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Abstract. This paper is devoted to the investigation of a class of parameterized singular
surfaces in three-dimensional Euclidean space. Under appropriate assumptions, we establish
that the transversality condition is satisfied at every regular point of these surfaces.

1 Introduction

The boundedness of maximal operators associated with hypersurfaces in Euclidean spaces is
closely related to the geometric properties of the corresponding hypersurfaces. The geometric
characteristics of hypersurfaces play a fundamental role in the analysis of these maximal opera-
tors (see, for example, [1, 2, 3, 4, 5, 6, 7).

In particular, the curvature properties of hypersurfaces play an essential role in the analysis of
the boundedness of maximal operators associated with hypersurfaces. In [4], Sogge established
that the maximal operator is bounded on the Lebesgue space LP(R™*!) for p > 2, under the
condition that the hypersurface has at least one nonvanishing principal curvature.

The geometric properties of surfaces have been investigated in many papers. In the papers
[8] and [9], some important results for ruled surfaces in R? related to the curvatures of these
surfaces were obtained. The articles [7] and [10] were devoted to the investigation of certain
singular surfaces in three-dimensional Euclidean space defined by the parametric equations. It
was shown that at each regular point of these surfaces, at least one of the principal curvatures is
nonvanishing. Also, using this property of the singular hypersurfaces in R"*!, the boundedness
of maximal operators associated with these hypersurfaces was established [7].

In the paper [11], it has been studied properties of the curvatures of rational surfaces. The
authors showed that the Gaussian and the mean curvatures of these surfaces can be computed
using a quaternion function.

Furthermore, the boundedness of maximal operators associated with certain hypersurfaces
depends on a transversality condition. The papers [2] and [3] are devoted to the investigation of
a class of smooth hypersurfaces satisfying this condition.

The transversality condition for singular surfaces is also important in the investigation of
the boundedness problem for maximal operators associated with such surfaces. The bounded-
ness problem of maximal operators associated with singular surfaces has been studied in several
works, see, for example, [6, 7, 10, 12, 13, 14].

Next, we define a fractional power series by the following definition [15].

Definition 1.1. Let V C R” be an open connected set such that 0 € V, f is called a fractional
power series in the set V if there is an open set W C R™, containing V, a natural number N
and a real analytic function g in @' (W) such that the identity f = g o @,y holds in the set V/,
where @ : R” — R™ is a map, given by the formula @y (z) = (¥, 2, ..., 22)

n /)
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Consider singular surfaces in R* defined by the following parametric equations

w1 (ur,uz) = 1+ ul w2 gy (ur, ua), 22(ur, ua) = 2 + ul'ud? go (ur, w2),

z3(ur, up) = r3 +uf'uy? gs(ur, ua), (1.1)

where 71, 17, 73 are real numbers and the exponents ay, as, by, by, ¢1, ¢, are non-negative integers,
uy > 0,up > 0, g (u1,uy) are fractional power series, k=1,2,3.
We introduce the following denotations:

a; by b ¢ ap ci

B]: 7B2: ’B3:

ay by by ¢ a ¢

Remark 1.2. If at least one of the numbers B, B,, and Bj is nonzero, then points of the surface
(1.1) that lie in a sufficiently small neighborhood of the point (71,7, r3), outside the coordinate
planes of the coordinate system that has its origin at the point (ry,r;,73), are regular (non-
singular). Points of the surface (1.1) that lie on the coordinate planes of this coordinate system
may be singular (see Remark 1, [6]).

In this paper, we will investigate the following condition of transversality for the surfaces
(1.1): for any point an affine tangent plane x + 77,5 to S at the point = does not pass through the
origin in R"*! [2]. We also verify the transversality condition for certain surfaces derived from
the surfaces (1.1).

2 Preliminaries

Following the papers [3], [15], and [16], we introduce the notion of the Newton polyhedron.

Let Ng C Ry C R be the sets of all non-negative integers, all non-negative real numbers, all
real numbers, respectively. Suppose that K C N is a set. Newton polyhedron of the set K is
defined as a convex hull in R" of the set Upc i (k + R ). The union of all compact faces of the
Newton polyhedron of the set K is called the Newton diagram.

