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Abstract. By making use of the subordination principle, we study some subordination and
superordination properties, distortion theorems, and inequality properties of certain subclasses
of Bavilevi¢ and non-Bavilevic¢ functions. The results presented here would provide extensions
of those given in earlier works.

1 Introduction

Let A (U) be the class of all analytic functions in U = {w € C: |w| < 1} and let A|[a, j] be a
subclass of A (U) consisting of functions of the form:
Y (W) =a+aw +ajnt + oL (weljeN={1,2,3,.1).

Also, let © (j) denote the subclass of LA (U) consisting of functions of the form:

pw)=wt+ Y awt  (GEN). (1.1)

k=j+1

We write © (1) = &. If ¢, € A(U), we say that ¢ (w) is subordinate to ¢ (w), or ¢ (w) is
superordinate to ¢ (w), written symbolically, 1) < ¢ inUor ¢(w) < ¢(w) (w € U), if there exists
a Schwarz function v (w), which (by definition) is analytic in U with v (0) = 0 and |v (w)| <
1(w € U) such that

V(W) = p(r(w)) (we).

Furthermore, if ¢ (w) is a univalent function in U, then we have (see [1] and [2]):

(W) < pw) (w e U) <= (0) = ¢(0) and (U) C (U).

Let ¢ : C? x U — C and h (w) be univalent functions in U. If p (w) is an analytic function in U
and satisfies the following subordination:

o (p(w),wp (w);w) < h(w), (1.2)

then p (w) is a solution of the subordination (1.2). The univalent function ¢ (w) is called a dom-
inant of the solutions of the subordination (1.2) if p (w) < ¢ (w) for all p (w) satisfying (1.2). A
univalent dominant § that satisfies ¢§ < ¢ for all dominants of (1.2) is called the best dominant.

Also, if p (w) and ¢ (p (w),wp () ;w) are univalent functions in U such that p(w) satisfies the
differential superordination:

h(w)<¢(p(w),wp (w):w), (1.3)
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then p (w) is a solution of the superordination (1.3). An analytic function ¢ (w) is called a sub-
ordinant of the solutions of the superordination (1.3) if ¢ (w) < p(w) for all p (w) satisfying
(1.3). A univalent subordinant § that satisfies ¢ < § for all subordinants of (1.3) is called the best
subordinant.

Definition 1.1. A function 1) € © (j) is said to be the class BN? (X, o, 3, u; L, M) if it satisfies
the following condition:

(1-)) [OWH&”]M+)\{1 n (02 = ) [w*¢' (w) —wip (w)] } {aw (w) +Bwr

aw + B (w) [a) (w) + Bw] [aw + By (w)] aw + B (w)

14+ Lw

=< 15 Mo (1.4)

where all the powers are principal values and throughout the paper unless otherwise mentioned
the parameters j, A\, a, 8, u, L, M are constrained as follows

JjeEN;Na,BeCl<u<;-1<M<L<landweU.
Furthermore, the function ¢ € BN (), o, 8, u;v) if and only if ¢ € & (j) and

(o = B) [w*¢ (W) —w ()] | [ (w) + Buw
+A{14'[aw(w)+6wuaw—kﬂw(wﬂ }[aw—%ﬁw(w)

we write BN (0, a, B, 13 7y) = BN (o, B, 15 7).

r>>v®<v<0,

We note that

i) BN7 (N, 0,3 L, M) = B7 (\, p; L, M) (see [3, with p = 1], [4] and [5])
_ N (W), W W) [Yw)]"  1+Lw] .
—{’(/JE@(]).(I—)\)[ " ] +A¢(w) { " } <1+Mw}’

(i) BNV (1,0,0, 5L, M) = B (u; L, M) (see [6, with p = 1])

w' (w) [¥ (W) 1" 1+ Lw |

S ] <)

(i) BN (1,a,0, 5 L, M) = B (u; L, M) (see [7] and [8])

wy' (w) [Y (w) 1" I+ Lw | .

w@)[ ] <1+Mw}’

w
(iv) BN7 (A, @,0, 13 L,0) = B7 (A, 11; L) (see [9])

- {w o) (1-A) {¢£W)T+Aw$l(£c;) [wiw)r <1 +Lw};

