follows that

N
Z/ ai(x, Ty (Um), V) (D't — D'u) dz — 0 as  m — oo. (4.30)
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Combining (4.27) and (4.29)-(4.30), and since w,, — u strongly in LE(Q, w)) we obtain

Z/Q (ai(2, Ty (Um), V) — ai(2, Ty (tm), Vo)) (D', — D'u) da

431)
—l—/ (|t 22w, — [w2™20) (trm — u)wo dz —> 0 as  m — oo.
Q
In view of Lemma 3.1 we obtain
U U str(.)ngly in 'Wl*ﬁ(Q,(Iﬁ), 432)
D'up, — D'u aeinQ fori=1,--- N.

Hence, we have a;(z, T}, (um), Vum) — ai(x, T, (u), Vu) a.e. in €, and we conclude that

ai(2, T (), V) = ai(z, T, (u), Vu)  weaklyin  LPi(Q,w;) for i=1,---,N,
(4.33)
and )

F(z,upm) — F(x,u) stronglyin L2 (Q, wy). (4.34)
Step 4 : Passage to the limit.

By taking v € WP(Q, &) N L>°(Q) as a test function for the approximate problem (4.19), we
get

N
Z/ai(x,Tn(um),Vum)Div dz—i—/ |Tm(um)\p0*3|um|B*2umvwodm
=179 Q

:/F(x,um)vdx.
Q

By combining (4.25) — (4.26) and (4.34), then passing to the limit as m — oo, we deduce that

(4.35)

N
Z/ai(x,Tn(u),Vu)Div der/ |[u [P~ uvwy dm:/F(Jc,u)v dx, (4.36)
— Jo Q Q

which conclude the proof of the Theorem 4.2.

5 Existence of renormalized solution for f(x,u) € L'(Q)

Let Q be a bounded open subset of IRY (N > 2), with Lipschitz boundary Q. We consider the
degenerated quasilinear elliptic problem

N
— Z Dia;(x,u, Vu) + [u/*2uwy = f(z,u) inQ,
N (5.1
Z a;(z,u,Vu).n; =0 on 0Q.
i=1
Definition 5.1. A measurable function u is called a renormalized solution for the quasilinear
degenerated elliptic problem (5.1), if u € T,7(Q,d) and |u|"~2u wy € L' (Q) such that

1 & ,
lim — / a;(z,u, Vu)D'u dz = 0, (5.2)
i—1 Y {lu|<h}

and v satisfies the following equality

N
Z/ai(x,u,Vu) (8" (w)eD'u+ S(u)D'p) dx—i—/ [ulPo~2uS (u)pwo da
=17 Q (5.3)

= / f(z,u)S(u)p dr,
Q
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for all ¢ € WHP(Q, &) N L>°(Q) and any S(-) € W*°(IR) with compact support.

The aim of this paper is to prove the existence of renormalized solutions for the quasilinear
degenerate elliptic problem (5.1).

Theorem 5.2. Assuming that (3.2) — (3.4) are satisfied. Then, the quasilinear degenerate elliptic
problem (5.1) has at least one renormalized solution u.

Remark 5.3. The uniqueness of the renormalized solution can be obtained using some additional
assumptions on the Carathéodory function a;(x, s,£) and f(x, s). For further details and related
results, we refer the reader to [23, 24].

Proof of theorem 5.2

Step 1: Approximate problems.
We consider the approximate problem for our quasilinear degenerated elliptic equation

N
— Z Diai(z, Tn(un), Vun) + [un [P 2w, wo = fu(z,u,)  in Q,

N 5.4)
Z a;(z, Tp(un), Vuyp).n; =0 on 0Q,

i=1

with f,,(z,s) = T,(f(z,s)). In view of Theorem 4.2, there exists at least one solution in the
sense of distributions u,, € W!7(Q, &) for the approximate problem (5.4), that is

N
Z/ ai(x, Ty (un), Vi, ) D da + / |2, [P0~ 2 v dzz = / S, up)v dz, (5.5)
= Ja Q Q

for any v € WHP(Q, &) N L= (Q), with |u,| € LP(Q, wp).

Step 2: Weak convergence of truncations.