Let v be a smooth function defined at the origin. Consider the Maclaurin series of this
function

Py = Z crxt, e e R, 2 = aclfl Cae :c’fl
keNg

The support of this series is defined by supp(¢,) = {k € Nj \ {0} : ¢ # 0}. The Newton
polyhedron of the series v is defined as the Newton polyhedron of the set supp(,). And the
Newton diagram of a smooth function ) is defined as the Newton diagram of the set supp(1); ).

Next, we present some essential facts from geometry, which will be used in the proof of the
main result.

Let G be a region in R?, and let the parametric equations of a certain regular surface in R?
be given by

x1 = x1(u1,u2), T2 = x2(u1, u2), T3 = T3(U1,U2), 2.1
where z1(uy, uz), x2(u1, uz), z3(u1, uz) are differentiable functions in G.
Suppose that the origin of the coordinate system in R lies on the tangent plane to the surface

(2.1) at its point (1, z2,z3). Then, following [17] (p. 73), the equation of this tangent plane at
the point (u;, uz) can be expressed in the form:

xl(ul»'UQ) fz(uhuz) CC3(U17U2)

_ Oz (ug,uz) Oz (uy,uz) Oz3(uy,uy) _
D1 (u1 y U2) = s du, Jus =0. (2.2)
Oz (up,uz) Oz (uy,uz) Oz3(uy,uz)
Ouy Ouy Ouy

We denote the second-order minors of this determinant as follows:

8:171(u1,u2) . 3x2(u1,u2) . 8z1(u1,uz) ) 8:172(U1,U2)
ouq Oouy Ouy Juy

M (ur,up) =



TRANSVERSALITY CONDITION 617

0z (ur,up) ' Ozs(ur,uz)  Ox1 (w1, un) . Oz3(ui, up)

M =
13(1“7’“2) 8U1 8U2 GUQ 8u1
Oy (ur,up) Ozz(ur,uz)  Oxa(ur,uz) Oz3(ur,ur)
M - ) _ ) ,
2 (U1 ’ u2) 8u1 8U2 8u2 8u1

We perform the change of variables
ur = ui (21, 22), uz = uz(z1, 22) (2.3)

in (2.1), where (21, 22), u2(21, 22) are differentiable functions in some region G> C R2.

Let D,(z21, 2;2) denote the value of Dj(u,u;) under the change of variables (2.3), and let .J
be the Jacobian matrix corresponding to the transformation (2.3). The subsequent lemma is then
valid.

Lemma 2.1. If detJ # 0, then under the change of variables (2.3), the following relation holds:
Dy(z21,22) = detJ - Dy(ug, up).
Proof. Indeed, by computing the second-order minors of D,(z1, 2;), we have
Nia(z1,20) = det - Mip(ur,up), Ni3(z1, 22) = detd - Myz(uy,us),

N23(21, Zz) = detJ - ]\423(1“7 U2).

From these relations, the desired equality follows. This completes the proof of Lemma 2.1.

3 On the transversality condition for the surfaces (1.1)

In this section, by applying the resolution of singularities [16], we show that, under suitable
conditions on the surfaces (1.1), the transversality condition is satisfied.

A definition of a tangent cone to an affine variety at its any point is given in the paper [18]
(chapter II, §1). Throughout this section we assume that the vector (r1,72,73) is transversal to
the tangent cone to the surface (1.1) at the origin.

The main result of this paper is contained in the following theorem.

Theorem 3.1. Let {gk(ul,uz)}izl be fractional power series defined in a sufficiently small
neighborhood U of the origin in R?.. Suppose that g;(0,0) # 0,B) # 0 for each k, and at
least one of the numbers r1,r,, and r3 is nonzero. Then the surface (1.1) satisfies the transver-
sality condition at all of its regular points.

