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Abstract. This paper is devoted to the investigation of a class of parameterized singular
surfaces in three-dimensional Euclidean space. Under appropriate assumptions, we establish
that the transversality condition is satisfied at every regular point of these surfaces.

1 Introduction

The boundedness of maximal operators associated with hypersurfaces in Euclidean spaces is
closely related to the geometric properties of the corresponding hypersurfaces. The geometric
characteristics of hypersurfaces play a fundamental role in the analysis of these maximal opera-
tors (see, for example, [1, 2, 3, 4, 5, 6, 7]).

In particular, the curvature properties of hypersurfaces play an essential role in the analysis of
the boundedness of maximal operators associated with hypersurfaces. In [4], Sogge established
that the maximal operator is bounded on the Lebesgue space Lp(Rn+1) for p > 2, under the
condition that the hypersurface has at least one nonvanishing principal curvature.

The geometric properties of surfaces have been investigated in many papers. In the papers
[8] and [9], some important results for ruled surfaces in R3 related to the curvatures of these
surfaces were obtained. The articles [7] and [10] were devoted to the investigation of certain
singular surfaces in three-dimensional Euclidean space defined by the parametric equations. It
was shown that at each regular point of these surfaces, at least one of the principal curvatures is
nonvanishing. Also, using this property of the singular hypersurfaces in Rn+1, the boundedness
of maximal operators associated with these hypersurfaces was established [7].

In the paper [11], it has been studied properties of the curvatures of rational surfaces. The
authors showed that the Gaussian and the mean curvatures of these surfaces can be computed
using a quaternion function.

Furthermore, the boundedness of maximal operators associated with certain hypersurfaces
depends on a transversality condition. The papers [2] and [3] are devoted to the investigation of
a class of smooth hypersurfaces satisfying this condition.

The transversality condition for singular surfaces is also important in the investigation of
the boundedness problem for maximal operators associated with such surfaces. The bounded-
ness problem of maximal operators associated with singular surfaces has been studied in several
works, see, for example, [6, 7, 10, 12, 13, 14].

Next, we define a fractional power series by the following definition [15].

Definition 1.1. Let V ⊆ Rn
+ be an open connected set such that 0 ∈ V̄ , f is called a fractional

power series in the set V if there is an open set W ⊆ Rn, containing V̄ , a natural number N
and a real analytic function g in Φ

−1
N (W ) such that the identity f = g ◦ Φ1/N holds in the set V ,

where ΦN : Rn → Rn is a map, given by the formula ΦN (x) = (xN1 , x
N
2 , ..., x

N
n ).
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Consider singular surfaces in R3 defined by the following parametric equations

x1(u1, u2) = r1 + ua1
1 u

a2
2 g1(u1, u2), x2(u1, u2) = r2 + ub1

1 u
b2
2 g2(u1, u2),

x3(u1, u2) = r3 + uc1
1 u

c2
2 g3(u1, u2), (1.1)

where r1, r2, r3 are real numbers and the exponents a1, a2, b1, b2, c1, c2 are non-negative integers,
u1 ≥ 0, u2 ≥ 0, gk(u1, u2) are fractional power series, k=1,2,3.

We introduce the following denotations:

B1 =

∣∣∣∣∣ a1 b1

a2 b2

∣∣∣∣∣ , B2 =

∣∣∣∣∣ b1 c1

b2 c2

∣∣∣∣∣ , B3 =

∣∣∣∣∣ a1 c1

a2 c2

∣∣∣∣∣ .
Remark 1.2. If at least one of the numbers B1, B2, and B3 is nonzero, then points of the surface
(1.1) that lie in a sufficiently small neighborhood of the point (r1, r2, r3), outside the coordinate
planes of the coordinate system that has its origin at the point (r1, r2, r3), are regular (non-
singular). Points of the surface (1.1) that lie on the coordinate planes of this coordinate system
may be singular (see Remark 1, [6]).

In this paper, we will investigate the following condition of transversality for the surfaces
(1.1): for any point an affine tangent plane x+ TxS to S at the point x does not pass through the
origin in Rn+1 [2]. We also verify the transversality condition for certain surfaces derived from
the surfaces (1.1).

2 Preliminaries

Following the papers [3], [15], and [16], we introduce the notion of the Newton polyhedron.
Let N0 ⊂ R+ ⊂ R be the sets of all non-negative integers, all non-negative real numbers, all

real numbers, respectively. Suppose that K ⊂ Nn
0 is a set. Newton polyhedron of the set K is

defined as a convex hull in Rn
+ of the set ∪k∈K(k + Rn

+). The union of all compact faces of the
Newton polyhedron of the set K is called the Newton diagram.

Let ψ be a smooth function defined at the origin. Consider the Maclaurin series of this
function

ψx ≈
∑
k∈Nn

0

ckx
k, ck ∈ R, xk := xk1

1 · ... · xkn
n .

