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Abstract. This paper studies the spectral structure of bicomplex linear operators of the form
T = e1T7 + e;1, acting on C}. Owing to the presence of zero divisors in the bicomplex alge-
bra, classical spectral theory does not fully capture partial degeneracy phenomena. Motivated by
this structural feature, we introduce and systematically analyze the notions of modified eigen-
values and modified eigenspaces. We prove that a bicomplex number kje; + kje; is a modified
eigenvalue of T if and only if at least one of its idempotent components belongs to the classical
spectrum of the corresponding complex operator. This yields a complete structural characteri-
zation of the modified spectrum as Y = (Y} x. C;) U (C; x, Y,). Furthermore, we provide a
precise classification of modified eigenspaces according to the spectral configuration of 7] and
T,. These results clarify the role of one-sided singularity and reveal the intrinsic anisotropic
nature of bicomplex spectral theory.

1 Introduction

The theory of bicomplex numbers has developed into an active and rapidly growing area within
complex and hypercomplex analysis. Over the past decades, substantial progress has been made
in understanding their algebraic, analytic, and geometric structures. Foundational studies have
established the topology of bicomplex spaces, differentiability and analyticity of bicomplex func-
tions, matrix theory over bicomplex algebras, and extensions of classical complex analytic con-
structions to the bicomplex setting (see, for example, [1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13]).
These developments provide a coherent structural framework for investigating both linear and
nonlinear phenomena in multicomplex spaces.

Section 1 introduces bicomplex numbers and presents the fundamental definitions required
throughout the paper. In addition, we describe bicomplex matrices and linear transformations,
together with the role of the idempotent decomposition that plays a central role in bicomplex
analysis.

Section 2 investigates eigenvalues and eigenvectors in bicomplex spaces. In particular, we
study eigenvalues and eigenvectors of a class of C,-linear maps of the form T' = e;T| + e, 75,
and analyze several properties and structural results associated with such operators.

Section 3 focuses on eigenspaces and modified eigenspaces of bicomplex C;-linear maps
of the form T" = e;T| + e;1>. We also establish the relationship between the set of classical
eigenvalues and the set of modified eigenvalues for such bicomplex C;-linear operators.

The spectral structure of bicomplex linear operators differs from the classical complex case
due to the presence of zero divisors. Motivated by this feature, we introduce the notions of mod-
ified eigenvalues and modified eigenspaces, which capture situations where an operator becomes
singular with respect to one idempotent component while remaining regular with respect to the
other.



A New Persp. on Eigenvalues & Eigenvectors of Bicomplex L.O. 213

Bicomplex numbers: A bicomplex number is an element that can be expressed in the following
form:

E=uy +ijup + tuz +irioug, up € R, 1 < k<4, with i1ip = dgip, i%zi%:—l,

where wuy, are real numbers with 1 < & < 4, and the unit vectors ¢; and i, satisfy the conditions
111y = 1291 and z% = z% = —1. The set of all bicomplex numbers is denoted as C,, referred to
as the bicomplex space. The symbols C;, Cy, for convenience, denote the set of all complex
numbers and the set of all real numbers respectively. The bicomplex space C, can be described
in the following two ways:

By considering the real components form:
Cy = {uw +iyuy +iqus +irigug - up,up, uz, ug € Co}
and the complex components form:
C, = {z14+izn : 21,22 € Ci}. (1.1

It is important to note that C, contains zero-divisors, which means it is not a field but rather
an algebra over C;. In C,, there are exactly four idempotent elements; O, 1, e, and e;. The
nontrivial idempotent elements e; and e, are defined as follows:

(1 —iyin)
e

e = 7(1 +2ZIZZ) and ey =

Notice thate; + e, =1, ejep = eze; = 0 and e% =eq, e% = e).

Definition 1.1. [11] (Principal Ideal) The proper principal ideals generated by e; and e; are
denoted as I; and I, and defined as:

I =: {561 1€ Cz} = {6761 1€ € C]},
I, =: {562 €€ Cz} = {§+€2 : f+ S (Cl}

Singular and non-singular elements: An element £ € C,; is said to be non-singular if there
exists 7 € C, such that £&.7 = 1. In other words, £ possesses a multiplicative inverse within
C,. Also, an element in C, that lacks such a multiplicative inverse is called a singular element.
Moreover, there is an infinite number of elements that lack a multiplicative inverse.

