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Abstract. The hull of a linear code, defined as the intersection of a code with its dual, is a
central concept in coding theory due to its structural significance and its applications in cryptog-
raphy, secure communications, and quantum error correction. In this work, we investigate the
algebraic characterization and construction of hulls of skew-cyclic codes over finite fields. We
derive a closed formula for the hull dimension in the skew setting and establish explicit algebraic
conditions under which a skew-cyclic code becomes linear complementary dual (LCD). Several
illustrative examples, supported by computational verification, demonstrate the correctness of
the theoretical results. Moreover, the proposed constructions yield skew-cyclic codes whose
hulls lead to optimal linear codes, as verified using the Grassl database of linear codes [7].

1 Introduction

The hull of a linear code, defined as the intersection of a code with its dual, has emerged as an
important tool for analyzing algebraic and geometric properties of linear codes. Hull dimensions
are closely linked to the construction of linear complementary dual (LCD) codes, first introduced
by Massey [9], which satisfy the condition C N C*+ = {0}. LCD codes play a key role in cryp-
tography, particularly in protecting implementations against side-channel attacks, and they also
appear in the design of entanglement-assisted quantum error-correcting codes [12, 5]. While hull
structures of classical cyclic and constacyclic codes have been extensively studied, their exten-
sion to skew-cyclic codes remains limited due to the non-commutative nature of the underlying
polynomial ring. Skew-cyclic codes, introduced by Boucher, Geiselmann, and Ulmer [1], are
defined as left ideals of the quotient algebra I, [x; 6]/(z™ — 1), where 6 is an automorphism of
F,. Traditionally, the code length n was required to be divisible by the order of 6 to ensure
that (™ — 1) is a two-sided ideal. However, Siap et al. [10] showed that this restriction can be
removed by viewing skew-cyclic codes as F,[xz; §]-modules rather than ideals, a perspective we
adopt in this work. Recent works on skew-cyclic codes over rings and their applications to DNA
codes have been investigated in [11, 6].

To study code equivalence, we consider a general framework in which two linear codes are
said to be equivalent if one can be obtained from the other through a finite sequence of:

(i) permutations applied independently to the first o and last 5 coordinate positions;
(i) multiplications of individual coordinates by nonzero field elements; and
(iii) applications of field automorphisms to coordinates.

This notion of equivalence plays a crucial role in identifying non-isomorphic constructions.
In this work, we compute the hull dimension of skew-cyclic codes using two complementary
approaches. The first approach is algebraic, based on the greatest common right divisor (gcrd) of
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the generator polynomial g(z) and the skew reciprocal hf(z) of the cofactor h(x). The second
approach relies on matrix representations, exploiting the structure of generator and parity-check
matrices to derive the hull dimension directly from the systematic form of the generator matrix.
Both approaches lead to the same closed formula. In the commutative setting, [8] computes
the hull dimension from the generator matrix, and here we extend this methodology to the non-
commutative skew-cyclic setting. The structure of generator and parity-check matrices for skew-
cyclic codes is well established in [2], and we build on these foundations to provide a practical
and efficient tool for hull analysis in the skew setting.

The main contributions of this paper may be summarized as follows:

» We establish a closed polynomial expression for the dimension of the hull of a skew-cyclic
code in terms of the gcrd of its generator polynomials.

* We derive an equivalent matrix-based formulation of the hull dimension that facilitates
direct computational verification.

» We provide constructive criteria ensuring that a skew-cyclic code is LCD, accompanied by
explicit examples and verification using MAGMA.

To the best of our knowledge, the unified treatment combining algebraic (gcrd-based) and matrix
approaches for determining the hull dimension in the skew-cyclic setting has not been explicitly
developed in the literature. Moreover, the proposed framework leads to new constructions of
skew-cyclic codes whose hulls attain optimal parameters.

The remainder of the paper is structured as follows. Section 2 reviews the necessary alge-
braic preliminaries, including skew polynomial rings, skew-cyclic codes, and duality. Section 3
investigates the hull structure of skew-cyclic codes and derives the main formula for the hull
dimension. Section 4 provides explicit constructions of skew-cyclic LCD codes together with
several illustrative examples. Section 5 offers concluding remarks and potential directions for
further research.

2 Preliminaries

Let I,, denote the n x n identity matrix, and let O denote either the zero vector or the all-zero
matrix, with the dimension clear from the context. Vectors are written in boldface; for example,

Xp = (21, @) and y, = (Y1, -+, Ym)» SO that (Xpn, ym) = (T1, -y Tny YLy« -+ Y )-
Let IF, be the finite field with ¢ = p™ elements, where p is prime and m > 1. Let § be a

Frobenius automorphism of F,, defined by () = a?" for some fixed integer i with 1 < i < m.
The order of 6 is m, and the fixed field of (6) is F,,.