(v) BN7 (1,,0, 051 — 2y, —1) = B/ (u;7) (0 <~y < 1), where B7 (u;7) is the class of
Bazilevi¢ functions of order «y (see [10])

~{reeo (55 [57])):

(vi) BN7 (X,0,8, 3 L, M) = N7 (X, u; L, M) (see [11, with p = 1], [12] and [13])

= {w €ea(): (1+X) L/}b(uw)r —/\wgl(f;;) {wc(uw)r < 11:]@:}};

={¢ee(j):

:{we@:
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(vil) BN (X0, 8, 3 L, M) = N (X, u; L, M) (see [14] and [15])
K / 12
- S+ |- } paC) [w ] HL“};
{M@ I+ )Lb(w) W) [P T Mw

(viii) BN (=1,0, 8,151 — 27, —1) = N (1157) (0 < v < 1), where N (u;7) is the class of non-
Bazilevi¢ functions of order «y (see [16] and [17])

“{reon (S0 sl ) )

(ix) BN' (1,0, pu;1,—1) = N (1), where N (1) is the class of non-Bazilevi¢ functions (see

[18]) / )
- e (0 5] ) > o)

x) BN'(1,a,0,0; L, M) = S (L, M) (see [19] and [20])

w' (w) 14+ Lw | .
) <1+Mw}’

:{wEG:

In order to establish our main results, we need the following definition and lemmas.

Definition 1.2. [21] Denote by @ the set of all analytic functions ¢/ that are injective in U\ E (1),
where

B ) ={ceou: tim v () = x|,
and such that ¢’ (¢) # 0 for ¢ € U\E ().

Lemma 1.3. ([22] and [2]) Let the function h be analytic and convex (univalent) in U with
h (0) = 1. Suppose also that the function p (w) given by

pw)=1+ cjwj + cj+1wj+1 + .. (1.5)
is analytic in U. If
/
p(w)+°"p5(“) <h(w) (R(6)>0,0#0; wel), (1.6)

then 5 "
p(w)<q(w):3w*%/ W)t dt < h(w),
0

and q (w) is the best dominant.

Lemma 1.4. [23] For real or complex numbers a,b,c with ¢ # 0, —1,—2, ..., the next relations
hold: 1
I'v)I(c—
/ 1 =) (1 = tw) Tt = Lo -b) 2Q1(a, b; ¢ w) (1.7)
0 I'(c)

(weC\ (1,400); R(c) > R(b) >0),
2Q(a,b;c;w) = (1 —w) ™%, (a7c b;c; wi]) (weC\(1,400)). (1.8)
Lemma 1.5. [24] Let q be a convex univalent function in U and let 0 € C, n € C* = C\ {0}

with
| 214G s (o2 (7))

If the function p is analytic in U and

op (w) +mwp’ (w) < 0q (W) +nwq’ (w),
then p (w) < ¢ (w) and q is the best dominant.
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Lemma 1.6. [2]] Let g be convex univalent in U and € C. Further, assume that ® (x) > 0. If
p(w) € Alg(0),1]NQ,
and p (w) + kwp' (w) is univalent in U, then
q (W) + kwq' (w) < p(w) + kwp' (W) ,
implies q (w) < p (w) and q is the best subordinant.

Lemma 1.7. [25] Let F be analytic and convex in U. If ¥, € © and 1, < F, then vy +
(I=7)e<F(0<~y<1).

Lemma 1.8. [26] Let ¢(w) = i apw®, w € U, be analytic in U and p(w) = § brw®, w e T,
k=1 k=1
be convex (univalent) in U. If (w) < ¢(w), then |ax| < |bi|, k € N.

In the present paper, we obtain some properties of subordination and superordination, convo-
lution properties, distortion theorems, and inequality of the class BN” (A, a, 8, p; L, M).

