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Abstract. In this paper, we introduce and investigate a new class of bounded linear operators
on Hilbert spaces, called n-quasi-|[m, C]-symmetric operators, which generalizes of the [m, C]-
symmetric operator, we define it as follows: an operator T € B(#H) is called n-quasi-[m, C]-
symmetric operator if there exists some conjugation C' such that

m

&7 i [m m—j . n
T Z(l)]<j>CT o | T =0,

=0

for some positive integers m and n.

Some basic structural properties of this class are established with the help of operator matrix
representation. In particular, we obtain that a power of an n-quasi-[m, C|-symmetric operator
is again an n-quasi-[m, C]-symmetric operator. Furthermore, we study the perturbation of an
n-quasi-[m, C]-symmetric operator with a nilpotent operator. The product and tensor products
of two n-quasi-[m, C]-symmetries are also investigated.

1 Introduction

Let H be a separable infinite dimensional complex Hilbert with inner product (., .), B(#) be the
set of all bounded linear operators on H. For every T' € B(H), we denote by R(T"), N (T') and
T* the range, the null space and the adjoint of T, respectively. The closure of a set M will be
denoted by M.

In [12], Helton initiated the study of m-symmetric operator, for a positive integer m, an
operator 7' € B(H) is said to be m-symmetric if form

(—1y (m) " i =0, (1.1)
=0 J
where (7})is the binomial coefficient. For more facts about this class of operators and some of its
extensions, we refer the reader to [8, 11, 13].

An antilinear operator C on # is said to be conjugation if C' satisfies C> = I and (Cz, Cy) =
{y,z) for all z,y € H. Recall that if C is a conjugation on H, then ||C|| = 1, (CTC)* = CT*C
and (CTC)* = CT*C for every positive integer k (see [9, 10] for more details). An operator
T € B(H) is said to be complex symmetric if CTC = T*. In light of complex symmetric oper-
ators, using the identity (1.1) and a conjugation C, Cho et al. [3] defined m-complex symmetric
operators as follows: an operator 7' € B(H) is said to be an m-complex symmetric operator if
there exists some conjugation C' such that

(1)’ (?)T*””CTJC =0 (1.2)
=0

J
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for some positive integer m. Several authors have studied the m-complex symmetric operator,
we refer the reader to [2, 4, 5, 14] for further details.

In [6], Cho et al. introduced [m, C|-symmetric operators with conjugation C' as follows, an
operator T' € B(H) is said to be an [m, C]-symmetric operator if there exists some conjugation

C' such that .
S 1y (M)ermser —o
7=0

for some m € N.
Set

TC:i < ) CT™ 0TI,
=

Then, T is an [m, C]-symmetric operator if and only if §,, (7, C') = 0. Hence if T is complex
symmetric and [m, C|-symmetric, then T is m-symmetric. It also holds that

CTC8p (T,C) = 6y (T,C) T = 6ps1 (T, C) .

Moreover, if T is [m, C]-symmetric, then T is [n, C]-symmetric for all n > m.

In [16], Zuo and Mecheri, introduced the class of n-quasi-m-symmetric operators which
generalizes the class of m-symmetric operators. For positive integers m and n, an operator
T € B(H) is said to be an n-quasi-m-symmetric operator if

Zm: ( ) T T =0, (1.3)

7=0

Further results on this class were established recently by Djaballah and Guesba (see [7]).
Using (1.3) and a conjugation C, Al-Dohiman et al. [1] defined the class of n-quasi-m-complex
symmetric operators as follows: an operator T € B(H) is said to be an n-quasi-m-complex
symmetric operator if there exists some conjugation C' such that

m

" (> (-1) <’;7>T*’”’CTJ'O ™ =0 (1.4)

Jj=0

for some positive integers m and n.

