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Abstract. In this paper, the geometry of some submanifolds of a (2n + 2)-dimensional
Sasaki-Kenmotsu with the structure (φ, ξ, ψ, η, ω, g) are studied. Certain conditions for these
submanifolds which are tangent to its characteristic vector fields ξ, ψ (resp., are normal to at
least one of ξ, ψ ) to be φ-invariant, anti φ-invariant, minimal and totally geodesic, have been
investigated. Concrete examples are given.

1 Introduction

The study of geometric structures defined via tensor fields and their behavior under lifting op-
erations plays a central role in modern differential geometry. In particular, manifolds endowed
with additional tensorial structures often exhibit rich geometric and topological properties, which
have been extensively investigated in various contexts.

A fundamental class of such structures is given by f -structures introduced by Yano [15] on a
(2n+ s)-dimensional manifold, defined by a tensor field f of type (1, 1) satisfying

f3 + f = 0.

This condition induces a natural decomposition of the tangent bundle and provides a unified
framework for several classical geometries. Within this setting, Blair [6] introduced the notion
of K-manifolds as special metric f -manifolds, which generalize Kähler, Sasakian, and cosym-
plectic geometries. In particular, S-manifolds and C-manifolds arise as natural extensions of
Sasakian and cosymplectic structures, respectively.

Further developments in this direction led to the introduction of trans-S-manifolds by Alegre
et al. [2], which generalize trans-Sasakian structures [12] within the framework of metric f -
manifolds. These constructions highlight the flexibility of f -structures in describing a wide
variety of geometric settings.

The geometry of submanifolds in manifolds equipped with additional structures has been
widely studied, especially in almost contact metric geometry (see, for example, [1, 5, 11, 13,
14]). In such ambient spaces, the interaction between the structure tensor, characteristic vector
fields, and the induced geometry on submanifolds plays a crucial role. Invariant, anti-invariant,
totally geodesic, and minimal submanifolds have been intensively investigated in Sasakian, Ken-
motsu, and cosymplectic manifolds, where compatibility conditions between the second funda-
mental form and the ambient structure strongly influence the geometry of the submanifolds.

More recently, generalized contact-type structures involving multiple distinguished vector
fields have attracted increasing attention. The authors in [4] introduced a four-dimensional al-
most bi-contact metric structure as a class of metric f -structures endowed with two global vector
fields, and studied several associated geometric properties. This framework extends classical
almost contact geometry and provides a natural setting for manifolds equipped with multiple
characteristic directions.
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In parallel, Beldjilali and Gezer [3] introduced Sasaki-Kenmotsu structures on even-
dimensional Riemannian manifolds, characterized by a tensor field φ, two global vector fields
ξ and ψ, and their associated 1-forms η and ω. These structures generalize simultaneously
Sasakian and Kenmotsu geometries in different transversal distributions and exhibit behavior
distinct from trans-Sasakian and trans-S structures.

Motivated by these developments, and in view of the presence of two distinguished vector
fields in both almost bi-contact and Sasaki-Kenmotsu geometries, we study submanifolds of a
Sasaki-Kenmotsu manifold (M̃2n+2, φ, ξ, ψ, η, ω, g). We focus on the cases where the vector
fields ξ and ψ are tangent, partially tangent (i.e., one is tangent while the other is normal), or
normal to the submanifold. In this setting, we investigate properties of φ-invariant and anti-
φ-invariant submanifolds, and derive conditions under which these submanifolds are minimal,
totally geodesic, or totally umbilical.

2 Definitions and basic formulas

Let M̃n be an n-dimensional Riemannian manifold and Mm an m-dimensional submanifold of
M̃n. Let g be the metric tensor field on M̃n as well as the metric induced on Mm. We denote
by ∇̃ the covariant differentiation in M̃n and by ∇ the covariant differentiation in Mm. Let TM̃
(resp. TM ) be the Lie algebra of vector fields on M̃n (resp. on Mm) and T⊥M the set of all
vector fields normal to Mm. The Gauss and Weingarten formulas are given respectively by

∇̃XY = ∇XY + h(X,Y ) and ∇̃XV = −AVX +∇⊥
XV, (2.1)

for any X,Y ∈ TM , V ∈ T⊥M , where ∇⊥ is the connection in the normal bundle, h is the
second fundamental form of Mm and AV is the Weingarten endomorphism associated with V .
AV and h are related by

g(AVX,Y ) = g
(
h(X,Y ), V

)
. (2.2)

The submanifold Mm is said to be totally geodesic in M̃n if its second fundamental form is
identically zero and is said to be minimal if H ≡ 0, where H is the mean curvature vector
defined byH = 1

m trace(h). From this definition it is clear that any totally geodesic submanifold
is obviously a minimal submanifold.
The submanifold M is known to be totally umbilical if

h(X,Y ) = g(X,Y )H, (2.3)

for any X,Y ∈ TM [7].
Recall that the covariant derivative ∇̃h of the second fundamental form h is given by

∇̃Xh(Y,Z) = ∇⊥
X(h(Y,Z))− h(∇XY,Z)− h(Y,∇XZ), (2.4)

where ∇̃h is a normal bundle-valued tensor of type (0, 3). If ∇̃h = 0, then M is called parallel
[9].

