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Abstract This article’s essential aim is to prove the existence and uniqueness of common
fixed points for occasionally weakly biased mappings of type (A) in triangular multiplicative
metric spaces (shortly TMMSs). To make our results valid and significant, we produce two
suitable examples and an application to integral equation. Our findings improve several works
in metric as well as TMMSs.

1 Introduction

In 1922, the famous Polish mathematician Banach proved the existence and uniqueness of a
fixed point for a contractive mapping in a complete metric space. This well-known theorem was
improved and generalised by several authors. Until now, many researchers competed to improve
and re-improve the famous contractive mapping theorem sometimes by increasing the number
of mappings and sometimes by using other alternative spaces. For this end, in 2008, Bashirov et
al. [3] presented an alternative space called multiplicative metric space which lies in changing
the first and third axioms of the ordinary metric space. Recently in 2024, Berzig [4] introduced
a new concept of TMMSs, and established a fixed point theorem in such spaces. According to
him, it has been noticed that if (X, d) is a multiplicative metric space, then (X, d) is a classical
metric space where d(x, y) = ln d(x, y) and to avoid this situation, he proposed a new space
under the name "triangular multiplicative metric space (shortly TMMS)". In such spaces the
second condition is d(x, y) = 0 which is different from the second axiom in multiplicative metric
spaces which is d(x, y) = 1, according to Berzig, this condition prevents reducing TMMSs to
multiplicative metric spaces. Note that, several authors investigated existence and uniqueness of
fixed and common fixed points in different spaces, see for instance [2], [6], [7], [8], [10], [11],
[12], [13], [14], [15] and [16].

Recently, in [5], we suggested the so-called "occasionally weakly biased mappings of type
(A)", and compared it by the famous notions of weakly compatible mappings introduced by
Jungck and Roades in [9] and occasionally weakly compatible mappings introduced by Al-
Thagafi and Shahzad in [1], and we found that our concept is more general than the two men-
tioned ones.

In this article, we will utilise our concept to search shared fixed elements in complete TMMSs,
and with suitable examples, we will show the applicability of our results.

2 Needed Preliminaries

Definition 2.1. Let X ̸= ∅ and d : X×X → [0,+∞). Suppose ∀ u1, u2, u3 ∈ X, we have
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b1: d(u1, u2) = 0 ⇔ u1 = u2,

b2: d(u1, u2) = d(u2, u1),

b3: d(u1, u2) ≤ d(u1, u3) + d(u3, u2),

then, the pair (X, d) is called metric space.

Definition 2.2. ([3]) Let X be a non-empty set. Define a function d from X × X into R+ such
that

(i) ∀ u1, u2 ∈ X, d(u1, u2) ≥ 1,

(ii) d(u1, u2) = 1 if and only if u1 = u2,

(iii) ∀ u1, u2 ∈ X, d(u1, u2) = d(u2, u1),

(iv) ∀ u1, u2, u3 ∈ X, d(u1, u3) ≤ d(u1, u2).d(u2, u3).

The pair (X, d) is called a multiplicative metric space.

Definition 2.3. ([4]) Let X be a non-empty set, d : X × X → R+ be a function and b ≥ 1
be a real constant. Then, d is called triangular multiplicative metric if ∀ u1, u2, u3 ∈ X, ∀
u3 ∈ X \ {u1, u2}, we have

(i) d(u1, u2) ≥ 0,

(ii) d(u1, u2) = 0 if and only if u1 = u2,

(iii) d(u1, u2) = d(u2, u1),

(iv) d(u1, u2) ≤ b.d(u1, u3).d(u3, u2).

The triplet (X, d, b) is a TMMS.

Example 2.4. Set X = R and d : X×X → [0,+∞) such that

d(u1, u2) =

{
a|u1−u2| when u1 ̸= u2

0 when u1 = u2,

where a > 1. Then, (X, d) is a TMMS.

