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Abstract. In this paper, we investigate the liftings of the golden Lorentzian manifolds en-
dowed with generalized symmetric metric connection in the tangent bundles. By using liftings,
we investigate the curvature tensor and Ricci tensor of the golden Lorentzian manifolds with
respect to GSMC in the tangent bundles. Moreover some properties of the curvature tensor,
concircular curvature tensor, projective curvature tensor and conformal curvature tensor with the
generalized symmetric metric connection in the tangent bundle 7y M are studied and we find that
To M is &-concirculary and &-projectively flat with respect to the generalized symmetric metric £
connection in golden Lorentzian manifolds to the tangent bundles.

1 Introduction

Numerous geometers, including Yano and Kobayashi [18], Yano and Ishihara [19], Tani [20],
Pandey and Chaturvedi [22], have investigated the tangent bundle of differential geometry. Yano
and Ishihara [19] introduced the vertical, complete, and horizontal lifts of tensors, as well as the
connection from the manifold to its tangent bundle. Khan and others investigated tangent bundles
on several manifolds and their submanifolds using various connections and partial differential
equations, as shown in ([23],[24],[25],[26],[271, [28],[291,[301,[311,[321,[331,[341,[351,[371,[38]).
Recently, Colney and Kumar [36] studied the properties of the soliton on Sasakian manifold on
the tangent bundle. On the other hand, various geometers have studied the golden ratio for many
ages. The golden structure was presented by Crasmareanu et al. [4] as a polynomial structure
and Goldberg et al. [15], [16] was inspired by the golden mean. The polynomial structure was
stated as ®> = & + I, where [ is the (1,1) tensor field. By investigating invariant subman-
ifolds isometrically immersed in golden Riemannian manifolds in 2007, Hretcanu et al. [17]
highlighted novel concepts in 2007. Work on an induced structure was done in the same ambient
manifold by Ahmad and Qayyoom [2], leading to several additional investigations. Recent re-
search on slant submanifolds of golden Riemannian manifolds done by Bahadir and Sirajuddin
et al. [3] produced a variety of helpful findings. M. Ozkan [21] in 2014 has investigated golden
structures on semi-Riemannian manifolds . For more information, see [5], [9], [11],[12] for the
recent developments in golden differential geometry. Some related studies in Lorentzian para
contact manifold are [13], [14].
In 1932, Hayden [10] proposed a metric connection on a Riemannian manifold with non-zero

torsion. Numerous geometers like ([1], [7],[8],[39],[40],[41]) have investigated the characteris-
tics of Riemannian manifolds with semi-symmetric (symmetric) and a non-metric connection.
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Golab [8] in 1975 proposed the notion of quarter-symmetric linear connections in a differential
manifold. A linear connection is said to be quartersymmetric if its torsion tensor 7" is of the
form T'( Xy, Yo) = u(Yy) DXy — u(Xo)DY) for any vector fields Xy, ¥y on a manifold, where u
is a 1-form and @ is a tensor of type (1, 1), The quarter-symmetric connection is transformed
into a semisymmetric connection if @ = I. Consequently, it is possible to think of the quarter-
symmetric connection as an extension of the semi-symmetric connection. If a linear connection
has a torsion tensor T that has the formula T'( Xy, Yp) = a[u(Yy) Xo — u(Xo)Yo] + B[(Yo) Xo —
u(Xo)Yp], then that connection is said to have a generalized symmetric connection [27] for all
vector fields Xy, Yy, where « and § are smooth functions. @ is a tensor of type (1,1) and u is a
1-form respectively. In addition, if the Riemannian metric g in M has the property that Vg = 0,
then the connection is said to be a generalized symmetric metric connection otherwise it is non-
metric.

The paper is organized as follows

« Section 1 deals with introduction.

« Section 2 is about preliminaries on vertical and complete lifts, tangent bundle and golden
Lorentzian manifolds.

« Section 3 is devoted to the study of GSMC in golden Lorentzian manifolds to the tangent
bundles.

« Section 4 deals with the studies of curvature tensor, Ricci tensor and scalar curvature of
golden Lorentzian manifolds admitting GSMC in the tangent bundles.

« Sections 5, 6, 7 and 8 are related with the studies of concircular, projective and conformal
curvature tensor of golden Lorentzian manifolds admitting GSMC in the tangent bundles
follow by example.

» Section 9 is about conclusion/discussion

2 Preliminaries

Let M be a differentiable manifold and Ty M = J,,¢ 5y Top M be the tangent bundle, where Ty, M
is the tangent space at point p € M and « : ToM — M is the natural bundle structure of ToM
over M. For any coordinate system (Q, z") in M, where (z") is local coordinate system in the
neighborhood @, then (7~1(Q), 2", y") is coordinate system in Ty M, where (z",y") is induced
coordinate system in 7= (Q) from (z") [19].

2.1 Vertical and complete lifts

Let fo be a function, X a vector field, wp a 1-form, a tensor field Fy of type (1, 1) and V an affine
connection in M. The vertical and complete lifts of a function fj, a vector field X, a 1-form
wo, a tensor field Fy of type (1, 1) and V an affine connection are given by f§/, X{,wy, Fy, V§
and f§, X§,w§, Iy, V§ respectively. The following formulas of complete and vertical lifts are
defined by [19]

(f0X0)" = fo X¢, (foXo)* = f5 X0 + fo X5, 2.1

Xofo =0, Xof5 = Xifo = (Xofo)", X5f5 = (Xofo)*, (2.2)

wo(fg) =0, wg(Xg) = wi(Xg) = wo(Xo)", wi(Xg) = wo(Xo)®, 2.3)
Fy X5 = (FoXo)", F5X§ = (FoXo), (2.4)