Let k£ > 1, by taking T} (u,,) as a test function for the approximate problem (5.4), we have

N
/ ai(x, Ty (un), Vi, ) D'y, do + / |, [P0~ T (u ) |wo dax
= Juni<hy o (5.6)
— [ o un) i) do
Q
According to (3.2) and (3.5), we get
b
— | Diu,, [Piw; da + / |, [P0~ T (0 ) [ di
(1+ k) ;/{|un|<k} o (5.7)
po—1 1
< Kooy + [ 1) 7T 5 o+ 5 [ o T
Q Q
Therefore
N .
Z/ | Dty [Piw; dae < Cik(1 4 k)™, (5.8)
i=1 {lun|<k}
and

/ |Tk(un)|3w0 dr < /(|Tk(un)|p° + 1)&)0 dr + Cp < / |un|p°71|Tk(un)\w0 dx 4+ C3 < Cy4k,
Q Q Q
5.9
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with C and Cy being two positive constants independent of k£ and n. Furthermore, we have

N
1Tk (un) 1,55 = HTk(un)”gwo + Z D" T (wn )l s s
i=1

N o
= </Q [T () [P dx) +i:Zl </Q|D’Tk(un)piwi dx) (5.10)
N
< Csk DT (us,
<Cs +;/Q| e (un)

S C6I€)\+| .

I8 1=

Piw;dx + N

Thus, the sequence (T} (ty))nev- is uniformly bounded in W7 (€, &), and there exists a sub-
sequence still denoted (T}, (u,,))nenv- and a measurable function vy, € W!P(Q, &) such that

T (u,) — vp  weaklyin WP(Q, &), 5.11)
Ti(u,) — vp  stronglyin L2(Q,wp) and a.ein Q. ’
Due to (5.9), it follows that
k- meas ({jun] > k}) = / (T ()| dar < / T ()| d
{lun|>k} Q
<y ||Tk(Un)||£,w“ (5.12)
< Cgké.
Then
1
meas ({|u,| > k}) < G2 0 as ko oo (5.13)

Now, we will show that the sequence (u,, ), is a Cauchy sequence in measure.
For each p > 0 and k£ > 0, we have

meas{|u, — um| > p} < meas{|u,| > k} + meas{|u,| > k} + meas{|Ty (un) — Tk (um)| > p}-

For ¢ > 0, using (5.13) we can choose ko(s) > 0 large enough such that

meas{|u,| > k} < and meas{|un,| > k} < forany k> ko(e). (5.14)

W[ ™

<
3
On the other hand, thanks to (5.11) we have T (u,) — vy strongly in L2(Q,wp) and a.e in Q,
then the sequence (T (un)),,c v is @ Cauchy sequence in measure. It follows that : for any & > 0,
and p, e > 0, there exists ng = ng(k, p, €) such that

meas{|Ty(un) — T (um)| > p} < forany n,m > ngy(k,p,e). (5.15)

W[ ™

Thanks to (5.14) and (5.15), we conclude that : for all p,e > 0, there exists ny = ng(p, €) such
that

meas{|u, — um| > p} <e forany n,m > no(p,e).

Thus the sequence (u,, ), is a Cauchy sequence in measure, then converges almost everywhere
in Q to some measurable function u. Hence, thanks to (5.11) we conclude that

(5.16)

Tr(un) = Ti(u)  weakly in WP(Q, &),
Ti(un) — Tr(u)  strongly in L2(Q,wp) and a.ein Q.
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Step 4: Some regularity results.

Firstly, we will establish the following regularity result:

N

1 )
lim limsup — Z / ai(z, T (up), Vun ) Diu, dz = 0. (5.17)
hoo nosoo B Jijunl<hy
T _
By taking % € WP(Q, &) as a test function for the approximate problem (5.4), we have

. 1
/ a;(z, T (un), Vuy)D'uy, de + — / |t [P~ T, (1) |wo da
{lunl<h} hJa

i=1

IN =
i Mz

[ fo(@)| |Th (un)| dx + %/ le(@)| [un|? | Th (wn)|wo da
1 i 1 7 po—1
<3 1RGN Tl 3 [ 1o 375 T de

1
—l-ﬁ/g|un|p“_1 |Th (un ) |wo dz.

S

(5.18)

According to (5.13), we have meas{|u,| > h} — 0 as h — oo, then W — 0 weak—x* in
L>(Q). It follows that
%/ [fo(2)| ITh(up)| doz — O as  h — oo. (5.19)
Q
po—1
Similarly, we have |c¢(z)| T wo € L1(Q), then
1 po—!
E/ le(x)| P~ | T (up )|wo dz —> 0 as  h — oo. (5.20)
Q
By combining (5.18) and (5.19) — (5.20), we get
| N
lim limsup > / ai(z, T (up), Vun ) Diu, dz = 0, (5.21)
h=0 nsoo B = Jiju,i<ny
and
lim lim sup / |t [P0~ Ly daz = 0. (5.22)
00 n—oo J{jun|>h}

Now, we will show that
|t [P0 o — |u[P~'wy  stronglyin  L'(Q).

