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Abstract Let G be a group with identity e. Let A be a G-graded commutative ring, D be a
graded .A-module and C be a graded submodule of D. In this paper, we introduce the concept of
graded secondary radicals of a graded submodule. We define the graded secondary radicals of
graded submodule C' of D as the sum of all graded secondary submodule of D contained in C,
denoted by GSec*(C), and discuss the related properties..

1 Introduction

Throughout this article, we assume that 4 is a commutative G-graded ring with identity and that
D is a unitary graded .4-module. The concept of graded prime submodules was introduced and
studied by Atani in [9]. The concept of graded second submodules was introduced and studied
by Ansari-Toroghy and Farshadifar in [7]. In [10] Atani and Farzalipou introduced and studied
the notion of graded secondary submodules. Recently, in [6], Refai and Abu-Dawwa introduced
the notion of graded second radicals of graded submodules. In this paper, we introduce the
concept of graded secondary radicals of graded submodules and present some properties related
to this concept. For additional background, see [1, 5, 8, 14].

2 Preliminaries
In this section we will give the definitions and results which are required in the next section.

Definition 2.1. (a) Let G be a group with identity e and .4 be a commutative ring with identity
14. Then A is G-graded ring if there exist additive subgroups A, of A indexed by the

elements ¢ € G such that A = @& A, and A,A, C Ay, forall g, h € G. The set of all
g€eG

homogeneous elements of A is denoted by h(A), i.e. h(A) = |J Ay, see [14].
geG

(b) Let A= EBGAQ be G-graded ring, an ideal P of A is called a graded ideal if P =, .. PN
g€
An = heq Pn» see [14].
(c) A left A-module D is called a G-graded .A-module if D = @ D, with A, D), C D,, for all

g,h € G, where D, is an additive subgroup of D for all ¢ 6 G The set of all homogeneous

elements of D is denoted by (D), i.e, h(D) = |J D,. Note that D}, is an A.-module for
geG
every h € G, see [14].

(d) A submodule S of D is called a graded submodule of D if S = ®pea(S N D) := BreaSh,
see [14].
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(e) If S is graded submodule of D, then (S :4 D) = {a € A | aD C S} is graded ideal of
A, (see [9]). Furthermore, the annihilator of S in A is denoted and defined by Ann4(S) =
{a€e A | aS ={0}}.

(f) A proper graded ideal K of A is called a graded prime ideal if whenever r, s € h(A) with
rs € K, we have r € K or s € K. The graded radical of a graded ideal P, denoted by
Gr(P),isthe setofallt = " ¢, € R such that for each g € G there exists n, € N with
tZg € P. Note that, if r is a homogeneous element, then r € Gr(P) if and only if 7™ € P
for some n € N, see [16].

(g) A proper graded submodule P of D is called a graded prime submodule if whenever a €
h(A) and m € h(D) with am € P, then either a € (P : 4 D) or m € P, see [9].

(h) A non-zero graded submodule N of a D is called graded second if for each a € h(.A), the
graded A-homomorphism ¥ : N — N defined by W(z) = ax is either surjective or zero.
In other words, N is a graded second submodule of D if aN = N or aN = 0 for every
a € h(A). Then P = Ann4(N) is a graded prime ideal of A and N is called a P-graded
second submodule. The graded second spectrum of D, denoted by G'Spec® (D), is the set of
all graded second submodules of D, see [7].

(i) A non-zero graded submodule N of D is called secondary if for every homogeneous ele-
ment of A either divides N or is nilpotent on N. In other words, IV is a graded secondary
submodule of D if aN = N or a™N = 0 for some integer n, for every a € h(A), see [10].

Definition 2.2. (a) A graded .A-module D is called a graded finitely cogenerated if for every
set {Dy}aea of graded submodules of D with NxcaDy = 0, then N7, Dy; = 0, for some
positive integer m, see [15].