The support of this series is defined by supp(ψx) = {k ∈ Nn
0 \ {0} : ck ̸= 0}. The Newton

polyhedron of the series ψ is defined as the Newton polyhedron of the set supp(ψx). And the
Newton diagram of a smooth function ψ is defined as the Newton diagram of the set supp(ψx).

Next, we present some essential facts from geometry, which will be used in the proof of the
main result.

Let G1 be a region in R2, and let the parametric equations of a certain regular surface in R3

be given by
x1 = x1(u1, u2), x2 = x2(u1, u2), x3 = x3(u1, u2), (2.1)

where x1(u1, u2), x2(u1, u2), x3(u1, u2) are differentiable functions in G1.
Suppose that the origin of the coordinate system in R3 lies on the tangent plane to the surface

(2.1) at its point (x1, x2, x3). Then, following [17] (p. 73), the equation of this tangent plane at
the point (u1, u2) can be expressed in the form:

D1(u1, u2) =

∣∣∣∣∣∣∣
x1(u1, u2) x2(u1, u2) x3(u1, u2)
∂x1(u1,u2)

∂u1

∂x2(u1,u2)
∂u1

∂x3(u1,u2)
∂u1

∂x1(u1,u2)
∂u2

∂x2(u1,u2)
∂u2

∂x3(u1,u2)
∂u2

∣∣∣∣∣∣∣ = 0. (2.2)

We denote the second-order minors of this determinant as follows:

M12(u1, u2) =
∂x1(u1, u2)

∂u1
· ∂x2(u1, u2)

∂u2
− ∂x1(u1, u2)

∂u2
· ∂x2(u1, u2)

∂u1
,
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M13(u1, u2) =
∂x1(u1, u2)

∂u1
· ∂x3(u1, u2)

∂u2
− ∂x1(u1, u2)

∂u2
· ∂x3(u1, u2)

∂u1
,

M23(u1, u2) =
∂x2(u1, u2)

∂u1
· ∂x3(u1, u2)

∂u2
− ∂x2(u1, u2)

∂u2
· ∂x3(u1, u2)

∂u1
.

We perform the change of variables

u1 = u1(z1, z2), u2 = u2(z1, z2) (2.3)

in (2.1), where u1(z1, z2), u2(z1, z2) are differentiable functions in some region G2 ⊂ R2.
Let D2(z1, z2) denote the value of D1(u1, u2) under the change of variables (2.3), and let J

be the Jacobian matrix corresponding to the transformation (2.3). The subsequent lemma is then
valid.

Lemma 2.1. If detJ ̸= 0, then under the change of variables (2.3), the following relation holds:

D2(z1, z2) = detJ ·D1(u1, u2).

Proof. Indeed, by computing the second-order minors of D2(z1, z2), we have

N12(z1, z2) = detJ ·M12(u1, u2), N13(z1, z2) = detJ ·M13(u1, u2),

N23(z1, z2) = detJ ·M23(u1, u2).

From these relations, the desired equality follows. This completes the proof of Lemma 2.1.

3 On the transversality condition for the surfaces (1.1)

In this section, by applying the resolution of singularities [16], we show that, under suitable
conditions on the surfaces (1.1), the transversality condition is satisfied.

A definition of a tangent cone to an affine variety at its any point is given in the paper [18]
(chapter II, §1). Throughout this section we assume that the vector (r1, r2, r3) is transversal to
the tangent cone to the surface (1.1) at the origin.

The main result of this paper is contained in the following theorem.

Theorem 3.1. Let {gk(u1, u2)}3
k=1 be fractional power series defined in a sufficiently small

neighborhood U of the origin in R2
+. Suppose that gk(0, 0) ̸= 0, Bk ̸= 0 for each k, and at

least one of the numbers r1, r2, and r3 is nonzero. Then the surface (1.1) satisfies the transver-
sality condition at all of its regular points.

Proof. Suppose that the origin of the coordinate system in R3 lies on the tangent plane to the
surface (1.1) at the point (x1, x2, x3). Then, by (2.2), the equation of the tangent plane to this
surface at the point (u1, u2) can be represented in the following form:

x1(u1, u2)
(
B2g2(u1, u2)g3(u1, u2) + ω1(u1, u2)

)
ub1+c1−1

1 ub2+c2−1
2 −

−x2(u1, u2)
(
B3g1(u1, u2)g3(u1, u2) + ω2(u1, u2)

)
ua1+c1−1

1 ua2+c2−1
2 +

+x3(u1, u2)
(
B1g1(u1, u2)g2(u1, u2) + ω3(u1, u2)

)
ua1+b1−1

1 ua2+b2−1
2 = 0, (3.1)

where

ω1(u1, u2) = b1u1u
2
2g2(u1, u2)

∂g3(u1, u2)

∂u2
+ c2u

2
1u2g3(u1, u2)

∂g2(u1, u2)

∂u1
+

+u2
1u

2
2
∂g2(u1, u2)

∂u1

∂g3(u1, u2)

∂u2
− b2u

2
1u2g2(u1, u2)

∂g3(u1, u2)