Proof. Suppose that the origin of the coordinate system in R lies on the tangent plane to the
surface (1.1) at the point (1,7, 23). Then, by (2.2), the equation of the tangent plane to this
surface at the point (u;,uy) can be represented in the following form:

xy(ur, up) (Bzgz(ul L) g3(ur, up) + wi(ur, u2)>ulf‘+c‘71u22+crl*

—x2(u1, uz) <B391 (w1, u2)g3 (w1, u2) + wa(ur, uz))u?l%]ilugzﬁrl—i_
s (un, ) (B]g1 (ur,u2)g2(ur, uz) + WB(UI;U2)>U?l+b171ugz+bzfl =0, (3.1)
where
9. u gz (ur,u
wi(ur,up) = blultégz(ul,m)M + C2U%U293(“17“2)M+

duy Ouy
Do (w1, 12) Dgs (ur, u2) 0g3(ur,uz)

-I—U%U% Ouy Oouy a bzu%ng (u, UZ)T_
dga(uy, uz) Oga(u1, uz) Og3 (11, u2)

—C1U U%g} (U] 5 UZ) a'UQ - u%u% 8”2 aul
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dg3(uy,u dg1(uy,u
w(ur, uz) = QZU%UZQI (Wﬂ&)% + Clulug%(ul,uz)w‘i‘
(3] aU2
agl (ul UZ) 693(“] UZ) 8gg(u1 u2)
2.2 ) 9 _ 2 ) _
+ujus 0w, o, ajuiuizgr (ur, up) e
dg1 (Ul Uz) 091 (ul Uz) aQS(Ul Uz)
_ 2 ’ 2,2 ’ )
CQUIU2G3 (UI,’U,Q) aul Uy 8“1 auZ
dga(uy,u dg1(uy,u
sl 02) = oy, 2) 22D g g ) 210 2)
(%) 8u1
dg1(u1,uz) Oga(ur, uz) g2 (w1, u2)
2.2 ) ) _ 2 ) _
+uju; Buy o auuU2g1 (Uhuz)iaul
g1 (u1,u2) dg1(u1,uz) 0ga(ur, un)
—biugusga (ug, uz) o utus 0w o,
w;(0,0) = 0,7 =1,2,3.
Next, equation (3.1) can be expressed in the following form:
R (g, wp )u " uy™ 4 o (ug, ) uf uh? + s (ug, up)ultul = 0, (3.2)

wherem; =a1+bi—1,my=a+b—1,ny=a1+c1—1,np=a+c—1,l1 =bj+c; — 1,
L=b+c—1, §u,u) = gi(ur, u2)g2(ur, u2)gs(ur, w2),

hi(ur,u2) = r3Bigi (ur, u2)ga (ur, uz) + r3ws(ur, us)

+ (B1§(u1,w2) + g3 (w1, u)ws (ur, uz) )uf' uy?,
hz(UI,UZ) - *7’23391 (Ul,uz)%(UI,UZ) - TQWQ(U],UQ)

— (B3 (u1, u2) — go(ur, ua)wa (ur, ua))ul ul?,
ha(ur,u2) = r1Baga(ur, u2)gs(ur, uz) + riwi (ug, uz)

+ (Bzg(ul,uz) + g1 (uy, uz)wy (ul,uz))u‘flugz.

Suppose that U = {(uj,uz) € R?> : 0 < uj,uy < €}, where ¢ > 0 is a sufficiently small.
We will show that the left-hand side of equation (3.2) is nonzero in U. To this end, we consider
several cases. First, suppose that r; # 0 for each . Then it follows that /;(0,0) # 0,7 = 1,2, 3.

Case 1. If either min{my,ny,l;} = my, min{my,ny, b} = my, or min{my,ny,l;} = ny,
min{my, na, lr} = na, or min{my,ny, 1} = Ui, min{ma, ny,la} = Iy, then the left side of the
equation (3.2) is not equal to zero in U. In particular, if either m; = m; = 0,0orn; = ny =0, or
l1 = I, = 0, then the left-hand side of (3.2) does not vanish in U.

Case 2. Let min{mi,ny,l1} = my, min{my,ny,lo} = ny. Then the left-hand side of the
equation (3.2) can be written as:

hi(ur, wp)ui™ uy™ + ho(ur, up)uy uy® + h3(u17uz)ulllulz2 = u"uy?p(ur, uz),

where
d(ur, up) := hy(ur, u2)uy™ " + ho(ur, up)uy" ™™ + ha(ui, uQ)ulll_m‘ulzz_n2 3.3)

is fractional power series, my —ny > 0,n; —m; > 0.