2 Main Results

Theorem 2.1. Let t) € BN7 (\, , 8, 13 L, M) with R (\) > 0. Then

ap) (w) + w]” 1+ Lw
—_ —_ 2.1
A <0 < e e
where the function Q (w) given by
L—M . . w
- { Bt ) 0o,
1+HﬁAjLw (M =0)
is the best dominant of (2.1). Furthermore,
a) (w) + Bw} "
R|—————| > e ), 2.3
[aw—i—ﬂd} (w) pow ) 2.3)
where
L-M
p:{@—wzgl(l,l;;jﬂ;ﬂﬁl) (M #0) o
1- #f/\jL (M =0)
The estimate (2.3) is the best possible.
Proof. Let1) € BN? (A, a, B, u; L, M) and suppose that
ap (w) + Bwl”
= |27 7 ) 2.
o) = [ e @3

Then the function p(w) is of the form (1.5), analytic in U and o (0) = 1. By taking the derivatives
on both sides of (2.5), we get

ay (w) + Bw]” (042 - ,62) [sz// (w) —wy (w)] ap (w) + fw]”
aw+ B9 <w>] “{1 " o @) + Bl [ow + B9 () } L«w&w M

(-3 |

A
=p(w)+ ;wgpl (w). (2.6)
Since v € BNY (X, , 8, u; L, M), we have

1+ Lw
1+ Mw'

o (W) + gw () <
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Now, by using Lemma 1.3 for § = £, we deduce that

a¢(w)+ﬂwr [ _L/“ ,,_1(1+Lt)
—— | < =2 w N % dt
Lcvaﬁlb (w) Qw) Aj v o 1+ Mt
1
I 14+ Lwu n
= | T d 2.7
X Jo T+ Mou” v 2.7)
L-M
_{ ﬁ—mﬂh (1’1’)\] + L 1+1Ww> (M #0) (2.8)
l—i—MHJLw (M = 0)

where we have used the identities in Lemma 1.4 witha =1, b = A% and ¢ = b+ 1. This proves
the assertion (2.2).
Now, in order to prove the assertion (2.3) of Theorem 2.1, it suffices to show that

inf {R(Qw))}=@Q(1). (2.9)

lwl<1

§R(]—&—Lw>> l—Lr.

Indeed, for |w| < r < 1,

1+ Mw) — 1—Mr
Setting
1+ Lsw
G =
(@, 5) 1+ Msw
and

dv(s)z}%sﬁ_lds (0<s<1),

which is a positive measure in the interval [0, 1], we have

Q) = /G(w,s) dv (s),
0
so that

1
RIQW) 2 [ do(s) =Q(-r) (] <r<1).

0

Taking » — 1~ in the above inequality, we obtain the assertion (2.3). Finally, the estimate (2.3)
is the best possible because @ (w) is the best dominant of (2.1). The proof of Theorem 2.1 is
completed. O

Corollary 2.2. Let ¢ € BN N o, B, s L, MY withR(A) >0, -1 <M < L<1land M #0,

then () + Bl
ay (w) + Pw
R|———————| >0 eU),
R 70 weu
where L* is given by

M (1 L £ SV S 1+]Ww)

L* = (2.10)

201 (L1545 + 13 2 ) + M — 1
The result is sharp.
Proof. In view of Theorem 2.1, if

B ay (w) + Bw]” (az_ﬁz) [sz/ (w) —wip (w)] ap) (w) 4 Bw]”
=2 {aw+ﬁl/)(w)] “{H (o (@) + B] [ow + B ()] }wa+ﬁw(w)}

- 1+ L*w
14+ Mw’
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then

o (w)+ pwl” _ [L*  (L*—M) u M x
Rt e (e en

On substituting the value of L* given by (2.10) in the right hand side of the inequality (2.11), we

have i

which proves Corollary 2.2. O
Putting L =1—-2v(0 <~ < 1) and M = —1 in Theorem 2.1, we have
Corollary 2.3. Let 1) € BN7 (A, a, B, p; ) with R (\) > 0, then

I
%[m} >+ (1—9) {291 (1,1;)'1\;.—0—1;;)—1}7

The result is sharp.
Putting 8 = 0 in Corollary 2.3, we have
Corollary 2.4. Let 1) € B (\, u;y) with R (\) > 0, then

%[wiw)]u>7+(l—fy) {291 (1,1;;‘j+1;;)—1},

The result is sharp.
Putting oo = 0 in Corollary 2.3, we have

Corollary 2.5. Let 1 € N7 (X, p;y) with ® (\) > 0, then

ol e [ 1) )

The result is sharp.
Theorem 2.6. Let g (w) be univalent in U, A € C*. Suppose also that q (w) satisfies the following

inequality:
R (1 n wf}g‘?) > max {0, R (%) } . 2.12)

If ¢ € © () satisfies the following:

ay (w) + Bw]” (042 - ﬁZ) [WZW (w) —wy (w)] ap (w) + fw]”
aw+ AU (w)] “{1 T ot (@) + feol [aw + B ()] } {awﬁw (w)}

a-x|

< q(w)+ 2wq’ (w), (2.13)

then i
2T o

and q (w) is the best dominant.