∂u1
−

−c1u1u
2
2g3(u1, u2)

∂g2(u1, u2)

∂u2
− u2

1u
2
2
∂g2(u1, u2)

∂u2

∂g3(u1, u2)

∂u1
,
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ω2(u1, u2) = a2u
2
1u2g1(u1, u2)

∂g3(u1, u2)

∂u1
+ c1u1u

2
2g3(u1, u2)

∂g1(u1, u2)

∂u2
+

+u2
1u

2
2
∂g1(u1, u2)

∂u2

∂g3(u1, u2)

∂u1
− a1u1u

2
2g1(u1, u2)

∂g3(u1, u2)

∂u2
−

−c2u
2
1u2g3(u1, u2)

∂g1(u1, u2)

∂u1
− u2

1u
2
2
∂g1(u1, u2)

∂u1

∂g3(u1, u2)

∂u2
,

ω3(u1, u2) = a1u1u
2
2g1(u1, u2)

∂g2(u1, u2)

∂u2
+ b2u

2
1u2g2(u1, u2)

∂g1(u1, u2)

∂u1
+

+u2
1u

2
2
∂g1(u1, u2)

∂u1

∂g2(u1, u2)

∂u2
− a2u

2
1u2g1(u1, u2)

∂g2(u1, u2)

∂u1
−

−b1u1u
2
2g2(u1, u2)

∂g1(u1, u2)

∂u2
− u2

1u
2
2
∂g1(u1, u2)

∂u2

∂g2(u1, u2)

∂u1
,

ωi(0, 0) = 0, i = 1, 2, 3.
Next, equation (3.1) can be expressed in the following form:

h1(u1, u2)u
m1
1 um2

2 + h2(u1, u2)u
n1
1 u

n2
2 + h3(u1, u2)u

l1
1 u

l2
2 = 0, (3.2)

where m1 = a1 + b1 −1, m2 = a2 + b2 −1, n1 = a1 + c1 −1, n2 = a2 + c2 −1, l1 = b1 + c1 −1,
l2 = b2 + c2 − 1, g̃(u1, u2) = g1(u1, u2)g2(u1, u2)g3(u1, u2),

h1(u1, u2) = r3B1g1(u1, u2)g2(u1, u2) + r3ω3(u1, u2)

+
(
B1g̃(u1, u2) + g3(u1, u2)ω3(u1, u2)

)
uc1

1 u
c2
2 ,

h2(u1, u2) = −r2B3g1(u1, u2)g3(u1, u2)− r2ω2(u1, u2)

−
(
B3g̃(u1, u2)− g2(u1, u2)ω2(u1, u2)

)
ub1

1 u
b2
2 ,

h3(u1, u2) = r1B2g2(u1, u2)g3(u1, u2) + r1ω1(u1, u2)

+
(
B2g̃(u1, u2) + g1(u1, u2)ω1(u1, u2)

)
ua1

1 u
a2
2 .

Suppose that U = {(u1, u2) ∈ R2 : 0 < u1, u2 < ε}, where ε > 0 is a sufficiently small.
We will show that the left-hand side of equation (3.2) is nonzero in U . To this end, we consider
several cases. First, suppose that ri ̸= 0 for each i. Then it follows that hi(0, 0) ̸= 0, i = 1, 2, 3.

Case 1. If either min{m1, n1, l1} = m1, min{m2, n2, l2} = m2, or min{m1, n1, l1} = n1,
min{m2, n2, l2} = n2, or min{m1, n1, l1} = l1, min{m2, n2, l2} = l2, then the left side of the
equation (3.2) is not equal to zero in U . In particular, if either m1 = m2 = 0, or n1 = n2 = 0, or
l1 = l2 = 0, then the left-hand side of (3.2) does not vanish in U .

Case 2. Let min{m1, n1, l1} = m1, min{m2, n2, l2} = n2. Then the left-hand side of the
equation (3.2) can be written as:

h1(u1, u2)u
m1
1 um2

2 + h2(u1, u2)u
n1
1 u

n2
2 + h3(u1, u2)u

l1
1 u

l2
2 = um1

1 un2
2 ϕ(u1, u2),

where

ϕ(u1, u2) := h1(u1, u2)u
m2−n2
2 + h2(u1, u2)u

n1−m1
1 + h3(u1, u2)u

l1−m1
1 ul2−n2

2 (3.3)

is fractional power series, m2 − n2 > 0, n1 −m1 > 0.
In this case, to prove the theorem, we apply the resolution of singularities to ϕ(u1, u2) (see

[16], p. 236-245). We consider the following two cases.
Case 2.1. Suppose that the Newton diagram of the function ϕ(u1, u2) consists of the segments

γ1, and γ2, connecting the points (l1−m1, l2−n2), (0,m2−n2) and (l1−m1, l2−n2), (n1−m1, 0).
Then the point (l1 − m1, l2 − n2) lies below the line connecting the points (n1 − m1, 0) and
(0,m2 − n2). Obviously, the following inequality holds:

l1 −m1

n1 −m1
+

l2 − n2

m2 − n2
< 1. (3.4)