A (2n + 2)-dimensional differentiable manifold (M̃, g) endowed with an almost bi-contact
structure (φ, ξ, ψ, η, ω, g), that is, φ is a (1, 1)-tensor field, ξ and ψ are characteristic vector fields
corresponding to the 1-forms η and ω, respectively, which satisfies the following conditions:

η(ξ) = ω(ψ) = 1, φ2 = −I + η ⊗ ξ + ω ⊗ ψ, (2.5)

η(ψ) = ω(ξ) = φξ = φψ = 0, η ◦ φ = ω ◦ φ = 0, (2.6)

g(φX,φY ) = g(X,Y )− η(X)η(Y )− ω(X)ω(Y ), (2.7)

for all X,Y ∈ TM̃ , where I is the identity transformation of TM̃ .
It follows that

η(X) = g(X, ξ), ω(X) = g(X,ψ) and g(X,φY ) = −g(φX, Y ).
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The fundamental 2-form ϕ of the almost bi-contact metric structure is defined by

ϕ(X,Y ) = g(X,φY ).

The almost bi-contact structure (φ, ξ, ψ, η, ω) is normal if and only if [3]

N (1)(X,Y ) = [φ,φ](X,Y ) + 2dη(X,Y )ξ + 2dω(X,Y )ψ = 0,

where [φ,φ](X,Y ) = φ2[X,Y ] + [φX,φY ]− φ[φX, Y ]− φ[X,φY ].

Definition 2.1. [3] An almost bi-contact metric manifold is said to be a Sasaki-Kenmotsu mani-
fold if it is normal, ω is closed and

dη = ϕ− 2η ∧ ω. (2.8)

Differentiating the formula (2.8) and using dω = 0 on a Sasaki-Kenmotsu manifold, we
obtain dϕ = 2dη ∧ ω, which easily gives dϕ = 2ω ∧ ϕ.

Let Dη := {X ∈ TM̃ | η(X) = 0} and Dω := {X ∈ TM̃ | ω(X) = 0} be two distributions
of rank 2n+ 1 transversal to the characteristic vector fields ξ and ψ, respectively. Here we note
that dω = 0 and dϕ = 2ω ∧ ϕ on Dη; therefore, (φ,ψ, ω, g) is a Kenmotsu structure on Dη. On
the other hand, we have dη = ϕ on Dη which implies that (φ, ξ, η, g) is a Sasaki structure on Dω.
Hence the structure is called a Sasaki-Kenmotsu structure.

Moreover, a Sasaki-Kenmotsu manifold M̃2n+2 satisfies [3]

(∇̃Xφ)Y = g(φX,φY )ξ + η(Y )φ2X + g(φX, Y )ψ − ω(Y )φX, (2.9)

∇̃Xξ = φX − 2η(X)ψ, (2.10)

∇̃Xψ = −φ2X + 2η(X)ξ, (2.11)

for all X,Y ∈ TM̃ .

Remark 2.2. We point out that we corrected the sign of the second term in equation (2.9) com-
pared to the reference [3].

Example 2.3. Let (M̃, g) be a Riemannian manifold where

M̃ = {(x1, x2, y1, y2, z, t) ∈ R6 | t > 0},

and let (ẽi) be the frame of vector fields on M defined by

ẽ1 =
1
t

∂

∂x1
, ẽ2 =

1
t

∂

∂x2
, ẽ3 =

1
t

(
∂

∂y1
+ 2x1

∂

∂z

)
,

ẽ4 =
1
t

(
∂

∂y2
+ 2x2

∂

∂z

)
, ẽ5 =

1
t2
∂

∂z
, ẽ6 = t

∂

∂t
.

Let (θi) be the dual frame of differential 1-forms

θ1 = tdx1, θ2 = tdx2, θ3 = tdy1, θ4 = tdy2,

θ5 = t2
(
dz − 2(x1dy1 + x2dy2)

)
and θ6 =

1
t
dt.