[Xo, Yo]" = [X§,Yy'] = [X¢, Y7, [Xo, Yo]° = [X§, Yy, 2.5

Vexe Yy = (Vx,Y0)% Vexe Yy = (Vx,Y0)". (2.6)
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Suppose Ty M be the tangent bundle and Xy = Xé% be a local vector field on M, then its

vertical and complete lifts in the term of partial differential equations are

v i 6
XO — Xoﬁiyi, (27)
o, oxXi . 0
X§ = Xi— Oyd —. 2.
0 0 9t * 93 7 ay* 2:8)

2.2 Golden Lorentzian manifolds

In order to define golden Lorentzian manifold, we need to define first define golden Riemannian
manifold. Let M be an n-dimensional Riemannian manifold with metric g and let G be a tensor
field of type (1,1) on M satisfying the polynomial equation [6]

K@) =G"+a,G" "+ +aG+al=0, 2.9

where I denotes the identity transformation, and for every point p € M the linear transformations
I,,Gp, G2, ... G~ are linearly independent. Here G™ means the composition of G with itself
n times. In addition M is said to be equipped with a golden structure if the relation

P =D+, (2.10)

is satisfied. Where I is the identify transformation, & is the (1, 1) tensor field. When the golden
structure @ is equipped with the structure (M, g), we say that it is a golden Riemannian manifold
if the following conditions are satisfied for ®-compatible metric.

9(PXo,Yo) = g(Xo, DY), 2.11)
for all Xy, Yy € x(ToM) and
9(®Xo, PYp) = 9(®*Xo, Yp) = 9(PXo, Yo) + 9(Xo, Yp). (2.12)
The golden Lorentzian manifold is defined by [6]

Definition 2.1. An n-dimensional semi-Riemannian manifold (M, g) with metric g having sig-
nature (—, +,+,...,+(n — 1 times)). Then M is called Lorentzian manifold if it is equipped
with a golden structure ® and ¢ is ®-compatible. [6]

The example of golden Lorentzian manifold is given as

Example 2.2. Let R? represent the semi-Euclidean space and we consider the structure of g as
(—,4,+). If @ stands for a (1, 1) tensor field, then it can be showed that if [6]

B(S1, 5, 55) = = (S1 + V555, 5 + V351, 2¢:55), 2.13)

NS

for any vector field (57,5, S3) € R?, where o) = ”—2‘/5 is the golden mean, then
PP =D+ 1, (2.14)
and hence @ is a golden structure on R3, moreover, g may also be verified to be d-compatible.

Thus (R3, g, ®) becomes a golden Lorentzian manifold.

3 GSMC in a golden Lorentzian manifolds to the tangent bundle

In a golden Lorentzian manifold the GSMC of («, 3) type is given by [6]

Vx, Yo = Vx, Yo + aK (X, Yo) + 8K (PXo, Yo), (3.1)
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for all Xo,Yy € x(ToM). where K(Xo,Yy) = —g(Xo, Yo)U + u(Yy)Xo and «, 3 represent
smooth functions on the manifold, £ is a unitary (spacelike or timelike) vector field on M, and u
is a 1-form defined by

u(Xo) = g(&, Xo). (3.2)

The torsion tensor I’ with respect to V is given by
(X0, Yo) = —a(u(X0)Yo — u(¥o)Xo) — B(u(X0)®¥ —~ u(Ve)®Xo),  (3)
Vg =0. (3.4)

A linear connection satisfying the equation (3.3) is called generalized symmetric connection and
the linear connection satisfying both equations (3.3) and (3.4) is called GSMC. Let Ty M be the
tangent bundle on a golden Lorentzian manifold (M, g¢, ®¢), then taking a complete lifts by
mathematical operators from equations (3.1-3.4) we have

Vi Yo = Vi Yo + oK (X5, Y5) + ﬁKC((d’Xo)C, Yoc>7 (3.5
Ke(XG,Yy) = —g°(XG, Y5)E" — g°(Xg, Y5 )EC, (3.6)
u®(Xg) = g°(£°, X¢), (3.7)

(X5, i) = —a(us(XE)Yg + u” (X6)Ye — u(¥6) Xy — u (1) X5 )
= B (XE)(@Y0)" + u”(X5)(@Y0)" — u (V§)(®Xo)” (3:8)

— " (Y9)(®X0)°),

Vg =0. (3.9)

Theorem 3.1. Let (M, g¢, ®°) be a golden Lorentzian manifold admitting a GSMC in the tangent
bundle Ty M which satisfies equations (3.8) and (3.9), then the GSMC of the golden Lorentzian
manifold in the tangent bundle is given by equation (3.5).

Proof. Let V¢ be the complete lifts of a linear connection defined on M by
VYo = Vi Y5 + HE(XG.YE), (3.10)

where V¢ is the complete lifts of the GSMC and H* is the complete lifts of a tensor field of type
(1,2) and let 7 be the complete lifts of the torsion tensor of the GSMC. Then, we can have

1 .. ’ ’
HE(X§, ¥6) = 5 (T8, ¥6) + (Y5 X5) + T°(X5, %5) ). (3.11)
and
g (725, X5), Y5 ) = o° (T(X5, %), 25). (3.12)

From equations (3.8) and (3.12), we have
(X5, ) = B(u(X5)(@Y0)” + u” (X5) (®Y0)° — g° ((®X0)", V')€"
— g°(@X0)", Y5)&°) — a(9°(X6, Yin)&" + 9°(X5, V)€ (3.13)
— u(XE)Yy — u(X§)Y).
Using equation (3.8), (3.11) and (3.13), we have
HE(X5,Y5) = B (V) (@X0)" + u” (Vi) (DX0)° — g°((®X0)", ¥)€"
— 0°((®X0)", Yi)€) — a(° (X5, V)€ + 9°(X, Vi )€ (3.14)
— ut(V§) Xy — u (V6) X5 ).