Following the paper [16], we divide U into regions V1, X
j
1 , X

j
2 , W

j
1 ,W

j
2 , V2, V3, where

V1 =
{
(u1, u2) ∈ U : δ1u

s2
1 < u2 < M1u

s1
1

}
,
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corresponding to the vertex (l1 −m1, l2 − n2), which is the intersection of two edges γ1 and γ2.
Here M1 > 0, δ1 > 0, s1 =

l1−m1
m2−l2

, s2 =
n1−l1
l2−n2

and s1 < s2. The numbers − 1
s1

, − 1
s2

are the slopes
of the edges γ1 and γ2, respectively. Assume that the numbers l1 −m1, m2 − l2, n1 − l1, l2 − n2
are positive.

Now, we define regions Xj
1 , X

j
2 ,W

j
1 , and W j

2 . For small ε0 we denote by Dc
1 the curve Dc

1 =
{(u1, cu

s1
1 ) : 0 < u1 < ε0}. Then ϕ(u1, u2) on the curve Dc

1 satisfies the following relation:

ϕ(u1, u2) = ϕ(u1, cu
s1
1 ) = τ1(c)u

s1(m2−n2)
1 + o

(
u
s1(m2−n2)
1

)
,

where τ1(c) = d1c
m2−n2 + d2c

l2−n2 and d1, d2 are some nonzero real numbers.
By (3.4), we have n1 −m1 > s1(m2 − n2). If c is not a root of the polynomial τ1(c), then

on the curve Dc
1 for small u1, we can compare ϕ(u1, u2) with us1(m2−n2)

1 . Otherwise, let c0
1, ..., c

l
1

be the roots of τ1(c). Suppose that for any j cj1 lies inside the segment [rj , r′j ], such that τ1(c) no
longer has roots in [rj , r′j ], except cj1. The areas Xj

1 are defined as follows:

Xj
1 =

{
(u1, u2) ∈ U : rjus1

1 ≤ u2 ≤ r′ju
s1
1

}
.

We denote by Dc
2 the curve given by Dc

2 = {(u1, cu
s2
1 ) : 0 < u1 < ε0}. Similarly, one can define

a polynomial τ2(c) and the associated regions Xj
2 .

Then, the set U\
(
V1 ∪Xj

1 ∪Xj
2

)
can be expressed as the union of the regions W j

1 and W j
2 .

The regions W j
1 are defined as follows:

W j
1 =

{
(u1, u2) ∈ U : sjus1

1 < u2 < s′ju
s1
1

}
,

where sj > 0, s′j > 0. The regions W j
2 are defined analogously to W j

1 .

If τ1(c) and τ2(c) have no roots, then we do not split U\V1 and define W j
1 to be W1 and W j

2
to be W2, where

W1 =
{
(u1, u2) ∈ U : M1u

s1
1 < u2 < M ′

1u
s1
1

}
,

W2 =
{
(u1, u2) ∈ U : δ′1u

s2
1 < u2 < δ1u

s2
1

}
,

the numbers M1,M
′
1, δ1, δ

′
1 are positive.

Finally, the regions V2 and V3 are introduced as follows:

V2 =
{
(u1, u2) ∈ U : u2 < δ′1u

s2
1

}
, V3 =

{
(u1, u2) ∈ U : u2 > M ′

1u
s1
1

}
,

corresponding to the vertices (n1 −m1, 0) and (0,m2 − n2), respectively.
Next, we represent the function ϕ(u1, u2) defined in (3.3) in the following form:

ϕ(u1, u2) = α(u1, u2) + β(u1, u2), (3.5)

where
α(u1, u2) = h1(u1, u2)u

m2−n2
2 + 0, 5h3(u1, u2)u

l1−m1
1 ul2−n2

2 ,

β(u1, u2) = h2(u1, u2)u
n1−m1
1 + 0, 5h3(u1, u2)u

l1−m1
1 ul2−n2

2 .

By performing the power transformation u1 = w1, u2 = ws1
1 w2 in the region V1, the function

α(u1, u2) can be expressed in the following form:

α(w1, w
s1
1 w2) = w

l1−m1+s1(l2−n2)
1 wl2−n2

2

(
h1(w1, w

s1
1 w2)w

m2−l2
2 + 0, 5h3(w1, w

s1
1 w2)

)
,

where 0 < w1 < ε, δ1w
s2−s1
1 < w2 < M1, l1 −m1 + s1(l2 − n2) > 0, m2 − l2 > 0. Suppose that

M1 is a sufficiently small. Therefore α(w1, w
s1
1 w2) ̸= 0.

If we replace the roles of the u1 and u2 axes, then we have

V ′
1 =

{
(u1, u2) ∈ U : M

− 1
s1

1 u
1
s1
2 < u1 < δ

− 1
s2

1 u
1
s2
2

}
.