For the non-zero Lie brackets of (ẽi), we have

[ẽ1, ẽ3] = [ẽ2, ẽ4] = 2ẽ5, [ẽ1, ẽ6] = ẽ1, [ẽ2, ẽ6] = ẽ2

[ẽ3, ẽ6] = ẽ3, [ẽ4, ẽ6] = ẽ4, [ẽ5, ẽ6] = 2ẽ5.

Define an almost bi-contact structure (φ, ξ, ψ, η, ω) on M by assuming

φẽ1 = ẽ3, φẽ3 = −ẽ1, φẽ2 = ẽ4, φẽ4 = −ẽ2 and φẽ5 = φẽ6 = 0,



On submanifolds of a Sasaki-Kenmotsu manifold 359

ξ = ẽ5, ψ = ẽ6, η = θ5, ω = θ6.

For the normality (i.e., vanishing of the tensor N (1)
φ ), it can be checked that

N (1)
φ (ẽi, ẽj) = [φ,φ](ẽi, ẽj) + 2dη(ẽi, ẽj)ξ + 2dω(ẽi, ẽj)ψ = 0,

for any i, j. Then, (φ, ξ, ψ, η, ω) is normal.
Let g be a Riemannian metric on M for which (ẽi) is an orthonormal frame, so that g =∑
θi ⊗ θi. It is obvious that (φ, ξ, ψ, η, ω, g) is a bi-contact metric structure on M . For the

fundamental form ϕ(X,Y ) = g(X,φY ), we have

ϕ = −2
(
θ1 ∧ θ3 + θ2 ∧ θ4) = −2t2(dx1 ∧ dy1 + dx2 ∧ dy2),

from which it follows that

ϕ = dθ5 + 2θ5 ∧ θ6 = dη + 2η ∧ ω.

Also, we can see that

dϕ = −4tdt ∧ (dx1 ∧ dy1 + dx2 ∧ dy2)

=
2
t
dt ∧ ϕ

= 2θ6 ∧ ϕ.

Hence (φ, ξ, ψ, η, ω) is normal (i.e., N (1)
φ = 0) and dω = dθ6 = 0 . As a result, (φ, ξ, ψ, η, ω, g)

becomes a Sasaki-Kenmotsu structure on M̃ .
To verify the result in formula (2.9), we give the non-zero Levi-Civita connection correspond-

ing to g by:

∇̃ẽ1 ẽ1 = ∇̃ẽ2 ẽ2 = ∇̃ẽ3 ẽ3 = ∇̃ẽ4 ẽ4 = −ψ,
∇̃ẽ1 ẽ3 = ∇̃ẽ2 ẽ4 = −∇̃ẽ3 ẽ1 = −∇̃ẽ4 ẽ2 = ξ,
∇̃ẽ1ξ = ∇̃ξ ẽ1 = −∇̃ẽ3ψ = −ẽ3,
∇̃ẽ2ξ = ∇̃ξ ẽ2 = −∇̃ẽ4ψ = −ẽ4,
∇̃ẽ1ψ = ∇̃ẽ3ξ = ∇̃ξ ẽ3 = ẽ1,
∇̃ẽ2ψ = ∇̃ẽ4ξ = ∇̃ξ ẽ4 = ẽ2,
∇̃ξξ = −2ψ, ∇̃ξψ = 2ξ.

The non-zero components of ∇̃φ are as follows:

(∇̃ẽ1φ)ẽ1 = (∇̃ẽ2φ)ẽ2 = (∇̃ẽ3φ)ẽ3 = (∇̃ẽ4φ)ẽ4 = ξ,
(∇̃ẽ1φ)ẽ3 = (∇̃ẽ2φ)ẽ4 = −(∇̃ẽ3φ)ẽ1 = −(∇̃ẽ4φ)ẽ2 = ψ,
(∇̃ẽ1φ)ξ = (∇̃ẽ3φ)ψ = ẽ1, (∇̃ẽ2φ)ξ = (∇̃ẽ4φ)ψ = ẽ2,
(∇̃ẽ1φ)ψ = −(∇̃ẽ3φ)ξ = ẽ3, (∇̃ẽ2φ)ψ = −(∇̃ẽ4φ)ξ = ẽ4.

One can easily check that for all i ∈ {1, . . . , 6}, formula (2.9) holds.