Hence, by using (3.14) in equation (3.10), we get equation (3.5). O
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Proposition 3.2 (Classification of lifts of GSMC). The lifts of the generalized semi-symmetric
metric connection (GSMC) of a golden Lorentzian manifold to its tangent bundle are classified
according to the smooth functions o and [ appearing in equation (3.5) as follows:

H SI. No.  Values of o and 3 Type of connection H
1 a=1,=0 Semi-symmetric metric connection
2 a=0, =1 Quarter-symmetric metric connection
3. B =0 («a arbitrary)  «-semi-symmetric metric connection
4 a =0 (B arbitrary)  (B-semi-symmetric metric connection

4 Curvature tensor of GSMC on golden Lorentzian Manifolds to the tangent
bundle

Definition 4.1. In a golden Lorentzian manifold (M, g¢, ®¢) equipped with a golden structure
®° and V¢ be the lift of the GSMC of (a, 3)-type in the tangent bundle Ty M, if the lifts of the
associated vector field £¢ is parallel in the tangent bundle TyM, then V¢ is called generalized
symmetric metric £ Connection (GSM-£—C) on M.

Now, when the lifts of the associated vector field £¢ of the tangent bundle 7y M in equation
(3.8) satisfies the relation

g°(€°,€°) = (") =&, @)

where value of €€ is 1. Then from equation (3.5) additionally given that £¢ is parallel in respect
of V¢ in the tangent bundle 7y M, we can have

‘)3(&56 =0 & V5 gfc = —aK(X§,£°) — BK((PX0), ). 4.2)
Using equations (3.5), (4.1) and (4.2), we obtain
(Visu)Ys = (Vipu) Yy — au® (K°(XG, 7)) — Bu (K°(@X0), 7)) (43)

Furthermore, (V5 u®)Y = 0, so

(Vi)Y = au (K°(X5,Y)) + fut (K (@X0)°, V7)) ). “4)

In a golden Lorentzian manifold with lift of GSMC V¢ in the tangent bundle Ty M. Let R°
be the lifts of the curvature tensor associated with V¢ in the tangent bundle.

RE(X§,YE) 25 = Vi Ve 25 — Ve Ve 26 — V[Xp v Z6- 4.5)
Using equation (3.5) in (4.5), we get
R(X§,Y5) 25 = RE(X§, Ye) Zs + o’lg°(X§, Z6) Yy + 9°(X¢, X§)Ye

— 9°(Ys'. Z§)Xg — 9° (Y5, Z6) X§) + B°[9° ((@X0)*, Z§) (PYp)"
+9°((2X0)", Z5) (PY0)* — g°((PY0)*, Z5) (PXo)"
— 9°((@Y)", ) (PX0)] + aBlyg® ((®Xo)°, Z§) Yy (4.6)

+9°((PX0)", Z§) Y — 9°((PY0)*, Z5) X§ — 9° ((PY0)", Z5) X

+ 9°(X5, Z5)(PY0)" + 9°(X¢', Z5) (PYo)“
= 9°(Y5, Z5)(®X0)" — g°(Yy', Z5) (P Xo)“]-

From equation (4.6), we take contraction with respect to X so we get the lift of the tensor S¢in
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the tangent bundle as

Sy, Z5) = SV, Z§) + (1 — ne) g (Yy, Z5)

+ B9 ((@YF), Z5) — 9° ((DY0)°, Z)a”

— g°((®PY0)", Z5)a] + aB[(2 — ne)g° ((PY0)*, Zg)
— 9 (Y, Z§)a" — g°(Yy', Z5)ac].

4.7

where a = trace® and the lift of the Ricci operator Q" in the tangent bundle Ty M is
d6Ys = QGY + o (1 = ne®)Yg + B7((®Yp)°
+ Yy — (®Y))%a’ — (PY))"a] 4.8)
+ aBl(2 — ne) (@Yp)° — Yga® — Yy'ar].
From equation (4.8), it follows that the lift of the scalar curvature in the tangent Ty M as
¢ = ¢+ a?(e* — n)n + B2[a + ne — (a°)*] + aB(2 — 2nec)a’. 4.9

Corollary 4.2. In an n-dimensional golden Lorentzian manifold (M, g¢, ®°) the complete lift of
the Ricci tensor S¢ associated with GSMC in the tangent bundle Ty M is symmetric.

Proof. From equation (4.7), the complete lift of the Ricci tensor associated with the GSMC is
given by
S(Yg, Z5) = S°(Y, Z5) + o (1 — ne®)g° (Y, Zg)

+ B [g°((PY0)°, Z5) — 9°((PY0)", Z§)a® — g°((PY0)", Z5)a“]

+ aB[(2 — ne®) g ((PY0)°, Z5) — 9°(Ys, Zg)a" — g°(Yy', Z§ )a®].

The Ricci tensor S of the Levi-Civita connection is symmetric because it is the complete lift of a
symmetric tensor. The metric g° is also symmetric. The golden structure ® satisfies g(®X,Y) =
g9(X,®Y) (equation (2.11)), which upon lifting gives

ge((PX)%Y) = g°(X% (PY)Y),  g°((PX)", Y) = g°(X", (PY) ).
Using these properties, each term involving ® is symmetric in Y| and Z§. For instance,
9°((PY0)*, Z5) = 9°(Yy', (PZ0)°),

and similarly for the mixed vertical-complete terms. The coefficients a” and a¢ are lifts of the
trace a = tr ®, which are constants (functions on the tangent bundle) and therefore do not affect
symmetry. Hence every summand on the right-hand side is symmetric, implying that S°¢ is
symmetric. O

Proppsition 4.3. In any golden Lorentzian manifold (M, g", ®°) equipped with the lift of a GSM-
&-C V€ in the tangent bundle, we have