Performing the change of variables u1 = ν1ν
1
s2

2 , u2 = ν2 in V ′
1 , the function β(u1, u2) can be

of the form:

β(ν1ν
1
s2

2 , ν2) = νl1−m1
1 ν

1
s2

(n1−m1)

2

(
h2(ν1ν

1
s2

2 , ν2)ν
n1−l1
1 + 0, 5h3(ν1ν

1
s2

2 , ν2)
)
,
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where M
− 1

s1
1 ν

1
s1

− 1
s2

2 < ν1 < δ
− 1

s2
1 , 0 < ν2 < ε, n1 − l1 > 0. Assume that the number δ1 is

sufficiently large. Hence β
(
ν1ν

1
s2

2 , ν2
)
̸= 0.

Thus, taking into account Lemma 2.1 and the equality (3.5), we have ϕ(u1, u2) ̸= 0 in the
region V1.

Next, following [16], we make the power transformation u1 = v1, u2 = vs1
1 v2 in the domain

W j
1 and the function ϕ(u1, u2) defined in (3.3) is expressed in the following form:

ϕ(v1, v
s1
1 v2) = h̃(v1, v2)v

s1(m2−n2)
1 + h2(v1, v

s1
1 v2)v

n1−m1
1 ,

where 0 < v1 < ε, sj ≤ v2 ≤ s′j , h̃(v1, v2) = h1(v1, v
s1
1 v2)v

m2−n2
2 + h3(v1, v

s1
1 v2)v

l2−n2
2 .

From the inequality (3.4) it follows that n1 −m1 > s1(m2 − n2). By the definition of W j
1 ,

h̃(v1, v2) does not have any zeros on [sj , s′j ]. Hence, h̃(v1, v2) ̸= 0 on [sj , s′j ] and ϕ(v1, v
s1
1 v2) ̸=

0.
By an analogous argument and in view of Lemma 2.1, one concludes that ϕ(u1, u2) ̸= 0 in

the domains W j
2 , W1, and W2.

Taking into account (3.3) and making the change of variables u1 = σ1, u2 = σs2
1 σ2 in the

domain V2, we have

ϕ(σ1, σ
s2
1 σ2) = σn1−m1

1

(
h1(σ1, σ

s2
1 σ2)σ

s2(m2−n2)+m1−n1
1 σm2−n2

2 +

+h2(σ1, σ
s2
1 σ2) + h3(σ1, σ

s2
1 σ2)σ

l2−n2
2

)
,

where 0 < σ1 < ε, 0 < σ2 < δ′1. From the inequality (3.4) it follows that s2(m2−n2)+m1−n1 >
0. Hence, from the last equality, it follows that ϕ(σ1, σ

s2
1 σ2) ̸= 0 in V2.

Transforming the variables u1 = z1z
1
s1
2 , u2 = z2 in the domain V3, we have

ϕ
(
z1z

1
s1
2 , z2

)
= zm2−n2

2

(
h1
(
z1z

1
s1
2 , z2

)
+ h2

(
z1z

1
s1
2 , z2

)
zn1−m1

1 z
n1−m1

s1
+n2−m2

2 +

+h3
(
z1z

1
s1
2 , z2

)
zl1−m1

1

)
,

where 1
s1
(n1 −m1) + n2 −m2 > 0, 0 < z1 < (M ′

1)
− 1

s1 , 0 < z2 < ε. Hence ϕ
(
z1z

1
s1
2 , z2

)
̸= 0 in

V3.
Following the paper [16] (p. 242-244) and in view of Lemma 2.1, one can verify that

ϕ(u1, u2) ̸= 0 in the domains Xj
1 and Xj

2 .
Note that if any of the numbers l1 −m1,m2 − l2, n1 − l1, l2 − n2, n1 −m1,m2 − n2 vanish, it

can still be shown that ϕ(u1, u2) ̸= 0 throughout U.
Case 2.2. Suppose that the Newton diagram of the function ϕ(u1, u2) in (3.3) is a segment

connecting the points (n1 −m1, 0) and (0,m2 − n2). Following the argument in Case 2.1, one
can conclude that the function ϕ(u1, u2) is nonvanishing throughout the domain U.

Analogously, the subsequent cases are analyzed.
If either min{m1, n1, l1} = m1, min{m2, n2, l2} = l2, or min{m1, n1, l1} = n1,

min{m2, n2, l2} = m2, or min{m1, n1, l1} = l1, min{m2, n2, l2} = m2, or min{m1, n1, l1} =
n1, min{m2, n2, l2} = l2, or min{m1, n1, l1} = l1, min{m2, n2, l2} = n2, then ϕ(u1, u2) ̸= 0
in U.

If two of the numbers ri equal zero and one of them is nonzero, then it is easy to see that
ϕ(u1, u2) ̸= 0. If one of the numbers ri is equal to zero and two of them are nonzero, then
using the resolution of singularities, we can show that ϕ(u1, u2) ̸= 0 in U. Theorem 3.1 has been
proved.