In this case, to prove the theorem, we apply the resolution of singularities to ¢(uy, up) (see
[16], p. 236-245). We consider the following two cases.

Case 2.1. Suppose that the Newton diagram of the function ¢(u;, uy) consists of the segments
1, and y,, connecting the points (I —my, lp—n3), (0, my—ny) and (I} —my, la—ny), (n1—m1,0).
Then the point (I; — mq,l; — ny) lies below the line connecting the points (n; — my,0) and
(0, my — ny). Obviously, the following inequality holds:

I — I, —
L e A (3.4)
ny —mg my —ny

Following the paper [16], we divide U into regions Vj, X f , Xg , Wf , WZJ , Vo, V3, where

Vi = {(U],UQ) eU: (51uf2 < uy < M]ufl s
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corresponding to the vertex (I; — my,l, — ny), which is the intersection of two edges v and .
Here M; > 0,61 > 0, 51 = i;;f};, Sy = % and s; < s,. The numbers _slT’ —é are the slopes
of the edges 7, and ~,, respectively. Assume that the numbers l; —my, my —lp, ny — 11, lp —np
are positive. o . ‘

Now, we define regions X7, X3, W7, and W3 . For small ¢y we denote by DS the curve Df =

{(ur,cui’) : 0 < wuy < eo}. Then ¢(u1, uz) on the curve Df satisfies the following relation:

o(ur,w) = lur,cuf') = 7i(euy’ ™7 4o "),

where 7 (c) = djc™ ™™ 4+ dyc2=™2 and d;, d, are some nonzero real numbers.
By (3.4), we have n; — m; > s;(my — ny). If ¢ is not a root of the polynomial 7 (c), then

on the curve D¢ for small u;, we can compare ¢(u, u) with u)' ™", Otherwise, let 9, ..., ¢}
be the roots of 71 (c). Suppose that for any j c{ lies inside the segment [r;, ], such that 7 (c) no

longer has roots in [r;, %], except c{ . The areas X f are defined as follows:
le = {(u1,w2) €U :rju;' <uy < riuy!

We denote by D5 the curve given by DS = {(u1, cuj?) : 0 < u; < o}. Similarly, one can define
a polynomial 7(c) and the associated regions X7.

Then, the set U\ (V; U X Ju X27) can be expressed as the union of the regions W7 and W7 .
The regions le are defined as follows:

/S

Wf = {(uhuz) e U :sjul' <up < sjuy'},

where s; > 0, s} > 0. The regions sz are defined analogously to le .

If 71 (c) and 72(c) have no roots, then we do not split U\ V; and define W7 to be W; and W3
to be W,, where
W, = {(ul,uz) e U: Mu' <uy < Mjuj'},

Wy = {(ul,uz) eU:fup <up < (51u‘fz},

the numbers M, M/, é;, 0] are positive.
Finally, the regions V, and Vj3 are introduced as follows:

Vo = {(ul,uz) celU:u < 5111,?2}, Vi = {(ul,uz) elU:u > Mll’uffl R

corresponding to the vertices (n; — my,0) and (0, m, — ny), respectively.
Next, we represent the function ¢(u;,uy) defined in (3.3) in the following form:

dlur,up) = aur, uz) + Blur, ua), (3.5)

where
our, ur) = hy(ur, up)uy™ ™ + 0,5h3(u1,uz)ul1‘7m‘u1227"2,

B(ur, u2) = ha(ur, ug)ui' ™™ 40, 5h3(u1,uz)ulll_m‘ulf_"z.
By performing the power transformation u; = wy, up = wj'w in the region V;, the function
a(uy,uy) can be expressed in the following form:

a(w] , wflwl) _ wil—m1+81(lz—n2>wéz—m (hl (wl ’ wflwz)wgnz—lz + 0’ 5h3(w1 , ’wfle)),
where 0 < wy < ¢, 5110?275] <wy < My, lj —my —|—81(12 —nz) >0, mp—1 >0. Suppose that
M, is a sufficiently small. Therefore a(wy, wj'w,) # 0.