Proof. Let the function ¢ (w) be defined by (2.5). We know that (2.6) holds true. Combining
(2.6) and (2.13), we find that

A A
o (w) + ;wgp’ (w) < q(w)+ ;wq' (w). (2.14)

By using Lemma 1.5 and (2.14), we easily get the assertion of Theorem 2.6. O
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Taking ¢ (w) = 11:]@“; (-1 < M < L <1)in Theorem 2.6, we get the following result.

Corollary 2.7. Let A € C* and —1 < M < L < 1. Suppose also that

(1) mnfo (1)),

If ¥ € © () satisfies the following subordination condition:

aw<w>+/3w] 1) {1 L (07— ) [ () w0 () } B2 +ﬂwr

(1=%) {aw + By (w) [a) (w) + Bw] [aw + By (w)] aw + Y (w)

l4+Lw ANL-—Mw
< - -
I+ Mo p(1+ Muw)

then

ay (w) + Bwl” 1+ Lw
[aw—i—ﬁz{;(w)} = 14+ Mw’

1
and the function I _?_L ML: is the best dominant.

Remark 2.8. Putting p = m = 1 in Theorem 2.6 and Corollary 2.7, respectively, we obtain the
subordination results of Shanmugam et. al. [27, Theorem 3.1 and Corollary 3.2, respectively].

We now derive the following superordination result.

Theorem 2.9. Let q be convex univalent in U, A € C with R (X) > 0. Also let

ay (w) + Bw]”
SR <AwO-1n
and
e (@) + Bwl” (® = 8) [ (w) —wip (W)] | [ogp (w) + Bw]"
(- S “{“ o () + ] oo + BV (@) Haw+6w(w)}

be univalent in U. If ¢ € © (j) satisfies the following superordination condition:

¢ (@) + gwq' ()

< (1=2) [aw(wHﬁerrA{lJr (o2 - 5%) [W2¢/(W)—w¢(w)]} {aw(w)Jrﬂwr,

aw + B (w) [a) (W) + Bw] [aw + B (w)] aw + B (w)

then B
q(w) =< [W] ,

and the function q (w) is the best subordinant.

Proof. Let the function ¢ (w) be defined by (2.5). Then

¢ () + %wq’ ()

<(1—)\){

ay (w) + Bw]” (042 - 52) [WZW (W) —wi (W)] ap (w) 4 Bw]”
el A{l o (@) + Bl fow T B0 )] } )

— oW+ %wsﬁ’ ().

An application of Lemma 1.6 yields the assertion of Theorem 2.9. O
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1+Lw
1+Mw

Taking ¢ (w) = (-1 < M < L <1)in Theorem 2.9, we get the following corollary.

Corollary 2.10. Ler —1 < M < L < 1, A € Cwith R (\) > 0. Also let

a (w) + Bw]”
) cAbne
and
B ay (w) + Bw]” (Oéz—ﬁZ) [WZT// (w) —wy (w)] ap (w) + fw]”
e {aw+5¢(w)] “{H [0 (@) + o] fow + B9 ()] HawW(wJ

be univalent in U. If ¢ € © (j) satisfies the following superordination condition:

1+Lw  A(L-Muw
I+ Mw  p(1+ Mw)®

¥ (w) + Bw} ! (02 = ) [ (w) — wi (w)] {aw (w) + ﬂw] g
1—) [T 6
<a-x ) { T b @) T Bl fow ¥ B )] [ Law+ o @)]
then

1+ Lw {oa/)(w)Jrﬂw]“

14+ Mw aw+ B (w)]
and the function 11:1\%:; is the best subordinant.

Remark 2.11. Putting o = 0 in Theorem 2.9 and Corollary 2.10, respectively, we obtain the
superordination results of Shanmugam et. al. [27, Theorem 4.1 and Corollary 4.2, respectively].