Notably, £ = z; +1i;2; is classified as singular if and only if the absolute value of z; 44,2, equals
zero, written as zlz + z% = 0. The set of all singular elements in C, is denoted as O, = I} U I,.

The following result mentioned in [11] can be verified easily.
Proposition 1.2. Let £ € C, be a bicomplex number. Then we have
& is singular ifand only if €I, UI,
in other words, ¢ is non-singular if and only if € ¢ I} U I,.

Idempotent representation of bicomplex numbers: [11] Every bicomplex number ¢ = z; +
ip2; can be uniquely represented as the complex combination of elements e; and e; in the fol-
lowing form:

E=(zn1—iizm)er + (21 +i120)e,

where complex numbers (z; — 4122) and (21 + 41 22) are called idempotent components of £ and
will be denoted by £~ and £ respectively. Therefore the number £ = 2z + i22, can also be
written as £ = £~ ey + &1 ey, where €7 = 21 — 12 and €1 = 21 + 11 20. Moreover the idempotent
representation of the product of elements £, 7 € C, can be seen easily to be as:

En=(En)e+ () e

Cartesian product: [8] The n-times Cartesian product of C, denoted by C} and consists of all
n-tuples of bicomplex numbers of the form (&;,&,,...,&,). Each component &; belongs to C,
fori=1,2,...,n. Formally, this is expressed as:

(Cg = {(517£27"')€n): 57, ECZ’ 1= 1,2,...777,}.
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Furthermore, using idempotent representation, each element of C} can be expressed uniquely
as follows:

(€16, 6) = (67,6, & )en + (67,67, .., & e,

such that (&§;7,&,...,&,) and (§,&, ..., &) are n-tuples of complex numbers from the space
Cr.

Cartesian idempotent product: [8] The Cartesian product in bicomplex spaces is defined as
follows: for any subsets Sy, S, C CY', their idempotent product, denoted S; x. S», is defined as
a subset of C¥ given by

Si Xe Sy ={e1x+ey:xz €S,y S} (1.2)

Analogous to the concept of cartesian product of bicomplex number, for any subsets H;, Hy C
C5*", their idempotent product, denoted as H; x. H is defined to be a subset of C}"*" given
as:

Hy x. Hy, = {ejA+e;B: A€ Hy,B e H}. (1.3)

Similarly for linear maps, for any non-empty subsets A, A, of the space of C;-linear maps
Hom(C7,C7"), their idempotent product, written as A; x. Ay, is defined to be a subset of
Hom(C%,C5") given as

Al xo Ay = {elTl +eTr: Ty € A, Ts € Az} (1.4)

Remark 1.3. For the convenience, we denote the set of all C;-linear maps from C} to C{* by
L™, instead of Hom(C}, CT*) and set of all C;-linear maps from C} to CJ* by L}™. Clearly
both L™ and L™ are vector spaces over C;. Hence, we can see that

dim(L{™) = mn and dim(L5™) = 4mn. (1.5)

Definition 1.4. (Bicomplex matrix): A bicomplex matrix of order m x n is denoted by A =
[€ijlmxns &j € Co. We let the set of all bicomplex matrices of order m x n be denoted by C7**",
i.e., we have

o = {[gij]: €,€Coi=12,...m j= 12n} (1.6)

The usual matrix addition and scalar multiplication make the space C}"*" to be a vector space
over the field C;. This immediately indicates that the dimension of C7**" over C; is 2mn, i.e.
we have

dim(C7™(Cy)) = 2mn. (1.7)

Analogous to the idempotent representation of bicomplex numbers, any bicomplex matrix
A = (&, %, € CI*™ can be decomposed uniquely as

A=e A7 + e A+, (1.8)

where A~ = [¢

+ = [e+ -
s AT =[&5],, are complex matrices.