(b) A proper graded submodule K of D is called a completely graded irreducible if K =
NjesK;, where {K;};c; is a family of graded submodule of D, then K = K; for some
j € J. Every graded submodule of D is intersection of all completely graded irreducible
submodules containing it. See [2].

(c) Let Q(D) be the set of all graded completely irreducible
A-submodules of D. Assume that P is a graded prime ideal of A and K is a graded A-
submodule of D. Then we define I (K) = Npeqp){L : rK C Lfor somer € h(A) — P}.
, see [6].

(d) Let A be a graded integral domain and D be a graded .A-module. We say that D is gr-
cotorsion-free if IP (D) = D and is gr-cotorsion if 17 (D) = 0.

(e) A graded A-module D is called graded comultiplication module (gr-comultiplication mod-
ule) if for every graded submodule K of D, there exists a graded ideal J of A with K =
(0 :p J), equivalently, for every graded submodule K of D, K = (0 :p Ann4(K)), see
(4, 3].

(f) A non-zero graded submodule K of a graded .A-module D is said to be gr-essential (or
gr-large) if for every non-zero graded submodule H of D, we have K N H # 0, see [4].

(g) Let D be graded .A-module. The graded Socle of D is defined as the sum of all graded
minimal submodules of D, it will denoted by Soc?" (D), see [4].
Also,
Socd"(D) = N{L C D|L is graded essential submodule of D},
see [17].

(h) A graded A-module D is called gr-Artinian if D satisfies the descending chain condition for
graded submodules, see [4].

(1) Let D be a graded .A-module let K be graded submodule of D. We say that K is gr-copure
submodule if (K :p I) = K + (0 :p I) for every graded ideal I of A.

(j) We say that a graded .A-module D is fully copure if every graded submodule of D is graded
copure.
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(k) We say that a graded .4-module D is gr-atomic if every non-zero graded submodule of D
contains a graded minimal submodule.

(I) Let D be a graded A-module, we say that a family { K, } ;c ; of graded submodules is inverse
family of graded submodules of D if the intersection of two of its graded submodules again
contains a graded module in {Kj};c;. Also, we say a graded .A-module D satisfies the
property ABS5* if for every graded submodule H of D and every graded inverse family
{Kj};e of graded submodules of D, H + N;c K, = Njes(H + Kj).

(m) For a graded A-submodule C' of D, the graded second radical of C' is defined as the sum of
all graded second A-submodules of D contained in C, and its denoted by GSec(C). If C
does not contain any graded second .4-submodule, then GSec(C) = {0}. The graded second
spectrum of D is the collection of all graded second .4-submodules, and it is represented by
the symbol G:Spec®(D). On the other hand, the set of all graded prime .A-submodules of D is
called the graded spectrum of D, and is denoted by G.Spec(D). The map ¢ : GSpec®(D) —
GSpec(A/Anng(D)) defined by ¢(C) = Ann4(C)/Ann_4(D) is called the natural map of
GSpect (D), see [6].

Remark 2.3. Let K and H are two graded submodule of an graded .A-module. To prove K C H,
its enough to show that if J is a completely graded irreducible submodule of D with H C J,
then K C J, see [2].

3 RESULTS

Definition 3.1. Let D be a graded .4-module and K be a graded submodule of D. We define the
graded secondary radical of K as the sum of all graded secondary submodule of D contained
in K, denoted by GSec*(K). If K does not contain any graded secondary submodule, we put
GSec*(K) = {0}. Moreover, K is called graded secondary radical submodule of D if K # 0
and GSec*(K) = K.

Theorem 3.2. Let K and H be two graded submodules of a graded A-module D. Then the
following hold:

(a) GSec(K) C GSec*(K) C K.

(b) If K C H, then GSec*(K) C GSec*(H).

(¢) GSec*(GSec*(K)) = GSec*(K)

(d) GSec*(K) 4+ GSec*(H) C GSec* (K + H).

() GSec*(KNH) = GSec*(GSec*(K) N GSec*(H)).

(f) If S is a graded P-secondary submodule of D with S C K + H and Ann4(K) gZ P, then
S CH.