Combining the above results of subordination and superordination. we easily get the follow-
ing “Sandwich-type result”.

Theorem 2.12. Let g be convex univalent and let gy be univalent in U, A € C with R (\) > 0.
Let q; satisfies (2.12). If

2B e Al ). 110
and
B a (w) + Bw]” (062—ﬂ2) [szl (w) —wy (w)] ap (w) + fw]”
(=2 {anrﬁi/)(w)] “{H [ (w) + ] o + B ()] HawW(wJ

be univalent in U, also

@ () + gwqi ()

<(1—>\){

w u (az — ﬂZ) [wzwl (w) — w@/} (w)} O‘w (w) + ﬂw I
aw + B (w)} +A {1 + [ (w) + Bw] [aw + B (w)] [aw + B (w)]

A
<@ (w)+ ;WQQ (W),

then

ay (w) + Bw]”
0= BRG] <

and q (w) and ¢, (w) are, respectively, the best subordinant and the best dominant.

Remark 2.13. Putting & = 0 in Theorem 2.12, we obtain the sandwich results of Shanmugam
et. al. [27, Theorem 5.1].
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Theorem 2.14. If ) € BN? (a, 8, pi;y) with A > 0and 0 < v < 1. Then+p € BN (X, a, B, 1157)

for |w| < R, where
1
N 2 )
R:( <M>+1M>. (2.15)
1 7

The bound R is the best possible.
Proof. We begin by writing
1 a (w) + Bw]”
= - . 2-1
# () 17<[aw+ﬁ¢(w) 7) wel) (2.16)

Then, the function ¢ (w) has the form (1.5), is analytic in U and R {¢ (w)} > 0. Taking the
derivatives on both sides in (2.16), we get

(? = 82) [w? (w) —wi (W)] | [ap) (w) + Bw]” B
o {1 0% @) + Bl faw + B9 ) } P ”}

A
=p(w)+ ;wgp’ (w). (2.17)
Making use of the following estimate (see [28, Theorem 1]):

wg' (@) 2jd
Rip @)} = 1—1%

(lof =7 <1)

in (2.17), we obtain that

- aw + B (w)

(a2 = 82) [w?Y (w) —wi (W)] | [ar) (w) + Bw]” B
“{1 o (@) + Bl fow + Y () } ) ”}

>%ﬂﬂwﬂ(1_ué??iﬂ)’

It is seen that the right-hand side of (2.18) is positive, provided that » < R, where R is given by
(2.15). In order to show that the bound R is the best possible, we consider the function ¢ € © (j)
defined by

o]

(2.18)

1+ wl
1 —wi

[mﬂ@+ﬂw (wel).

aw+ﬂw(w>]ﬂ_7+(l_7)

Noting that

-~ aw + B (w)

(a2 = 82) [w? (w) —wi (W)] | [ar) (w) + Bw]” 3
“{1 ot (@) + Al fow + Y () } ) ”}

! {(1_” [aw(w)wwr

14w 2\ jw?
L=wi (1= wi)?

=0, (2.19)

for w = R exp (%), we conclude that the bound is the best possible. Theorem 2.14 is thus
proved. O
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Theorem 2.15. Let \y > \{ > 0and —1 < My < M, < L, < Ly < 1. Then
BNJ ()\27Q,B,M;L27M2) C BNJ ()\l7aa65u;Ll7Ml) . (220)

Proof. Suppose that 1) € BN7 (\y, a, B, pi; Ly, M>). We know that

B ay (w) + Bw]” (02 = 82) [w?Y (w) —wi (W)] | [y (w) + Bw]”
- [ “2{” o () + Bl fowo + B0 ()] } )
1+ Low
1+ Myw’

Since —1 < M} < M, < L, < L) <1, we easily find that

(1- ) {m/) ) - po)” — ) [ (@) — ot ()] } [% (w) + Bw} N

(
MW] +th {1 T o0 @) + Bl fow + B9 )] [ Law + B9 @)

1+ Low - 1+ Lw
1+ Myw 1+M1w’