Proof. We have:

(i) d(u1, u2) = 0 ⇔ u1 = u2,

(ii) d(u1, u2) = d(u2, u1) for all u1, u2 ∈ X,

(iii) now, for all u1, u2, u3 ∈ X with u3 ∈ X\{u1, u2}, for a > 1 and b ≥ 1, we have

|u1 − u2| = |(u1 − u3) + (u3 − u2)| ≤ |u1 − u3|+ |u3 − u2|

which implies that

d(u1, u2) = a|u1−u2| = a|(u1−u3)+(u3−u2)|

≤ a|u1−u3|+|u3−u2|

= a|u1−u3|.a|u3−u2|

≤ b.a|u1−u3|.a|u3−u2|

= b.d(u1, u3).d(u3, u2).

Definition 2.5. ([5]) Let (X, d, b) be a TMMS and Let U, V : (X, d, b) → (X, d, b) be functions.
U and V are occasionally weakly U-biased (respectively V-biased) of type (A), iff, there
exists ϖ ∈ X such that Cϖ = Dϖ and

d(UUϖ,Vϖ) ≤ d(VUϖ,Uϖ),

d(VVϖ,Uϖ) ≤ d(UVϖ,Vϖ),

respectively.



602 H. Bouhadjera

3 Berzig’s Results

In [4], Maher proposed and demonstrated the next result:

Theorem 3.1. Assume that (X, d) is a complete TMMS and taking a mapping M from X into
itself. Suppose there is 0 ≤ σ < 1 with

d(Mx,My) ≤ σ max{d(x,Mx), d(y,My)}

∀ x, y in X. Then M admits x∗ as a sole fixed point and the sequence {Mnx0} converges to x∗
∀ x0.

From the above theorem, he derived the following result:

Corollary 3.2. Taking a complete TMMS (X, d) and a given self-mapping of M. Assume there
is 0 ≤ σ < 1

2 with

d(Mx,My) ≤ σ[d(x,Mx) + d(y,My)]

∀ x, y in X. Then M admits x∗ as a sole fixed point and the sequence {Mnx0} converges to x∗
for every x0.

In the following lines, the above results will be improved and extended.

4 Results, Demonstrations and Examples

We start by giving our first result.

Theorem 4.1. Define four mappings A, B, S and T from a complete TMMS (X, d, b) into itself
which satisfying the two conditions:

(i) pairs (A,S) and (B,T) are occasionally weakly A-biased (respectively B-biased) of type
(A),

(ii) ∀ x, y ∈ X,

d(Sx,Ty) ≤ δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By),

d(Ax,Ty)}γ

where 0 < δ < 1
bγ and 0 < γ < 1

2 .

Then, there is a sole element η which verifies Aη = Sη = η = Bη = Tη.

Proof. In the following, we will prove the existence and uniqueness of the common fixed point
of the four mappings.

Existence: From the first condition, there are α, β ∈ X which verify Aα = Sα, Bβ = Tβ
and

d(AAα,Sα) ≤ d(SAα,Aα),

d(BBβ,Tβ) ≤ d(TBβ,Bβ).

To prove the existence,we must go through three inevitable stages:

First stage: Assume that Aα ̸= Bβ, then, we have

d(Sα,Tβ) ≤ δ max{d(Aα,Bβ), d(Aα,Sα), d(Bβ,Tβ), d(Sα,Bβ),

d(Aα,Tβ)}γ
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which is equivalent to

d(Sα,Tβ) ≤ δ max{d(Sα,Tβ), 0}γ

= δdγ(Sα,Tβ)

< d(Sα,Tβ)

which is a contradiction, hence, Sα = Tβ.

Second stage: Suppose that SSα ̸= Sα, then, we have

d(SSα,Tβ) ≤ δ max{d(ASα,Bβ), d(ASα,SSα), d(Bβ,Tβ),

d(SSα,Bβ), d(ASα,Tβ)}γ

which is equivalent to

d(SSα,Sα) ≤ δ max{d(AAα,Sα), d(AAα,SSα), 0, d(SSα,Sα)}γ .

Using the fourth property of the space and the relationship between mappings A and S, we
obtain

d(SSα,Sα) ≤ δ max{d(AAα,Sα), bd(AAα,Sα)d(Sα,SSα), 0, d(SSα,Sα)}γ

≤ δ max{d(SAα,Aα), bd(SAα,Aα)d(Sα,SSα), 0, d(SSα,Sα)}γ

= δ max{d(SSα,Sα), bd2(SSα,Sα), 0}γ

= δ.bγ .d2γ(SSα,Sα)

< d(SSα,Sα)

which is a contradiction, hence, SSα = Sα and therefore ASα = Sα.