(i) (X5, V)6 = B [ue ((@0)°) (DX0)" + u” (BY)°) (BX0)” — u (®X0)°) (@Yp)"
— u ((®X0)°) (®Y0)7] + | — ut (X)(®Yo)” — u (X§)(@Y0)* + u (Vy) (@Xo)"
+u? (Y) (@ X0)¢ + us ((PY0)¢) X + u’ (PYo)?) X§ — ue ((PXo)¢) Yy — u® (((IDXO)C)YOC]
— 02 [uf (XY + u (X§)Ve — e (¥)X§ — ' (V§) X5,

(ii) R(6°, X§)Yy = —aP (X5, Y5) B2 [ ((9Y0)°) (@X)” + u” ((®Y0)°) (@Xo)°

ot (@X0)°) (Y0)" + (9 X0)7) (@Y0)°] + | — ue((@Y0)) Xy
—u (@Y0)7) X5 — K ((®X0)7, Yi) + 9°(X5. Y5 (PE)" + g°(Xy, Vi) (@E)° .
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(i) e (RE(X5, V)25 ) = B2 [u (o)) (®Xo)", Z5) + (%)) (@ Xo)7, Z5)

ue((®X0)°) 9" (DY), Z) —u® ((©X0)7)g° (®Y0)", Z5) | —aB[u(¥§)g" (@ X0)", Z5)
u? (Y)g" (®X0)°, Z5) — ut(X§)g (9¥0)". Zg) — " (X§)g*(9¥0)°. Z5)
u ((®Y0)°) g (X5, Z6) +u ((DYo)*)g°(X, Z5) — u ((©X0)°) g (¥y', Z5)

— u? ((©X0)7)g°(Ye, Z5) | + 0 [u(X§)g° (5, Z5) + u” (X§)g° (Y5, Z5)

— e (YE)g°(XG, 25) — u” (Y§)g" (X5, 25) -

pas

(iv) S(¥,€)° = —a2(1 = ne)ue(¥y) = 82 [g° ((®Yp)", (@€)°) — u(@¥p) a” — u (BYp)“a]
—af [( — )t (DYp)© — u(DYy)°al — u“(CI)Yo)CaC]

(v) ¢ = —a?(e® — n)n — B[a® + ne® — (a®)?] — aB(2 — 2ne)a’

Proof. From equations (4.1),(4.2) and (4.4), we get i. With the help of i, we can get ii and iii.
We get (iv) by taking contraction of (i) and again by taking contraction of (iv) we get (v). O

Theorem 4.4. In any golden Lorenizian manifold equipped (M, g¢, ®°) with the lifts of GSMC
in the tangent bundle Ty M, we have the classification as follows:

(i) When the lifts of the connection in the tangent bundle ToM is semi-symmetric, the values

of 5¢ and i are
8¢ = (Y, Z5) — 0 (ne® — 1)g* (Y, 7).
i =1r° —a?(n —e)n.

(it) When the lifts of the connection in the tangent bundle Ty M is quarter-symmetric, the values
of 5¢ and i are
Se(Y§, Z§) = Se(Y§, Z§)+ [9°((@Y))*, (@20)°) —g° ((PYo)*, Z§) a®—g° ((PY0)", Z§) a],
F¢ = pC 4+ [ac 4+ net — (ac)2:|.

(iii) When the lifts of the connection in the tangent bundle Ty M is o semi-symmetric, the values
o_fSC and i© are
5= 5Yy, Z5) — (ne® = 1)g“(Y¢', Z5)
7€ =71 —n(n —e°).

(iv) When the lifts of the connection in the tangent bundle ToM is 5 quarter symmetric, the
values of S¢ and 7° are

Se(Yy, Z5) = S°(Yo ,Z5) + B?[9°((PY0)*, (PZ0)°) — 9°((PY0)", Z)a”
- gc((q)yb) ) )aCL
F¢ = pC 4+ BZ[QC + ne€ — (ac)2]'

5 Concircular curvature tensor of GSMC on golden Lorentzian manifolds to
the tangent bundle

In a golden Lorentzian manifold with GSMC V. Let C' be the concircular curvature tensor
associated with V given by

C(X0,Y0) Zo = R(Xo,Y0) %0 — 9%, 20) X0 = 9(X0, Z0)Y0). (5.1)

n(n—1)

Let C* be the concircular curvature tensor associated with GSMC V¢ in the tangent bundle Ty M
and by taking the complete lift by mathematical operators on (5.1), we get
OO, V) 25 = RE(X§Y8) 26 — ——— [0 (V5 Z) X5 + ° (Y Z§) X
n(n—1)
(5.2)
— 9° (X5, ZE)Y — g° (X8, Z6)Y5 |
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Using equations (4.6),(4.9) in equation (5.2), we get
C(XE,Y5) 26 = C°(X§, Y5') 25 + o*[9°(X§, Z§) Yy + 9°(X§, Z§)Ys
- 9°(Yy, ZO)X0 — 9° (Y5, Z5)X§) + Blg° ((®X0)°, Z5) (Y0)"

+9°((@X0)", Z5) (®Y0) — g ((PY0)*, Z5 ) (@ X0)"

— 9°((®Yo) ) (X)) + aBg°((PXo)°, Z5) Yy

+9°((®X0)" Zo)Yo — 9°((PY0)", Z6) X5 — ¢° ((PY0)", Z5) X§

gt (X5, Z5)(@Y0)" + °(XG, Z5) (@Yo)° — g° (¥, Z)(@X)" O

—9° (Y5, Z5)(PX0)] — a’ (e —n)n

1 2
n(n—1) [ (
+ B2(a° 4 ne = (a)?) + aB(2 — 2ne)a” | [g° (Vi Z6)X§

G5V Z6) X5 — 9°(X5, Z8)Y — 9°(X4, Z5)Y5

Definition 5.1. For an n- dimensional golden Lorentzian manifold (M, ¢g¢, ®¢) equipped with aa
GSM-¢-C in the tangent bundle Ty M, the golden Lorentzian manifold is said to be £ concirculary
flat if C°(X§, Y )E¢ =0