2.21)

that is ¢ € BN? (\y, o, 8, 13 L1, My). Thus, the assertion of Theorem 2.15 holds for Ay = A >
0. If A\, > A\; > 0, by Theorem 2.1 and (2.21), we know that ¢ € BN (0, v, 8, u; Ly, M), that
is,

{oa/) (w) + ﬁw]“ - 1+ Liw 2.22)

aw + B (w) 1+ Mw’

At the same time, we have

(1=A1) {W(”Hﬂ“] Y {1 + ([“;—( B?) (W' (w) — wip (w)] } [aw (w) + Bw} "

aw + Y (w) w) + Bw] [aw + B (w)] aw + B (w)

() [ el x 0 () + )
- (=) [ s 0w [
(02— B2) [’ (w) = wi ()] | [t (w) + B ]"
+)\2{1+ [t (w) + Bw] [ow + B (w)] }[aw+ﬁ¢(w)] 1 (2.23)

Moreover, since 0 < :\\‘ < 1,and the function f*fw‘“ (-1 < M) < Ly < 1,w € U) is analytic

and convex in U. Comblnmg (2.21)-(2.23) and Lemma 1. 7, we find that

(1- ) {WH&U]“H] {1 . <[a2w—( ) [WPY (@) — wi ()] } [aw () +,Bwr

aw + B (w) w) + Bw] [aw + B (w)] aw + B (w)

1+ Ljw
1—‘—]\41&]7

that is ¢ € BNY (A1, , B, u; Ly, My), which implies that the assertion (2.20) of Theorem 2.15
holds. O

Theorem 2.16. Let 1) € BN7 (X, a, B, ; L, M) with A > 0. Then

3 "1-Lu
j}\ 0 1—MU

1 + Lu »7_1
])\/ T Y du. (2.24)

u 1du<§n[o‘¢(“’)+ﬂ‘“r

aw + By (w)
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Proof. Let v € BNY (X, 3, u; L, M). From Theorem 2.1, we know that (2.7) holds, which
implies that

%{mp(w)—i—ﬁw]u < sup %{',u/ll—i_quufk_]du}
0

aw+ B (@) STV Jo T Mau
1
I 1+ Lwu TR
< —_ % _— Jx d
< ) (i ) e
1
147
» TR B (2.25)

and

a (w) + Bw]” i u/l 1+ Lwu  w
%[aw—kﬁw(u})} ” Jg}%{j)\ 0 1+ Mou " odu

1
I . 1 4+ Lwu no
L f R ER d
JA OuirelU%(lﬁ—Mwu)u “
1
1-L

=

iNJo 1 —Mu

Combining (2.25) and (2.26), we get (2.24). The proof of Theorem 2.16 is evidently complete.

u 7 du. (2.26)

|
Theorem 2.17. If ) € BN7 (A, a, 8, i3 L, M) is of the form (1.1), then
(a+pB)(L—M) ’
air1] < <. 2.27
1] < (a—=8) (n+Aj) @27
Proof. From the assumption, we have
(o [ Bt [ (0= ) ) e ] [ o) 4
aw + B (w) [a) (W) + Bw] [aw + B (w)] aw + Y (w)
_ (a=B)(p+rj) 1+ Lw
=1+ ot ajyiw’ + <1+Mw’
that is ( B ( \)
a—p)ntA j
Now, from Lemma 1.8 we deduce that
a-p6)(p+N
(oz)4(—6)aj+l < |L—Mj,
which is equivalent to the inequality (2.27) asserted in our theorem. O

Remark 2.18. Putting o = 0 in the above results, we obtain the results of Aouf and Seoudy [11,
when p = 1].

Remark 2.19. Putting 8 = 0 in Theorems 2.1, 2.15, 2.16 and 2.17, respectively, we obtain the
results of Wang et. al. [14, Theorems 1, 2, 3 and 9, respectively].

3 Conclusion

This paper successfully applied the subordination principle to study Bavilevi¢ and non-Bavilevi¢
functions, yielding several important new results. We established fundamental properties in-
cluding subordination and superordination relationships, proved sharp distortion theorems, and
derived key inequalities for these function classes.

These results significantly extend previous work in this field and provide a more uni-
fied framework for understanding the behavior of these functions. The effectiveness of our
subordination-based approach suggests that it could be fruitfully applied to more complex
operators and higher-dimensional settings in future research.
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