Definition 1.5. (see definition [8, 2.3]) For any given 73,75 € L}"™, we can define a map
T: Cy — C3* by the following rule:

T(£1>§21"'7€n) =€l T1(§;77§;)+62T2(§1+7’§:)

Clearly, T is a C;-linear map and can be written as e; 7] + e>T5. Thus the set of all such linear
maps is the idempotent product L™ x. L™, i.e., we have

L™ x L™ = {eTi+eTheLy™: Ty, Ty € L™}, (1.9)
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For convenience, the set of all such type of T' = €117 + ex1>: C} — C¥ linear operators is
denoted by L} x. L}. The idempotent product L™ x. L™ is a subspace of L™ over the field
C,. Consequently, L}™ x. L™ has dimension 2mn. That is

dim(L™ x, LM™(Cy)) = 2mn. (1.10)

The vector spaces C7**" and L™ x. L™ are isomorphic because they have the same di-
mension over the field C;. So the matrix representation of 7' = e T} + e, T, with respect to the
ordered bases By, B, for C} and Ci" respectively is defined as

[T, = ei[T1]g, + e2[ D] (1.11)

Where [Tl]g; and [Tz]g; are called the matrix of 7} and 75 relative to the pair of ordered bases
B; and B;. In the special case when C}" = C}"*, the matrix representation of the operator 1" =
e1Ty + e2T» with respect to basis B for C? is simplified to [T from [T]5. Thus, we have

[T]5 = e1[Th]s + ea[T2] 5. (1.12)

Proposition 1.6. (See [8]) Let T', S € L™ x. LT'™ be any elements such that T = eT1 + e;T)
and S = e1S1 + €25,. Then, we have

(i) T+ S =e(T1 + 51) + e2(Tr + S2).

(ii) oT = e)(aTh) + e2(aTr); Va € Cy.

Theorem 1.7. (See, [8]) Let T € L™ x. L™ so that T = e T1 + ex15 for some T, 1> € L™,
Then, we have

(i) ker(e;Ty + exTh) = ker Ty X ker Th.
(ii) Im (61T1 + esz) =ImT, X, Im7T,.

2 Eigenvalues and eigenvectors associated with T' = e, T + e,

Earlier, [8] introduced an idempotent method for the matrix representation of linear maps of the
form T' = €11 + exT5> : C3 — C3*. This establishes a one-to-one correspondence between
bicomplex matrices A = [{;;],xn and such operators on C%. Through this correspondence,
spectral properties of bicomplex matrices may be studied via their associated linear operators.
In this section, we investigate eigenvalues and eigenvectors of operators of the above form.

Definition 2.1 (Singular and Non-Singular Vectors). A vector (¢, ...,&,) € C} is called non-
singular if at least one component &; is non-singular (i.e., invertible) in C,. Otherwise, it is called
singular.

If a vector is non-singular, then (£;7,...,&,) # 0 and (¢",...,&}) # 0. The converse need
not hold.
Example 2.2. The vectors (1,0,...,0) and (0, 1,...,0) are non-zero vectors of C". However,

61(1,0,...,0)+62(0,1,...,0) = (6],62,0,...,0)

is a singular vector in C%, since both e; and e; are zero divisors in C,.

Remark 2.3. Every vector (¢i,...,&,) € CZ admits the idempotent decomposition
(517"' 7571) = 61(5;7~~~7£;) +62( T77£7—:)
Moreover, the vector is non-zero if and only if either (¢,...,&,) # 0or (§,...,&F) #0.

Definition 2.4 (Classical and Modified Eigenvalues). Let T = e;T} + exT> € L} x. L} be a
C,-linear operator on C3.
A scalar A € C; is called a classical eigenvalue of T if there exists a non-zero vector

(&1,&,...,&n) € CF such that
T(£17£27 cee a€n) = /\(§]a§27 cee 7£n)
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Such a vector is called a classical eigenvector associated with A.
A scalar k € C; is called a modified eigenvalue of 7' if there exists a non-zero vector
(&1,&,-..,&,) € C¥ such that

T(§l7£27 .. agn) == K(517§27 e 761’7,)
Such a vector is called a modified eigenvector associated with .