A linear code C of length n over F, is an F,-subspace of Fy. If C has dimension k, then it
contains ¢* codewords.

Definition 2.1. The skew polynomial ring IF,[x; 0] is the set of polynomials
f(x)=ay+aiz+ -+ apz™, a; € Fy,
with addition defined coefficientwise and multiplication determined by distributivity and the rule
(az") - (ba?) = a b (b) xH7.
Remark 2.2. Unlike classical polynomial multiplication, multiplication in F,[z; 6] is generally
noncommutative due to the presence of the automorphism 6. In particular, the coefficient b is
transformed by #¢ when multiplied by z*. For example, in general zb # bz, since

zb = 0(b)x.

The ring becomes commutative only in the special case § = id. This noncommutativity is the
key feature that distinguishes skew-cyclic codes from classical cyclic codes.
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For any f, g € Fy[x; 0] with f # 0, there exist unique ¢, € F,[x; 0] such that
9(x) =q(z) f(z) +r(z),  deg(r) < deg(f). 2.1

Thus, f is a right divisor of g when r = 0. Since left and right division are distinct notions in
F, [#; 0], divisibility and ideal structure must always be specified as left, right, or two-sided. The
ring admits greatest common right divisors (gcrd) and least common left multiples (Iclm).

A subset C C ' is called an Fy-skew cyclic code of length n if:

(i) Cis an F -subspace of Fy;
(ii) for any ¢ = (cg, ..., cn—1) € C, the skew cyclic shift
Tg(c) = (Q(Cn_l), Q(Co), PN H(Cn_g))

also belongs to C.

It is often convenient to associate a = (ao,...,a,—1) € Fy with the polynomial a(z) =
ag +ajx + -+ a,_12"" ! in the quotient space
Ry, = Fy[z; 0]/ (2" - 1). (2.2)

Under this correspondence, any skew-cyclic code C is a left ideal of R,,, generated by a right
divisor g of 2™ — 1; we write C = (g).

Theorem 2.3. [10] A code C C R, is skew cyclic if and only if it is a left F[x; 0]-submodule of
the left F,[x; 0]-module R,,.

A nondegenerate inner product on Fy is given by

n—I1
(x,y) =Y _ziy; € F,. (2.3)
=0

The dual code of C is
Ct={yeFr:(x,y)=0forallxeC}.

A code is self-orthogonal if C C C* and self-dual if C = C*.
LCD (Linear Complementary Dual) codes, introduced by Massey, satisfy C N C+ = {0}.
More generally, the hull of C is
Hull(C) :=Ccnc*.
The hull has been widely used in coding theory, and hulls of cyclic and constacyclic codes have
been extensively investigated.

Theorem 2.4. [3] If C is a skew cyclic code of length n over F,, then its dual C* is also a skew
cyclic code of length n.

Definition 2.5. For a skew cyclic code C, its hull is
Hull(C) =CnCH.

Theorem 2.6. If C is a skew cyclic code of length n over F,, then C N\ C* is also a skew cyclic
code of length n.

Proof. Since C is invariant under 7Tjy, and by Theorem 2.4, C* is also invariant under Ty, the
intersection CNC+ is closed under Ty. Hence it is skew cyclic. The ideal-theoretic interpretation
in R,, yields the same conclusion: C and C* are principal left submodules of R,,, and so is their
intersection. O

Forx = (zg,...,Zn_1) € [y, the Hamming weight is
wt(x) = [{i:x; #0}.
The Hamming distance between x,y € Fy is
du(x,y) = wi(x —y).
The minimum distance of a code C is

dmin(C) = min{ wt(x) : x€C, x #0}.
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3 The Hull of Skew-Cyclic Codes

We present a characterization of the dimension of the hull in terms of the right greatest common
divisor (right-gcd) of g(z) and hf(z), where hf(x) denotes the skew reciprocal polynomial of
h(z) satisfying ™ — 1 = h(z)g(x). The hull dimension can be expressed in two equivalent
ways:

(i) via the generator polynomials g(z) and h'(z), and

(i) via the corresponding generator matrices G and H of C and C*.

Theorem 3.1. Let C = (g(x)) be a skew-cyclic code of length n over F, with 2™ —1 = h(z)g(x)
and let h'(z) denote the skew reciprocal of h(z). Then

CNC* = (lelm(g(x), h'(z))).