Third stage: Now, assume that TTβ ̸= Tβ, then, we have

d(Sα,TTβ) ≤ δ max{d(Aα,BTβ), d(Aα,Sα), d(BTβ,TTβ),

d(Sα,BTβ), d(Aα,TTβ)}γ

which is equivalent to

d(Tβ,TTβ) ≤ δ max{d(Tβ,BBβ), 0, d(BBβ,TTβ), d(Tβ,TTβ)}γ .

Again, using the fourth property of the space and the relationship between mappings B and T,
we get

d(Tβ,TTβ) ≤ δ max{d(Tβ,BBβ), 0, bd(BBβ,Bβ)d(Bβ,TTβ),

d(Tβ,TTβ)}γ

≤ δ max{d(Bβ,TBβ), 0, bd(TBβ,Bβ)d(Tβ,TTβ),

d(Tβ,TTβ)}γ

= δ max{d(Tβ,TTβ), 0, bd2(TTβ,Tβ)}γ

= δ.bγ .d2.γ(Tβ,TTβ)

< d(Tβ,TTβ)

which is a contradiction, thus, Tβ = TTβ and therefore Tβ = BTβ. Consequently, η = Aα =
Sα = Bβ = Tβ.

Uniqueness: At the end, suppose there is for instance µ ̸= η such that µ = Aµ = Sµ =
Bµ = Tµ, then, we have

d(Sη,Tµ) ≤ δ max{d(Aη,Bµ), d(Aη,Sη), d(Bµ,Tµ), d(Sη,Bµ),

d(Aη,Tµ)}γ
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which is equivalent to

d(η, µ) ≤ δ max{d(η, µ), 0}γ

= δdγ(η, µ)

< d(η, µ)

this contradiction requires the equality between η and µ.

The next example illustrates the above result.

Example 4.2. Taking X = {0, 3, 5}. Let d : X×X → [0,+∞) such that

d(0, 0) = d(3, 3) = d(5, 5) = 0,

d(0, 3) = d(3, 0) = 1,

d(0, 5) = d(5, 0) = 4,

d(3, 5) = d(5, 3) = 2.

We have

1 = d(0, 3) ≤ 2[d(0, 5)d(5, 3)] = 16,

4 = d(0, 5) ≤ 2[d(0, 3)d(3, 5)] = 4,

2 = d(3, 5) ≤ 2[d(3, 0)d(0, 5)] = 8,

thus, (X, d, b = 2) is a TMMS, and as X is a finite and discrete set, therefore, this space is
complete.

Now, define four mappings as follows:

Ax =

{
0 if x = 0

5 if x ∈ {3, 5},
Bx =

{
0 if x = 0

x if x ∈ {3, 5},
Sx =

{
0 if x = 0

3 if x ∈ {3, 5},

Tx = 0 if x ∈ {0, 3, 5}.

First of all, it is very clear to prove that the first hypothesis of the above theorem is satisfied.

Let the constructed table

♠ x = y = 0 x, y ∈ {3, 5} x = 0 and y ∈ {3, 5} y = 0, x ∈ {3, 5}
d(Sx,Ty) 0 1/1 0/0 1
d(Ax,By) 0 2/0 1/4 4
d(Ax,Sx) 0 2/2 0/0 2
d(By,Ty) 0 1/4 1/4 0
d(Sx,By) 0 0/2 1/4 1
d(Ax,Ty) 0 4/4 0/0 4

Discussion: Choose 0 < δ = 3
4 < 1

bγ = 1

2
1
3

and 0 < γ = 1
3 < 1

2 , we get

First step: for x = 0 = y, Ax = Sx = 0 = By = Ty and

0 = d(Sx,Ty)

≤ δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ

= 0.