Remark 2.5. Every classical eigenvalue of 7" is automatically a modified eigenvalue. However,
the converse need not hold, since the bicomplex algebra C, contains zero divisors and admits
decomposition along idempotent directions.

Observe that classical eigenvalues are precisely those modified eigenvalues that lie in the
embedded subfield C; C C,. Thus, the notion of modified eigenvalue properly extends the
classical spectral concept while retaining it as a special case.

The following example shows that not every modified eigenvalue is a classical eigenvalue.

Example 2.6. Let T3, 75 : C? — C? be defined by

T (x’y) = (xv())’ T2($7y) = (Tvy)

Define
T=eT)+ eI : C% — C%

A straightforward computation shows that (1, e;) is a classical eigenvector (and hence a mod-
ified eigenvector) associated with the eigenvalue 1.

Moreover, (e;,0) is a modified eigenvector of 7' associated with the modified eigenvalue
e1 + rey, where r € C;. For r # 1, the scalar e; + re; ¢ Cy, and hence it is not a classical
eigenvalue.

Definition 2.7. Letn =n~"e; +ntex € Coand T = e, T + 2T € L™ x, LT"™. We define the
map 11 by
nT :=ei(n~T1) + ea(n™T2).

Then 5T € L™ x, L™,
Theorem 2.8. Let T = e1T] + ex15 € L? Xe L? and k = K1e1 + kper € Cy. Then:

(i) T is singular if and only if either T} is singular or T; is singular.

(ii) (T — k) is singular if and only if either (T — k1) is singular or (Ty — k1) is singular.
Proof. (1) By Theorem 1.7, we have

ker(T) = ker(e) T} + exT») = ker(T}) x . ker(T3).

Hence
T is singular <= ker(T}) x. ker(T3) # {0}.

By Remark 2.3, a vector of the form
er(§ -6 ) Heall . 60)
is non-zero if and only if at least one of (&, ,...,&,) or (&, ..., &) is non-zero. Therefore,
ker(Ty) x. ker(T3) # {0}
if and only if
ker(T)) # {0} or ker(7») # {0}.

This is equivalent to the singularity of 7} or 75.

(2) Using Proposition 1.6, we write

T —rl =e (Th — 511) 4 e2(Th — K21).

By part (1) of this theorem, we obtain

(T — &I) is singular <= (T} — k1 [I) is singular or (75 — x,I) is singular.
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As a consequence, we obtain the following corollary for A € C;.

Corollary 2.9. Let T' = e;Ty + exI5 € LT xo LY, I = e1l + exl € L} X, LY be the identity
linear operator and \ € Cy, then (T — XI) is singular if and only if either (Ty — \I) is singular
or (T, — M) is singular.

Remark 2.10. The above result shows that singularity in the bicomplex setting is completely
determined by the idempotent components. Thus the zero divisor structure of C, induces a
componentwise spectral behavior.

3 Structural Description of the Modified Spectrum and Eigenspaces

In this section, we develop a structural description of the modified spectrum and the associated
eigenspaces of T' = e|T] + e;13. By introducing spectral sets associated with 7" and its idem-
potent components, we establish precise relationships between classical eigenvalues, modified
eigenvalues, and their corresponding eigenspaces. This framework reveals how the bicomplex
spectral structure is governed by the interaction of two underlying complex spectral theories.

Theorem 3.1. Let T = e;T1 + e 1> € L} x. L} and let I = el + eyl denote the identity
operator on C}. Then a bicomplex number . = rie1 + kaes € Cy is a modified eigenvalue of T
if and only if the operator (T — kI) is singular.

Proof. Suppose that « € C, is a modified eigenvalue of 7. Then there exists a non-zero vector
z = (&,...,&,) € CZ such that

Tr = kx.

This implies
(T—kl)x=0, z#0.

Hence ker(T' — xI) # {0}, and therefore (T — I) is singular.

Conversely, suppose that (T — xI) is singular. Then there exists a non-zero vector x =
(&1,...,&,) € C¥ such that
(T — kl)z=0.

