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Abstract. In this paper, we consider the following quasilinear and non-coercive elliptic prob-
lem

. ra(z, |[Vu|)Vu p(x)—2, _ i
~div (S )+ P = few) i,
a(z, |Vu|)Vu
AIYEV YR 0Q,
(Ut a7 "

we study the existence of entropy solutions for our elliptic problem in the framework of Sobolev
spaces with variable exponents, and we conclude some regularity results.

1 Introduction

Let Q be a bounded open set of RY (N > 2) with Lipschitz boundary 9. The study of quasi-
linear elliptic problems with degenerate coercivity has drawn a considerable attention in recent
decades, due to its rich mathematical structure and applications in nonlinear physics and engi-
neering. Boccardo et al. [12] have studied the quasilinear elliptic Dirichlet problem involving a
general operator A(x,u)Vu with the data f is assumed to be in L™ (Q) for m > 1. Later, Alvino
et al. [2] have considered the degenerated elliptic problem of the type

p—2
—div M =f in Q,
(14 [u])?®Y

u= 0 on 0Q.

(1.1

They have established the existence of entropy solutions under some assumptions, for more de-
tails we refer the reader to [3, 11, 13, 19, 15, 23, 24]. Similar problems involving Neumann
and Fourier-type boundary conditions have been considered in [7, 6, 9, 10, 5, 22, 21], and the
existence of entropy solutions with variable exponent have been studied in [8].

Furthermore, many questions remain open in the context of degenerated quasilinear elliptic equa-
tions involving variable exponent and nonhomogeneous Neumann boundary conditions. In par-
ticular, the degenerated elliptic equation of the form

fdiV(W) + [uP® 2y = f(z,u) inQ
(1 + Ju])})
(12)
a(z,|Vu))Vu on 90
(U a4 |

In this paper, inspired by the results of [5] and [8], we study the existence of entropy solutions
for such degenerate quasilinear elliptic problems in the framework of variable exponent Sobolev



Entropy solutions for some quasilinear 187

a(z, |Vul)Vu
(1 + Jul )@
into its dual. The Carathéodory function f(z, s) verifies only some growth conditions. We also
derive some regularity results of the solution.

The motivation for studying this problem in the framework of variable exponent Sobolev spaces
lies in their ability to model electro-rheological fluids, image restoration and nonlinear elasticity,
for more applications we refer the reader to [14, 25, 26, 31, 32].

This paper is organized as follows: in Section 2, we introduce some definitions and basic
properties concerning the variable exponent Lebesgue and Sobolev spaces. In section 3, we
present the assumptions under which our problem has at least one entropy solution. Section 4
is devoted to proof the existence of entropy solutions for our quasilinear elliptic problem (3.1),
and some regularity results were concluded.

spaces, where Au = —div( ) is a Leray-Lions operator acted from W1=p(')(Q)

2 Preliminaries
Let Q be an open bounded domain in IRY (N > 2) with boundary 0Q. We set
C(Q) = {continuous function p(-) : Q — RN suchthat 1< p_ <p, < oo},

where
p_ =inf{p(z)/2€Q} and p. = sup{p(z)/ z € Q}.

We define the convex modular as follows.
Py (u) = /Q [ulP®) da. .1
The Lebesgue space with variable exponent LP(") (Q) is defined by
LPY(Q) = {u :Q+— IR measurable / /Q lu(z)|P@) da < oo},

endowed with the Luxemburg norm

Jully) = inf{ A >0, /Q’“(;)‘p(” dz <1},

For p(-) € C,(Q) the space (LP")(Q),]| - | Lo()(q)) is @ separable, reflexive Banach space, and

, 1 1
its dual space is denoted by L*' () (Q), where o0 + o0 =1
by P\
According to [17, 30], the Holder type inequality associated to Lebesgue space with variable
exponent is given as follows

1 1 ’
/ wv dz| < (? + ]7)||u||m(g>||u||Lp/(.)<Q) forany we LP(Q) and ve LPO(Q),
Q — _
(2.2)
We define the Sobolev space with variable exponent by
WPO(Q) = {u e LP(Q) : |Vu| € LPV)(Q)}, (2.3)
endower with the norm
ullipe) = Il ro@) + IVl Lo ) (2.4)
The space (W!P()(Q), ||ull; (.)) is a reflexive and separable Banach space.
The modular function related to the norm of W!?(*)(Q) is defined by
p1 (1) = / lulP®) da + / |Vu[P®) de. (2.5)
Q Q