Second step: If x and y belong to {3, 5}, Ax = 5, By = y, Sx = 3, Ty = 0. For this step,
we have two cases:
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(i) First case: By = 3, then

1 = d(Sx,Ty)

≤ 3
4

max {2, 2, 1, 0, 4}
1
3

=
3
4
.4

1
3

= δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

(ii) Second case: By = 5, then,

1 = d(Sx,Ty)

≤ 3
4

max {0, 2, 4, 2, 4}
1
3

=
3
4
.4

1
3

= δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

Third step: If x = 0, y belongs to {3, 5}, Ax = 0 = Sx, By = y, Ty = 0. For this step, we
have two cases:

(i) First case: By = 1,

0 = d(Sx,Ty)

≤ 3
4

max {1, 0, 1, 1, 0}
1
3

=
3
4

= δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

(ii) Second case: By = 2,

0 = d(Sx,Ty)

≤ 3
4

max {4, 0, 4, 4, 0}
1
3

=
3
4
.4

1
3

= δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

Fourth step: If y = 0, x belongs to {3, 5}, Ax = 5, Sx = 3, By = 0 = Ty, and

1 = d(Sx,Ty)

≤ 3
4

max {4, 2, 0, 1, 4}
1
3

=
3
4
.4

1
3

= δ max{d(Ax,By), d(Ax,Sx), d(By,Ty), d(Sx,By), d(Ax,Ty)}γ ,

so, the second condition of the theorem is satisfied, therefore, the four mappings admit "zero" as
the unique common fixed point.

Now, we give our second result.
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Theorem 4.3. Define four mappings A, B, S and T from a complete TMMS (X, d, b) into itself
such that

(i) (A,S) and (B,T) are occasionally weakly A-biased (respectively B-biased) of type (A),
(ii) ∀ x, y ∈ X,

d(Sx,Ty) ≤ σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By)

+d(Ax,Ty)]ς

where 0 < ς < 1
2 and 0 < σ < 1

(3+b)ς .

Then, there is a sole element η which satisfies Aη = Sη = η = Bη = Tη.

Proof. In the following, we will prove the existence and uniqueness of the common fixed point
of the four mappings.

Existence: From the first condition, there are α, β ∈ X with Aα = Sα, Bβ = Tβ and

d(AAα,Sα) ≤ d(SAα,Aα),

d(BBβ,Tβ) ≤ d(TBβ,Bβ).

To prove the existence,we must go through three inevitable stages:

First stage: Assume that Aα ̸= Bβ, then, we have

d(Sα,Tβ) ≤ σ[d(Aα,Bβ) + d(Aα,Sα) + d(Bβ,Tβ) + d(Sα,Bβ)

+d(Aα,Tβ)]ς

which is equivalent to

d(Sα,Tβ) ≤ σ.3ς .dς(Sα,Tβ)

< d(Sα,Tβ)

which is a contradiction, hence, Sα = Tβ.

Second stage: Suppose that SSα ̸= Sα, then, we have

d(SSα,Tβ) ≤ σ[d(ASα,Bβ) + d(ASα,SSα) + d(Bβ,Tβ)

+d(SSα,Bβ) + d(ASα,Tβ)]ς

which is equivalent to

d(SSα,Sα) ≤ σ[d(AAα,Sα) + d(AAα,SSα) + d(SSα,Sα) + d(AAα,Sα)]ς .

The use of the fourth axiom of the space gives

d(SSα,Sα) ≤ σ[d(AAα,Sα) + bd(AAα,Sα)d(Sα,SSα) + d(SSα,Sα)

+d(AAα,Sα)]ς .

Now, the use of the relationship between A and S gives

d(SSα,Sα) ≤ σ[d(SAα,Aα) + bd(SAα,Aα)d(Sα,SSα) + d(SSα,Sα)

+d(SAα,Aα)]ς

= σ[d(SSα,Sα) + bd(SSα,Sα)d(Sα,SSα) + d(SSα,Sα)

+d(SSα,Sα)]ς

= σ[3d(SSα,Sα) + bd2(SSα,Sα)]ς

≤ σ[3d2(SSα,Sα) + bd2(SSα,Sα)]ς

= σ.[3 + b]ς .d2.ς(SSα,Sα)

< d(SSα,Sα)
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which is a contradiction, hence, SSα = Sα and therefore ASα = Sα.