According to the definitions of complex symmetric, m-complex symmetric, [m,C]-
symmetric, m-quasi-m-symmetric operator and n-quasi-m-complex symmetric, we define
a new class of operators called n-quasi-[m,C]-symmetric operators with conjugation C' as
follows:

Definition 1.1. An operator 7' € B(H) is said to be an n-quasi-[m, C]-symmetric operator if
there exists some conjugation C' such that

m

A DIIC K <J)CT” ‘e | T =0

§=0
for some positive integers n and m.
In particular, for the case m = 2, an operator 7 is n-quasi-[2, C]-symmetric with conjugation
o T*" (CT*C - 20TCT +T*) T" =0
and for m = 3, an operator 7' is n-quasi-[3, C]-symmetric with conjugation C'if

7" (CT*C - 3CT*CT +3CTCT* — T*) T" = 0.

Remark 1.2. (i) An 1-quasi-[m, C]-symmetric operator, i.e., T* (CTC —T)T = 0, is called
quasi-[m, C]-symmetric operator.
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(i) If T is an n-quasi-[m, C]-symmetric operator such that R (7™) is dense, then 7' is an
[m, C]-symmetric operator.

(iii) It is obvious that every [m, C]-symmetric operator is an n-quasi-[m, C]-symmetric oper-
ator and a quasi-[m, C]-symmetric operator is an n-quasi-[m, C]-symmetric operator.

(iv) Let T € B(H) and C be a conjugation on H. Observe that

* " - j (T m—7 j m
> (-1) (j)CT iori | T
j=0

m

= cero (-1 (’;7>C(CTC)"”'C(CTC)J' (cTe)" c.

=0

It is clear that T is an n-quasi-[m, C]-symmetric operator if and only if CTC' is an n-quasi-
[m, C]-symmetric operator.

The following example shows that an n-quasi-|[m, C]-symmetric operator is not necessary
[m, C]-symmetric.

Example 1.3. Let C be a conjugation on C? defined by C (21, 22, 23) = (%3, %2, Z1) and consider

000
the operator = 0 1 0 | onC>. A direct calculation shows that
1 00

T* (CT*C —2CTCT +T*) T =0

and
CT*C —2CTCT +T? #0.

Thus, T is a quasi-[2, C]-symmetric operator but it is not an [2, C]-symmetric operator.

Remark 1.4.1t is clear that every quasi-[m,C]-symmetric operator is an n-quasi-[m, C]-
symmetric operator for all n > 2. The converse is not true in general as shown in the following
example.

0 0 1
Example 1.5.Let T=| 0 0 0 | onC3 and C : C? — C3 such that C (z1,2,23) =
0 0 0

(z3.72,71), we get that T* (CTC — T) T # 0 and so T is not quasi-[1, C]-symmetric operator.
Since T*" = T2 = 0, it follows that T is an 2-quasi-[1, C]-symmetric operator.

In this paper, we study various properties of n-quasi-[m, C]-symmetric operators. The pertur-
bation of n-quasi-[m, C|-symmetric operators by nilpotent operators is obtained. We also study
the product and tensor product of two n-quasi-[m, C]-symmetric operators.

2 Main results

In this section, we give some basic properties of n-quasi-[m, C|-symmetric operators.
In the following theorem, we show that by imposing certain condition on an n-quasi-[m, C|-
symmetric operator for n > 2 it becomes a quasi-[m, C|-symmetric operator.

Theorem 2.1. Let T € B(H) be an n-quasi-[m, C]-symmetric operator for n > 2, where C'is a
conjugation on H. If N (T*) = N (T*z), then T is a quasi-|m, C|-symmetric operator.
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Proof. By the assumption, we have that NV (T*) = N (T*").
Since

. m m - ] .
> (-1) (j)CT ioTi | T =0,
§=0

then

* & j [T m—j j n
T Z(—I)J (j)CT ioTi | T =0.
=

This means that

" Zm:(—l)j (m) (cT™eT?)" | T =0.

=0 /

Using again the condition V' (T*) = N (T*"), we obtain

m

| 3 (-1 (Z”) (cT™icT?)" | T =0.