Proof. Let {(x) = lclm(g(x), hT(x)) denote the least common left multiple of g(x) and h'(z).
By definition, there exist polynomials a(z),b(x) € R,, such that

U(z) = a(z)g(x) = b(x)h'(2).

If ¢(z) € ({(x)), then c(z) = g(x)€(z) for some g(z) € R,,. It follows that

c(z) = q(x)a(x)g(x) = q(x)b(x)h! (z),

so c(z) is a multiple of both g(x) and h'(z), and therefore c(z) € C N C*.
Conversely, if ¢(z) € CNC*, then ¢(x) is a multiple of both g(z) and hf(z), hence a multiple
of their least common left multiple ¢(x).
Thus, we have
cnet = ((z)) = (Ielm(g(z), b (z))).

3.1 Computing the Hull Dimension from the Generator Polynomials g(x) and h'(x)

The hull dimension of a skew-cyclic code can be computed directly from its generator poly-
nomials. In [4], skew LCD codes are characterized via the greatest common right divisor
gerd(g(z), ht(x)). Building on this approach, the following theorem gives an explicit formula
for the hull dimension of a general skew-cyclic code.

Theorem 3.2. Let C = (g(z)) C R, = Fy[z;0]/(a™ — 1) with 2™ — 1 = h(z)g(z) and h'(z) the
skew reciprocal of h(x). Then

dimp,_ (Hull(C)) = deg (gerd(g(z), h'(2))).
In particular, C is LCD if and only if gcrd(g(x), hf(z)) = 1.
Proof. From the previous theorem, we know that
Hull(C) = ¢ N C* = (Iclm(g(x), AT (z))).

Since C = (g(z)) and C* = (h'(x)), we have

By the noncommutative analogue of the sum and intersection relation,

(g(x)) + (hl(2)) = (gerd(g(x), T (x))),

and
(g(x)) N (h1(2)) = (lelm(g (), kT (x))),
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it follows that
deg(a" — 1) = deg(lelm(g(x), h'(2))) + deg(gerd(g(x), h' (2))).
Since deg(z™ — 1) = n, we obtain
dimp, (Hull(C)) = n — deg(Iclm(g(z), h'(z))) = deg(gerd(g(x), k' (2))).
Finally, C is LCD if and only if its hull is trivial, i.e.,
Hull(C) = {0} <= gerd(g(x),h'(z)) = 1.
This completes the proof. O

Remark 3.3. The above result can be interpreted as follows. The generator polynomial g(z)
determines the structure of the code C, while the skew reciprocal h'(x) characterizes its dual.
The intersection C N C* therefore corresponds to polynomials that are simultaneously multiples
of both g(z) and h'(x). The degree of their greatest common right divisor measures precisely
how much these two structures overlap, which explains why it determines the dimension of the
hull.

Remark 3.4. This extends the classical hull dimension formula for cyclic codes to skew-cyclic
codes. For § = id, it reduces to

dimp, (Hull(C)) = deg(ged(g(x), h' (x))).

Example 3.5.Let n = 6 and Fg = Fp(w) with w?> = w + 1, and let (a) = . Consider
the skew polynomial g(z) = w? + w’z + w’x? + 2, which divides z® — 1 in Fo[x;6]. Then
2% — 1 = h(x)g(x), where

h(z) = w? + v’z + wa® + 3.

Let C = (g(z)) be a [6,3, 4]y self-dual optimal skew-cyclic code. The skew reciprocal of h(z)
is hi(2) = 1 + w’z + w32? + wbz3. Computing the greatest common right divisor, we obtain
gerd(g(z), ht(x)) = g(z), so that dimg, (Hull(C)) = 3. Hence, the hull of C is generated by
Hull(C) = (g(x)).

3.2 Computing the Dimension of the Hull from Generator and Parity-Check Matrices

Matrix representations offer an efficient way to compute the hull dimension. In the commutative
case, this uses generator matrices [8], while for skew-cyclic codes, the generator and parity-
check structure is described in [2]. Here, we extend these ideas to give a direct formula for the
hull dimension from the systematic generator matrix.