So, interchanging Z§ with ¢ in equation (5.3), we get
CO(XG, Y5)E = C°(X§, Vi) + ®[g°(X5, €)Yy + g°(X§, €)Yy
C(Y()caf )X§ — g°(Yy, €9)XG] + BPg° ((@X0)°", £°) (PYp)"
° ((@X0)", £°) (PY)° — ¢°((DYp)*, £°) (@ X0)
9°((®Y0)", £°) (PX0)] + o[y (PXo)", €)Yy’
9°((@X0)", €)Yy — g°((PY0)",€°) X — g°((PY0)",£°) X§

5.4
+gc X5, €)(@Y0)" + g (X8, €)@Y) — g (Y5, &) (@Xp)* O

— 4O ) (@X0)] — s [ — i
+ B2(a° + ne® — (a)?) + aB(2 — 2ne)ac | [g°(VF, €)Xy
+ g7V, €)X — 9°(X6,€)Yg — 9°(X3, €)Y ).

Where

CC(X(?»YOC)ZS = RC(X& YE)C)ZS T aln—1) {QC(YE)C, Z(?)X(If + QC(YE)Ua Z(?)XS

(n—1) 5.5
— 9°(X5, Z6)Y5 - 9°(X3, Z5)Ye

Using equations (4.6), (4.9), (i) and (v) in equation (5.4), we get
Co(XE,Y)Ee = 0. (5.6)
Hence we can conclude the following theorems

Theorem 5.2. For an n- dimensional golden Lorentzian manifold (M, g¢, ®¢) equipped with a
GSM-£-C in the tangent bundle ToM. We can say that TyM is £¢-concircularly flat with respect
to GSM-¢-C.

Theorem 5.3. In any golden Lorentzian manifold (M, g¢, ¢) equipped with the lifts of GSMC
in the tangent bundle, we have the following classification of the lifts of concircular curvature
tensor C° as follows:



452 Lalnunenga Colney and Jenny Lallawmzuali

(i) When the lifts of the connection in the tangent bundle Ty M is semi-symmetric metric con-
nection (i.e,a = 1,3 = 0). The values of C€ is
C(X§. Vi) 25 = Co(XE.Y§) 26 + [9°(X§. 29V + 9° (X3 29 — 9°(Ye, Z5) X
— 9° (Y3, Z§)X§) — sy [0 — )] [9° (Ve Z6)X8 + 9°(Y5, Z§) X5 — 9°(X6, Z5)Yy

- 9°(X3. Z5)Yg .

(ii) When the lifts of the connection in the tangent bundle ToM is quarter-symmetric metric
connection (i.e,a = 0,3 = 1). The value of C° is
Ce(X§, Yy) 25 = C°(X§, Yi) 2 + [9°((PX0)®, £5) (PY0)” + g° (P Xo)", Z§) (PY0)°

— g7 ((@Y)°, 25) (®X0)" — g°((@Y0)", 26) (@X0)7] — sy [a° + e = ()]
|9°(VG, Z5) X8 + 9° (Vg 26) X5 — 9°(X5, Z6) Y5 — 9°(X§, Z§)Y5

(iti) When the lifts of the connection in the tangent bundle ToM is o-semi-symmetric metric
connection (i.e, B = 0). The value of C* is
Co(X§, Y§) 25 = C(X§, Y5) Z5 + o?[g°(X§, Z5)Yy' + 9°(X5, Z§) Yy — g°(Ys', Z5) X§
— 9V, Z)XE) — gy [02(° = m)n | [9°(Vi, Z6) X + 97 (VG 26) X — 9° (X6, Z5)Yy

3 2%

(iv) When the lifts of the connection in the“tangent bundle TyM is B-quarter symmetric metric
connection (i.e,c = 0). The value of C* is
Ce(X§,Yy) 25 = C°(XG, Y§) Z5 + B2[9° ((PX0)*, Z5) (PY0)” + 9°((®X0)", Z5) (PYo)*

— g° (DY), Z5) (DX0)" — g7 ((®Y5)", Z6) (®X0)] — s [87(a° + ne — (a))]
|9° (Y Z6)X5 + 9°(Y5', Z5) X5 — 9°(X6, Z5)YY — 9°(X§ Z6) ¥ -

Proof. Using the classification of proposition (3.2) in equation (5.3), we can have (i), (ii), (iii)
and (iv). O

6 Projective curvature tensor of GSMC on golden Lorentzian manifolds to
the tangent bundle

In a golden Lorentzian manifold with the GSMC V, let P be the projective curvature tensor
associated with V defined by

P(Xo,Y0)Zo = R(Xo, o) 2o — ——[$(¥0, Z0) Xo — $(Xo, Z)¥o| . (6.1)

Let P¢ be the complete lift of the projective curvature tensor associated with GSMC V¢ in the
tangent bundle Ty M and by taking complete lift by mathematical operators on equation (6.1),
we get

PE(XS )25 = RECXG,Y6) 25 — —— [S° 26) X5 + 87(%5 . 25) X

(6.2)
— §°(X5, ZE)Y — 8" (X5, Z6)Yg |
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Using equations (4.6) and (4.7) in (6.2),we get

n(l —e%)a?
n—1

G°(X8, Z8)Y — 9°(Vi, Z6) X5 — 9" (V9. Z5) X |

Be(X5.Y§) 25 = P(XS.Y§) 25 + o7 Z6) v

+ [g%(@xo)ﬁ Z5) (®Y0)" + 9" ((9X0)", Z5) (PYo)*

— g ((@Y)°, Z5) (®X0)" — g°((®%0)", Z5) (@ Xo)’]

1—e° 1
M g g (@x0). 26)Y5

+9°((PX0)", 25) Y5 — 9°((PY0)*, Z5) X§

+

~ g°((®Y0)", Z5) X§] + aB[9° (X5, Z5) (@¥5)"