Thus, we have

T[> (-1) (m) CT™CT? | T =0.
§=0 J
Hence T is a quasi-|[m, C]-symmetric operator and the proof is complete. O

Proposition 2.2. Let T € B(H) and let C be a conjugation on H. If T is an invertible n-quasi-
[m, C|-symmetric operator, then T~ 'is an n-quasi-[m, C]-symmetric operator

Proof. Suppose that T is an invertible n-quasi-|[m, C]-symmetric operator. Then T is an [m, C]-
symmetric operator, by [6, Theorem 4.1.] so is T~!. Hence T~! is an n-quasi-[m, C]-symmetric
operator. i

Theorem 2.3. Let C = C| & C, be a conjugation on H where Ciand C, are conjugation
on R (T™) and N (T*" )respectively. Assume that R (T™) is not dense. Then, the following
statements are equivalent:

(1) T is n-quasi-[m, C]-symmetric operator.
T T —_— n
QT = 01 T2 onH =R (T")®N (T*"), where T} is an [m, C,]-symmetric operator
3

on R(T"), Ty =0,and o (T') = o (T1) U {0}, where o (T) is the spectrum of 7.

Proof. (1) = (2) Consider the matrix representation of 7" with respect to the decomposition
H=R((IT")aN (T*):
r=( T T
0 T

Let P be the projection of H onto R (7). Since T is an n-quasi-|[m, C]-symmetric operator, it
follows that

S j (T m—j j
P> (-1 (j)CT icT | P =o.
j=0

<

This means that .
> o(=1y <m) C\T™ ™ TV = 0.
i=0

J

<
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Therefore, T is an [m, C}]-symmetric operator on R (7).
Letz =z @ eR(T") @ N (") =H. If x € N (T*"), then

(T5'zy,m2) = (T"(I—P)a,(I - P)x)
= (I-P)x, T*" (I —-P)z)
= 0.

This implies that 7§ = 0. So, we get that o (T') = o (T7) U {0} .
(2) = (1) Suppose that

_ Ty T D Tmy <
T—< 0 ) onH =R(T N (1),

where R (T™) is the closure of R (T™), such that T} is an [m, C}]-symmetric operator
and 75' = 0. Since

n—1 .
[T STBT
= =0

0 0

Then, we have

. T1 T2 " i(_1>] (m) 01 0 T1 T2 m Cl 0 T1 T2 g
S\ 0 T = i)\ 0 G 0 T 0 C 0 Ty

n—1 . .
" GTP "G Zo TITyTy
iz

*

n—1 . * n—1 . n—1 .
< 3 T{TzTg"“‘f) GT? ( 2 T{TZT;‘I‘J> G TITTy '
=0 =0 =0

where

G=> (- ()cl:r o]

Jj=0

This implies that

i ( ) CT™ 9 CT? | T" =0
=

onH =R (T") &N (T*"). Thus, T is n-quasi-[m, C]-symmetric operator. O

Corollary 2.4. If T is n-quasi-[m, C]-symmetric operator and R (T™) is dense, then T is an
[m, C]-symmetric operator.

0 T3

R(T") & N (T*") is such that Ty is invertible, then T is similar to a direct sum of an [m, C]-
symmetric operator and a nilpotent operator.

T T
Corollary 2.5. Under the same hypothesis as in Theorem 2.3, if T = < b2 > on H =
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Proof. Since T; is invertible, we have o(77) N o(73) = @. Then there exists an operator .S such
that 715 —ST3 = T3 by [15]. Hence

—1
p_ (T Y_(15 7 0 IS
Vo0 1) \o I 0 Ty 0 I

Consequently, the desired result follows from Theorem 2.3. O

Theorem 2.6. Let C = C & C, be a conjugation on ‘H, where Crand Cy are conjugation on
R (T™) and N (T*"), respectively. If T is an n-quasi-[m, C]-symmetric operator, then T* is
also an n-quasi-[m, Cl-symmetric operator for any k € N.

Proof. If R (T™) is dense, then T is an [m, C]-symmetric operator and so is T* for any k € N
by [6, Theorem 4.1].