Thus
Tr = kx.

Hence « is a modified eigenvalue of 7.

Therefore,  is a modified eigenvalue of T if and only if (T" — xI) is singular. O
As an immediate consequence of Theorem 3.1, we obtain the following corollary.

Corollary 3.2. Let T = 111 + eT> € L} x. L} and let I = el + eyl denote the identity
operator. A complex number \ € C, is an eigenvalue of T if and only if (T — \) is singular.

Definition 3.3. Let T' = e, T’ + e, be a bicomplex linear operator on C}. We denote by
T := O'mod(T), T] = O’(T])7 Yz = O'(Tz),

the modified spectrum of 7" and the classical spectra of T} and 75, respectively. The idempotent
product of classical spectra of Y and Y5 is defined by

Y| xe Vo ={Kkie; + kaer : k1 € Y1,k € 1o}

The introduction of these spectral sets allows a precise comparison between classical and
modified spectral structures. The following theorem establishes the fundamental relationship
between Y and the idempotent product Y; x. Y».

Theorem 3.4. If k| € Y| and ky € Yy, then k1e) + kpe; is a modified eigenvalue of T. Equiva-
lently,
T, x. Y, CY.
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Proof. Let us suppose that k = k1e; + koep € 11 X, Y, then

k1 is an eigenvalue of 77 and k; is an eigenvalue of 73
=3 0+# (v,v2,...,v,) €EC} and 0 # (wy,wy,...,w,) € C}' such that

Ti(v1,v2, .-, Un) = K1(v1,v2,...,v,)  and  Ta(wy,wa, ..., wy) = ko(wr, wa, ..., wy)
= 1Ty (v1,v2, .-, vn) + 2T (wy,wy, . ..y wy) = ek (V1,v2, .., Un) + €2k (W, wa, . .., wy)
= (e1T) + exDh)[er(vi,va, ...y vp) + e2(wr,wa, . ..y wy)]

= kle1(vi,v2, ..., vn) + e2(wr,wa, . .., wy)]
In view of 2.3, e (v1,v2,...,v,) + e2(wy,wy, ..., wy,) # 0

= Kk = K1e] + kpep  is a modified eigenvalue of T = e;T] + e 15.

= Kk = Kie; + koex € 1.

Therefore, Y1 x. Y, C Y.
This completes the proof. O

Remark 3.5. In view of 2.6, the set Y1 = {0,1} and Y, = {1} but le; + 2e; is a modified
eigenvalue of T' = ;1] + e;75. It yields that the set Y; x. 1, is properly contained in the set Y.
That is, in case of 2.6,

T x. Y2 CY. (3.1

We will prove further (3.1) for arbitrary Y, Y| and Y,. The following corollary characterizes
the classical eigenvalues of 7" in terms of the spectra of its idempotent components.

Corollary 3.6. Let T = e/} + exT» € L} x. L}. A complex number A € C, is an eigenvalue of
T ifand only if A\ € T1 U Y>.

As an immediate consequence of Theorems 2.8 and 3.1, we obtain the following characteri-
zation.

Corollary 3.7. Let T = 1T} + exT5 € LY x. L}, then k = k1e1 + kaex € Cy is a modified
eigenvalue of T if and only if either k1 € Y| or Ky € 1.

Theorem 3.8. Let T' = e;17 + ex1> € LT x. LY. Then T admits a modified eigenvalue if and
only if T admits a (classical) eigenvalue.

Proof. Suppose that a modified eigenvalue of T exists. We use 3.6 and 3.7.
= there exists kK = Kie; + kaep € Y such thateither k€ ¥y or &y € 1.
= kK eliUY,ork e YUY,

= either k; isaneigenvalueof T or &k, isaneigenvalueof T

= T admits an eigenvalue.

Conversely, if T" has a complex eigenvalue, then by definition it is also a modified eigenvalue.
Hence 7" has a modified eigenvalue. O

The following result exhibits the abundance of modified eigenvalues arising from a single
classical eigenvalue of an idempotent component.

Theorem 3.9. Let T = e T + e € L? XGL?. Ifk, € Y, then k1e1+wey € ¥ for every w €
Cy.