Third stage: Now, assume that TTβ ̸= Tβ, then, we have

d(Sα,TTβ) ≤ σ[d(Aα,BTβ) + d(Aα,Sα) + d(BTβ,TTβ)

+d(Sα,BTβ) + d(Aα,TTβ)]ς

which is equivalent to

d(Tβ,TTβ) ≤ σ[d(Tβ,BBβ) + d(BBβ,TTβ) + d(Tβ,BBβ)

+d(Tβ,TTβ)]ς .

Using the definition of the space, we get

d(Tβ,TTβ) ≤ σ[d(Tβ,BBβ) + bd(BBβ,Bβ)d(Bβ,TTβ)

+d(Tβ,BBβ) + d(Tβ,TTβ)]ς .

Now, the relationship between B and T gives

d(Tβ,TTβ) ≤ σ[d(Bβ,TBβ) + bd(TBβ,Bβ)d(Tβ,TTβ)

+d(Bβ,TBβ) + d(Tβ,TTβ)]ς

= σ[3d(Tβ,TTβ) + bd2(TTβ,Tβ)]ς

≤ σ[3d2(Tβ,TTβ) + bd2(TTβ,Tβ)]ς

= σ.[3 + b]ς .d2.ς(TTβ,Tβ)]

< d(Tβ,TTβ)

which is a contradiction, thus, Tβ = TTβ and therefore Tβ = BTβ. Consequently, η = Aα =
Sα = Bβ = Tβ.

Uniqueness: At the end, suppose there is for instance µ ̸= η such that Aµ = Sµ = µ =
Bµ = Tµ, then, we get

d(Sη,Tµ) ≤ σ[d(Aη,Bµ) + d(Aη,Sη) + d(Bµ,Tµ) + d(Sη,Bµ)

+d(Aη,Tµ)]ς

which is equivalent to

d(η, µ) ≤ σ.[3.d(η, µ)]ς

= σ.3ς .dς(η, µ)

< d(η, µ)

this contradiction requires the equality between η and µ.

To illustrate the above theorem, we present the following example.

Example 4.4. Let X = {0, 1, 2}. Define d : X×X → [0,+∞) by

d(0, 0) = d(1, 1) = d(2, 2) = 0,

d(0, 1) = d(1, 0) = 1,

d(0, 2) = d(2, 0) = 2,

d(1, 2) = d(2, 1) =
3
2
.

We have

1 = d(0, 1) ≤ 2[d(0, 2)d(2, 1)] = 6,

2 = d(0, 2) ≤ 2[d(0, 1)d(1, 2)] = 3,

3
2
= d(1, 2) ≤ 2[d(1, 0)d(0, 2)] = 4,
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then, (X, d, b = 2) is a TMMS, and as X is a finite and discrete set, therefore, this space is
complete.

Now, define four mappings as follows:

Ax =

{
0 if x = 0

2 if x ∈ {1, 2},
Bx =

{
0 if x = 0

x if x ∈ {1, 2},

Sx = Tx = 0 if x ∈ {0, 1, 2}.

First of all, it is very clear to prove that the first hypothesis of the above theorem is satisfied.

Let the constructed table

♠ x = y = 0 x, y ∈ {1, 2} x = 0 and y ∈ {1, 2} y = 0, x ∈ {1, 2}
d(Sx,Ty) 0 0/0 0/0 0
d(Ax,By) 0 3

2/0 1/2 2
d(Ax,Sx) 0 2/2 0/0 2
d(By,Ty) 0 1/2 1/2 0
d(Sx,By) 0 1/2 1/2 0
d(Ax,Ty) 0 2/2 0/0 2

Discussion: Choose 0 < ς = 1
3 < 1

2 and 0 < σ = 1
2 < 1

(3+b)ς =
( 1

5

) 1
3 , we get

First step: for x = 0 = y, Ax = Sx = 0 = By = Ty and

0 = d(Sx,Ty)

≤ σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς

= 0.