If we replace the roles of the u; and wu; axes, then we have

1 1 1

[ S 1 1
V! = {(ul,uz) ceU: M, "uy <up <9y 2uy’
1
Performing the change of variables u; = vyv,? ,uy = v, in V/, the function (u1,uy) can be
of the form:

1 1 1 1
S5 I — 35 (mi—mi) Sy -1 S5
B(rivy?, 1) = vy "Myt (hz(yluzsz7uz)ur' ! —|—O,5h3(yly2527y2)),
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1 1 1 1

2 <y < 51_5, 0 < 1n < e, n; —1; > 0. Assume that the number J; is

1
sufficiently large. Hence 8(viv,%,1,) # 0.
Thus, taking into account Lemma 2.1 and the equality (3.5), we have ¢(ui,u;) # 0 in the
region V;.
Next, following [16], we make the power transformation u; = vy, u = v;'v; in the domain
W/ and the function ¢(u;,u) defined in (3.3) is expressed in the following form:

¢(’Ul,’0f1’(}2) = ;L('Ul,vQ)vfl(mz*nz) + hz(vl,vflvz)'l};“iml’

where 0 < v <¢, s; < vy <8, h(vi,v) = hi (v, 07 vp) vy " + h3(v1,vf‘v2)vér"2.
_ From the inequality (3.4) it follows that n; —m; > s (my — ny). By the definition of le ,
h(v1,v2) does not have any zeros on [s;, s7]. Hence, h(vi,v2) # 0 on [s;, 8] and ¢(v1, v} v2) #
0.

By an analogous argument and in view of Lemma 2.1, one concludes that ¢(u;,uz) # 0 in
the domains sz , W1, and W5.

Taking into account (3.3) and making the change of variables u; = oy, u, = 07?0, in the
domain V5, we have

E -m E sa(ma—mnp)t+mi—n 12—
P(o1,07%02) = o ml(hl(al,afzog)olz( 2mma)tmy toy T4

+ho(o1,07202) + hs(on, Ufzaz)gér"z),

where 0 < 01 < &, 0 < 0, < §}. From the inequality (3.4) it follows that s;(ma—ny)+m;—n; >
0. Hence, from the last equality, it follows that ¢(o, 07202) # 0in V5.
1

Transforming the variables u; = z12," ,u» = 2, in the domain V3, we have

1 1 1 nj—m
T%»’ﬂzfmz

qﬁ(zlz;‘ ,zz) =z 2™ (hl (z12,",20) + (2125, 22) 2] ™ 2y

1
+h3 (212, zz)ziﬁm‘)
1
where }l(nl —my)+ny—my>00<z < (M;)*ﬁ,o <z < e.Hence ¢(z12,",2) # 0in
V;.

Following the paper [16] (p. 242-244) and in view of Lemma 2.1, one can verify that
é(u1,uz) # 0in the domains X7 and X7.

Note that if any of the numbers 1 — m, my — lp,ny — l1,lp — ny, ny —my, my — ny vanish, it
can still be shown that ¢(u;,uz) # 0 throughout U.

Case 2.2. Suppose that the Newton diagram of the function ¢(u;,us) in (3.3) is a segment
connecting the points (n; — m;,0) and (0, m; — ny). Following the argument in Case 2.1, one
can conclude that the function ¢(u;,uy) is nonvanishing throughout the domain U.

Analogously, the subsequent cases are analyzed.

If either min{my,ni, 01} = my, min{my, np, b} = bp, or min{my,ny,l;} = ny,
min{mgy,ny,lr} = my, or min{my,ni,l1} = I, min{my, na, o} = my, or min{my,n;, 1} =
ny, min{my,ny, o} = lp, or min{my,n1,l1} = I, min{ma,ny, 1} = ny, then ¢(u,uz) # 0
in U.

If two of the numbers r; equal zero and one of them is nonzero, then it is easy to see that
¢(u1,uz2) # 0. If one of the numbers r; is equal to zero and two of them are nonzero, then
using the resolution of singularities, we can show that ¢(u1,u;) # 0 in U. Theorem 3.1 has been
proved. O

1 1
Remark 3.2. If we perform the change of variables u; = v*,uy = vy, n € Nin (1.1), then by
Lemma 2.1, Theorem 3.1 is valid. Therefore, if the exponents a;, b;, ¢; are non-negative rational
numbers, then Theorem 3.1 remains true.