Let C be a skew-cyclic code of length n over IF;, generated by the skew polynomial

g(@)=go+qz+ -+ g3" €R,,

where 2" — 1 = h(z)g(z) for some h(z) € R,. The generator matrix of the [n, k|-skew cyclic
code C, with k = n — deg(g), is given by

90 g1 A gr_1 Gr 0 Ce 0
0 0(g0) 0(g1) 0(gr—1)  0(gr) 0
G=[0 0 &) 6 (a) e B(g)  Plgr) : SER))
0
0o ... 0 0 (g) 6 '(g) e 0 gem) 05 N(gr)

Let
h(x) =ho+hx+- -+ hy 2"
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be the skew cofactor. Its skew reciprocal polynomial is
Y (z) = hp_p +0(hpp )z 4+ 0" YRz " 407 (o)™ "

A parity-check matrix of C is then

L e 0”*T*1(h1) en—r(ho) 0 . 0
0 O(hp_) 6" "1 (hy) 0
H = 0
0
0 T 0 enﬂail(hn—r) T 9n—2(h1) enil(ho)
(3.2)

Applying Gaussian row operations to (3.1), and using the fact that all entries lie in the field IFy,
we obtain a systematic generator matrix of the form

G=(I|6(P)), (3.3)
where @(P) is a k x (n — k) matrix whose entries consist of sums and products of elements

0 i ( g ' ) .
The dual code C*, with respect to the inner product in (2.3), has generator matrix

H = (~0(P)" | I, 1) (3.4)

Clearly, HGT = 0, and H serves as a valid parity-check matrix of C. Similarly, G is a parity-
check matrix for Ct. Therefore,

C:{CGF;ZHCTZO}, CL:{CEF;ZGCTZO}.

The hull of C satisfies
G\ r
Hull(C) =<ce€ IFZ : c'=0,. 3.5

. _ G\ I, O(P)
dim(Hull(C)) = n — rank <H> =n —rank (—G)(P)T Ink) .

Hence,

To compute this rank, we perform a block row operation by adding ®(P) times the second block
row to the first. This yields

G I +©(P)®(P)" O(P)
rank = rank .
H 0 I n—k
Since the lower-right block is the identity matrix, its contribution to the rank is n — k. Therefore,
dim(Hull(C)) = k — rank (I}, + O(P)O(P)").
We therefore obtain the following characterization.

Theorem 3.6. Let C be an [n,k|-skew cyclic code over F, with generator matrix G =
(Ik | ®(P)) . Then the dimension of the hull of C is

dim(Hull(C)) = k — rank(I}, + ©(P)O(P)").

This result also provides an immediate characterization of special classes of skew-cyclic codes.
If the matrix (I, + ®(P)©(P)T) is nonsingular, then dim(Hull(C)) = 0, and C is a skew LCD
code. Conversely, if rank (I, + ®@(P)®(P)T) = 0, then dim(Hull(C)) = k, and C is self-
orthogonal. Hence, the rank of (I + ®(P)®(P)T) provides a direct and practical criterion
for identifying LCD and self-orthogonal skew-cyclic codes.
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Example 3.7. Let n = 6 and Fy = F»(w) with w? = w + 1, and let §(a) = o2. Consider the
skew polynomial
g(z) = w+ wx + wa® 4 23,

which divides 2® — 1 in F4[z; 0]. A generator matrix of the resulting code is

2

1 00 w w w
Gi=101 0 w w w
001 w w w

This gives an optimal [6, 3, 4]4 skew-cyclic code, and its dual is generated by

w w w 1 00
H=|w w? w 01 0
w w wr 0 0 1
The hull dimension is
w ’lU2 w2
dim(Hull(C)) =3 —rank | i+ [w? w w?||=3-1=2.
U}z ’LU2 w

Thus the hull yields an optimal [6, 2, 4]4 linear code. Additional optimal LCD skew-cyclic codes
over [F4 appear in Table 1.

Table 1. Examples of optimal LCD skew-cyclic codes over [y
No. Parameters g(z) € Fy[z; 0]
1 [6,3,4]4 1+ w?r + wa? + 23
2 [8,4,4]s w? +x + 2 +
3 [10,4,06]4 w? 4+ + w?a? + 2t + 20 + 2

4 Examples and Applications

Based on the algebraic characterization and results of Section 3, we present explicit computa-
tional examples illustrating skew-cyclic codes whose hulls attain optimal parameters. Before
listing these examples, we outline a computational procedure for generating skew-cyclic codes
and computing their hulls over [F,.