Second step: If x and y belong to {1, 2}, Ax = 2, By = y, Sx = 0, Ty = 0. For this step,
we have two cases:

(i) First case: By = 1, then

0 = d(Sx,Ty)

≤ 1
2

[
3
2
+ 2 + 1 + 1 + 2

] 1
3

=
1
2
.

(
15
2

) 1
3

= σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς .

(ii) Second case: By = 2, then

0 = d(Sx,Ty)

≤ 1
2
[0 + 2 + 2 + 2 + 2]

1
3

=
1
2
.8

1
3

= σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς .

Third step: If x = 0, y belongs to {1, 2}, Ax = 0 = Sx, By = y, Ty = 0. For this step, we
have two cases:
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(i) First case: By = 1, then,

0 = d(Sx,Ty)

≤ 1
2
[1 + 0 + 1 + 1 + 0]

1
3

=
1
2
.3

1
3

= σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς .

(ii) Second case: By = 2, then,

0 = d(Sx,Ty)

≤ 1
2
[2 + 0 + 2 + 2 + 0]

1
3

=
1
2
.6

1
3

= σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς .

Fourth step: If y = 0, x belongs to {1, 2}, Ax = 2, Sx = 0, By = 0 = Ty, and

0 = d(Sx,Ty)

≤ 1
2
[2 + 2 + 0 + 0 + 2]

1
3

=
1
2
.6

1
3

= σ[d(Ax,By) + d(Ax,Sx) + d(By,Ty) + d(Sx,By) + d(Ax,Ty)]ς ,

so, the second condition of the theorem is satisfied, therefore, the four mappings admit "zero" as
the unique common fixed point.

In the sequel, we propose our third and last result.

Theorem 4.5. Define four mappings A, B, S and T from a complete TMMS (X, d, b) into itself
such that

(i) couples (A,S) and (B,T) are occasionally weakly A-biased (respectively B-biased) of
type (A),

(ii) ∀ x and y in X,

d(Sx,Ty) ≤ max{d(Ax,By), θ1d(Ax,Sx), θ2d(By,Ty), d(Sx,By),

d(Ax,Ty)}γ

where 0 < θ1, θ2 < 1
b and 0 < γ < 1

2 .

Then, there is only one point η which satisfies Aη = Sη = η = Bη = Tη.

Proof. In the following, we will prove the existence and uniqueness of the common fixed point
of the four mappings.

Existence: As above, there exist α and β ∈ X with Aα = Sα, Bβ = Tβ and

d(AAα,Sα) ≤ d(SAα,Aα),

d(BBβ,Tβ) ≤ d(TBβ,Bβ).

To prove the existence,we must go through three inevitable stages:
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First stage: Assume that Aα ̸= Bβ, then, we have

d(Sα,Tβ) ≤ max{d(Aα,Bβ), θ1d(Aα,Sα), θ2d(Bβ,Tβ), d(Sα,Bβ),

d(Aα,Tβ)}γ

which is equivalent to

d(Sα,Tβ) ≤ max{d(Sα,Tβ), 0}γ

= dγ(Sα,Tβ)

< d(Sα,Tβ)

which is a contradiction, hence, Sα = Tβ.

Second stage: Suppose that SSα ̸= Sα, then, we have

d(SSα,Tβ) ≤ max{d(ASα,Bβ), θ1d(ASα,SSα), θ2d(Bβ,Tβ),

d(SSα,Bβ), d(ASα,Tβ)}γ

which is equivalent to

d(SSα,Sα) ≤ max{d(AAα,Sα), θ1d(AAα,SSα), 0, d(SSα,Sα)}γ .

Using the fourth property of the space and the relationship between mappings A and S, we
obtain

d(SSα,Sα) ≤ max{d(AAα,Sα), θ1bd(AAα,Sα)d(Sα,SSα), 0, d(SSα,Sα)}γ

≤ max{d(SAα,Aα), θ1bd(SAα,Aα)d(Sα,SSα), 0, d(SSα,Sα)}γ

= max{d(SSα,Sα), θ1bd
2(SSα,Sα), 0}γ

= (θ1.b)
γ .d2γ(SSα,Sα)

< d(SSα,Sα)

which is a contradiction, hence, SSα = Sα and therefore ASα = Sα.