The following lemmas are essential for the study of variable exponents Sobolev spaces.
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Lemma 2.1 ([16]). Let p(-) € C1(Q), and let u,,u € LP)(Q) and p, < oo, then the following
properties hold true:

) oy > 1= [l gy < o (1) < 0250, 0
i) [[ull o) < 1= ||u||1£+p(-)(g) < pp(y(u) < H“||Z£;<->(g);
iii) ||ull Loeyq) < 1(resp. = 1; > 1) & pyy(u) < 1(resp. = 1; > 1);

) |lunll Lo @) — O (resp. — 00) & ppy(un) — 0 (resp.  — 00);

u

||UHLP<->(Q)
Lemma 2.2. (see [28]) Ifu € W'P0)(Q), then the following properties hold true:
) Tl > 1= [l < o1 () < [l
i) Jullypiy < 1= Julll' ) < prpy () <l

iii) ||ully pry < 1 (respectively = 1; > 1) <= py ) (u) < 1 (respectively = 1; > 1).

We set
N =Up@) o
pa(m)_{ N—p(m) f p( )<N7
00 if p(z)> N.

Lemma 2.3. (see [17], [29]) Let Q be a bounded open subset of RY, then the embeddings are
compacts hold true

« If p(x) < N, then WhP0)(Q) s LION(Q) for any q(z) € [p(x), p* (z)],
« Ifp(z) = N, then W0 (Q) < LIO)(Q) for any q(z) € [p(z), 0],
« If p(x) > N, then W) (Q) s L®(Q) N C(Q).

For any u € W'?()(Q), we denote by 7(u) the trace of u on O in the usual sense. In the sequel,
we will identify « and 7(u) on the boundary Q.

Definition 2.4. Let k£ > 0, we consider the truncation function 7(-) : IR — IR, given by
s it |s| <k,
Tl =13 &2 it |s| >k,
and we define
T'70)(Q) := {u: Q — IR measurable, such that Ty (u) € W'?1)(Q) for any k > 0}.

We recall the following results.

Proposition 2.5. (see [5, 21, 22]) Let u € T"P0)(Q), then there exists a unique measurable
function v : Q@ — RY such that

VT (u) = vX{ju|<k} forall k> 0.

The function v is denoted by Vu. Moreover, ifu € W'?()(Q) then v € (L*")(Q))N and v = Vu
in the usual sense.

Definition 2.6. We define 7,." ) (Q) as the set of functions u € 77()(Q) such that there exists
a sequence (u, ), C W'P()(Q) satisfies the following conditions:

Cl) u, — uwa.e. in Q.

C2) VTi(un) — VT (u) strongly in (L'(Q))¥ for any k& > 0.
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C3) There exists a measurable function v on 9L, such that u,, — v a.e. in 9Q.

The function v is the trace of u in the generalized sense.

In the sequel, the trace of u € 7," (')(Q) on 9Q will be denoted by ¢r(u). Moreover, if
u € W'P()(Q) then tr(u) coincides with 7(u) in the usual sense.

Furthermore, for any u € 7,7 (')(Q) we have 7(Tj(u)) = Ty (¢tr(u)) for every k > 0, and if
¢ € WPO(Q) then (u — @) € T,P(Q) and tr(u — ) = tr(u) — 7(¢).

3 Essential assumptions

Let Q be a bounded open subset of RY (N > 2), we consider the non-coercive quasilinear
elliptic equation

. ra(z,|[Vu|)Vu
_div( &5 Vuy vy

(T
a(z,|Vu|)Vu
(T+ u)>@

) + [uP® 2y = f(z,u) inQ,
G.1)
=g on 0Q,

where 7 is the outer unit normal vector on 9Q. We assume that the exponents p(-) € C, (Q) and
0 < A(x) < min(1,p(z) — 1). Moreover, the data g(x) belongs to L'(9Q).
The Carathéodory function a(z, |s|) : Q x R — IR" satisfies the following conditions:

la(z, |s])s| < a1(z) + ag|s[P@~! with a;(z) € L"O(Q) and a; >0 (3.2)
and 5
min {a(m, Is]), a(z, |s]) + S%} > a3)s[P®)~2 with a3 >0 (3.3)
and .
t2a(x,t) §p(x)/ sa(z, s)ds. 3.4
0

The Carathéodory function f(z, s) satisfies only the growth condition

f(z,5)| < folx) + c()]s]"), (3.5)

where fy(z) is a measurable function in L'(Q) and ¢(x) € L™®)(Q) with 0 < ~(z) < p(z) — 1
p(r) -

p(x) —v(z) -1

Thanks to the following two lemmas (see [8]), the operator a(z, |£])¢ is strictly monotone and

pseudo-monotone.

and m(z) = forae. z € Q.