(6.3)
+ 9 (X5, Z5)(@Y0)° — g (Y, Z5)(@X0)” — g (Ve Z5) (@ Xo)]
1
— [ (9" (@Y0)", (®20)°) X + (9°(@Y0)", (@20)°) X
— (9°(@X0)", (@Z0)) Yy — (9°(@X0)", (®Z0)°) Yy )
— 52?9 ((@Y0)7, Z6) X§ + g°((@Y0)", Z5) X
~ g ((@X0)", Z6)Y — 9" ()", Z5)Yy)
— apa(g° (Y, Z6) X3 + 9° (Y5, 28) X
— 9" (X5, Z6)Y5 — 9°(X3, Z6)Y5 ) |.
Where
C C C C C C C C 1 C C C v v C C [
P (XOa}/O )ZO =R (X()vyb )Z() - ﬁ |:S (YE) 7Z0)X0 +5 (}/O ) ZO)XO (6 4)

— S°(X§, ZE)YY — 8" (X5, Z6)Y5

Definition 6.1. For an n- dimensional golden Lorentzian manifold (M, g¢, ®¢) equipped with a a
GSM-¢-C in the tangent bundle 7y M, the golden Lorentzian manifold is said to be { projectively
flat if P°( X, Y )¢ =0

So, interchanging Z; with £ in equation (6.3), we get

n(l —e° aZ c c ¢c\yv c v ge\yC
%[9 (X5, €)Yy +9°(Xg,€°) Yo

P(XG, Vi)Ee = PE(XS, YE)E +
— g £)X8 — 0° (V9 €)X | + B9 (@X0)7, ) (@)
0" ((@X0)",£°) (BY0)" — g ((@Y5)", £°) (@ Xo)"

n(l—e)+1
—1

+ g ((@X0)", €)Yy — g°((DY0)°, £°) Xg — gC((qnyo)“,gC)Xg]

— gc((CI)Yb)U7fC) ((I)X())C] + Oz,@ [gc((q)Xo)c,ﬁc)YO”

+ a9 (X5, £ (@YD) " + 9°(X§,£) (0)° — ¢° (¥, £) (@ Xo)"

g (0 ) @Xo) | - [ (o (@Yo, (@6)%) X
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+ (9°(@Y0)", (D)) X5 — (9°(@X0)", (9€)°) Y5

— (g°(@X0)", (@€)%) Y5 ) — B2a* (9°((PV0)*, €9 X5

+ g°((@Y5)", €)X — g°((@X0)", €)Yy — g°((@X0)", €)Y

— aBa® (9" (Y5, €)X5 + g° (Y, €9) X5 — ¢°(X5. €)Yy

- 9°(Xy, §C)Yoc)] : (6.5)

Using equations (4.6), (4.7), (i) and (iv) in equation (6.5), we get
Pe(X§,Y§)Ee = 0. (6.6)

So, we can conclude the theorems

Theorem 6.2. For an n- dimensional golden Lorentzian manifold (M, g¢, ®¢) equipped with a
GSM-£-C in the tangent bundle TyM. We can say that To M is £¢-projectively flat with respect to
GSM-¢-C.

Theorem 6.3. In any golden Lorentzian manifold (M, g¢, ®¢) equipped with the lifts of GSMC
in the tangent bundle Ty M, we have the classification of the lifts of projective curvature tensor
P¢ in the tangent bundle as

(i) When the lifts of the connection in the tangent bundle Ty M is semi-symmetric metric con-
nection (i.e,a = 1,3 = 0). The value of P¢ is

PEXEYE) 25 = PG Y5) 25 + "0 |07 (X5, Z5)Yy + 97(X3. 2Z5) ¥
— 9°(Y Z6) X8 — 9°(¥e', Z6) X

(ii) When the lifts of the connection in the tangent bundle TyM is quarter-symmetric metric
connection (i.e,a = 0,8 = 1). The value of P° is
PG Y5125 = PA(KS Y502 + (@00 26) (000 (020, 75) @

— g ((BY0)", Z6) (DX0)* — 4 ((BY0)", Z5)(@Xo)* — ¢ [ g7 ((@Y0)", (920)°) X;
7 ((@Y0)", (®20)°) Xg—a (g7 (®Y0)", Z5) Xg+9° (®Y5)", Z6) Xs—g° ((®X0)*, Z6) ¥y
g (@x0r 25)]

(iii) When the lifts of the connection in the tangent bundle TyM is «-semi-symmetric metric
connection (3 = 0), the value of P¢ is

pc c c c c c c c n(l—e c c c c c v c v
Pe(X§,Y5)Z5 = Pe(XG, Yy) Z5 + trila? [g (XG, Z6)Ys + 9°(Xg, Z5) Yy

n+1

— 9°(Y Z5) X5 — 9°(¥e', 26) X

(iv) When the lifts of the connection in the tangent bundle ToM is 3-quarter symmetric metric
connection (i.e,ac = 0,), then the value of P€ is

Pe(X§,Y) Zs PC(Xg,YC)ZC—i-BZ[ “((@X0), Z§) (PYo)" + g°((PX0)", Z§) (PYo)“
g (®Y0)°, 2Z6) (@X0)” = g°((®Y0)", Z5) (@X0)°| — 5 [ 82 (9° (@Y0)°, (@ 20)7) X
(( Y0)", (®Z0)°) X§ — 9°((PX0)", (@Z0)°) Yy — g°((®X0)", (®Z0)°) Yy

Bae (97 ((Yo)°, Z6) Xg+9° (®Y0)", Z6) X§—g°((DX0)", Z5) Yy —g° (®X0)", Z5) Y |-

Proof. Using the classification of proposition (3.2), we obtain (i), (ii), (iii) and (iv). O
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7 Conformal curvature tensor of GSMC on golden Lorentzian manifolds to
the tangent bundle

Let K and K be the curvature tensor of type (0,4) given by
K(X07}/()7Z07A) = g(R(XOaYO)ZOaA)7 (71)
K (Xo, Yo, Zo, A) = g(R(Xo,Y0)Z0, A). (7.2)

For all vector fields Xy, Yp, Zo, A on M. In a golden Lorentzian manifold equipped with GSMC
V. Let W be the conformal curvature tensor associated with V given by

" .. 1 ..
W (Xo, Yo, Zo, A) = K (X0, Yo, Zo, 4) = ——[9(¥0, Z0)$( X0, 4)

— g(Xo, Zo)S(Yo, A) + S(Yo, Zo)g(Xo, A) a3

~ 5(Xo. Z0)g (Yo, 4)] + [9(¥0. Z0)g (X0, 4)

(n—1)(n—2)
— 9(Xo, Z0)g(Yo, A)].

