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Abstract. In this paper, we investigate the algebraic behavior of composite braiding map-
pings acting on linear recurrence sequences (LRS) over A-modules, where A is a unital commu-
tative ring. Although individual braiding maps 14, 5,5 are known to preserve recognizability and
recurrence properties, the algebraic structures that arise from their compositions have not been
fully described. Prior studies in the Palestine Journal of Mathematics have explored related al-
gebraic and recurrence phenomena, including structural properties of recurrence sequences with
braiding [1], analyses of characteristic polynomials and periods under braiding on fields [2], and
investigations of specific linear recurrence sequences with matrix and binomial structures [3].

We prove that convolution by polynomials of the form p(XP~) commutes with composite
braiding maps

Y, = wdnan’(sn O---0 1/}d1,J1~,51

and that such maps preserve both recurrence relations and periodicity of sequences. Several
potential applications, particularly in the design of periodic sequences for algebraic coding and
cryptographic constructions, are also discussed.

After recalling the necessary definitions and key properties of braiding sequences, we charac-
terize the characteristic polynomials associated with compositions of braiding mappings acting
on sequences with values in an A-module.

Furthermore, we generalize a result from [1] by extending known periodicity characteriza-
tions for braiding sequences originally stated for fields of characteristic zero to arbitrary shifts
and sequences over general A-modules.

1 Introduction

Let A be a unital commutative ring, M an A-module, and let S(M) denote the A-module of
sequences over M, i.e., functions from N to M. A sequence u = (u(n)),>o is called a linear
recurrent sequence if it satisfies a linear recurrence relation with constant coefficients. Such
sequences play a central role in number theory, combinatorics, algebra, and coding theory, where
characteristic polynomials describe their structure and solution spaces.

The algebraic behavior of linear recurrent sequences under various operations has been
widely studied. Alecci, Barbero, and Murru showed that the set of all linear recurrent se-
quences, endowed with termwise sum and convolution-type products (binomial/Hurwitz and
multinomial/Newton), forms an R-algebra and provided explicit characteristic polynomials for
these products [4]. Birmajer, Gil, and Weiner analyzed convolutions via Bell polynomials and
derived recurrence relations for the resulting sequences [6]. Classical and modern treatments of
convolution formulas and generating function methods further clarify the interaction between
recurrence relations and sequence transformations [7].
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Within this framework, braiding mappings of the form ¢4 ;s have been introduced as struc-
tured transformations rearranging subsequences through index permutations and shifts, while
preserving recurrence properties under suitable conditions. Foundational contributions include
Ait Mokhtar’s work on semi-affine applications and braidings of sequences [8], and the study of
sequence algebra endomorphisms by Ait Mokhtar, Necer, and Salinier [9].

However, the literature mainly addresses individual braiding operators. In this paper, we
study the algebraic effects of composite braiding mappings

Yo =4, 1,6, ° 0 %d, 060,

and analyze their action on linear recurrent sequences over A-modules. We prove that recurrence
is preserved under suitable transformations of characteristic polynomials and that convolution by
polynomials of the form p(X ) commutes with such compositions. This provides a systematic
extension of braiding theory from single operators to iterated mappings, with applications to
recurrence preservation and periodic behavior.

2 Preliminary Results

In this section,

Definition 2.1 ([8]). Let A be a commutative unital ring and M an A-module. The map
T:S(M)—SM), (Tu)(n)=u(n+1), VneN,

is called the shift .

Definition 2.2 (see [9]). Let A be a commutative unital ring, and let M be an A-module. We
define an external action (x) of the ring A[X] on the set of sequences S(M) as follows:

For any polynomial P(X) = Z?:o a; X" € A[X] and any sequence u € S(M), we define:

h
(P(X)xu)(n) = Zam(n—}—i), Vn € N.
=0

Remark 2.3. This external action turns S(M) into an A[X]-module. The annihilator of a se-
quence u € S(M), denoted by Ann 4x)(u), is defined as:

AHIIA[X](U) = {P(X) S A[X] |P(X) * U = 05(]\4)}.