For a submanifold M of a Sasaki-Kenmotsu manifold M̃ , similar definitions in [10] can be
used. First we put

φX = TX +NX, for all X,TX ∈ TM and NX ∈ T⊥M, (2.12)

and
φV = tV + nV, for all tV ∈ TM and V, nV ∈ T⊥M. (2.13)

Definition 2.4. A submanifold M of a Sasaki-Kenmotsu manifold M̃ is said to be:
• φ-invariant if φX ∈ TM ( i.e., N = 0),
• invariant if it is φ-invariant and ξ, ψ are always tangent to M ,
• anti-φ-invariant if φX ∈ T⊥M ( i.e., T = 0),
• anti-invariant if it is anti-φ-invariant and ξ, ψ are always tangent to M ,

for any vector field X tangent to M .
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3 Submanifolds of a Sasaki-Kenmotsu manifold tangent to ξ and ψ

Lemma 3.1. Let M be a submanifold of a Sasaki-Kenmotsu manifold M̃2n+2, tangent to ξ and
ψ. Then we obtain the following

TX = 2η(X)ψ +∇Xξ, NX = h(X, ξ), (3.1)

∇Xψ = −φ2X + 2η(X)ξ, h(X,ψ) = 0, (3.2)

∇ψξ = h(ψ, ξ) = h(ξ, ξ) = 0, ∇ξψ = 2ξ and ∇ξξ = −2ψ, (3.3)

for any X,Y ∈ TM .

Proof. Using the Gauss formula, (2.10) and (2.12), then comparing the tangential and normal
components of φX , we obtain (3.1). Next, in view of (2.11) and (2.1) we obtain (3.2). The last
part follows from (2.10), (2.1) and (3.2).

3.1 Invariant submanifolds

In this subsection, we investigate some geometric conditions for an invariant submanifold M of
a Sasaki-Kenmotsu manifold M̃ .

Proposition 3.2. Let M be an invariant submanifold of a Sasaki-Kenmotsu manifold (M̃, φ, ξ,
ψ, η, ω, g). Then there exist two differentiable orthogonal distributions D and D⊥ on M such
that

TM = D ⊕D⊥ ⊕ ⟨ξ⟩ ⊕ ⟨ψ⟩,
and

φ(D) ⊂ D⊥, φ(D⊥) ⊂ D.

Proof. For an invariant submanifold M , ξ and ψ are tangent to M . Hence, we can write

TM = D′ ⊕ ⟨ξ⟩ ⊕ ⟨ψ⟩.

Let X ′ ∈ D′. Now g(X ′, φX ′) = 0 and g(ξ, φX ′) = g(ψ,φX ′) = 0. So, φX ′ is orthogonal
to X ′, ξ and ψ. Consequently, it is possible to write D′ = D ⊕ D⊥, where X ′ ∈ D ⊂ D′ and
φX ′ ∈ D⊥ ⊂ D′. For φX ′ ∈ D⊥, we note that

φ(φX ′) = φ2X ′ = −X ′ + η(X ′)ξ + ω(X ′)ψ = −X ′ ∈ D.

Let φX ′ = X ′′ ∈ D⊥. Hence, for X ′ ∈ D, φX ′ ∈ D⊥ and for X ′′ ∈ D⊥, φX ′′ ∈ D. Hence,
the proposition follows.

Now, using (3.1), we state the following corollary

Corollary 3.3. Let M be a totally geodesic submanifold of a Sasaki-Kenmotsu manifold tangent
to ξ and ψ, then M is an invariant submanifold.

Moreover, we have

Corollary 3.4. Let M be a totally umbilical submanifold of a Sasaki-Kenmotsu manifold tangent
to at least one of ξ and ψ, then M is necessarily minimal (consequently M is totally geodesic).

Proof. Suppose that M is totally umbilical, and by using (3.2) (or (3.3)), we get

H = g(ψ,ψ)H = g(ξ, ξ)H = 0.

Proposition 3.5. Let M be an invariant submanifold of a Sasaki-Kenmotsu manifold. Then, we
obtain the following formulas

h(X, ξ) = 0, (3.4)

h(X,φY ) = φh(X,Y ) = h(φX, Y ), (3.5)

for any vector fields X,Y on M .



On submanifolds of a Sasaki-Kenmotsu manifold 361

Proof. Assume that M is an invariant submanifold and by virtue of Lemma 3.1, we obtain di-
rectly the first relation. Since φX is tangent to M , for any X ∈ TM , and by using Gauss
formula, we obtain

h(X,φY ) = ∇̃X(φY )−∇X(φY ). (3.6)

On the other hand, we have

φh(X,Y ) = φ∇̃XY − φ∇XY

= ∇̃X(φY )− (∇̃Xφ)Y −∇X(φY ) + (∇Xφ)Y

= ∇̃X(φY )−∇X(φY ), (3.7)

because of φ∇̃XY = (∇̃Xφ)Y − ∇̃X(φY ) and (∇̃Xφ)Y is tangent to M .
So, from (3.6), (3.7) and the symmetry of h, we obtain (3.5).