Let K and K be the lift of the curvature tensor of type (0,4) in the tangent bundle TyM and
taking complete lifts by mathematical operators on equations (7.1) and (7.2), we get

K(X§,Yy, Z5, A°) = g°(R°(X§, Y§) 26, A°), (7.4)
KC(Xg, Yy, Z5, AC) = gC(RC(Xg,YOC)Zg, AC). (7.5)

Again let ¢ be the lift of the conformal curvature tensor associated with GSMC V° in the
tangent bundle 7y M and taking a complete lift of equation (7.3), we get

WC(X&YE)C’ Z&AC) = KC(X(%J/E)L7 Z67A°) - n_2 {gc(%cvzé)SU(XéﬁAc)

+g (YE) ’ZO)SC(XovAC) L(XOaZO)SU(YOCaAC)
9 (X, Z5)3° (Y, A°) + BV, 28)° (X, A%)
+SU(YE) 7ZO)QC(X07A() SC(‘XS?ZS) C(YE)U7AC)
(7.6)
— §°(X§, Z5)g" (Y, A°)]

C

- (V5 Z8)9° (X3, A°)

i
(n—1)(n—2) {9 (
+g° (5 289" (X5, A%) — (X5, Z§)g" (¥, 4°)
— 9°(Xq, Z5)g°(Yy', A%)].
Theorem 7.1. In any golden Lorentzian manifold equipped with the lifts of GSMC in the tangent

bundle TyM, we have the classification of the lifts of conformal curvature tensor W¢ in the
tangent bundle as

(i) When the lifts of the connection in the tangent bundle Ty M is semi-symmetric metric con-
nection (i.e,a = 1,3 = 0). The value of W€ is
We(Xg, Vg 26, A%) = WE(XE. Y, Z5. A7) + 97 (X5, Z5)ge (¥ A°)
+9°(Xg, Z5)g°(Yg, A) — g°(Yy', Z5)9°( Xy, A°) — 9° (Y0, Z5)9° (X, A°)
2(1—ne” c c c) ,C v c c v c\ ,C c c c c c\,C v c
— A g (05, A)g" (Y, Z5) + 9° (X5, AD)g° (Y, Z5) — 9°(X Z5)9°(Yg', A%)
= 97 (X§, Z8)0° (Vs A%) | + Gy [ (25 = mn] [ 9700, Z§)0°(X, 4°)
+ g7 (V9 25)9°(X5, A°) = g°(X§, Z§)g° (Y, A°) — g°(X8. Z5)9° (Y, A°)] -
(ii) When the lifts of the connection in the tangent bundle ToyM is quarter-symmetric metric
connection (i.e,a. = 0,3 = 1). The value of W€ is
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(iii)

(iv)

We(Xg, Y, Z&AC) = We(X§, Yy, 25, A°) + g°((PXo) . Z5) 9° ((PYo)", A°)
+ g°((PX0)", Z§) g¢ ((@Y0)°, A°) — g°((PYo)<, Z§) 9° ((PX0)", A°)

- g°((PY0)", Z§) 9° (P X0)", A°) — 15 [g”(Yo”, Z§)g° ((PXo)", A°)
(

) ( qDX())C, AC) — g YE) 5 ZO ((qDX())C, Ac)av
(VgL 28)9° (DX0)", A%)a® — g*(V, Z5)g" (DXo)7, A%)at
((@Y0), (PA)*) — 9°(X§, Z5)g° ((PY0)", (PA)°)
), (RA))g°(X5, Z5)g° ((PY0)*, A°)a”
)u, Ac)ac
)¢, A%)a¢ + g°(X§, A°) g ((DYo)", (@Zo)°)
)c, (CI)Z())C) _ gc(Xc Ac) c(((I)Y'O)c’ Zg)av
((®Y0)", Z5)a" — g°(X. A" ((®Y0)°. Z5)
)g°((®X0)", (PZ0)°) — g°(Yy', A°)g°((PXo)*, (PZo)°)
c((cI))(O)c7 Zg)av +gc(}/0c7Ac)gc(((I)X0)v’ Zg)ac
((@X0)°, Z)a| + Gy |a° + ne” — (a°)?] [9°(¥e, Z5)g° (X5 A4°)
§)9°(X5, A°) — g°(X5, Z5)9° (Y, A7) — 9°(X3 Z5)9°(Yi, A%) .
When the lifts of the connection in the tangent bundle Ty M is «-symmetric metric connec-
tion (i.e, B = 0). The value of W€ is
(X, Vi 2, A) = Wg (X6, ¥ 75, A%) + o[ g°(Xg, 29) 7 (¥, A°)
+ 97 (X, Z6)g° (Vg A°) = g° (Y, Z§)9° (X, A°) = ° (Y3, Z5)g* (X5, A4°)]
g

—ne®)a? c c c\ ,C v c c v c\ ,C c c c v c
— Ut g7 (X5, A)ge (Vg Z5) + 9°(X§, A°)g° (Ve 25) — 9°(X§, Z6)g° (Vg A°)