Lemma 3.1. Assume that (3.2) — (3.4) hold true. Then there exists a positive constant az such
that : for all u, v € RN with (u,v) # (0,0), we have:

(ala, [ul)u — a(a, [o])o) (u — v) > s> " [u— v]?'") i pla)>2,
3.6)
(ala, [ul)u — a(a, [o])o) (u = v) > as(ful + [o)"@ 2 —of* i 1< p(a) <2

Lemma 3.2. Assume that (3.2) — (3.4) hold true. Let (u,), be a sequence in W'»()(Q) such
that u,, — u weakly in WHP1)(Q) and

/(a(m, [Vu,|)Vuy, — a(z, |Vu|)Vu) - (Vu, — Vu) dz
Q 3.7)
+ / (Jton [P® 20, — [uP@)=20) (uy, — u) dz — 0 as n — oo,
Q

then u,, — u strongly in W'P0)(Q).
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Now, we introduce the notion of entropy solution for the problem (3.1).

Definition 3.3. A measurable function « is an entropy solution of the non-coercive quasilinear
elliptic problem (3.1) if u € T,-77(Q), with f(z,u) € L'(Q) and |u[f@~2u € L'(Q), such
that u satisfies the inequality

a(l‘, |V’U,DVU p(z)—2

(3.8)
< /Qf(;v,u)Tk(u — ) dx + /BQ 9Tk (u — ) do,

for any p € WHPH)(Q) N L2 (Q).

Theorem 3.4. Assuming that the conditions (3.2) — (3.5) hold true, then the problem quasilinear
elliptic (3.1) has at least one entropy solution.

Remark 3.5. Note that the result of the theorem 3.4 remains true even in the case of N < p(x) <
00.

Proof of Theorem 3.4

Step 1: Approximate problem

We define f,,(z,u) = T,,(f(x,u)) and g, (z) = T,,(g9(x)), we consider the following approxi-
mate problem

3 a(:v, |VUn|)Vun _ .
_d n p(m) : n = Jn n Q
IV((1+ITn(un)|)A<x>) + [un| Up = fu(z,up,)  in Q, )

a(z, |Vug|)Vuy,
=g Q.
0+ T 1= () on

We consider the operator B,, : W!?()(Q) — (W'»()(Q))’ defined by:

_ a(z,|Vu|)Vu plz)-2
<Bnu,v> _/SEHWQWVU d$+/S\2|U/‘ uv dl’
Jo(z,u)v do — / gn(z)v do Yu,v € WO (Q).
Q oQ

(3.10)

’

Lemma 3.6. The bounded operator B,, defined from W' *0)(Q) into its dual (W'*0)(Q))’, is
pseudo-monotone and coercive in the following sense :

(Bnv,v)

lvll1pe)

— 00 as vl o0 for veW'P(Q). (3.11)

Proof of Lemma 3.6

Firstly, we show that the operator B,, is bounded. In view of Holder’s inequality and (3.2), we
have:

|a(z, [Vul])|[Vul / (@)—1
Buu, < Vo| dx + p(z) d
[(Buuv)l - < /(71 + |Tn(u)|)’\(w)| vl d Q fu ol d=

+ |fn<x,u>||v|dx+/ \gnll0] do
Q oQ ('r)—l
< 2lla(z, [Vul)Vully ) lIVolley + 20l Lo ol

+nllvll L) + nllvll L on) (3.12)
< 2(Jlas (@) + a2 [Tl ) ) 190l + 20l s el
+nCollvll1 ()

< G (llon (@) ) + a2l FulP O iy + MO~ gy + ) ol
< Co(1+[Jull?o ) v

Lp(-)-
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For the coercivity, thanks to (3.3) we obtain

(Bpu,u) :/Wd +/|u|p dm—/a gnuda—/fna:uudx

pla
2/a3 [Vl d:v—l—/ |u\p dac—/ |G || 1] do—/ | fr (2, w)||u] dz
o (I+n) 0 o

a3
~ (T+n)* Jg

. as
Z mln{w, 1}pl,p()(u) - TLC:’?HUH],p(.)

|VulP@) dz + Q|U|p ) dz — nllull L1 a0) — llull L)

. as _ 1,p(-
> mm{(l—i—n)M’ 1}(||u| f’F(') —1) - nCsl|ully ) forany u e Wwhel )(Q).