(g) If K+ H=GSec*(K) + GSec*(H), then GSec*(K + H) = K + H.

Proof. (a) Let S be graded second submodule contained in K, then S is graded secondary sub-
module in K. So GSec(K) C GSec*(K). By defintion of GSec* (K), we have GSec*(K) C K.

(b) This is straightforward.

(c) By part (a) and (b), we have GSec*(GSec*(K)) C GSec*(K). For the converse in-
clusion, let S be graded secondary submodule of D with S C K. Since GSec*(K) is the
sum of all graded secondary submodule S of D such taht S C K, then S C GSec*(K), so
GSec*(K) C GSec*(GSec*(K)).

(d) Let S be graded secondary submodule of D contained in K, then S C K C K + H. Thus
GSec*(K) C GSec*(K + H). Similarly, if S be graded secondary submodule of D contained
in H,then S C H C K 4+ H. So, GSec*(H) C GSec*(K + H). Therefore, GSec*(K) +
GSec*(H) C GSec*(K + H).

(e) This follows from part (a), (b) and (c).

() Since Anna(K) ¢ P = Gr(Ann(9)), there exists r, € h(A) such that r, K = 0 but
rq ¢ P. As S is graded P-secondary submodule of D, then we have r,S = S, by [10]. Since
r¢S CrgK +1r,H and H is submodule of A, then we have S C r,H C H. Therefore, S C H.
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(g)By part (d) K + H = GSec*(K) + GSec*(H) C GSec* (K + H) and GSec*(K + H) C
K+ H. O

Let A be G-graded ring, Graded dimension A is defined by supermum of all numbers k for
which there exists a chain of graded prime ideals Iy C I} C ... C Ij in A, and it is denoted by
GdimR [11].

Theorem 3.3. Let D be graded comultiplication A-module. Then we have the following:
(a) GSec*(D) =0 ifand only if D = 0.

(b) If K and H are two graded submodules of D, then GSec*(K) N GSec*(H) = 0 if and only
if KN H=0.

Proof. (a) Assume that GSec*(D) = 0. By (Theorem 3.9 [4]), D contains a graded minimal
submodule, and every graded minimal submodule is graded second by (Lemma 2.3 [7]), hence
is graded secondary submodule. Therefore D = 0. The converse is trivial.

(b) This follows from part (a) and Theorem 3.2(e). O

Theorem 3.4. Let K and H are two graded submodules of graded A-module D such that when-
ever S C K + H we have S C K or S C H, for every graded secondary submodule S of D.
Then GSec*(K + H) = GSec*(K) + GSec*(H).

Proof. If GSec*(K + H) = 0, then clearly GSec*(K) = GSec*(H) = 0 and so GSec* (K +
H) = GSec*(K) + GSec*(H). If GSec*(K + H) # 0, then there exists a graded secondary
submodule @ of D such that Q C K + H, by assumption @ C K or @ C H. Thus Q C
GSec*(K) or @ C GSec*(H). As this is true for all graded secondary submodules contained in
K+ H,GSec*(K + H) C GSec*(K) + GSec*(H). The reverse inclusion is clear. o

Theorem 3.5. Let D be graded A-module. If K and H are two graded submodules of D such
that Gr(Ann 4(K)) and Gr(Ann_4(H)) are comaximal, then GSec* (K + H) = GSec*(K) +
GSec*(H).

Proof. 1tis clear that GSec*(K)+GSec*(H) C GSec* (K + H). Now, If Q is graded secondary
submodule contained in K + H, then

Anns(K)Anna(H) C Anna(K) N Anna(H)
C Anna(Q) € Gr(Anna(Q)).