Remark 3.2. If we perform the change of variables u1 = v
1
n

1 , u2 = v
1
n

2 , n ∈ N in (1.1), then by
Lemma 2.1, Theorem 3.1 is valid. Therefore, if the exponents ai, bi, ci are non-negative rational
numbers, then Theorem 3.1 remains true.

Considering equation (3.1), it is possible to verify that the following statements are true.



TRANSVERSALITY CONDITION 621

Corollary 3.3. Let gi(u1, u2)}3
i=1 be fractional power series defined in a small neighborhood of

the origin in R2
+ such that gi(0, 0) ̸= 0. Suppose that one of the following conditions is satisfied:

1. r1 = 0, r2 = 0, r3B1 ̸= 0, (c1, c2) ̸= (0, 0);
2. r1 = 0, r3 = 0, r2B3 ̸= 0, (b1, b2) ̸= (0, 0);
3. r2 = 0, r3 = 0, r1B2 ̸= 0, (a1, a2) ̸= (0, 0).
Then the surface (1.1), in a sufficiently small neighborhood of the point (r1, r2, r3), satisfies

the transversality condition at each of its regular points.

Corollary 3.4. Let {gi(u1, u2)}3
i=1 be fractional power series at the origin in R2

+ such that
gi(0, 0) ̸= 0. Assume that Bi ̸= 0 and two of the numbers r1, r2, and r3 are equal to zero
and one of them is nonzero. Then, for the surface (1.1) in a sufficiently small neighborhood of
the point (r1, r2, r3), i.e., at regular points of this surface, the transversality condition is satisfied.

Corollary 3.5. If {gi(u1, u2)}3
i=1 are real analytic functions at the origin in R2

+ such that
gi(0, 0) ̸= 0, then all the above results will be true.

4 Tansversality condition for some parameterized surfaces

In this section, we present additional results of this paper. Suppose that at least two of the
numbers ri are nonzero. Let (eij)3

i,j=1 denote an orthogonal rotation matrix as in [6]. Under this
rotation of the coordinate system, the equations in (1.1) are transformed into the following new
form:

x̃1(u1, u2) = e11u
a1
1 u

a2
2 g1(u1, u2) + e12u

b1
1 u

b2
2 g2(u1, u2) + e13u

c1
1 u

c2
2 g3(u1, u2),

x̃2(u1, u2) = e21u
a1
1 u

a2
2 g1(u1, u2) + e22u

b1
1 u

b2
2 g2(u1, u2) + e23u

c1
1 u

c2
2 g3(u1, u2), (4.1)

x̃3(u1, u2) = d+ e31u
a1
1 u

a2
2 g1(u1, u2) + e32u

b1
1 u

b2
2 g2(u1, u2) + e33u

c1
1 u

c2
2 g3(u1, u2),

where d =
√
r2

1 + r2
2 + r2

3.
Considering the vector (0, 0, d) is transversal to the tangent cone to the surface (4.1) at the

origin, we now proceed to prove the following proposition.

Proposition 4.1. Let {gi(u1, u2)}3
i=1 be fractional power series defined in a small neighborhood

of the origin in R2
+ such that gi(0, 0) ̸= 0. At least two of the numbers ri are nonzero and

B1 + B2 − B3 ̸= 0. Then the surface (4.1) in a sufficiently small neighborhood of the point
(0, 0, d) satisfies the transversality condition.

Proof. Suppose that the origin of the coordinate system in R3 lies on the tangent plane of the
surface (4.1) at its point (x̃1, x̃2, x̃3). Then, by (2.2), we obtain the equation of the tangent plane
of the form:

x̃1(u1, u2)M23(u1, u2)− x̃2(u1, u2)M13(u1, u2) + x̃3(u1, u2)M12(u1, u2) = 0, (4.2)

where

M23(u1, u2) =
∂x̃2(u1, u2)

∂u1
· ∂x̃3(u1, u2)

∂u2
− ∂x̃2(u1, u2)

∂u2
· ∂x̃3(u1, u2)

∂u1
,

M13(u1, u2) =
∂x̃1(u1, u2)

∂u1
· ∂x̃3(u1, u2)

∂u2
− ∂x̃3(u1, u2)

∂u1
· ∂x̃1(u1, u2)

∂u2
,

M12(u1, u2) =
∂x̃1(u1, u2)

∂u1
· ∂x̃2(u1, u2)

∂u2
− ∂x̃1(u1, u2)

∂u2
· ∂x̃2(u1, u2)

∂u1
.