Third stage: Now, assume that TTβ ̸= Tβ, then, we have

d(Sα,TTβ) ≤ max{d(Aα,BTβ), θ1d(Aα,Sα), θ2d(BTβ,TTβ),

d(Sα,BTβ), d(Aα,TTβ)}γ

which is equivalent to

d(Tβ,TTβ) ≤ max{d(Tβ,BBβ), 0, θ2d(BBβ,TTβ), d(Tβ,TTβ)}γ .

Again, using the fourth property of the space and the relationship between mappings B and T,
we get

d(Tβ,TTβ) ≤ max{d(Tβ,BBβ), 0, θ2bd(BBβ,Bβ)d(Bβ,TTβ),

d(Tβ,TTβ)}γ

≤ max{d(Bβ,TBβ), 0, θ2bd(TBβ,Bβ)d(Tβ,TTβ),

d(Tβ,TTβ)}γ

= max{d(Tβ,TTβ), 0, θ2bd
2(TTβ,Tβ)}γ

= (θ2.b)
γ .d2.γ(Tβ,TTβ)

< d(Tβ,TTβ)

which is a contradiction, thus, Tβ = TTβ and therefore Tβ = BTβ. Consequently, η = Aα =
Sα = Bβ = Tβ.
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Uniqueness: Lastly, suppose there is µ ̸= η such that Aµ = Sµ = µ = Bµ = Tµ, then, we
have

d(Sη,Tµ) ≤ max{d(Aη,Bµ), θ1d(Aη,Sη), θ2d(Bµ,Tµ), d(Sη,Bµ),

d(Aη,Tµ)}γ

which is equivalent to

d(η, µ) ≤ max{d(η, µ), 0}γ

= dγ(η, µ)

< d(η, µ)

this contradiction requires the equality between η and µ.

The next example illustrates the above theorem.

Example 4.6. Let (X = [0,+∞), d(x, y) = e|x−y|) be a complete TMMS. Consider the next
four mappings:

Sx =

{
x+19

20 when 0 ≤ x < 1,
1 when 1 ≤ x < +∞,

Tx =

{
x+20

21 when 0 ≤ x < 1,
1 when 1 ≤ x < +∞,

Ax =

{
200 when 0 ≤ x < 1,
1
x when 1 ≤ x < +∞,

Bx =

{
2000 when 0 ≤ x < 1,
1
x when 1 ≤ x < +∞.

First of all, it is very clear to prove that the first hypothesis of the above theorem is satisfied.

Let the constructed table

♠ x, y ∈ [0, 1) x, y ∈ [1,+∞) x ∈ [0, 1), y ∈ [1,+∞) y ∈ [0, 1), x ∈ [1,+∞)

d(Sx,Ty) e|
x+19

20 − y+20
21 | e0 = 1 e|1−

x+19
20 | e|1−

y+20
21 |

d(Ax,By) e1800 e|
1
x− 1

y | e|200− 1
y | e|2000− 1

x |

d(Ax,Sx) e|200− x+19
20 | e|1−

1
x | e|200− x+19

20 | e|1−
1
x |

d(By,Ty) e|2000− y+20
21 | e|1−

1
y | e|1−

1
y | e|2000− y+20

21 |

d(Sx,By) e|2000− x+19
20 | e|1−

1
y | e|

x+19
20 − 1

y | e1999

d(Ax,Ty) e|200− y+20
21 | e|1−

1
x | e199 e|

1
x− y+20

21 |

Discussion: Choose b = 2 ≥ 1, 0 < θ1 =
1
4 , θ2 =

1
3 < 1

b = 1
2 and 0 < γ = 1

3 < 1
2 , we get

(1) If 0 ≤ x, y < 1, we have Sx = x+19
20 , Ty = y+20

21 , Ax = 200, By = 2000 and

d(Sx,Ty) = e|
x+19

20 − y+20
21 |

≤ max
{
e1800,

1
4
e|200− x+19

20 |, 1
3
e|2000− y+20

21 |, e|2000− x+19
20 |, e|200− y+20

21 |
} 1

3

= max{d(Ax,By), θ1d(Ax,Sx), θ2d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