We choose in a Sasaki-Kenmotsu manifold M̃ (2n+2) a local orthonormal basis of vector fields
{e1, . . . , em, em+1 = φe1, . . . , e2m = φem, e2m+1, . . . , e2n, ξ, ψ}, such that {e1, . . . , e2m, ξ, ψ}
belong to the submanifold M2m+2.

By Proposition 3.2 and since φX is tangent toM for anyX ∈ TM , we can state the following
statement:

Theorem 3.6. Any invariant submanifold M of a Sasaki-Kenmotsu manifold is a Sasaki-
Kenmotsu manifold. Hence, the following relations hold:

(∇Xφ)Y = g(φX,φY )ξ + η(Y )φ2X + g(φX, Y )ψ − ω(Y )φX,

∇Xξ = φX − 2η(X)ψ, ∇Xψ = −φ2X + 2η(X)ξ,

for all vector fields X,Y tangent to M .

Proposition 3.7. Every invariant submanifold of a (2n+2)-dimensional Sasaki-Kenmotsu man-
ifold is minimal.

Proof. By using (3.3), (3.2), (3.5), and the mean curvature vector definition, we get

H =
1

2m+ 2
( 2m+2∑
i=1

h(ei, ei)
)

=
1

2m+ 2

m∑
k=1

(
h(ek, ek) + h(φek, φek)

)
=

1
2m+ 2

m∑
k=1

(
h(ek, ek) + φ2h(ek, ek)

)
,

where {ei}2m+2
i=1 be a local orthonormal basis on M . So, by φ2h(ek, ek) = −h(ek, ek) we con-

clude that H = 0, which means M is minimal.

Theorem 3.8. Let M be an invariant submanifold of a Sasaki-Kenmotsu manifold. Then, M is
parallel if and only if M is totally geodesic.

Proof. Suppose that M is parallel, then ∇̃Xh(Y, ψ) = 0, for any X,Y ∈ TM , it follows that

∇⊥
Xh(Y, ψ)− h(∇XY, ψ)− h(Y,∇Xψ) = 0.

Using (3.2) in the above equation, we obtain

h(Y,∇Xψ) = h(Y,−φ2X + 2η(X)ξ) = 0. (3.8)

From (2.5), (3.2) and (3.4), the equation (3.8) reduces to h(Y,X) = 0 for any X,Y ∈ TM ,
which means M is totally geodesic. The converse statement is trivial.



362 F. Mahi and G. Beldjilali

3.2 Anti-invariant submanifolds

In this subsection, we study an anti-invariant submanifold M of a Sasaki-Kenmotsu manifold
M̃2n+2.

Proposition 3.9. Let M be a submanifold of a Sasaki-Kenmotsu manifold. Then, M is anti-
invariant if and only if it satisfies

∇Xξ = −2η(X)ψ, (3.9)
for any vector field X tangent to M .

Proof. In view of Lemma 3.1 and the anti-invariant submanifold definition, we obtain the above
relation.

Proposition 3.10. Let M be an (n + 2)-dimensional anti-invariant submanifold of a (2n + 2)-
dimensional almost bi-contact metric manifold. Then, M is tangent to the global vector fields ξ
and ψ.

Proof. Since M is an anti-invariant submanifold, we have φTxM = T⊥
x M , at each point x of

M . Then, g(ξ, φX) = −g(φξ,X) = 0, and also g(ψ,φX) = −g(φψ,X) = 0, for any vector
field X tangent to M . Thus, M is tangent to ξ and ψ.

Proposition 3.11. Let M be an (n + 2)-dimensional anti-invariant submanifold of a (2n + 2)-
dimensional Sasaki-Kenmotsu manifold. Then, M cannot be totally umbilical.

Proof. Assume that M is an anti-invariant totally umbilical submanifold such that ξ, ψ ∈ TM .
So, h(X,Y ) = g(X,Y )H , for any vector fields X and Y tangent to M .
Taking Y = ψ in the above equation and using (3.2), we get H = 0, which implies h = 0 i.e., M
is totally geodesic. But sinceM is anti-invariant and from (3.1), we get φX = NX = h(X, ξ) ̸=
0, and this leads to a contradiction.

Theorem 3.12. Let M be a submanifold of a Sasaki-Kenmotsu manifold tangent to ξ and ψ.
Then, M is anti-invariant if and only if ∇T = 0.

Proof. Using (2.12), (2.13) and the Gauss-Weingarten formulas, we obtain

(∇̃Xφ)Y = ∇̃XφY − φ∇̃XY

=
(
(∇XT )Y −ANYX − th(X,Y )

)
+
(
∇⊥
X(NY )−N∇XY︸ ︷︷ ︸

(∇XN)Y

+h(X,TY )− nh(X,Y )
)
.