Algorithm 1 Hull of a skew-cyclic code (input: generator g(z))

Require: Integers n, finite field IF,, automorphism 6, and a monic right-divisor generator g(z)

of 2" — 1
Ensure: Hull code Hull(C') of C' = (g(x)), and its parameters
1 fz) «z™ —1 > Modulus polynomial

Compute (h(x),r(x)) - RQuotrem(f, g)

Compute hf(z) + SkewReciprocal(h)

d(x) < gerd(g(x), hf ()

Enan < deg(d)

Construct generator matrix G of C using shifts of g(=) modulo f(x)
Compute hull code H + CNC*

return (d(x)7 khully (n, khull, dmin))

® NN R

Tables 2 and 3 present representative examples of optimal skew-cyclic codes and their hulls,
computed using MAGMA. Each generator polynomial g(z) defines a distinct left submodule
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g(x) ‘ f-cyclic code ‘ Hull #-cyclic code
1424 wa? 4+ 23 + w2 + 27 + 28 [12,6,6]** (12,6, 6]
w? + wz + 2% + wrat + wa® + 2° + w?ad + wa® + 210 [12,2,9]* [12,2,9]
w4z + 23 4+ 2t + 2 4+ wra® + 28 [12,4,7]* [12,4,7]
w+z+wr? + 2t + 28 + 27 [12,5,6]* [12,5,6]
1 +w’x + 2% + w?2 + wa* + 25 + wa® + 27 [12,5,6] [12,3,8]
w~+ w?zr + wr® + 2t + w?a® + 2 + 210 + 2! 20,9, 8]* 20,9, 8]
w? + x + wrr? + war? + wrt + wa® + 28 + 20 [20,11,4] 20,9, 8]
1 +wz + w?z? + wa® + wa* + w?a + 20 + 28 +wa® + [28,7,13] [28,2,22]

x10+w2x11+wx12+x14+m15 +w2x16+w2x17 —|—1‘18—|—
xl‘) +$20 +$21

w? + x + wra? + 2t + 25 + wab + 2% + w20 + 213 [28,15, 8] [28,3,20]
w+wz + 2t + 28 + 27 + wad + w2 +wle? +waB + | [28,9,12] [28,7,16]
214 415 4 16 4 18 4 19

1+ wa? +wr* +w?z® + 28 + w2’ + 28+ 2° + w0+ | [28,11,12]* [28,11,12]
w2l + w2 £ 213 4 p2el 4 15 4 16 4 417

w+ wx 4+ 22 + wad + wle® +wad + 27 + ¥ 4wz’ + [30, 8, 13] [30,2,24]

210 4 a4 pe!3 w2215 £ pp!6 4 217 218 a9 4+
w20 4 221 4 22

1 +wz +wr’ +wrt +wr’ +w?z2b + 27 +w?ab +w?a®+ | [30,7,16] [30,6, 18]
210 1 412 115 4 016 g7 4 208 020 403

Table 2. Optimal hull skew-cyclic codes over Fj.

g(x) ‘ f-cyclic code ‘ Hull 6-cyclic code
w? + w’r + wa? + 23 6,3, 4]** 6,3, 4]

w? +w'r + wz? + wiz? + 2* [6,2,5]* [6,2,5]

1+ 2+ wa? + 23 6,3,4] [6,2,5]

w® + w3x + 222 + Wb + wat + 23 [8,3,6]* 8,3, 6]
w+wz? +w'ad +zt [8,4,4] 8,3, 6]
1+wlz+222 + w2 +w?a* +20° + 28 + w2 +w’2®+ | 22,6, 14]* [22,6,14]
wr'® 4wl + w3z!? 4+ WSzl 4 wbe + 7215 4 216

2 + wbz + 2% + wha? + wat + wiad + 2° [22,16,5] [22,6, 14]

Table 3. Optimal hull skew-cyclic codes over Fy.

in F,[z;60]/(z™ — 1), and the corresponding code parameters (n, k, dmin) and hull parameters
(n, K, dgﬂﬂ) were verified computationally. In these tables, ** indicates a self-dual skew-cyclic
code, while * denotes a self-orthogonal skew-cyclic code. The optimality of several constructed
skew-cyclic codes and their hulls is established through comparison with the Grassl database
of best-known linear codes [7]. In addition, code equivalence tests carried out using MAGMA

confirm that these codes attain the best known parameters.

5 Conclusion

In this work, we developed a coherent algebraic framework for analyzing and constructing the
hulls of skew-cyclic codes over finite fields. Within this framework, explicit algebraic conditions
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were established to determine the hull dimension in terms of the greatest common right divisor
of the generator polynomial and the skew reciprocal of its complementary factor in z” — 1.
The main objective was to construct skew-cyclic codes whose hulls are optimal, rather than
focusing solely on LCD properties. Future work will extend these results to skew-constacyclic
and ring-based codes, explore Gray image relations over Galois rings, and perform systematic
Magma-based searches for new families of skew-cyclic codes with optimal hulls.
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