(3.13)
It follows that
B’I’L ’ .
(Bnv, v) as  [vllyp) — oo for ve whrt(Q).
vll1,p0) '
Now, it remains to show that B,, is pseudo-monotone : assuming that
u, —u  weakly in WP (Q),
Buuy — xn  weakly in (W'20(Q))', (3.14)
lim sup(Bpug, ug) < (Xn,u) in Wl"p(‘)(Q).
k—o0

We will prove that B,u = x,, and (B, ug, ur) — (Xn,u) as k — oco.

a(z, |Vug|)Vuy
(1 + [T (ur) A)
exists a measurable function ,, in (L?'()(Q))N such that

In view of (3.2), we have ( > is bounded in (L” )(Q))N, then there
k
a(z, |Vug|) Vur, — ¢, weaklyin (L7 Q)N as k — . (3.15)

Moreover, in view of (3.14) and the compact embedding W'*()(Q) << LP()(Q) we have
ux — w strongly in LP()(Q), then

lug [P 20y — |u|P®) 2y stronglyin LP)(Q) as k — oo. (3.16)

Furthermore, we have |f,(z,ux)| < n and f,(z,ur) — fn(z,u) almost everywhere in Q, in
view of Lebesgue’s dominated convergence theorem, we get

fol@,ug) — fo(z,u) stronglyin LP)(Q) as k — oo. (3.17)

Since g, € L®(Q) C L?'()(9Q), then we have:

/ n(T)uy, do — gn(z)udo as k — oco. (3.18)
oQ oQ

Thus, for any v € W*()(Q) we have

. T (1‘ |Vuk|)Vuk p(z
klgl;@(Bnuk,w 71&230/ (0 + [T (ug)) 2@ VU dx + hm / g |P®) 2w da
— lim [ fo(z,ug)vde — hm gnv do
k—o0 Q k—o0 o0

/S%Vv d:c—i—/ |u|P®) =2 d:z:f/ fu(z,u)v d:cf/ gnv do.
Ere)

(3.19)
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By combining (3.14) and (3.19), we conclude that

2
lim sup(Bug, ug) glimsup</ (( [ Vugl) |Vuk\ /|u |p

k—s o0 k—s o0 1+ T (ur)l)
fn(‘r7uk)ukz dx — / gnUE do
Q Ye)
< / enVu dz —|—/ |u|P®) dz — / fo(z,w)udx —/ gnu do.
Q Q Q T
(3.20)
In view of (3.16), (3.17) and (3.18) we have

. a(z, | Vur)) | Vug|? /

lim su ~ dr < nVu dx. (3.21)

oo Jo (1 [T (ur) N o’

On the one hand, according to Lemma 3.1, we have
(a(z,|Vug|)Vug — a(z, |Vu|)Vu) (Vug, — Vu) > 0 almost everywere in Q.  (3.22)

Then

a(, [Vug|) Vuy, a(x, [Vul)Vu
/g(u T ()X (1 + [T () >)(V“’f TVudez0. (23)

It follows that

az, [Vug|)|[Vug|* a(z, |Vug|)Vur, Vu a(z, |Vu|)Vu -
o5 P 2 0% o o 0 G (7 o

We have a(z,|Vu|)Vu R a(z, |Vu|)Vu
(14 [T (up) DA (1 [T (w))2)
Vu — 0 weakly in (LP()(Q))V, then

strongly in (LP'()(Q))N, and since Vuy —

/ (1 J£ |T|,ZZ,|€))EU( )(V r—Vu)dr — 0  as k— oco.

Thanks to (3.21) we obtain

. a(z, | Vug|) | Vuy* /
lim inf dx > nVudzx. 3.25
Ho/g<1+|Tn<uk>>A<m> R 522

In view of (3.21) and (3.25), we conclude that

T / a(z, | Vug|) | Vug ?
im
o (1+ [T (ug) A=)

dx:/aanudx. (3.26)
Q

k—oco

By combining (3.16) — (3.18) and (3.26), we deduce that
(Bpug, ug) — {(Xn,u) as k — oo. (3.27)