Considering equation (3.1), it is possible to verify that the following statements are true.
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Corollary 3.3. Let g;(u1,uz) le be fractional power series defined in a small neighborhood of
the origin in R% such that g;(0,0) # 0. Suppose that one of the following conditions is satisfied:

1. T = 0,7‘2 = O, 7‘331 75 0, (61702) 75 (0, 0);

2. ry = 0,7“3 = 0, 7"233 7é O, (b],bz) 75 (0,0),

3. Ty = 0,7‘3 = O,Tle 75 O, (CLhaz) 75 (O, O)

Then the surface (1.1), in a sufficiently small neighborhood of the point (r1,r2,73), satisfies
the transversality condition at each of its regular points.

Corollary 3.4. Let {gi(ul,uz)}f.:l be fractional power series at the origin in Ri such that
9:(0,0) # 0. Assume that B; # 0 and two of the numbers r1,r2, and r3 are equal to zero
and one of them is nonzero. Then, for the surface (1.1) in a sufficiently small neighborhood of
the point (r1,12,73), i.e., at regular points of this surface, the transversality condition is satisfied.

Corollary 3.5. If {gi(ul,uz)}gzl are real analytic functions at the origin in R% such that
9i(0,0) #£ 0, then all the above results will be true.

4 Tansversality condition for some parameterized surfaces

In this section, we present additional results of this paper. Suppose that at least two of the
numbers r; are nonzero. Let (e; J)f i1 denote an orthogonal rotation matrix as in [6]. Under this
rotation of the coordinate system, the equations in (1.1) are transformed into the following new
form:

Z1(ur,u2) = enuf'uy?gi (ur, u2) + euulf‘ulz’zgz(w,m) + ezui'us’gz(ur, ua),

Fo(ur,uz) = earuf udgy (ur, ua) + el ul g (ur, u) + exsus usgs (uy, ua), 4.1)
#3(ur,ua) = d + esjul usgr (ur, uz) + exul ulga (ur, ua) + exzu us gs(ur, ua),

where d = /13 4+ 13 + 73,
Considering the vector (0,0, d) is transversal to the tangent cone to the surface (4.1) at the
origin, we now proceed to prove the following proposition.

Proposition 4.1. Let {g;(u1, uz)}le be fractional power series defined in a small neighborhood
of the origin in R% such that g;(0,0) # 0. At least two of the numbers r; are nonzero and
By + By — By # 0. Then the surface (4.1) in a sufficiently small neighborhood of the point
(0,0, d) satisfies the transversality condition.

Proof. Suppose that the origin of the coordinate system in R? lies on the tangent plane of the
surface (4.1) at its point (%1, Z2, Z3). Then, by (2.2), we obtain the equation of the tangent plane
of the form:

Ty (ur, up) Moz (ur, uz) — T2 (ur, up) Myz(ur, uz) + 3 (ur, uz) Mz (ur, uz) = 0, 4.2)
e Oa(un i) sl uz)  Ofa(ur,u) Oa(unua)
_ 0%(ui,up) 0Z3(ur,up)  O%p(ur,up)  O0T3(ur, up

MB(Uhuz) o 8u1 8U2 8u2 8u1

851(U1,U2) 8.%3(1“,’112) 8533(U1,U2) 8531(U1,U2)
M = . — .

13(u1’u2) 3114 aUQ 8u1 aUQ
85:1(u1,uz) 35@2(u|,uz) 8571(’&1,11,2) 8572(’&1,11,2)
M = . — . .