As Gr(Ann4(Q)) is graded prime ideal of A, then either Ann4(K) C Gr(Ann4(Q)) or
Anna(H) C Gr(Ann4(Q)). Without loss of generality we may assume that Ann4(K) C
Gr(Ann4(Q)). Then Anna(H) ¢ Gr(Ann4(Q)), otherwise it contradicts comaximality. We
show that Q C K. Assume that L is a graded completely irreducible submodule of D such that
K C Landletr, € Annya(H) — Gr(Anna(Q)). As H C (L :p rg)and K C L C (L :p ry),
then Q C K+ H C (L :p ry). Thus r,Q C L. Since @ is graded secondary, it follows that
@ C L. This implies Q@ C K, and so Q C GSec*(K) C GSec*(K) + GSec*(H). Hence
GSec*(K + H) C GSec*(K) + GSec*(H). i

The following corollary follows immediately from Theorem 3.5.

Corollary 3.6. Let Ny, Ny, ....,N,, be graded submodules of graded A-module D such that
Gr(Ann 4(N;) are pairwise comaximal. Then

GSec*(Ny + Ny + ... + N,,) = GSec*(Ny) + GSec* (N,) + ... + GSec™ (N,,).

Definition 3.7. Let D be graded .A-module. We call the collection of all graded secondary .A-
submodules of D the graded secondary spectrum of D and denote by GSpec®*(D). On the
other hand, the set of all graded prime .4-submodules of D is called the graded spectrum of
D, and is denoted by GSpec(D). The map ¢ : GSpec®™ (D) — GSpec(A/Ann4(D)) defined
by ¢(S) = Gr(Ann4(S))/Ann (D) for every S € GSpec™ (D), is called the natural map of
GSpec™* (D).
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Theorem 3.8. Let D be graded A-module, let K be graded submodule of D such that the natural
map ¢ of GSpec®* (K) is surjective. Then Gr(Ann(GSec*(K))) = Gr(Ann4(K)).

Proof. If K = 0, the theorem is trivially true. Assume that K # 0, since GSec*(K) C K,
then Gr(Ann4(K)) C Gr(Anna(GSec*(K))). Now let Gr(Anna(K)) = N;P;, where P; is
graded prime ideal of A containing Ann_4(K). As ¢ is surjective, for each such P; there exists
Qi € GSpec®™ (K) such that Gr(Ann4(Q;)) = P;. Thus Y, Q; € GSec*(K). Therefore

Gr(Ann4(GSec*(K))) C Gr(AnnA(Z Q:)) = Gr(N;Ann4(Q;))

CNGr(Anna(Q;)) = NP, = Gr(Ann4(K)),
as needed. O

Definition 3.9. We define the graded secondary submodule dimension of graded .4-module D to
be the supremum of the length of chains of graded secondary submodules of D if GSpec®* (D) #
() and —1 otherwise, and it is denoted by Gdim**D.

Lemma 3.10. Let D be graded A-module and K be graded submodule of D, then
(@) Soc?"(K) = K N Soct" (D).

(b) If Soc9"™ (D) is graded essential submodule of D, then every non-zero graded submodule of
D contains a graded minimal submodule.

Proof. (a) Let f : K — D be the inclusion map, one can see that Soc” (K) C Soc?" (D) and
clearly it’s in K, so Soc9"(K) C K N Socd” (D). Now let S C K and S is graded minimal
submodule of D, so S is graded minimal submodule of K and so S C Soc?"(K). Therefore
K N Soct™(D) C Soc¥" (K).

(b) Let K be non-zero graded submodule of D, by part (a), Soc?"(K) = K N Soc?" (D).
Since Soc9" (D) is graded essential submodule of D and K # 0, then Soc?"(K) # 0. Thus K
contains a graded minimal submodule. O

Lemma 3.11. Let D be graded A-module. The intersection of two (finitely) graded essential
submodules is a graded essential submodule of D.

Proof. Let H # 0 be a graded submodule of D and let K} and K, be two graded essential
submodules of D. Then HN K} #0and HN K, #0,s0 HN(K1NK;) = (HNK))NK; #0
since H N K is non-zero graded submodule and K is graded essential submodule. Therefore
K N K; is graded essential submodule of D. O

Theorem 3.12. If D is graded finitely cogenerated A-module, then the Soc9" (D) is graded
finitely cogenerated and essential submodule.