On the other hand, we have uj, — u strongly in LP()(Q), and in view of (3.23) and (3.26) we
obtain

lim (/Q(a(a:, [Vup)Vug — a(z, |Vu|)Vu) ) (Vug, — Vu) do

k—> 00
—|—/(|uk|p(”)_2u1C — P20 (uy, — u) da;) —0 as k — oo.
Q
(3.28)
In view of Lemma 3.2, we deduce that

up — u stronglyin  W'"?0)(Q) and Vu, — Vu ae.in Q. (3.29)
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Moreover, we have ( alz, [Vug|) Vu ) is uniformly bounded in (L*'()(Q))". and since
(14 [T (ur ) )M
a(z, |Vug|)Vuy a(z,|Vu|)Vu

almost everywhere in Q, we conclude that
(L4 [T () DA (1 + [T (w) A
a(@, |[Vug)Vur  a(z, [Vu|)Vu

i ()
(1 + [Tu(up) )@ (1 + T (w)]) @ weakly in  (L” (Q))N. (3.30)

Having in mind (3.16) — (3.18), we deduce that y,, = B,,u which completes the proof of Lemma
3.6.

According to Lemma 3.6 (cf. [20], Theorem 8.2), there exists at least one weak solution u,, €
W) (Q) for the approximate problem (3.9) i.e. :

( ‘VunDVU/n ()2
/(1+|Tn(un)|) X VY d“/lunl unv da

:/fn(:r,un)vdx—i—/ gnv do for any v € WP (Q).
Q o0

(3.31)

Step 2: A priori estimate

Letn > k > 1, by choosing T (uy,) as a test function for the approximate problem (3.31), we
have

Vu,|)Vu,
ST Vo) e+ ol oo d

(3.32)
:/fn(x,un)Tk(un) d:v—l—/ gn Tk (un) do.
Q o0
In view of (3.3) and (3.5), we obtain
|Vun|p / -1
a dac—i— Up, Ty (un)| dz
3/%%} TR P T ()|
(@, uwn) || Tk (un dx+/ Inl| Tk (un)| do
Q\ (s un)|| T (un) | 69| [T (u ) (3.33)
< kol + [ le@)lunl" Tiun)] o + KlglLr oo
<Cok+/| \un|7 \Tk(un)\d:c.

We have 0 < v(z) < p(z) — 1, and in view of Young’s inequality we get

p(z)
[ @il ) dn < G [ Jel) TR D) o+ 5 [ P )
Q

(3.34)
(@)=
with ¢(z) € L1 (). It follows that
|VTk(un)| * / -1
de + = APENT (w,)] de < Chk. 3.35
o f TR &+ 5 < 39
Then, we obtain
/ VT ()] ) dg + ~ / [Ty (un |p dx < Cyk. (3.36)
We conclude that
/ VT (1) [P daz + / Ty () [P®) da < C3k"*A+ forany k> 1. (3.37)
Q Q

I+

1Tk (wn) |1 py < C3k 7= forany k> 1. (3.38)
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Then the sequence (7} (uy,)) is uniformly bounded in W'»()(Q), and there exists a measurable
function 7, € W'»()(Q) such that

Ti(un) —me  weakly in WHrO)(Q), (339)

Ti(un) — mx  stronglyin LP()(Q) and ae.in Q. ’
Moreover, in view of (3.36) we obtain

kP~ meas ({|un| > k}) :/ | Tk (un) "~ dx

|un|>k}
Q
< 20Chk.
We deduce that
2CHk
meas ({|u,| > k}) < e 0 as k— 0. (3.41)

Now, we will show that the sequence (u, ), is a Cauchy sequence in measure. Indeed, we have
for every § > 0,

meas{|u, — up| >0} < meas{|u,| >k} + meas{|u,,| > k}
+ meas{|Tk(un) — Tk(um)| > 5}
Let e > 0, in view of (3.41) there exists a positive constant k¥ = k() large enough such that
meas{|u,| > k} <

and meas{|u,,| > k} < (3.42)

W[ M

€

3

Moreover, thanks to (3.39) we get
Ti(un) — m  strongly in L”(')(Q) andae.in Q.

Consequently, the sequence (Tj (un)),,c v is @ Cauchy sequence in measure, thus : for any & > 0
and d,¢ > 0, there exists ng = no(k, d, ) such that

meas{|Tj(un) — Ti(um)| > 6} < for all n,m > ny(k,d,e). (3.43)

<
3
By combining (3.42) and (3.43), we deduce that: for all 6, > 0, there exists ny = ng(d, ) such

that
meas{|u, — upm| >0} < e for any n,m > ng.

It follows that (u, ), is a Cauchy sequence in measure, then converges almost everywhere, for a
subsequence, to some measurable function u. Thanks to (3.39) we obtain

Ti(un) = Ti(u) weaklyin  WHPO(Q),
Ti(un) = Ti(u) stronglyin L'(Q) and ae.in Q, (3.44)
Ti(un) — Ti(u) stronglyin L'(9Q) and ae.in 0Q.