(2) When 1 ≤ x, y < +∞, Sx = 1, Ty = 1, Ax = 1
x , By = 1

y , then,

d(Sx,Ty) = 1

≤ max
{
e|

1
x− 1

y |, 1
4
e|1−

1
x |, 1

3
e|1−

1
y |, e|1−

1
y |, e|1−

1
x |
} 1

3

= max{d(Ax,By), θ1d(Ax,Sx), θ2d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .
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(3) Now, if 0 ≤ x < 1, 1 ≤ y < +∞, we have Sx = x+19
20 , Ty = 1, Ax = 200, By = 1

y and

d(Sx,Ty) = e|1−
x+19

20 |

≤ max
{
e|200− 1

y |, 1
4
e|200− x+19

20 |, 1
3
e|1−

1
y |, e|

x+19
20 − 1

y |, e199
} 1

3

= max{d(Ax,By), θ1d(Ax,Sx), θ2d(By,Ty), d(Sx,By), d(Ax,Ty)}γ .

(4) At the end, when 1 ≤ x < +∞ and 0 ≤ y < 1, Sx = 1, Ty = y+20
21 , Ax = 1

x , By = 2000
and

d(Sx,Ty) = e|1−
y+20

21 |

≤ max
{
e|2000− 1

x |, 1
4
e|1−

1
x |, 1

3
e|2000− y+20

21 |, e1999, e|
1
x− y+20

21 |
} 1

3

= max{d(Ax,By), θ1d(Ax,Sx), θ2d(By,Ty), d(Sx,By), d(Ax,Ty)}γ ,

we conclude that the two conditions of our above theorem are satisfied and 1 is the unique
element which verifies that S(1) = T(1) = A(1) = B(1) = 1.

We finish this contribution by giving an application to an integral equation.

5 Application of our Third Result to Integral Equation

Taking the following equation:

E(x) = P(x) +

∫ x

0
Q(x, y).R(y,E(y))dy (5.1)

for x ∈ [0, τ ], where τ > 0, P : [0, τ ] → R, Q : [0, τ ] × [0, τ ] → R, R : [0, τ ] × R → R
are continuous mappings. Endow X = C([0, τ ],R) with the following triangular multiplicative
metric:

d(E,E′) = e
sup

0≤x≤τ

|E(x)−E′(x)|
,

for all E, E′ belong to X. Let us define self-operator S on X as follows:

SE(x) = P(x) +

∫ x

0
Q(x, y).R(y,E(y))dy.

Theorem 5.1. Assume that the two conditions are true:

(i) sup
0≤x≤τ

∫ x

0 |Q(x, y)|dy ≤ 1,

(ii) |R(y,E(y))−R(y,E′(y))| ≤ γ|E−E|, for each y ∈ [0, τ ], E, E′ ∈ X, where γ ∈
(
0, 1

2

)
,

then, integral equation (5.1) admits only one solution in X.
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Proof. For all E, E′ belong to X, we have

d(SE,SE′) = e
sup

0≤x≤τ

|SE(x)−SE′(x)|

= e
sup

0≤x≤τ
|∫ x

0 Q(x,y).[R(y,E(y))−R(y,E′(y))]dy|

≤ e
sup

0≤x≤τ

∫ x
0 |Q(x,y)|.|R(y,E(y))−R(y,E′(y))|dy

≤ e
γ.

∫ x
0 |Q(x,y)|. sup

0≤x≤τ

|E(y)−E′(y)|dy

≤
[
e

sup
0≤x≤τ

|E(y)−E′(y)|]γ
= dγ(E,E′)

≤ max{d(E,E′), θ1d(E,SE), θ2d(E
′,SE′), d(SE,E′),

d(E,SE′)}γ ,

so, all the conditions of Theorem 4.5 (with S = T and A = B = I: the identity mapping on X)
are satisfied, consequently, integral equation (5.1) possesses only one solution in X.

6 Conclusion

In this contribution, we proved the existence and uniqueness of common fixed points for two
pairs of occasionally weakly biased mappings of type (A) in complete TMMSs. Our theorems
improve some existing results for instance, Theorem 2.1 and Corollary 2.2 of [4].
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