Definition 2.4. Let M be an A-module and v € S(M). We say that u is a linear recurrence
sequence with constant coefficients in A if and only if its annihilator ideal Ann 4(x(u) contains a
monic polynomial. This ideal is called the characteristic ideal of the sequence u, and its monic
elements are called the characteristic polynomials of u.

Notations.

 The set of all linear recurrence sequences with coefficients in A and values in M is denoted
by r(A; M).

« If M = A, then we write r(A) instead of r(A4; M).

» The set of all such sequences with characteristic polynomial P(X) is denoted by

« If M = A, we write rp(x)(A) instead of rp(x)(A; M).

+ The set of polynomials over A of degree less than or equal to m is denoted by A,,[X].
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« The finite set {1,2,...,m} is denoted by N,,.

Definition 2.5 ([9]). Letd € N*, I = {0,...,d — 1}, J = (jo,j1,---,j4—1) € N% and let o be
a permutation of the set /. Following the classical case where M is a field (for the more general
ring case, see [8, 1]), we define the following maps:

defined by:
(a) Forallu € S(M) and n € N, we set 04(u)(n) = u(dn).
(b) Forall u € S(M), we define Ag(u) = (04(u), 040 T(u),...,0q 0T (u)).
(c) Forall (ug,...,uq_1) € S(M)%, all j € J, and all n € N, we define:

Ed(u(), - ,ud_l)(dn +j) = uJ(n)
(d) Zo(uo,ut, .- ui—1) = (U (0)s Uo(1), - - - s Uor(d—1))-

(e) TJ(U,(), S ,ud_l) = (TjOuO,leul, ey Tjd*‘ud_l).

These maps are morphisms of A-modules, with A;l = F,4. Moreover, if M is an A-algebra,
then these maps are morphisms of A-algebras with respect to the Hadamard (pointwise) product.
Several properties of these maps over commutative unital rings can be found in [5], and their
generalization to modules over commutative rings is straightforward.

Definition 2.6. The application Fj0X,0T;0A,, denoted by ¢4 j -, is called a braiding mapping.

Proposition 2.7 ([9]). Let A be a commutative unital ring, M an A-module, and d € N*. Then:
(i) For every (ug,...,uq_1) € S(M)?,

X*Ed(uo,...,ud_l) = Ed(ul,...,ud_l,X*uo).
(ii) For every (ug, ... ,uq—1) € S(M)? and any polynomial p(X) € A[X],
p(Xd) * Ed(uo, ce ,ud_l) = Ed(p(X) * UQ,y . .- ,p(X) * ud_1).

Proposition 2.8. [8] A braiding 14, ; » is an automorphism of t(K) if and only if J = (0, ...,0).

Lemma 2.9. [8] Let D = de for some integer ¢ > 1. Then there exists a permutation T of
{0,..., D — 1} such that the bijective braidings q(.... 0),- and V¥p (o,...,0),+ coincide.

Proposition 2.10. /8] The set of bijective braidings forms a subgroup of the group of bicontinu-
ous automorphisms of the rational Hadamard algebra.

3 Main Results

Corollary 3.1. Let A be a commutative unital ring, M an A-module, d € N*, and v € S(M).
Then for all p(X) € A[X] and all (m, j) € N?, we have:

p(X) * (950Tm) (u) = (950Tm) (p(de) *u)
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Proof. Letp(X) =Y ya; X" € A[X]. Then:
¢
p(X) * (GJOTm ZaT’( oT™)( ):Zal( ‘oegon)(u)).
i=0
Using the equality [8]: 7% 0 ¢’ = ¢’ o T, we obtain:
¢ ¢
> a0 T (u) = ¢ 0 T (Z a; T (u)) = (93 o Tm) (p(XY) % u).

=0 =0

O

Lemma 3.2. Let A be a commutative unital ring, M an A-module, and d € N*. Let § be a
permutation of {0, 1,...,d — 1}, let J = (ji)o<i<a € N%, and let u € S(M). Then:

(i) We have
VneN, wqs(u)(n) = Ed((Hd o T4 H00) () SKd).
(ii) Vn e N, Ifn=dq+rwith0 <r < d, then
Ya,7s(u)(n) = u(dq +dJsy + 5(7")).
(iii) Define the function p by:

Vn € N, 90(77’) =d \‘gJ + dJ&(n mod d) + 6(” mod d)

Then g4 j5(u) =uo .