— 95X Z5)g* (Y5, A%) | + oy | (6° = mn] | 9°(Ye, Z5)ge (X, A9
+ g2 (Y Z§)g° (X5 A°) — g°(X§, Z5)g° (Y, A°) — 9°(X§, Z8)9° (Y, A°) .
When the lifts of the connection in the tangent bundle ToM is B-quarter symmetricmetric
connection (i.e, e = 0). The value of We is
We(Xg, Yy, Z&AC) W“(X&Y()C, Z5, A°) + Bg c((“PXo) §)9°((@Yo)", A°)
+ 829 ((@X0)", Z§) 9°((PY0)%, A°) — B2g° ((PY0)*, Z5) 9° (P X0)", A°)

g (V)" 28) 5 (®Xo)". >[ (Ve 20" (@) A)

)9 ((PXo)°, A°) — g°(Yy, Z§)g° ((®Xo)*, A)a

)g° ((2X0)", A%)a® — g°(Yy', Z5)9° ((@Xo)", A°)a
“((PY0)", (PA)°) — 9°(X§, Z5)g° ((PY0)*, (PA)°)
Y0)¢, c) + 9°(X6. Z5)g ((‘b%)U>Ac)ac
Y0)©, A%)a® + g°(X§, A%)g° ((PY0)", (PZ0)°)
Y0), (@20)°) — 9°(X5, A°)g° ((PY0)", Z5)a”
9°((PY0)", Z5)a® — (X“ A)g° ((PY0)*, Z5)a*

—g°(Yg', A%)g°((PX0)", (PZo)* ) — g°(Yy', A°)g° (P X0)", (PZo)°)
+g°(Y, A (CIDXO)“,ZS) g°(Ys, A%g “((beo)”,Zg)ac
+gc YOU’A(' c ((DXO)(', (()*) (':| (nig(nia [a/ + net — (ac)2:| |:g((}/()(7Z6)gc(X(1)),AP)

o
\_/ \_/\_/\_/\_/
Q
o
=~

X, A%) — g°(X5, Z§)g°(Vy, A°) — g7 (X, Z§)g° (Y, 4°)]
C (4 C (& (& (& (& C C (& 1 C C C v C (&
W(X()7YE)aZOvA):K(XOa}/OaZO7A)_m|:g (%720)5 (XOaA)

+9°(Yy', Z5)S°(X§, A%) — g°(X§, Z5)S* (Yy, A°)
_gc(XgaZ(g)Sc(YbC’Ac) S (Yb’ZO)g (XOvAC)
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+5°(Yg, Z5)g°(Xg, A%) — 5°(XG, Z5)g°(Yy', A°)

— §V(X§, Z5)g" (Y, A°)]

(6]

+ m {QC(Y& Z5)9°(Xq, A)

+ gC(YOvv Zg)gc(ng Ac) - gC<X(§7 Zg)gc(ybv’ Ac)

— (X Z8)g" (Y, A°)). .7)
Proof. Using equations (7.4), (7.5), (4.6), (4.7), (4.9) and classification of proposition (3.2) in
equation (7.6), we get (i), (i), (iii), (iv). O

8 Example
In this section, we present an explicit example to illustrate the main results obtained in the

previous sections.

Example 8.1. Let M = R> be the 3—dimensional semi-Euclidean space endowed with the
Lorentzian metric
g = —dat + dx3 + da3,

which has signature (—, 4, +). Define a (1, 1) tensor field ® on M by
q)(a 9 a>_<1+ﬁa1+ﬁal+ﬁa>

Oz’ Oz, Ox3 2 9z, 2 Oz 2 O3

Then & satisfies
P =D+,

where I denotes the identity transformation. Moreover, it can be directly verified that
9(PXo, Yo) = g(Xo, PY),

for all vector fields X, Yy on M. Hence (M, g, ®) is a golden Lorentzian manifold.
Let¢ = aim be a unit spacelike vector field on M, so that

98,8 =1,

and let u be the associated 1-form defined by u(Xo) = g(Xo,£). Consider the generalized
symmetric metric connection V of («, 3)-type on M given by

Vx,Yo = Vx, Yo + a{—g(Xo, ¥0)¢ + u(Yp) Xo} + B{—g(®Xo, Y0)& + u(Yo)PXo},

where V is the Levi—Civita connection of g.

Now consider the tangent bundle 7y M endowed with the complete lift metric g¢ and the
complete lift golden structure ®°. The complete lift V¢ of the GSMC V defines a generalized
symmetric metric connection on Ty M satisfying

Veg© = 0.
Furthermore, if the lifted vector field £€ is parallel with respect to V¢, then V¢ becomes a GSM—
&—connection on Tp M.
By direct computation, using equations (4.6) and (4.9), we observe that the concircular cur-

vature tensor C'° satisfies )

C°(X5. Y )& = 0.
and the projective curvature tensor P¢ satisfies

PC(X&YZ)C)fc =0,

for all lifted vector fields X, Y on Ty M.

Hence, the tangent bundle Ty M is both {“—concirculary flat and £°—projectively flat with
respect to the generalized symmetric metric &—connection V€. This example confirms the theo-
retical results obtained in Theorems 5.2 and 6.2.
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9 Conclusion/Discussion

The present study deals with the liftings of the golden Lorentzian manifolds endowed with gen-
eralized symmetric metric connection in the tangent bundles. We have investigated the curvature
tensor and Ricci tensor of the golden Lorentzian manifolds with respect to GSMC in the tan-
gent bundles. Moreover some properties of the curvature tensor, concircular curvature tensor,
projective curvature tensor and conformal curvature tensor with GSMC in the tangent bundle
ToM are studied and we find that Ty M is £°-concirculary and £¢-projectively flat with respect
to generalized symmetric metric £ connection in golden Lorentzian manifolds to the tangent
bundles.
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