Proof. Suppose that x; € Y| is a classical eigenvalue of 7). Then there exists a non-zero vector
(v1,...,v,) € C} such that

Ti(v1y- ey n) = K1 (V1,0 0n).
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Consider the vector = e (vy,...,v,) € CJ. By Remark 2.3, z # 0.

Now, T'(z) = (e1T) + exT3) (el(vl7 o vn)) =e1Ti (v, ,vn) = e161(v1, ..., vn) = (K1€1)2.
Hence, T'(z) = (k1e1 + wep)xz  forevery w € Cy, since eox = 0. Therefore, k1e; + we; is a
modified eigenvalue of T for every w € C;.

This completes the proof. O

The following corollary provides the analogous strip phenomenon corresponding to the sec-
ond idempotent component.

Corollary 3.10. If k; € Yy, then ze; + kpey € X for every z € C;.
We now state the main structural theorem describing the modified spectrum.
Theorem 3.11. Let T = 1T + exT» € L} x. LY. Then the modified spectrum of T satisfies
Y= (Y x. Cy)U(Cy x.Y2),
that is,
Y = {kie; + Kkaez : k1 € L) or ky € 1}

Proof. Let k = k1e; + kpes € C,. By Theorem 3.1, a bicomplex number « is a modified
eigenvalue of T if and only if (7" — xI) is singular. Using the idempotent decomposition,

T—kl = 61(T1 — Iﬂ[) +€2(T2 — /iz]).

By Theorem 2.8 (Part 2), the operator (T — «I) is singular if and only if either (T} — k1)
is singular or (T, — k1) is singular. By definition of the classical spectra Yy and Y5, this is
equivalent to

k1 €Y1 or k€Y.

Therefore,
keY <« kreYjorky e,
Hence,
T = (Yl Xe (Cl) @] ((C] Xe Yz)
O

Remark 3.12. Theorem 3.11 shows that the modified spectrum is not simply the idempotent
product Y| x,. Y of the classical spectra. Rather, it consists of two spectral strips:

Y| x. C) ={kie; +wey : 51 €Yy, we Cy},

Ci %Yo = {2’61 + Koer i z € (Cl, Ky € Yz}

Thus modified eigenvalues arise from one-sided spectral degeneracy of the idempotent compo-
nents. In particular, even in finite dimensions, the modified spectrum is typically infinite when-
ever at least one of the component operators 7} or 75 has a nonempty spectrum. This reflects the
intrinsic strip-type geometry of bicomplex spectral theory and highlights the anisotropic nature
of its spectral structure.

Remark 3.13. It is evident that Y; x. Y2 C (Y7 X, C;) U (Cy x, Y), that is for arbitrary Y, T4
and YQ, T] Xe Yz g_ Y.

Definition 3.14 (Eigenspace and Modified Eigenspace). Let T' = ¢;T1 + e;T> € L} x. L} be
a linear operator on C%. Let A € C, be an eigenvalue of T' and x = kie; + koex € C; be a
modified eigenvalue of T'. The eigenspace and modified eigenspace of 1" corresponding to A and
k are defined by

(EWNT) = {(&- &) €CT T (&, 8n) = Mér -, &n)} -
(ME)H(T) = {(771’7727"'77771)ECQ:T(nla"hw--ann):’{(77177727'--777n)}~
It is straightforward to verify that the modified eigenspace (M E),(T') of T associated with the

modified eigenvalue x forms a subspace of C}. The eigenspace of T’ and T associated with the
eigenvalue z and w are denoted by E,(T}) and E,, (%), respectively.
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The following theorems 3.15, 3.17 and 3.19 are immediate consequence of 3.7 and 3.14.

Theorem 3.15. Let T' = e, 1) +eT5 and let k = k1ey +kaex € Y suchthat k) € Yy and Ky ¢ Y.
Then
(ME)H(T) = Em(Tl) Xe {O}

Proof. Suppose that (01, m,...,m,) € (ME)(T).