Then, using (2.9) and comparing the tangential and normal components in the above formula,
we have{

(∇XT )Y −ANYX − th(X,Y ) = g(φX,φY )ξ + η(Y )φ2X + g(φX, Y )ψ − ω(Y )TX

∇⊥
X(NY )−N∇XY + h(X,TY )− nh(X,Y ) = −ω(Y )NX.

(3.10)
Taking Y = ξ in the first equation of (3.10), using (2.6) and (3.1), we get

(∇XT )ξ = t(NX)− φ2X. (3.11)

φ2X = φ(TX +NX) = T 2X +N(TX) + t(NX) + n(NX). (3.12)
From (3.11) and (3.12), we deduce the relation

(∇XT )ξ = −T 2X −N(TX)− n(NX).

Since (∇XT )ξ is tangent to M , the last equation reduces to

(∇XT )ξ = −T 2X. (3.13)

Thus, if M is an anti-invariant submanifold, we can obtain directly from (3.13) that ∇T = 0.
Conversely, if ∇T = 0, the relation (3.13) implies T 2 = 0; by equation (3.1), we find

T 2X = T (∇Xξ) = 0,

for any X ∈ TM . That is, T = 0 (i.e., M is an anti-invariant submanifold).
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Example 3.13. Based on the above Example 2.3, let f1 be an isometric immersion from M1 to
M̃ defined by

f1(x, y, z, t) = (x1, 0, x3, 0, x5, x6),

with M1 = {(x, y, z, t) ∈ R4 | t > 0}, where (x, y, z, t) are the standard coordinates on R4. The
vector fields

e1 =
1
t

∂

∂x
, e2 =

1
t

(
∂

∂y
+ 2x

∂

∂z

)
, e3 = ξ1 =

1
t2
∂

∂z
, e4 = ψ1 = t

∂

∂t
,

are linearly independent at each point of M1. Let g1 be the metric given by

g1 = t2dx2 + t2(1 + 4x2t2)dy2 + t4dz2 +
1
t2
dt2 − 4xt4dydz.

Let η1 and ω1 be the 1-forms defined by η1(X) = g1(X, e3) and ω1(X) = g1(X, e4), for any
vector field X tangent to M . Let φ1 be the (1, 1)-tensor field defined by

φ1e1 = e2, φ1e2 = −e1 and φ1e3 = φ1e4 = 0.

The linearity of φ1 and g1 yields that

η1(ξ1) = ω(ψ1) = 1, η1(ψ1) = ω(ξ1) = 0, φ2
1ei = −ei + η1(ei)ξ1 + ω1(ei)ψ1,

g1(φ1ei, φ1ej) = g1(ei, ej)− η1(ei)η1(ej)− ω1(ei)ω1(ej) for all 1 ≤ i, j ≤ 3.

Thus, (φ1, ξ1, η1, g1) defines an almost bi-contact metric structure on M1. The non-zero compo-
nent of the fundamental 2-form is

ϕ1

( ∂

∂x
,
∂

∂y

)
= −t2,

and we have ϕ1 = −2t2dx ∧ dy. We note that

dη1 = d
(
t2(dz − 2xdy)

)
= ϕ1 − 2η1 ∧ ω1,

and ω1 =
1
tdt which implies dω1 = 0. The non-zero components of Lie bracket are

[e1, e2] = 2e3, [e1, e4] = e1, [e2, e4] = e2.

By direct calculations, one can check that N (1) = 0. Therefore, in view of Definition 2.1, we
conclude that (φ1, ξ1, η1, g1) is a Sasaki-Kenmotsu structure on the submanifoldM1 of M̃ tangent
to ξ and ψ.

Using Koszul’s formula, the non-zero components of the Levi-Civita connection ∇1 corre-
sponding to g are given by:

∇1
e1
e1 = ∇1

e2
e2 = ∇1

e4
e4 = −ψ,

∇1
e1
e2 = −∇1

e2
e1 = ξ,

∇1
e1
ξ = ∇1

ξe1 = −∇1
e2
ψ = −e2,

∇1
e1
ψ = ∇e2ξ = ∇1

ξe2 = e1,
∇1
ξξ = −2ψ, ∇ξψ = 2ξ.

Let us take D1 = ⟨e1⟩, D⊥
1 = ⟨e2⟩. Then clearly we see that

TM = D1 ⊕D⊥
1 ⊕ ⟨ξ⟩ ⊕ ⟨ψ⟩.