]Z(UI’uz) 8u1 8uz BU2 8u1

A straightforward computation shows that
Mos(ur, up) = (earesn — expezy)uf T g0t (Blgl (ur,u2)g2(ur, uz) + @1(“17“2))+

a1+cl—1u<2lz+cz—l (

+(eares3 — exzesn)u] Bigi (u,u2)g3(u1, uz) + @2 (ui, uz))+



622 Salim Usmanov and Ulugbek Navruzov

+(exess — 623632)UL17]+C] : uy e 1(3292(ulau2)93(u1a up) + 903(“1,“2)),

Mis3(ui,u2) = (er1ez — 612631)Uf’+b'_1 gatba— I(Blgl (ur, u2)ga(uy, uz) + @l(ulauz))'f'

) aj+ci—1 az-‘rcz 1
2

+(erress — ezezn)u Bsgi (w1, u2)g3(ur, ua) + 2 (ur, U2)>+

+(enness — 613632)16!1”“‘ ! ZZ+CZ 1(B292(ulau2)g3(ulau2> + 903(’&1,%2)),

) a;+b—1 a2+b2 1(
Uy

Mis(ur,u2) = (er1ex — ennear)u Bigi (ur,u2)g2(ur, uz) + @1(“17”2))+

aj+c *1ugz+62*1 (

+(er1€23 — ezear)uj Bigi(u1,u2)g3(u1, u2) + @2 (ur, Uz))+

+(enzeas — epzen)ult Tyl I(BZQZ(UI,U2)93(U],U2> + <,03(U1,U2)>,

where ( ) Do )
U, U Uy, U
@1 (ur, u2) = arg (ur, uz)uy L2y bzgz(m,m)mglaiullz—
g1 (ug,u gy (ur,u
—biga(ur, uz)un 91(6u1 2) azgl(uuuz)ulgz(aTllz)
dg1(u1,u2) Oga(u1,u2)  Ogi(u1,u2) Oga (w1, ua)
+uiuy —
3’LL1 8U2 311,2 311,1
0g3(uy,u 0g1(ur,u
o2(ur,u2) = argi (ul,uz)uzgs(aulzﬁ + ngs(ul,uz)ulgl(aullz)—
g1 (w1, uz) g3 (w1, uz)
0193(U1,u2)U267u2 azgl(u17u2)U1T+
091 (ur,u2) 0g3(ur,uz)  0gi(ur,uz) dg3(ur, u)
+u1u2 — s
8u1 8U2 8u2 8u1
803(’“17%62) = leZ(“la“Z)“ZW + 0293(UI;U2)U1 W
dg2(uy, uz) dg3(u1,u2)

—c193(u1, Uz)usz — bago (uy, up)ug ——-= o

+
. 9g2(u1,u2) 9g3(ui,u2)  9ga(ui, uz) Ogs(ui, ua)
12 8u1 aUZ au2 8u1

Substituting the values of 7 (U],’I,Lz), jz(’LM,UQ), 5)3(11,1 , ’U,Q), M23(U1,’LL2), M13(U1 , ’LLZ) and
M2 (uy,up) into (4.2), we obtain

d- M]z(ul s UZ) + UtlllerlJrCl71Ut212+b2+6271§(ul R UZ) =0, 4.3)
where §(ui,u2) = (B + By — B3)gi (u1, u2)ga(ur, u2) g3 (ur, uz) + h(ur, u),
h(ur,u2) = g1 (ur, u2)@s(ur, uz) + g2 (ur, uz)pa(ur, ua) + g3 (ur, ua )1 (w1, ua).

It follows from equation (4.3) that, if Mi,(u1,uz) = 0 and By + B, — B; # 0, then the
left-hand side of this equation is nonvanishing. If M, (uy, up) # 0, then the left-hand side of the
equation (4.3) does not vanish in U. This completes the proof of Proposition 4.1. O

Under the assumption B} + B, — Bz # 0, the left-hand side of the equation (4.2) is non-
vanishing. It then follows that the minors Mas(uy, up), Mi3(ui, uz), and M2 (uy,uz) cannot all
simultaneously vanish, that is, at least one of these minors must be nonzero.

Remark 4.2. Under the condition By + B, — B3 # 0, points of the surface (4.1) that lie in a
sufficiently small neighborhood of the point (0,0, d), and off the coordinate planes are regular.
In contrast, points of the surface (4.1) that lie on the coordinate planes may be singular.
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Remark 4.3. If {g;(ui, uz)}le are real analytic functions defined in a small neighborhood of
the origin in R2, then the Proposition 4.1 remains true.