Proof. Recall that
Ad(u) . (Hd(u), 040 T(u), e, Bg0 Td_l(u)>.

Hence

(T 0 Ag)(u) = (T 0 04(u), T 00g0T(u), ..., T7=" 0040 T4 (u)).
Applying X5, we obtain

(Z5 0Ty 0Ag)(u) = (T70 0040 T*O(u), ..., T54-1 000 T°@ D (y)).

By Corollary 3.1,

and therefore
¢d,<],5<u) (n) =Fy ((ad o TdJé(i)+5(l) (u))0§i<d)’

which proves (1).
Let n = dg + r with 0 < r < d. Then

Ya,16(u)(n) = [EqgoXs 0Ty o Ag(u)](n)
[Ed(ed o Ts0) (0 (u))0<i<d} (dg + 1)
= (04 0 T o100 () (q)
= 0 (X W50 00) s )
= u(dg + dJs() + 6(r

q)

(
)

which proves (2).

For (3), define ¢ : N — N by

vn € N, (p(n) =d \‘%J + d‘]&(n mod d) + 6(” mod d)
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Letn = dg + r with 0 < r < d. By part (2),

Va5, (w)(n) = u(dg + dJsq) + (7).
Since dqg = d|n/d] and r = n mod d, we obtain

Ya,1,5(u)(n) = u(p(n)).

Hence ¢4 5.5(u) = uo . o
Proposition 3.3. Let A be a commutative unital ring, M an A-module, and d € N*. Let 6 be a
permutation of {0,1,...,d — 1} and J = (j;)o<i<a € N%. Then for every u € S(M) and every
polynomial p(X) € A[X],

$a,0,5 (P(XY) % u) = p(X ) *g,,5(u).
Consequently, the map 14,55 : S(M) — S(M) is an A[X?]|-module homomorphism.
Proof. Using the explicit description of 4 5, we have

Ya,55(u) = Eq ((9d ° Td']é""ﬁé(i)(u))ong)-
Let p(X) € A[X] and v € S(M). By Proposition2.7,
p(X%) * By(vo, ..., v4-1) = E4(p(X) *vo, ..., p(X) * v4-1),
and by Corollary3.1,
p(X)* (0aoT™) = (a0 T™) op(X?) forallm e N.
Applying these identities with v; = (64 o T%5 (1) (4;), we obtain
P(XY) % a5 (u) = p(X9) * Eqg ((ed o T#sty+o) (u))()§i<d)
= Ba((p(X) 5 (0a 0 T30 (w))) )

= Ea(((6a 0 75070 (p(X ) )

= a5 (P(X?) * ).

O§i<d)

This shows that 14,7 s commutes with the action of A[X4], and therefore it is an A[X?]-module
homomorphism. O

Proposition 3.4. Let A be a commutative unital ring, M an A-module, and let n € N*. For each
1 <i<n,letd; € N* let §; be a permutation of {0, 1,...,d; — 1}, and let J; € N%. Define the
composite braiding mapping

lI]'ﬂ = wdnﬂ]n;&n ©---0 ,L/)dl*,‘]]761.

Let
D,, =lem(dy, ..., d,).

Then for every u € S(M) and every p(X) € A[X],
p(XPm) x W, (u) = ‘Pn(p(XD") * ).
Proof. We proceed by induction on 7.