If R(T") is not dense, by Theorem 2.3, we write the matrix representation of 7' on
H =R(T") @ N(T*") as follows

(T Tz B — o
T_( . T})onH—R(T)@J\/(T ).

where Tj is an (m, C)-symmetric operator, and so is T}. Since

k—1 . .
Tk T 1 .
TF=1| ! JZZO 12 on H:R(T”)@N(T*).

0 Tk

Therefore, by Theorem 2.3, we obtain that T is an n-quasi-[m, C]-symmetric operator for every
keN. |

The converse of Theorem 2.3 is not true in general as shown in the following example.

010
Example 2.7.Let T=| 0 0 1 | on C? and C : C* — C? such that C (21,22,23) =
0 0 0

(73,72,71). A simple calculation shows that T** (CT2C — T?) T2 = 0 and T* (CTC — T) T #
0. So, we obtain that T? is a quasi-[1, C]-symmetric operator, but 7' is not a quasi-[1, C]-
symmetric operator.

The following lemma gives a condition for which an n-quasi-[m, C|-symmetric operator with
a conjugation C' becames an n-quasi-[k, C'|-symmetric operator for every positive integer k > m

Lemma 2.8. Let T' € B(H) be an n-quasi-[m, C|-symmetric operator, where C'is a conjugation
on H. If T*(CTC) = (CTC)T*, then T is an n-quasi-[k, C]-symmetric operator for every
positive integer k > m.

Proof. 1t is well known that from [6]
Om+1 (T,C) = CTC6,, (T,C) — 0, (T,C)T

Under the assumptions that 7" is an n-quasi-[m, C]-symmetric operator and satisfies 7* (CTC') =
(CTC)T™, it follows

T 6yt (T,C)T" = CTC T*" 6,,, (T, C)T™ — T*"5,,, (T, C) T" 1.

Therefore, T is an n-quasi-[m + 1, C]-symmetric operator, this implies that 7" is an n-quasi-
[k, C]-symmetric operator for every k > m. ]
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In the general case, we give the following proposition.

Proposition 2.9. Let T € B(H) and let C = C) & C, be a conjugation on H, where Cy and
C, are conjugations on R(T") and N'(T*"), respectively. If T is an n-quasi-[m, C]-symmetric
operator, then T is an l-quasi-[k, C|-symmetric operator for every positive integer k > m and
I >n.

Proof. If R (T™) is dense, then T is an [m, C]-symmetric operator and hence 7' is an [k, C]-
symmetric operator for every positive integer k > m.
If R(T™) is not dense, by Theorem 2.3 we write the matrix representation of 7' on

T

H=R(T") ® N (T*") as follows T = o ) where 1 = T 7y is an [m, Ci]-
symmetric operator and 75" = 0. Obviously that T is an [k, C}]-symmetric operator for every
integer k > m. The conclusion follows from the statement (2) of Theorem 2.3. O

Next, we need the following lemma.

Lemma 2.10. [6, Lemma 4.5] Let T, S € B(H) and let C be a conjugation on H such that
1,5 =[T,CSC] = 0. Then

m

5m(T+wacn——§:(Z)aku:cy»hkﬁacy

k=0

In the following theorem we investigate the nilpotent perturbations of an n-quasi-[m, C|-
symmetric operator.

Theorem 2.11. Let T € B(H) be an n-quasi-[m, C|-symmetric operator and let QQ € B(H)
be an nilpotent operator of order p. If T and Q satisfying [T,Q] = [T,Q*] = [T,CQC] =
[T,CQ*C]) = [T*,CTC] = 0, then T + Q is an (n + p)-quasi-lm + 2p — 2, C]-symmetric
operator .

Proof. We need to show that

(T + Q)" bmizp2 (T +Q,C) (T + Q)™ =0, where o = n + p.

By using Lemma 2.10, we obtain

m+2p—2
m-+2p—12
5m+2p72 (T + Qa C) = Z ( kp

k=0

)ak (T.C) bmsmp2-1 (Q.C).