@T(nlﬂhv"'vnn) = /‘7(7]17772a~~~a77n)
< (B]T] +62T2)(7717772a"'777n) = (/f]@] +’€2€2)(7717772a-~-777n)

seTi(nyny,.ony)+ebmyn,....on)) = etki(ny,ny.---,ny)
+ eaka(n s mh)
<:>T1(771_5n2_a7n7:) :"{1(771_7"72_’""771;) ande(an;w--JlZ) :HZ(WT:TI;---J]:)

S (nymy,--ony) € Eq (Ty) and (0, ny,....m0) =0, as ko ¢ X
<:><7717772a"'777n> € Eﬁl(Tl) Xe {0}

Hence, (ME),(T) = E,, (T1) x. {0}.
This completes the proof. O

The following Corollary 3.16 is immediate consequence of 3.15.

Corollary 3.16. If k = kie; + rkpep € Y with k1 € Y| and Ky ¢ Yo, then every modified
eigenvector of T associated with  is singular. Moreover,

(ME)(T) = ey E,,(Th).
Theorem 3.17. Let k = r1e1 + kpep € Y such that ky ¢ Yy and k, € Y,. Then
(ME)(T) = {0} x¢ Ew,(T2).

Proof. The proof follows from the same idempotent decomposition argument used in Theo-
rem 3.15. Indeed, if (1,72,...,1,) € (ME),(T), then writing

(77177727-~-a77n) = el(nfangv"’vn;) _._62(77?_777;_7'”777:;)
and comparing idempotent components yields
Ti(ny oy s ) = K100 smy ooy ), (o omy s omy) = w20y 5oy
Since k1 ¢ Y, we must have (n;, 15 ,...,n,) =0, while (n;,n5,...,n!) € E,,(T3). Hence
(ME).(T) = {0} x¢ B, (T2).
This completes the proof. O
The following Corollary 3.18 is immediate consequence of 3.17.

Corollary 3.18. If k1 ¢ Y1 and ky € Yy, then every modified eigenvector of T associated with
K = K1e] + kpey is singular. Moreover,

(ME).(T) = ey By, (T7).
Theorem 3.19. If k| € Y| and k; € Y, then (ME),.(T) = Ey,(T1) X¢ Ex, (T3).
Proof. Suppose that (01,7, ...,1m,) € (ME).(T)

STmmy ) = kMM, -yn)
& (T +eD)(m,m, - ) = (kier + r2e2) (N1, M2, -+ -5 M)
seTi(ny,ny,....m) +eDm g, ....on)) = etki(ny,ny - my)
+ eaka(n i ns s nt)
STy my-ny) = ki my,omy) and T myoony) = s2(nf ) oony)
S (7 smy sy ) € Bo (Ty) and (5, omy) € By (T2)
S (Mmoo yn) € Eu(T1) Xe B, (T2).
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Hence, (ME).(T) = E.,(T1) X¢ Ew,(T2).
This completes the proof. O

4 Open Problem

In Section 3 we established that each modified eigenspace of T = ;1] + e;T> admits the
structural decomposition (M E),,(T) = Ex, (T1) X Ex,(T3).

This naturally raises the question of how different modified eigenspaces interact with one
another.

In classical complex linear algebra, eigenspaces corresponding to distinct eigenvalues inter-
sect trivially and their sum is direct. However, in the bicomplex setting, the presence of zero
divisors and partial spectral degeneracy may alter this behavior.

Problem. Let k = k1e; + Kaez, K’ = Kje1 + Kkjes be two distinct modified eigenvalues of 7.
Under what conditions does the following equality hold?

(ME)(T) + (ME),(T) = (ME)(T) & (ME),(T).

Equivalently, when do distinct modified eigenspaces intersect trivially?

This problem amounts to determining how the direct-sum decomposition of classical
eigenspaces of T; and 75 interacts with the idempotent product structure of C}. A complete
answer would provide a refined understanding of spectral decompositions in bicomplex linear
algebra. A complete resolution of this problem would determine whether bicomplex spectral
theory admits a decomposition theorem analogous to the classical direct-sum decomposition of
eigenspaces, or whether zero divisors fundamentally obstruct such a structure.
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