A straightforward computation shows that

M23(u1, u2) = (e21e32 − e22e31)u
a1+b1−1
1 ua2+b2−1

2

(
B1g1(u1, u2)g2(u1, u2) + φ1(u1, u2)

)
+

+(e21e33 − e23e31)u
a1+c1−1
1 ua2+c2−1

2

(
B3g1(u1, u2)g3(u1, u2) + φ2(u1, u2)

)
+
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+(e22e33 − e23e32)u
b1+c1−1
1 ub2+c2−1

2

(
B2g2(u1, u2)g3(u1, u2) + φ3(u1, u2)

)
,

M13(u1, u2) = (e11e32 − e12e31)u
a1+b1−1
1 ua2+b2−1

2

(
B1g1(u1, u2)g2(u1, u2) + φ1(u1, u2)

)
+

+(e11e33 − e13e31)u
a1+c1−1
1 ua2+c2−1

2

(
B3g1(u1, u2)g3(u1, u2) + φ2(u1, u2)

)
+

+(e12e33 − e13e32)u
b1+c1−1
1 ub2+c2−1

2

(
B2g2(u1, u2)g3(u1, u2) + φ3(u1, u2)

)
,

M12(u1, u2) = (e11e22 − e12e21)u
a1+b1−1
1 ua2+b2−1

2

(
B1g1(u1, u2)g2(u1, u2) + φ1(u1, u2)

)
+

+(e11e23 − e13e21)u
a1+c1−1
1 ua2+c2−1

2

(
B3g1(u1, u2)g3(u1, u2) + φ2(u1, u2)

)
+

+(e12e23 − e13e22)u
b1+c1−1
1 ub2+c2−1

2

(
B2g2(u1, u2)g3(u1, u2) + φ3(u1, u2)

)
,

where

φ1(u1, u2) = a1g1(u1, u2)u2
∂g2(u1, u2)

∂u2
+ b2g2(u1, u2)u1

∂g1(u1, u2)

∂u1
−

−b1g2(u1, u2)u2
∂g1(u1, u2)

∂u2
− a2g1(u1, u2)u1

∂g2(u1, u2)

∂u1
+

+u1u2

(
∂g1(u1, u2)

∂u1

∂g2(u1, u2)

∂u2
− ∂g1(u1, u2)

∂u2

∂g2(u1, u2)

∂u1

)
,

φ2(u1, u2) = a1g1(u1, u2)u2
∂g3(u1, u2)

∂u2
+ c2g3(u1, u2)u1

∂g1(u1, u2)

∂u1
−

−c1g3(u1, u2)u2
∂g1(u1, u2)

∂u2
− a2g1(u1, u2)u1

∂g3(u1, u2)

∂u1
+

+u1u2

(
∂g1(u1, u2)

∂u1

∂g3(u1, u2)

∂u2
− ∂g1(u1, u2)

∂u2

∂g3(u1, u2)

∂u1

)
,

φ3(u1, u2) = b1g2(u1, u2)u2
∂g3(u1, u2)

∂u2
+ c2g3(u1, u2)u1

∂g2(u1, u2)

∂u1
−

−c1g3(u1, u2)u2
∂g2(u1, u2)

∂u2
− b2g2(u1, u2)u1

∂g3(u1, u2)

∂u1
+

+u1u2

(
∂g2(u1, u2)

∂u1

∂g3(u1, u2)

∂u2
− ∂g2(u1, u2)

∂u2

∂g3(u1, u2)

∂u1

)
.

Substituting the values of x̃1(u1, u2), x̃2(u1, u2), x̃3(u1, u2), M23(u1, u2), M13(u1, u2) and
M12(u1, u2) into (4.2), we obtain

d ·M12(u1, u2) + ua1+b1+c1−1
1 ua2+b2+c2−1

2 g̃(u1, u2) = 0, (4.3)

where g̃(u1, u2) = (B1 +B2 −B3)g1(u1, u2)g2(u1, u2)g3(u1, u2) + h(u1, u2),

h(u1, u2) = g1(u1, u2)φ3(u1, u2) + g2(u1, u2)φ2(u1, u2) + g3(u1, u2)φ1(u1, u2).

It follows from equation (4.3) that, if M12(u1, u2) = 0 and B1 + B2 − B3 ̸= 0, then the
left-hand side of this equation is nonvanishing. If M12(u1, u2) ̸= 0, then the left-hand side of the
equation (4.3) does not vanish in U . This completes the proof of Proposition 4.1.

Under the assumption B1 + B2 − B3 ̸= 0, the left-hand side of the equation (4.2) is non-
vanishing. It then follows that the minors M23(u1, u2), M13(u1, u2), and M12(u1, u2) cannot all
simultaneously vanish, that is, at least one of these minors must be nonzero.

Remark 4.2. Under the condition B1 + B2 − B3 ̸= 0, points of the surface (4.1) that lie in a
sufficiently small neighborhood of the point (0, 0, d), and off the coordinate planes are regular.
In contrast, points of the surface (4.1) that lie on the coordinate planes may be singular.
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Remark 4.3. If {gi(u1, u2)}3
i=1 are real analytic functions defined in a small neighborhood of

the origin in R2
+, then the Proposition 4.1 remains true.