Moreover, we have

(T+ Q) dmszp2 (T+Q,C) (T+Q)"

- (B o) (L E s s 00)

r=0 k=0
(S o).
s=0
Since [T, Q] = [T, Q*] = [T, CQC] = [I,CQ*C] = [T*,CTC)] = 0 and Q* = 0 for k > p,

we get

)*"‘ 5m+2p—2 (T + Q7 C) (T + Q)a
m+2p—2

Q@
_ (Z (iu)T*(a,,.)Q*,,.)( S (m+ip—2> S (T.0) s (@, 0)>

k=0
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By using Lemma 2.8, we obtain that
T 8 (T,0)T** =0 fork > m,and r,s € {0,....p— 1}.
However, if 0 < k <m — 1,then2p — 1 <m + 2p — 2 — k. Hence,
Sm+2p—2—k (Q,C) = 0.

Combining the above arguments, we obtain

TP "
(T+Q)" o2 (T+Q,C)(T+Q)"P =0.
Therefore, T'+ Q is an (n + p)-quasi-[m + 2p — 2, C]-symmetric operator. o

Theorem 2.12. Let T, S € B(H) and C be a conjugation on H such that [T,S] = [T,S*] =
[T,CSC) = [T,CS5*C]| = [S*,CSC] = 0. If T is ny-quasi-|m, C]-symmetric operator and S
is na-quasi-|k, C|-symmetric operator, then T'S is an n3 = max{n,n,}-quasi-im + k — 1, C]-
symmetric operator.

Proof. We need to prove that

(TS)" Gmpsn_i (TS, C) (TS)™ = 0.

Under the assumptions [T, S] = [T, C'SC| = 0, and by taking into account [6, Lemma 4.10], we
have

m+k—1 m—l—k—l
Smin—1 (TS,C) = > ( ; )@- (T,C) T 17908108, 514 (S, C).

J=0

Furthermore, since [T, S| = [T, S*] = [T, CSC] = [T, CS*C] = [S*,CSC] = 0, then

«T

(TS)" Gmpsn_1 (TS, C)(TS)™
m+k—1 m+k—1 s ‘ ‘ s

= ¥ < ; )T* 5 (T, C) T T™ 1= CSICS ™ Skt (S,C) S™.
=0

Since 7' is an n;-quasi-[m, C]-symmetric operator, it follows from Proposition 2.9 that

75, (T,C)T™ =0, for j > mand n3 > ny.

On the other hand, if j <m — I, thenm+k—-1—j>m+k—1—m+ 1=k, and n3 > ny.
So by Proposition 2.9 again, it follows that

S Smn1y (8,0) §™ = 0.

Combining the above cases, we obtain

(TS)" dpsn_1(TS, C)(TS)™ =0,
Therefore, T'S is an n3-quasi-[m + k — 1, C]-symmetric operator. O

Corollary 2.13. Let T, S € B(H) and C be a conjugation on H such that [T, S| = [T,5*] =
[T,CSC) = [T,CS*C] = [S*,CSC] = 0. If T is an ny-quasi-[m, C|-symmetric opera-
tor and S is an ny-quasi-k, C)-symmetric operator, then T'S? is an ny =max{ni,n, }-quasi-
[m + k — 1, C|-symmetric operator for some positive integer q.

Proof. In view of Theorem 2.6 we have that S? is an n,-quasi-[k, C]-symmetric operator with
conjugation C'. However,

[T,CS9C] = [S*1,CSC] = [$*, CTC) = 0.

Moreover, T and S? satisfy the conditions of Theorem 2.12. Hence 7'S? is an n3-quasi-
[m + k — 1, C]-symmetric operator. i
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The following theorem shows that the class of n-quasi-[m, C]-symmetric operators is a closed
subset of B(H) equipped with the uniform operator (norm) topology.

Theorem 2.14. Let C be a conjugation on H and let T € B(H). If {I1} is a sequence of n-
quasi-[m, C|-symmetric operators such that klim T — T|| = O, then T is also n-quasi-[m, C|-
— 00

symmetric operator.