Forn = 1. Here ¥ = vq,,5,,5, and D; = d;. The statement follows directly from Proposi-
tion3.3.
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Inductive step. Assume the statement holds for some n > 1; that is, for all w € S(M) and all

p(X) € A[X],
p(XD") * W, (u) = ‘Pn(p(XD") * u),

where D,, = lem(dy, ..., dy).
Letd, 1 € N*, §,,41 a permutation of {0, 1,...,d,.1 — 1}, and J,, .| € N+ Define

lPrH»l - ¢d/n/+] ,Jn_| ,6n+] o lPTH D’ﬂ+1 - lcm(Dn7 d’ﬂ+1)'
Since D,, | Dy+1 and dy, 41 | Dy, there exist polynomials

D1

RX) =p(X ) Al Q) =p(X 7)€ Alx]

such that
P(XD1) = R(XP) = QX

Then for any v € S(M):

p(XPm) x Wi (u) = QXY % a7, 1,500 (P (1))
= Vd, 1, Tnr1,6ne (Q(Xd”“) * W, (u)) (by Proposition3.3)
= Ui Juir e (RIXP) 5 ‘Pn u))
=V, T 80 (P (R u))
=Y, (p(XD”“) * u)

(by the induction hypothesis)

This completes the induction, proving the proposition. O

Lemma 3.5. Assume the hypotheses of Proposition 3.4. Let ¥,, be the composite braiding map-
ping defined therein, and set D,, = lem(dy, ..., dy).
If P(X),Q(X) € A[X] satisfy P(X) | Q(XP") and u € rp(x)(A; M), then

IP ( ) GTQ XDn)(A M)
Proof. Since P(X) | Q(XPr), there exists a polynomial L, (X) € A[X] such that
Q(XP") = Ln(X) P(X).

Because u € rp(x)(A; M), we have

Hence,
Q(XP) xu= L, (X) % (P(X) % u) = 0g(r1)-

By Proposition3.4, convolution with a polynomial commutes with the braiding mapping ¥,,.
Therefore,

QIXPm) W (u) = W (QXP) % u) =W (05(ar)) = Os(ar)-

Thus, W, (u) € ro(xpn)(A; M), as required. i
Corollary 3.6. [2] Let A be a commutative unital ring and M an A-module. Let n € N*, and let
di,dp,...,d, € N*. Define

P(X)=][(X =)™ € A[X], a; €A, m; €N,

i=1
and set

Dy =lem(dy,....dy),  L(X)=]](X —a/")™.

Let\¥,, be the composite braiding mapping defined in Proposition 3.4. If u € rp(x) (A; M), then
an(u) € TL(XDn) (A, M)
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Proof. Foreachi € {1,...,s}, we have the factorization in A[X]:
XDn _ aiD“ = (X — ) - Qi(X),
where
Qi(X) = XPn ! p pXPr 2 4 Pl
It follows that

(X —ay)™ | (XPr —aPymi foralli.

7

Consequently,

[[(xP" —aPm)ym = L(xP) in A[X].

i=1

Since u € rp(x)(A; M) and P(X) | L(XP"), Lemma3.5 implies
W (u) € TL(XDn)(A3M)a
as required.
Example 3.7. Let K = Z, and let M = Z?. Define the sequence u € S(Z?) by:
VneN, wu,=(2,n).
Clearly, u satisfies the second-order linear recurrence:
Vn €N, upia— 2Upi1 +un = (0,0),

so that u € rp(x)(Z; Z*), where P(X) = (X — 1)* € Z[X].
We now define the composed braiding mapping:

Y =121,5 © V3,7,

with the following parameters:

Ji(0) =0, Ji(1)=0, Ji(2) =1,
5(0)=0, 6(1)=1, 6&6(2) =2,
J(0)=0, J(1)=1,
52(0) =0, d&(l)=1

Step 1. Application of 3 j, 5 : For n = 3m + r with r € {0, 1,2}:

U = 3,56, (u)(n) = u(Bm + 3J,(6:(r)) + 61(r)),

which gives:

o U n=0,1 (mod 3),
" \tngz, n=2 (mod 3).

Step 2. Application of v j, 5,: Forn = 2¢q + r withr € {0, 1}:
wn = 2,7,5,(v)(n) = v(2q + 2/2(62(r)) + 62(r)),

which simplifies to:

Ry n even,
Wy =
Un42, N odd.