Proof. If D is graded finitely cogenerated, then every graded submodule of D is graded finitely
cogenerated. We show that Soc9" (D) is graded essential submodule of D. Let K be garded
submodule of D such that K N Socd” (D) = 0. Since D is graded finitely cogenerated there exists
graded essential submodules Ly, L, ..., L, of D with KNL;N...NL,, =0. Butby Lemma 3.11,
LyN...N L, is graded essential submodule of D, so K = 0. Hence Soc?" (D) is graded essential
submodule of D. O

Corollary 3.13. If D is graded finitely cogenerated A-module, then every non-zero graded sub-
module of D contains a graded minimal submodule.

Proof. This follows from Theorem 3.12 and Lemma 3.10 (b). O

Theorem 3.14. If A is graded one dimensional domain and D is graded finitely cogenerated
cotorsion A-module with Gdim**D = 1, then the following are equivalent:

(a) D is graded secondary module.
(b) S| + S> = D for any distinct graded secondary submodule S| and S,.
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(c) Every proper graded submodule contains exactly one graded secondary submodule.

(d) Every proper graded secondary submodule is minimal.

Proof. (a) = (b). As D is graded finitely cogenerated cotorsion,

Ann 4 (D) # 0. Since D is graded secondary module, then Gr(Ann_4(D)) is graded prime ideal
of A. Thus if @ is any graded secondary submodule of D, then we have Gr(Ann4(D)) =
Gr(Ann4(Q)) because GdimR = 1. Thus for any distinct graded secondary submodules Q;
and @, of D, Gr(Ann (D)) = Gr(Ann4(Q1)) = Gr(Ann4(Q2)) so that Q; + @, is graded
secondary. Therefore Q; + Q> = D because Gdim**D = 1.

(b) = (c). As D is graded finitely cogenerated, by Corollary 3.13, every non-zero graded
submodule of D contains a graded minimal submodule which is graded secondary. Now if K is
proper graded submodule of D and @) and (), are distinct graded secondary submodules of D
with Q1 C K and Q> C K, then D C K by part (b), which is a contradiction.

(c) = (d). Let @ be graded proper secondary submodule of D. By Corollary 3.13, () contains
a graded minimal submodule H. But every graded minimal submodule is graded secondary.
Hence (Q = H by part (c).

(d) = (a). As Gdim**D = 1, there must exists a chain of graded secondary submodules
Q> C Q. By part (d), Q@ must be D. O

Corollary 3.15. If A is graded one dimensional domain and D is graded secondary finitely
cogenerated cotorsion A-module with

Gdim®*D = 1, then GSec*(K) is graded secondary for every non-zero graded submodule K of
D.

Proof. This follows from Theorem 3.14. O

Lemma 3.16. If A is graded integral domain and D is graded artinian A-module such that
IP (D) # 0, then IP (D) is graded (0)-second submodule of D.

Proof. Since D is graded artinian module, by Theorem 9.4.3 [12], there exists finite number of
completely graded irreducible submodules

Ly, Ly, ..., L, of D such that IP(D) = N*L; and r;D C L;, for some 0 # r; € h(A), i =
1,2,..,n. Setr = riry..r, € h(A), then 7D C IP(D). Now assume that tIP (D) C L for
some ¢ € h(A) and completely graded irreducible submodule L of D and that I (D) ¢ L. As
IP(D) ¢ L, we have Ann4(D/L) = 0. Now we have rtD C ¢tIP (D) C L. Since A is graded
integral domain and r # 0, we must have ¢ = 0. Thus by (Lemma 2.5, [6]), I(? (D) is graded
second submodule of D. Suppose s € Anns(IP(D)). As IP (D) # 0, there exists completely
graded irreducible submodule J of D such that IP(D) ¢ J. Thus Anna(D/J) = 0 so that
Ann (D) = 0. Therefore srD C sIP(D) = 0 implies that s = 0. Hence Ann (1P (D)) =
0. ]

Theorem 3.17. Let A be graded integral domain and D be graded A-module with Gdim**D =
1. If D is graded artinian cotorsion-free, then GSec*(K) = Soc9" (K) for any proper graded
submodule K of D.