Moreover, in view of (3.35) we get
/ lun|P® 1 de <2C,  forany k> 1. (3.45)
{lun|>k}

Thus, we conclude that
/ un [P~ dz < Cy, (3.46)
Q

with C} is a positive constant that doesn’t depend on £ and n.
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Step 3: The equi-integrability of (|u,,|P®~"),, and (f,.(z, un))n-

1
Letn > 2h > 0, by taking E(Tzh(un) — Tx(uy,)) as a test function for the approximate problem
(3.31), we obtain

1 / a(z, |Vun|) | Vu,|? 1 / »
h 7 dx + u P(@) T2h Up) — Th u dx
B ineuni<ony (14 [un] 2@ g ), el Ton ) = T (o)

<5 /Q | fo (@, un)| [Tan(un) — Th(un)| do + % /aQ lgn| |Ton (tn) — T (uy)| do.

(3.47)

In view of Young’s inequality, we conclude that

l a(z, |VTan (un) )V T (un)
b Jih<iun|<2ny (1 + [Top (un ) [)A)

dx‘f‘%/ Jun [ T (1) = T ()|
Q

1
< E/ | fo(@)[ |Ton(un) — Th(un)| dz + E/ c(@)un ") [ Top (un) — T (un)| dz
Q Q
1
b [ 1l 1230 ) = Tala) do
1 oo p(x)—1
<& [ (fola)] +166a) T 120 (1a) — T ()| do
Q
1
[ 1@ [To(n) = Th ()| dor
] 99
_,_7/ |un|p(””)_1 [ Ton (un) — Th (up)]| d.
2h Jo
(3.48)
It follows that
2
1/ Q<I7|VT2h(Un)D|VI;%h<un>| dz—i—f/ |un\p<x>7ldx
b Jih<iu, |<2ny (14 |Tap (un) )2 2 Joan<qun)}
p(x)—1
< ] <|fo(x)\ + |c(m)|v<w>*lﬂ<w>> dz + lg| do — 0 as h — oco.
{h<|un|} 0QN{h<|unl|}
(3.49)
Thus, we conclude that
1 Ton (un Do (un)|?
lim limsupf/ a(@, [VTon (unDIVIon () _ g (3.50)
h—00 1 500 {h<|un|<2R} (1 + [Ton (up) )2
and
lim [un [P =1 dz = 0. (3.51)

h=00 Jian<|u, |}

Firstly, we will show that the sequence (|u,|["*)~!),, is uniformly equi-integrable.
Let A > 0, for any measurable subset £ C Q, we have

/ |t [P d < / |t P da + / T ()P~ dax. (3.52)
E {h<lunl} 2
Thanks to (3.51), for all € > 0, there exists ho(¢) > 0 such that
/ PO e < £ forany h > ho(e). (3.53)
{h<lunl} 2

On the other hand, there exists (e, i) > 0 small enough such that:

/ T ()PP~ dae < % forany E C Q with meas(E) < (e, h). (3.54)

E

By combining (3.52) and (3.53) — (3.54), we conclude that

/ [P da < & forany E C Q with meas(E) < §(e). (3.55)
B
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Thus, the sequence (|u,, [P*)~"),, is uniformly equi-integrable, and since |u,, [P(*)~1 — |u|P(*)~!
a.e. in Q. In view of Vitali’s Theorem, we conclude that

1

|t [P — [P strongly in  L!(Q). (3.56)

Moreover, we have for any ¢ > 0 there exists 5(¢) > 0 such that

[l do < [ @) dot [ c@lunp do
E E
< [ U0@) +1e@) 555 dot [ fuopt GSD
E E
<g,
for any E C Q with meas(E) < 3(¢).

Thus, the sequence (f,,(x,uy)), is uniformly equi-integrable, and since f,(z,u,) — f(z,u)
almost everywhere in Q. Using the Vitali’s theorem, we deduce that

fn(z,u,) — f(z,u) strongly in L'(Q). (3.58)

Step 4: Convergence almost everywhere of gradients

In the sequel, we denote by ¢;(n), i = 1,2,..., various real-valued functions of real variables
that converges to 0 as n tends to infinity. Similarly, we define ;(h), and &;(n, h).
Let h > k > 0, and we consider the function Sy,(-) : IR — IR defined by:

|Ton(r) = Tn(r)|

Sh(r) =1- A

By choosing Sj, (un ) (Tk(un) — Tk (u)) as a test function for the approximate problem (3.31), and
since 0 < Sp,(r) < 1 forany r € IR we get