The values of w,, for 0 < n < 15 are:
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n Uy, Comments W,

0 v=u=(2,00 |n=0 (mod3),n=0 (mod ?2) wo = v = (2,0)

1| vi=uy=(2,1) |n=1 (mod3),n=1 (mod?2) w; =v3 = (2,3)
2| m=us=(2,5 |n=2 (mod3),n=0 (mod?2) wy = v = (2,5)
3 n=u3=(2,3) |n=0 (mod3),n=1 (mod?2) wy = vs = (2,8)
4 | u=u=2,4) |n=1 (mod3),n=0 (mod?2) wy = vy = (2,4)
51 vs=ug=(2,8) =2 (mod3),n=1 (mod?2) ws = vy = (2,7)
6 | vo=u=(2,6) |n=0 (mod3),n O (mod 2) we = ve = (2,06)
7| vv=u;=(2,7) |n=1 (mod3),n (mod 2) w7 =v9 = (2,9)
8 | vs =wu =(2,11) =2 (mod3),n O (mod 2) wg =vg = (2,11)
9 | wy=mwu9=(2,9) =0 (mod3),n=1 (mod?2) wy = vy = (2,14)
10 V10 = U190 = (2, 10) n=1 (mod 3) O (mod 2) w1 = V10 = (2, 10)
11 V11 = U14 = (2, 14) n=2 (mod 3) (mod 2) w1 = V13 = (2, 13)
12 V12 = U1 = (2, 12) n=0 (mod 3) O (mod 2) Wi = V1 = (2, 12)
13 Vi3 = Uu13 = (2, 13) n= (mod 3) n=1 (mod 2) w13 = V15 = (2, 15)
14 | vig = w7 = (2,17) =2 (mod3),n=0 (mod 2) wig = v1g = (2,17)
15 V15 = U15 = (2, 15) n 0 (mod 3) n=1 (Il’lOd 2) W15 = V17 = U0 = (2, 20)

Final Observation. The resulting sequence w satisfies the 12-th order linear recurrence:
Wna12 — 2Wpi6 +w, =0, n >0,
ie., w € ro(x)(Z; Z*), where:
Q(X) = P(X'"Y) = (X° —1)* € Z[X].

Proposition 3.8. [ /] Let A be a commutative unital ring and M an A-module. Let v € S(M) be
a periodic sequence of period N, i.e.,

TN (u) = u.
Let dy,...,d, € N* and define the composite braiding mapping
W = vd,,.1,.5, -0 a6

as in Proposition 3.4. Set
D, =lem(N,dy,...,dy,).

Then the image W, (u) satisfies
W (u) € rxp._1(A; M),
i.e., ¥, (u) is annihilated by XP» — 1 and thus has period dividing D.,,.
Proof. Since u is periodic of period N, we have
TNw)y=u = (XY —1)xu=0g0,.

By definition, D,, = lem(N,dy,...,d,),so N | D,, and we can write D,, = N - Q,, for some
Q. € N*,
Let p(X) = XV — 1 € A[X]. Then
XPr 1= XN — 1 = (XM)@ — 1= (XY~ 1) R,(X),

where
Qn—1

= Z xNie AlX
i=0
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Hence, p(X) | XP» — 1 in A[X]. Using p(X) * u = Og(5s) and Lemma3.5, we conclude
an(U) S ’I"XDn_l(A; M)
Therefore, ¥, () is periodic with period dividing D,, = lem(N,dy,...,d,). O

Proposition 3.9. [ 1] Let A be a commutative unital ring, M an A-module, and let v € S(M)
be a periodic sequence of minimal period p € N*. Let a € N*, b € N, and define the sequence
v e S(M) by

VneN, wv(n)=u(an+Db).

Then v is periodic with minimal period

p

plv) = ged(a,p)’

Proof. Since u has minimal period p, we have
u(n+p) =u(n), foralln e N.
Let »
' sed(ap)
For all n € N, we compute

vin+T) =u(a(n+T)+b) =ulan +aT +b).

Since aT = a - m and ged(a, p) | a, we have T = 0 (mod p), which implies

u(an + aT 4+ b) = u(an + b) = v(n),

so v is periodic with period T'.
To show that T" is minimal, suppose there exists Ty < 7" such that v(n + Tp) = v(n) for all n.
Then
u(an 4+ aTy +b) =ulan+b) = alp=0 (mod p).