For any X ∈ D1 and Y ∈ D⊥
1 , we can write X = λ1e1 and Y = λ2e2, where λ1 and λ2 are two

scalars. Now, φ1X = φ1(λ1e1) = λ1φ1e1 = λ1e2 ∈ D⊥
1 ⊂ TM1. Similarly, φ1Y = −λ2e1 ∈

D1 ⊂ TM1. Hence, the submanifold is invariant.
Now from the values of ∇1

eiej and ∇̃ẽi ẽj , we see that h(ei, ej) = 0 for all i, j ∈ {1, 2, 3, 4}.
This means that the submanifoldM1 is totally geodesic. Thus, results (3.3) and (3.4) are verified.
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4 Submanifolds of a Sasaki-Kenmotsu normal to ξ (resp. to ψ )

4.1 Submanifold normal to ξ

Theorem 4.1. Let M be a submanifold of a Sasaki-Kenmotsu manifold normal to ξ. Then, M is
anti-φ-invariant.

Proof. From (2.12) and (2.8), we have

g(X,TY ) = g(X,φY ) = ϕ(X,Y ) = dη(X,Y ) + 2(η ∧ ω)(X,Y ),

for any X,Y ∈ TM . Since ξ is a normal vector field on M , the above relation becomes
g(X,TY ) = 0, which implies M is anti-φ-invariant.

Lemma 4.2. Let M be a submanifold of a Sasaki-Kenmotsu manifold normal to ξ and tangent
to ψ, we have

TX = −AξX and NX = ∇⊥
Xξ. (4.1)

Moreover, if ψ ∈ TM , then we get

∇Xψ = X − ω(X)ψ and h(X,ψ) = 0, (4.2)

for any X ∈ TM .

Proof. Assuming that ξ ∈ T⊥M and ψ ∈ TM , from the Gauss-Weingarten formulas and (2.10)
(resp., (2.11) and (2.5)), we get

∇̃Xξ = −AξX +∇⊥
Xξ

= φX

and

∇̃Xψ = ∇Xψ + h(X,ψ)

= X − ω(X)ψ,

for any X ∈ TM . Comparing the tangent and normal parts of the two above relations yields
(4.1) and (4.2) respectively.

Corollary 4.3. Let M be a totally umbilical submanifold of a Sasaki-Kenmotsu manifold, such
that ξ ∈ T⊥M and ψ ∈ TM . Then, M is minimal (consequently it is totally geodesic).

Proof. Setting X = ψ in (4.2), we get

H = g(ψ,ψ)H = h(ψ,ψ) = 0.

Theorem 4.4. Any submanifold of a Sasaki-Kenmotsu manifold normal to ξ and tangent to ψ is
totally geodesic.

Proof. If M is normal to ξ, then in view of Theorem 4.1 M is an anti-φ-invariant submanifold
(i.e., T = 0) and by using (4.1), we get

g(TX, Y ) = −g(AξX,Y ) = 0.

That implies h(X,Y ) = 0 for any X,Y ∈ TM , which means M is totally geodesic.

Example 4.5. Again, based on the above Example 2.3, let f2 be an isometric immersion from
M2 to M̃ defined by

f2(x, y, t) = (x1, x2, 0, 0, 0, x6),
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with M2 = {(x, y, t) ∈ R3 | t > 0}, where (x, y, t) are the standard coordinates on R3. The
vector fields

e1 =
1
t

∂

∂x
, e2 =

1
t

∂

∂y
, e3 = t

∂

∂t
,

are linearly independent at each point of M2. Let g2 be the metric given by

g2 = t2(dx2 + dy2 +
1
t4
dt2).

The non-zero components of Lie bracket are

[e1, e3] = e1, [e2, e3] = e2.

Using Koszul’s formula, the non-zero components of the Levi-Civita connection ∇2 corre-
sponding to g are given by:

∇2
e1
e1 = ∇2

e2
e2 = −e3, ∇2

e1
e3 = e1, ∇2

e2
e3 = e2.

Let U = λ1e1 + λ2e2 + λ3e3 and V = µ1e1 + µ2e2 + µ3e3, be two vector fields on M2 where λi
and µi are scalars, i ∈ {1, 2, 3}. Then,

h(U, V ) = λ1µ1h(e1, e1) + λ1µ2h(e1, e2) + λ1µ3h(e1, e3)

+λ2µ1h(e2, e1) + λ2µ2h(e2, e2) + λ2µ3h(e2, e3)

+λ3µ1h(e3, e1) + λ3µ2h(e3, e2) + λ3µ3h(e3, e3).

From the values of ∇2
eiej and ∇̃ẽi ẽj calculated before and from the relation h(ei, ej) = ∇̃ẽi ẽj −

∇2
eiej , we see that h(U, V ) = 0, for all U, V vector fields on M2. Hence, the submanifold M2 is

totally geodesic. Thus, Theorem (4.4) is verified.