Let B1 ̸= 0, gi(0, 0) ̸= 0, r3 ̸= 0. Assume that at least one of the numbers r1, and r2 is
nonzero. Then, after an appropriate change of variables and a rotation of the coordinate system,
the surfaces defined by equations (1.1) can be reduced to the following form (see section 3, [6]):

x̂1(w1, w2) = e11w1 + e12w2 + e13w
−B2
B1

1 w
B3
B1
2 g(w1, w2),

x̂2(w1, w2) = e21w1 + e22w2 + e23w
−B2
B1

1 w
B3
B1
2 g(w1, w2), (4.4)

x̂3(w1, w2) = c+ e31w1 + e32w2 + e33w
−B2
B1

1 w
B3
B1
2 g(w1, w2),

where (eij)3
i,j=1 is an orthogonal matrix, c =

√
4a1j1+a2j2 + 4b1j1+b2j2 + 4c1j1+c2j2 ,

(w1, w2) ∈M = {(w1, w2) ∈ R2 : 2−(a1+a2) ≤ w1 ≤ 2a1+a2 , 2−(b1+b2) ≤ w2 ≤ 2b1+b2},

g(w1, w2) =
(
g̃1(2−j1 , 2−j2 , w1, w2)

)c1(
g̃2(2−j1 , 2−j2 , w1, w2)

)c2×

g3

(
2−j1w

b2
B1
1 w

−a2
B1

2 g̃1(2−j1 , 2−j2 , w1, w2), 2−j2w
−b1
B1

1 w
a1
B1
2 g̃2(2−j1 , 2−j2 , w1, w2)

)
, (4.5)

g̃1(2−j1 , 2−j2 , w1, w2) = 1 + 2−j1 h̃1(2−j1 , 2−j2 , w1, w2) + 2−j2 h̃2(2−j1 , 2−j2 , w1, w2),

g̃2(2−j1 , 2−j2 , w1, w2) = 1 + 2−j1 ρ̃1(2−j1 , 2−j2 , w1, u2) + 2−j2 ρ̃2(2−j1 , 2−j2 , w1, w2),

h̃1, h̃2, ρ̃1, ρ̃2 are smooth functions, j1, j2 are large positive integers.
Since g̃1(0, 0, w1, w2) ̸= 0, g̃2(0, 0, w1, w2) ̸= 0 and g3(0, 0) ̸= 0, it follows from (4.5) that

g(w1, w2) ̸= 0.

Proposition 4.4. Let g(w1, w2) be a fractional power series defined on the set M, and assume
that B1 ̸= 0 and B1 + B2 − B3 ̸= 0. Further, suppose that r3 ̸= 0 and that at least one of the
numbers r1, and r2 is nonzero. Then the surface (4.4) satisfies the transversality condition.

Proof. Let the origin of the coordinate system in R3 be located on the tangent plane to the surface
(4.4) at a point (x̂1, x̂2, x̂3). Then, in accordance with (2.2), the equation of the tangent plane to
the surface at the point (w1, w2) can be represented in the form:

c ·M12(w1, w2) + w
−B2

B1
1 w

B3
B1
2

(
C · g(w1, w2)− w1

∂g(w1, w2)

∂w1
− w2

∂g(w1, w2)

∂w2

)
= 0, (4.6)

where

C =
B1 +B2 −B3

B1
, M12(w1, w2) =

∂x̂1(w1, w2)

∂w1
· ∂x̂2(w1, w2)

∂w2
− ∂x̂1(w1, w2)

∂w2
· ∂x̂2(w1, w2)

∂w1
.

Next, assume that M12(w1, w2) = 0. Then, taking into account (4.5), the corresponding
partial derivative can be computed as follows:

∂g(w1, w2)

∂w1
= 2−j1 g̃c1−1

1 g̃c2−1
2

(
c1g̃2g3

∂h̃1

∂w1
+ c2g̃1g3

∂ρ̃1

∂w1
+ g̃1g̃2

∂g3

∂z1

∂z1

∂w1

)
+

+2−j2 g̃c1−1
1 g̃c2−1

2

(
c1g̃2g3

∂h̃2

∂w1
+ c2g̃1g3

∂ρ̃2

∂w1
+ g̃1g̃2

∂g3

∂z2

∂z2

∂w1

)
,

where

z1 = 2−j1w
b2
B1
1 w

−a2
B1

2 g̃1(2−j1 , 2−j2 , w1, w2), z2 = 2−j2w
−b1
B1

1 w
a1
B1
2 g̃2(2−j1 , 2−j2 , w1, w2).

Since j1, j2 are sufficiently large, it follows from the previous relation that the partial derivative
∂g(w1,w2)

∂w1
is correspondingly small. By a similar argument, the partial derivative ∂g(w1,w2)

∂w2
is also

small. Thus, under the condition B1 +B2 −B3 ̸= 0, the left-hand side of equation (4.6) remains
nonvanishing.

Suppose that M12(w1, w2) ̸= 0. In this case, since d is sufficiently large, the left-hand side of
the equation (4.6) is nonvanishing throughout the set M. Consequently, the surface (4.4) satisfies
the transversality condition. This completes the proof of Proposition 4.4.

Remark 4.5. Note that under the assumptions of Proposition 4.4, the surface (4.1) is regular.
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