Let d = ged(a, p). Then there exist integers a;, p; such that a = day, p = dp;, and
gcd(ay, p1) = 1. Then
dpi | dayTo = pi|aiTp.

Since ged(ay, p1) = 1, it follows that p; | Tp, hence

p
To>pr= ——— =1,
ged(a, p)

which contradicts Ty < T'. Therefore, T is the minimal period of v, and

p

()= ged(ap)

4 Conclusion remarks

In this paper, we studied the algebraic behavior of linear recurrence sequences under composi-
tions of braiding mappings. Starting from sequences annihilated by a characteristic polynomial
P(X) € A[X], we established how successive braiding transformations modify the annihilating
structure through monomial substitutions of the form X — X% . A key contribution was the
identification of the resulting recurrence relations for the transformed sequences ¥,, (u), where
¥,, denotes a composition of multiple braiding maps. We provided explicit bounds and con-
structions of new annihilating polynomials Q(X) such that ¥, (u) € rg(x)(A; M), depending
on the degrees d; involved in the composition.
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Moreover, we demonstrated through concrete examples how periodicity and characteristic
polynomials evolve under such transformations. In particular, we established that the image of
a periodic sequence under a braiding composition remains periodic, with a period dividing the
least common multiple of the initial period and the degrees involved in the composition.

These results open several directions for future research. One possible extension is to study
the inverse problem: given a recurrence satisfied by ¥,,(u), can we recover information about
the original sequence u. Another potential avenue is the application of these constructions in
coding theory and cryptography, especially in designing sequences with controlled algebraic
and combinatorial properties.

References
[1] S. Kiouche and A. Ait Mokhtar, Some Properties of Linear Recurrence Sequences Braiding and Applica-
tion in Cryptography, Palestine Journal of Mathematics, 14(1-2), 381-394 (2025).

[2] H. Ait Mohammed and A. Ait Mokhtar, Characteristic Polynomial and Period of a Linear Recurrent
Sequence Braiding on a Field, Palestine Journal of Mathematics, 14(1), 1083-1091 (2025).

[3] M. S. Mahadeva Naika et al., Matrix Sequence of the Binomial Form of the Complex Combined Jacobsthal-
Akin Sequence, Palestine Journal of Mathematics, 11(1), 12-20 (2022).

[4] G. Alecci, S. Barbero, and N. Murru, Some notes on the algebraic structure of linear recurrent sequences,
Ricerche di Matematica, 74, 431-447 (2025).

[5] D. Ferrand, Suites récurrentes, IRMAR, Université de Rennes, 1988.

[6] D. Birmajer, J. B. Gil, and M. D. Weiner, Linear recurrence sequences and their convolutions via Bell
polynomials, Journal of Integer Sequences, 18(1), 2014.

[7] Z. Chen and L. Qi, Some Convolution Formulae Related to the Second-Order Linear Recurrence Se-
quence, Symmetry, 11(6), 788, (2019).

[8] A. Ait Mokhtar, Applications purement semi-affines et tressages, C. R. Math. Acad. Sci. Paris, 348(1-2),
1-4, (2010).

[9] A. Ait Mokhtar, A. Necer, and A. Salinier, Endomorphismes d’algébres de suites, Journal de Théorie des
Nombres de Bordeaux, 20(1), 1-21, (2008).

[10] J.-P. Allouche and J. Shallit, Automatic sequences: Theory, applications, generalizations, Cambridge
University Press, (2003).

Author information

T. Zerkaoui, Laboratory of Fixed Point Theory and Applications, Higher Normal School Of Kouba , Algiers,
Algeria.
E-mail: tayeb.zerkaoui31@g.ens-kouba.dz

A. Ait Mokhtar, Mathematics department, laboratory of Fixed Point Theory and Applications, Higher Normal
School Of Kouba , Algiers, Algeria.
E-mail: ahmed.aitmokhtar@g.ens-kouba.dz

Received: 2025-10-01
Accepted: 2026-02-20



	1 Introduction
	2 Preliminary Results
	3 Main Results
	4 Conclusion remarks