A <?$’|Tvn?5l)>&b&) (VT(un) ~ VT (w)) S () d
1

1 a(z, | Vun|) |V, |
b Jin<tuni<any (14 T (un) )@

< / |un|p(w)715h(un)|Tk(un> — Ty (u)| dx +/ |fn(x’un)|sh(un)|Tk(un) — Ty (u)| dx
Q Q

Ty (ur) — Ti(u)| dz

+/39 |gn| Sk (un)| Tk (un) — Tk (u)| do
< /Q |’Ufn|p(gc)_1 |Tk(un) - Tk(u)| dx + A |fn(‘r>un)”Tk(u") o Tk(u” dz

+ /8 1T () = Tula)] o

(3.59)
For the first term on the right-hand side of (3.59), thanks to (3.56) we have |u,|P®*)~1 —
|u[P@)=1 strongly in L'(Q), and since Ty (u,,) — Ty (u) — 0 weak—x in L>°(Q), then

e1(n) = / |t [P T () — Ti(u)| dz — 0 as  n — oo. (3.60)
Q
Similarly, in view of (3.58) we have f, (z,u,) — f(x,u) strongly in L'(Q), then
ea(n) = / | fr(y un)|| Tk (un) — Tk (u)| dz — 0 as n — oo. (3.61)
Q

Concerning the last term of the right-hand side of (3.59), we have g,,(x) — g(x) strongly in
L'(8Q) and since Ty (uy,,) — Ti(u) — 0 weak—x in L>(9Q), then

e3(n) :/ lgn)| Tk (un) — Tk (u)| do — 0 as n — oo. (3.62)
a0
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By combining (3.59) and (3.60) — (3.62) we conclude that

( ‘Vuanun
/{mk} (Lt 1T (e~ (V) = VT ()

a(z, |Vuy|)Vu,
to<luni<2ny (L4 1T (un)l)*“’
<1 a(z, \Vun|)|Vun|

h {h<|un|<2h} ( + |Tn(“n)|)
It follows that

a(z, | VT (un)| ) VT (un)  alz,|VT(u)|) VT (1)
/Q ( (1 + Tk (up )A(f) a (1+ |Tk(un)|)>‘(r) ) (VT (up) — VT (u)) dx

|
a(z, Nk (w) )VT ()
T T k() = V() d

B a(@, |V Ton (un) ) VTan (un) - VT, (u)Sh(uy,) dz

+ (VT (un) — VTg(u))Sh(uy) d (3.63)

{k<|un|<2h} oo (‘ |7;2|h(un)||)>\<x>
Vin|) |V, |?
h Jin<tun<ony (14 T (un)) M
(3.64)
For the second term on the left-hand side of (3.64), In view of Lebesgue’s dominated con-

a(z, VT (w)]) VT (u) a(x, VT (u)]) VT (u)

—
(1 + [T (un ) )M) (1 + [Tk (u)[)2)
(LY O)(Q))N, and since VT}(u,,) — VTi(u) weakly in (LP()(Q))N, then

vergence theorem we have strongly in

e6(n) = /Q a(?{ lfj;ﬁk(?gl))ziigu) (VTi(up) — VIg(u)) de — 0 as n—oo. (3.65)

Concerning the third term of the right-hand side of (3.64), the sequence

(ct(x, |VT2h(un)|)|VT2h(un)|>
(14 |Tan (un ) )@ n

is uniformly bounded in (L¥'()(Q))N, then there exists a measurable function ¢, €
/(. ) VTZh(“n)')‘VTZh(unN . /(.

LPO(Q))N such that alz,| — weakly in (L' ()(Q N and

since VT, (u) Sk (un) — VT (u)Sh(u) strongly in (LP")(Q))N it follows that

Top(un)|)VIop(un
e7(n) :/ a(z, [V (un) )V /\2’ G - VT, (w)Sh(un) dz
{k<|un|<2n} (1 + ‘TZh(un)l) (=) (3.66)
— wan + VT (1) Sp(u) de =0 as n — oo.
{h<lul<2h}

For the first term of the right-hand side of (3.64), thanks to (3.50) we have

1 ; Vu’n vun g
eg(h) = 7/ e [Vun [V 71T (un) = Ti(u)| dz
h S ih<tun<any (14 [T (un) A ) (3.67)
. 2k a($7\vun|)|vun| dr — 0 as n,h — oo.

h Jin<tun<any (14 [T (un) DA
By combining (3.64) and (3.65) — (3.67), we conclude that