Indeed, for any measurable subset £ C Q it’s clear that
/ |t [P0 i da < / |, [P0 g d +/ T () [P g d. (5.23)
2 {lun|>h} E
On the one hand, thanks to (5.22) we have : for any £ > 0, there exists ho(¢) > 0 such that

/ |un|p°_lw0 dx <
{|un|>h}

On the other hand, there exists a positive constant small enough (e, k) > 0 such that : for any
E C Q with meas(E) < 9(e, h), we have

forany h > hy(e). (5.24)

[\SRNO)

(5.25)

N ™

/ |T;L(un)|p°71wo dx <
E
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By combining (5.23) and (5.24) — (5.25), we obtain : for any ¢ > 0, there exists a positive
constant ¢(¢) > 0 such that

/ lun [P lwodz < e forany E CQ with meas(F) < 9(e). (5.26)
B

Consequently, the sequence (|u,, [P°~2u,wo),, is uniformly equi-integrable.
By applying Vitali’s theorem and since |u,,|P°~'wy — |u[P~'wp a.e. in Q, we deduce that

|t [P Ywg — |u[P~lwy  stronglyin  L'(Q). (5.27)
Moreover, we will show that ( f,,(z,u,)), converges strongly to f(z,u) in L'(Q).
We have f,,(x,u,) — f(z,u) almost everywhere in Q. In view of the Vitali’s theorem, we will

show that the sequence ( f,,(x, uy,)), is uniformly equi-integrable.
For any measurable subset £ C £ we have

[t < [ in@ldet [ coMiPadr+ [ cw)lu s
E |un|>h}
/|f0 \dx—i—/ (x)|Th(un)|7w0dx+/ \c(m)|1’og‘*7wodx
{

‘un‘>h}
/ |, [P0~ g dx.
{lun|>n}

Thus, for any € > 0 and h > 0 there exists a positive constant (e, #) > 0 such that

(5.28)

po—1

/ [fol@)| do + / ()| T (1) Y iz + / () |75 wp d
E E {lun|>h}

(5.29)

N\m

By combining (5.24), (5.28) and (5.29) we conclude that : For any ¢ > 0 there exists u(e) > 0
such that

/ |fn(z,uy)|dz <e forany meas(E) > u(e).
E
Thanks to Vilali’s theorem, we conclude that

fo(z,u,) — f(z,u)  stronglyin L'(Q). (5.30)
Step 5 : The strong convergence of the gradients.

In this sequel, we denote by €;(n) for i = 1,2, ... some various functions of real number which
converge to 0 as n tends to infinity. Similarly, we define €;(h) and €;(n, h).

T — T
Let 1 <k < h, we define Sp(s) =1 — M

Choosing (T (un) — Ti(w)) Sk (u,) € WHP(Q, &) as a test function for the approximate problem
(5.4), we obtain

/{ - ai(z, Tk (un), VT (un)) (DiTk(un) . DiTk(u)) Sp(up) da

_Z/Iun|>k} T (un), Vitn) DT (1) S (un) d

5.31
Z/h<un|<2h} X T2h(un) VTQh(Un))D Tzh(un)|Tk(un) — Tk(u)| diL’ ( )

=2y, k(upn) — Tx(w))Sh(un)wo dz
+/Q\un| W (Te(atn) — T S0 d

_ /Q Fu@s ) (T () — To (1)) S () da
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On the set {|u,| < k}, we have Sy (u,) = 1, and having in mind that T} (u,,) — T (u) has the
same sign as u,, on the set {|u,| > k}, we derive

Z/ ai(@, Ty (un), VI (un)) (D' Tx(un) — DT (u)) da
/ o) [Tk(a) = Tulw)| do+ [ 1657 [Tii) = Ti(wlen da
| unl™ T (un) — T () wo dae (5.32)

Z/ x Tzh(un) VTZh(un))DiTzh(un) dz
h<\un\<2h}

+Z/ lai(z, Ton (un), VIan(un))| |D*Ti(uw)| dz.

{k<|un|<2h}

We have (T} (upn) — Tk(u)) — 0 weak—x in L°°(Q) as n goes to infinity, and since fo(z) €
po—1
LY(Q), |e(z)|P 7wy € L'() and |u, [~ "wo — [u[P~wy strongly in L (), we deduce that

e1(n) = / [fo(2)| Tk (upn) — Tx(uw)| dz — 0 as n — oo, (5.33)
Q
/ le(x) ]P0 =T |Tk(un) Ti(u)|lwodx — 0 as n — oo, (5.34)
and
e3(n) = / |t [P0 T () — T () |wo dz — 0 as n — oo. (5.35)
Q

Moreover, in view of (5.21) we get

N
eq(h) = == Z/ ai(x, Ton(un), VIon (un)) Doy, (uy) dz — 0 as b — oc.
{h<|un|<2h}

(5.36)
For the last term on the right-hand side of (5.32), we observe that (a;(z, Ton (ur ), VT (un)))n
is bounded in L (Q,w?), then there exists a measurable function ¢; € L (Q,w?) such that
ai(x, Ti(un), Vi (un)) — ¢ weakly in LPi (Q, w?), it follows that