Proof. Suppose that {7} is a sequence of m-quasi-[m,C]-symmetric operators such that
klim T — T|| = 0. Since ||C|| = 1, we get

(Z 1)/ (e, JC’TJ> < (-1) (meTm- JCTJ>

2
T Jc:r]) T (fj (merm- JCTJ>

||M§

HMS

cTm- JCTJ> -7 <§j (—1) (7)CT7"—J‘CTJ'> ™

j=

S

<[z |5 1 e (e er - o)

+[|T" -1 HZ (1) (m)CTm-iCTin

m

Z m ||Tk: HHTm JCTJ+H Tm—=iQTi+tn + Z m ||Tlc —T* HHTm JCTJ+nH N

This implies that

" (z (-1 (T JCTJ> -7 <Z (-1y’ (@cwﬁcﬁ) T — 0.
Jj=0 =0
Since {T}} is an n-quasi-[m, C]-symmetric operator, i.e.,

Z ( ) cryor] | I = 0.
Jj=

Then, we deduce that
Z ( )CT’” icr | T =0.
Jj=

This means that, 7" is an n-quasi-[m, C]-symmetric operator. O

Let H <§_§> ‘H denote the completion, endowed with a reasonable uniform cross-norm, of the

algebraic tensor product H ® H of H and H. For T € B(H) and S € B(H), T® S € B(H ® H)
denote the tensor product operator defined by 7" and S. In [9, Lemma 6], it was proved that if C

and D are conjugations on H, then C' ® D is a conjugation on H @ H.

Lemma 2.15. Let T € B(H) and let C and D be two conjugations on H, respectively. Then T
is an n-quasi-|m, C|-symmetric operator if and only if the tensor product T @ I (resp. I @ T) is
an n-quasi-lm, C ® D]-symmetric operator .
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Proof. We have

(Te zm: ( ) (CeD) (Tl (CeD) Tel)|TeI)"
7=0
" Em:(—l)j (T)CTMjCTj T" &1

§=0

= T"6,(T,C)T" @ 1.

Hence, T is an n-quasi-[m, C]-symmetric operator if and only if 7' ® I is an n-quasi-
[m, C ® D]-symmetric operator, and the same with I @ T.. i

Theorem 2.16. Let T, S € B(H). If T is an ny-quasi-|m, C]-symmetric operator and S is an
na-quasi-[k, D|-symmetric operator, where C' and D are conjugations on M, respectively such
that [S*, DSD] = 0, then T ® S is an n3 = max{n,ny}-quasi-lm + k — 1, C ® D]-symmetric
operator.

Proof. Since T is an n;-quasi-[m, C]-symmetric operator, and S is an n,-quasi-[k, D]-symmetric
operator, then by Lemma 2.15 we obtain 7' ® [ is an n-quasi-[m, C' ® D]-symmetric operator,
I ® S is an ny-quasi-[k, C' ® D]-symmetric operator. We observe that

TeS=(TeNIeS) =128 (T®I).

On the other hand, note that " ® I and I ® S satisfy all conditions required in Theorem 2.12
as
ToLI®S)=[T®I,(I®S)]=0,

TI,(CeD)(IxS)(CeD)]=TeI,(CeD)(I®S)(CeD)]=0

and
(I®S)*,(Ce@D)I®S)(C®D)]=0.

Therefore, T’ ® S is an n3-quasi-[m + k — 1, C ® D]-symmetric operator. O

Proposition 2.17. Let T, N € B(H) and C be a conjugation on H. If T is an n-quasi-|m, C|-
symmetric operator and N is a nilpotent operator of order p, then TQ I +1® N isan (n + p)-
quasi-[m + 2p — 2, C @ Cl-symmetric operator

Proof. Since T is an n-quasi-[m, C]-symmetric operator, then by Lemma 2.15 we obtain T’ ® I
is an n-quasi-[m, C @ C]-symmetric operator, since N is a nilpotent of order p, then 7 @ N is a
nilpotent of order p as well. We have

TON=(ToI®N)=(IN)TeI).

On the other hand, note that T'® I and I ® N satisfy all conditions required in Theorem 2.12.
Therefore, T ® I + I ® N is an (n + p)-quasi-[m + 2p — 2, C @ C]-symmetric operator. i
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