4.2 Submanifold normal to ψ

Now, suppose that ψ ∈ T⊥M and ξ ∈ TM , by using a similar proof of Lemma 4.2, we can
prove:

Lemma 4.6. Let M be a submanifold of a Sasaki-Kenmotsu manifold normal to ψ and tangent
to ξ, we have

TX = ∇Xξ and NX = 2η(X)ψ + h(X, ξ), (4.3)

and
AψX = −X − η(X)ξ and ∇⊥

Xψ = 0, (4.4)

for any X ∈ TM .

Proposition 4.7. Any submanifold of a Sasaki-Kenmotsu manifold normal to ψ and tangent to ξ
cannot be totally geodesic.

Proof. From (4.3), we put X = ξ, we obtain h(ξ, ξ) = −2ψ ̸= 0.

By using (4.3) of Lemma 4.6, we can easily prove:

Proposition 4.8. Let M be a submanifold of a Sasaki-Kenmotsu manifold normal to ψ and tan-
gent to ξ. Then ξ is parallel i.e., ∇ξ = 0, if and only if M is anti-φ-invariant.

References
[1] N. M. Alhouiti, Some results on pointwise pseudo-slant submanifolds in a cosymplectic manifold, AIMS

Mathematics, 11(3), 8677-8691, (2026). doi: 10.3934/math.2026357

[2] P. Alegre, L. M. Fernandez and A. Prieto-Martin, A new class of metric f -manifolds, Carpathian J. Math.,
34(2) (2018), 123-134.



366 F. Mahi and G. Beldjilali

[3] G. Beldjilali and A. Gezer, Sasaki-Kenmotsu manifolds, Acta Comment. Univ. Tartu. Math., 26(1), 77-88,
(2022).

[4] G. Beldjilali, On 4-dimensional submanifolds of f -manifolds, in: Geometry of Submanifolds and
Applications, (eds. B.Y. Chen, M.A. Choudhary, M.N.I. Khan), Springer, Singapore, 59-71, (2024).
https://doi.org/10.1007/978-981-99-9750-35

[5] G. Beldjilali, Invariant submanifolds on C12-manifolds, Palestine Journal of Mathematics, (Preprint)

[6] D. E. Blair, Geometry of manifolds with structural group U(n) × O(s), J. Differential Geometry, 4,
155-167, (1970).

[7] B. Y. Chen, Geometry of Submanifolds, Marcel Dekker, New York, (1973).

[8] P. Debnath and A. Konar, Almost pseudo-contact structure, Commun. Korean Math. Soc., 26(1), 125-133,
(2011).

[9] D. Ferus, Immersions with parallel second fundamental form, Math. Z., 140, 87-92, (1974).

[10] M. Kobayashi and S. Tsuchiya, Invariant submanifolds of an f -manifold with complemented frames,
Kodai Math. Sem. Rep., 24, 430-450, (1972).

[11] H. G. Nagaraja and D. Kumari, Submanifolds of N(κ)-contact metric manifolds, Palestine Journal of
Mathematics, Vol. 10(2), 777-783, (2021).

[12] J. A. Oubiña, New classes of almost contact metric structures, Publ. Math. Debrecen, 32, 187-193, (1985).

[13] A. Sarkar, On submanifolds of Sasakian manifolds, Lobachevskii J. Math., 32, 88-94 (2011).
https://doi.org/10.1134/S1995080211010045

[14] S. Sular , C. Özgür, On some submanifolds of Kenmotsu manifolds, Chaos, Solitons and Fractals, 42,
1990-1995, (2009).

[15] K. Yano, On a structure defined by a tensor field f of type (1, 1) satisfying f 3 + f = 0, Tensor (N.S.), 14,
99-109, (1963).

[16] K. Yano and M. Kon, Structures on Manifolds, World Scientific, Singapore, (1984).

Author information
F. Mahi, Higher Normal School of Mostaganem 27000, Algeria.
E-mail: fatihamahi@gmail.com

G. Beldjilali, Laboratory of Quantum Physics of matter and Mathematical Modeling (LPQ3M), University of
Mascara, Algeria.
E-mail: gherici.beldjilali@univ-mascara.dz

Received: 2026-03-15
Accepted: 2026-08-14


	1 Introduction
	2 Definitions and basic formulas
	3 Submanifolds of a Sasaki-Kenmotsu manifold tangent to  and  
	3.1 Invariant submanifolds
	3.2 Anti-invariant submanifolds

	4 Submanifolds of a Sasaki-Kenmotsu normal to  (resp. to  )
	4.1 Submanifold normal to  
	4.2 Submanifold normal to  