: ( (2, IV Ti(1) )V Tk (1) = @, VT () ) VTk(w) ) - (VT () = VTi(w)) da

k
( z, \VTk un))VTk(un)  alz, [VIk(uw)|)VI(u)

(1 + 1T ()@ (1’+|Tk(un)|)>\(l‘) )'(VTk(“n)—VTk(U))dx

IN =
m\-l—

IN

(3.68)
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Having in mind that T}, (u,,) — T (u) strongly in LP()(Q), we conclude that

/Q (a(x, IV T3 (1)) VT (1) — a(z, |VTk(u)\)VTk(u)) A(VTi(un) — VT (w)) da

+/Q(|Tk(un)|p(“7)_2Tk(un) — | T3 () P@) 2T () ) (T () — Tie(w)) dz — 0 as n — oo,

(3.69)
Thanks to Lemma 3.2, we obtain
Ti(un) = Ti(u) stronglyin  W'20)(Q), (3.70)
Vu, = Vu ae.in Q. ’
2 2
Moreover, we have a(@, |V T (un)]) [V T (1) tends to al(, |VT;(u))) [V Th(w)] almost ev-
(1 + [T (un) M) (1 + [u])A@)
erywhere in Q, and in view of Fatou’s lemma and (3.50) we conclude that
2
i | [ ATV,
h—oo h Q (1 + |UD)\(I)
2
< lim liminf - / o, VT () DIV T () ” ) (3.71)
h—oo n—oc h [ (1 + ‘Tn(un)D)‘(w)

2
< lim limsupl/ a(m’wTh(u”)DWT/\}é?”)l dr =0
o (14 [T(un)])

h—00 5500 h
Moreover, we conclude that

a(x, VT (un) ) VTk(un)  alz, VT (w)]) VT (u)
(1 + [ The(up) )@ (1 + | T () )@

weakly in (L O(Q)N. (3.72)

Step 4: Passage to the limit

Let & > 0and ¢ € WP (Q) N L>®(Q), we set M = [|¢||o0 + k-
By taking T} (u, — @) as a test function in the approximate problem (3.31), we have

a(z, |Vuy|)Vu, / 5
/§2(1+|Tn(un)|)>‘<$) k(un = @) dut | fun|" 5 unTi(un = ) du

— | s ) Tt — ) o + / o (2)Ti(n — ) do.
Q oQ

For the first term on the left-hand side of (3.73). We have {|u, — ¢| < k} C {Jun| < M}, and
in view of Fatou’s Lemma, we obtain

o a(z, |Vu,|)Vu,
lirggf/ (1 +|Tn(un)P< VIl = ¢) de
CR ) |VTM (un)DVT]M (un>
=1 f (VT (uy) — d
R vz (U (e VTl = Ve da
— liminf ( (:L'7 |VTM (un)l)vj;M (un)
=0 Ju,—p|<k} (14 |Tar (un)[)2)

a(z, [Ve|) Ve ) (VT (up) — V) dz

(3.73)

T ) Y
e T e
/{/ TR T T
-/ . vﬁ} fé;ﬁM)‘()QM“) -(VA; ()~ V)
{lu—pl<k} + [ Ta (w))2) M
=/Qa1mjr| |J|L| VT (u— @) da.

(3.74)
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Moreover, thanks to (3.56) we have |u,,[P®)~2u,, — |u|P®)~2u strongly in L'(Q), and since
Ty (un — ¢) tends to Ty (u — ) weak —x in L>°(Q), then

/ |un|p(x)_2unTk(un —p)dr — / |u|p(m)_2uTk(u — ) dx as n — oo. (3.75)
o Q
Similarly, using (3.58) we have f,,(x,u,) — f(z,u) strongly in L'(Q), then
/ Fo(@yun) T (uy — ) do — / flz,u)Te(u — ») do. (3.76)
Q o

For the second term on the right-hand side of (3.73), we have g,,(z) — g(x) strongly in L!(0Q),
and since T} (u, — ¢) tends to Ty (u — ) weak —x in L°°(9Q), it follows that

/ Gn () Ty (uy — @) do — / 9(x)Ty(u — @) do. (3.77)
00 00
By combining (3.73) and (3.74) — (3.77), we conclude that

/ a(z, |Vu|)Vu
o (L [ul)r=)

< | fe =)ot [ gTiu=p)do

VTi(u—p)de+ / |uP@) 20T (u — @) da
Q (3.78)

which conclude the proof of Theorem 3.4.
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