Z/ .13 TZh(un) VTgh(un))DlTk(u) dx
k<\un|<2h}

(5.37)
— GD'Ti(u)dz =0 as n — oo.
{k<|u|<2h}
From (5.32) and (5.33) — (5.37), we get
N
Z/ ai(w, Ti(un), VTi(un)) (D'Ti(un) — D'Ti(u)) du < e6(n, h). (5.38)
Q

Hence

] =

/Q(al z, Ty (un ), VTi(uy)) fai(x,Tk(un),VTk(u))) (D'Ty(up) — DTy (u)) da

3 /Q i (0, T (un), VT (0) (DT (1) — DT () da + 2(n, ).

-
Il

IN

i=1

(5.39)
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Concerning the first term on the right-hand side of (5.39), thanks to (5.16) we have Tj(u,) —
Ty (u) converges strongly in LPi (Q, w;). By applying the Lebesgue’s dominated convergence the-
orem we conclude that a;(z, Ty (u, ), VTi(u)) strongly to a;(x, T (u), VTk(u)) in LPi(Q,w?),
and since D'Ty(u,,) — DTy (u) weakly in LPi (Q, w;), we conclude that

N
e7(n) = Z/ a;(z, T (un), VT (u)) DTy (uy,) — DTy (u) de — 0 as n — oo. (5.40)
Q
Combining (5.39) and (5.40), we conclude that

Z / (az 2, T (un), Vi (un)) — ai(x,Tk(un),VTk(u))) (DT (up) — DT (u)) dz

+/Q (1T (wn) 22T (un) — | T (w) 22T (w)) (T (un) — T (w))wo dz — 0 as n — oc.

(5.41)
According to Lemma 3.1, we deduce that

Ti(upn) — Tip(u) stronglyin W'P(Q,&) and D'u, — D'u ae.in Q. (542)

Consequently, we have a;(z, T, (un,), Vu, ) Diu, tends to a;(x, u, Vu) D'u almost everywhere in
Q. Thanks to (5.21) and Fatou’s lemma we obtain

N

1 )
lim — / a;(x,u, Vu)D'u dx
h—oo h Z {|u\<h ( )
< lim liminf — / T (uy), V) D, dz (5.43)
h—o00 n—00 Z \un|<h} ( ) )

1 ,
< lim limsup — Z/ ai(z, T (up ), Viun ) Dy, dzz = 0.
{Jun|<h}

=0 p—oco
Step 6: Passage to the limit.

Let o € WHP(Q,&G) N L>(Q) and S(-) be a smooth function in W (IR) with supp(S(-)) C
[—M, M] for some M > 0.

Choosing S(uy,)e € WHP(Q, &) N L>(Q) as a test function for the approximate problem (5.4),
we get

N
Z/ ai(z, Ty (un), V) (DunS' (un ) + S(un) D) da +/ |2, [P0~ 20, S (10 ) oy
Q Q

= /Q fo(,un)S(un)p du.
(5.44)

Since (a;(z, Tar(un), VTar(un)))n is uniformly bounded in LP:(Q,w?) and a;(z, Ths(uy),
VT (uy)) tends to a;(z, Tar(u), VI (u)) almost everywhere in €, we get

a;(x, Tog (wn), VTar (un)) = ai(z, Tog (), VT (u))  weakly in - LPé(Q, w?),
and since DT (un,)S (un)e + S(Ta(un))D'e converges strongly to DTy (u)S'(u)p +
S(Ta(u)) Dipin LPi(Q,w;), we deduce that

nlLII;OZ/ a;(z, Ty (un) Vun)( S’(un)go—i—S(un)Digp) dx
(5.45)

= ;/Qai z,u, Vu) (D'uS'(u)p + S(u)D'y) dz.
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Moreover, we have S(Tas(uy,))e — S(Ta(u))p weak—= in L>°(Q), and by (5.27), we get

lim / i [P0 S (Tt (1) ot e — / 208 (Tay (1))
Q Q

n—oo

(5.46)
:/ [ulPo~2uS (u)pwo de.
Q

Similarly, we have f,,(z,u,) — f(z,u) strongly in L' (Q), then

fim [ (s un)S(Thr (un))p do — /Q Fa,u)S(Tog (u) ) dar = /Q F,u)S(u)p dz. (547)

n—0o0 Q

Combining (5.44) — (5.45) and (5.47), we deduce that

N
Z/ ai(z,u, Vu) (D'uS' (u)p + S(u)D'p) dx —l—/ [ulPo~2uS (u)pwo da
i=1 78 Q (5.43)

; / flz,u)S(u)p du.
Q

which conclude the proof of Theorem 5.2.
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