Let By # 0, g;(0,0) # 0, r3 # 0. Assume that at least one of the numbers 71, and r, is
nonzero. Then, after an appropriate change of variables and a rotation of the coordinate system,
the surfaces defined by equations (1.1) can be reduced to the following form (see section 3, [6]):

=B, B3
E1(wi, wy) = enwy + epwy + ew, " w, ' glwy, wa),
= 7
a(wr, wa) = eajwy + enwr + exzw; L wy ' g(wi, wy), (4.4)
-B, B3

A~ B B,
Z3(wr, wa) = ¢+ ezjwy + enpwr + eszw, L w, ' g(wi, wy),

where (e;;); ;_; is an orthogonal matrix, ¢ = v/4aiitaiz 4 4030 4 4ejited,
(w, wy) € M = {(wy,wy) € R? : 27(@1Fa2) < gy < puraz p=(bitba) <) < brtbay

g(fwl , wz) — (gl (27]-1 , 2*j27 wi, ’le))Cl (§2(27j1 , 2*j27 wi, wZ))CZ >
by e —b 9

g5 (27wl w0, (27 27w ), 27T w27 2w ), ()

G1(279272 wp wy) = 14270 Ry (279,279 wy, wy) 4+ 272 Ry (279, 2792wy, wy),
G (2791272 quy wy) = 14279151 (279, 2792wy up) + 27250 (2790 272wy ),
hi, ha, p1, p2 are smooth functions, jj, j» are large positive integers.
Since §1(0,0,wy,w;) # 0,52(0,0,w;,w;) # 0 and g3(0,0) # 0, it follows from (4.5) that
g(wy,wy) # 0.
Proposition 4.4. Let g(wy,w,) be a fractional power series defined on the set M, and assume

that By # 0 and B, + By — B3 # 0. Further, suppose that r3 # 0 and that at least one of the
numbers 11, and r; is nonzero. Then the surface (4.4) satisfies the transversality condition.

Proof. Let the origin of the coordinate system in R? be located on the tangent plane to the surface
(4.4) at a point (21, 22, 23). Then, in accordance with (2.2), the equation of the tangent plane to
the surface at the point (wy, w;) can be represented in the form:

¢ My (w w)—l—wi%w% C - g(wy,wp) —w Dg(wr, o) —w Og(wr, wn) =0, (4.6)
12(wi, wa 1 5 glwy, wa 1 ow, 2 D ) .
where
By + By, — Bs 0% (wy,wp) OFp(wy,wy)  OFy(wy,wp) OFp(wy,wr)
C=—""F- """ M = ) _ . _
Bl ’ 12(7~U1a UJ2) 8w1 8w2 8w2 8w1
Next, assume that M,(wy,w;) = 0. Then, taking into account (4.5), the corresponding
partial derivative can be computed as follows:
dg(wy, ws) o1 scr—1 ohy op Jg3 321
ZIANT D A )~ Ji Cl ~Cy—
dw, 91 9 0192g38 + ng1gza + 019 zaz T
i1~ . Ohy . 0P .. 0g30n
2 ]2 (&} 1 C)— 1 e
91 9, (CIQZQS Ju, + 0291938 + 919 zaz w0,
where
bz 7a7 . —b a4 . .
2 =2 0w PUg (270,270 wy,wy), 2 =27 ]zwl ‘sz‘ G2(2790 2772wy wy).

Since j;, j are sufﬁc1ently large, it follows from the previous relation that the partial derivative
W is correspondingly small. By a similar argument, the partial derivative ‘fjg(g’i is also
small. Thus, under the condition B; + B, — B3 # 0, the left-hand side of equation (4. 6) remains
nonvanishing.

Suppose that My, (wy,w;) # 0. In this case, since d is sufficiently large, the left-hand side of
the equation (4.6) is nonvanishing throughout the set M. Consequently, the surface (4.4) satisfies
the transversality condition. This completes the proof of Proposition 4.4. O

Remark 4.5. Note that under the assumptions of Proposition 4.4, the surface (4.1) is regular.
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