Proof. Since D is graded artinian cotorsion-free, IP (D) = D # 0 is graded second submodule
by Lemma 3.16 and so graded secondary submodule and as D is graded artinian, then every non-
zero graded submodule of D contains a garded minimal submodule. As Gdim®**D = 1, then ev-
ery proper graded secondary submodule of D is graded minimal. Thus GSec*(K) C Soc?"(K),
where K is a graded submodule of M. The reverse inclusion is clear since every graded minimal
submodule of D is graded second submodule and so graded secondary submodule. O

Definition 3.18. Let D be graded .A-module. We say that a non-zero graded submodule K of
D is graded secondary cocompactly packed if for each family {Q;};c; of graded secondary
submodules of D with N;c;Q; C K, we have @; C K for some i € I. A graded module D
is called secondary cocompactly packed if every graded submodule of D is graded secondary
cocompactly packed .

Theorem 3.19. Let f : D — D’ be a graded monomorphism of graded A-modules. Then the
following hold:
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(a) A graded submodule K of D is graded secondary submodule of D if and only if f(K) is
graded secondary submodule of D'.

(b) If K' is graded secondary submodule of D' with K' C Im(f), then f~1(K') is graded
secondary submodule of D.

(¢) If D' is graded secondary cocompactly packed, then D is so. The reverse is true if
GSec*(D') C Im(f).

Proof. (a) Let 14 € h(A), then r,K = K or ;" K = 0 for some positive integer m. Thus
ref(K) = f(K)orr;*f(K) = 0, and so f(K) is graded secondary submodule of D’. Now, let
f(K) is graded secondary submodule of D" and ¢}, € h(A), thent;, f(K) = f(K)ort} f(K) =0
for some positive integer n. Hence t, f =1 (f(K)) = f~'(f(K)) or t2 f~'(f(K)) = 0, since f is
injective we have t, K = K or t} K = 0, as needed.

(b) Let K’ be a graded secondary submodule of D’ with K’ C I'm(f) and let r, € h(A),
then ry K’ = K’ or " K’ = 0 for some positive integer m. Therefore r, f~' (K') = f~!(K’) or
rf~1(K') = 0, as required.

(c) Let K be non-zero graded submodule of D and let {Q; };<; be family of graded secondary
submodule of D with N;c;Q; C K. Then {f(Q;)}:cr is family of graded secondary submodule
of D’ and
Nier f(Qi) = f(NicrQq) C f(K). As D' is graded secondary cocompactly packed, then there
exists i € I such that f(Q;) C f(K). Therefore, Q; = f~'(f(Q:) C fY(f(K)) = K,
as needed. Conversely, let K’ be graded submodule of D, let {Q.};c; be family of graded
secondary submodule of D’ with N;c;Q; C K’. Since Q; C GSec*(D’) C Im(f), hence
by part (b), {f~1(Q})}ser is family of graded secondary submodule of D and N;erf~1(Q)) =
Y Nier(Q%) € f~Y(K"), so there exists i € I such that f~'(Q%) € f~'(K'). Thus f(D) N
Q) = F(F1(Q)) € f(F1(K") € K and so @, C K, as required. 0

Lemma 3.20. Let D be graded secondary cocompactly packed A-module. Then for each non-
zero graded submodule K of D there exists a completely graded irreducible submodule L of D
such that GSec*(K) = GSec*(L).

Proof. Let K be a non-zero graded submodule of D. Then there exists a family {L}xea
of completely graded irreducible submodules of D such that X' = Njealy. It is clear that
GSec*(K) C GSec*(Ly) for each A\ € A. Assume that GSec*(Ly) ¢ GSec*(K) for each
A € A. Then for each A € A, there exists a graded secondary submodule @) such that @ ;(_ K
and Q) C Ly. Now Nyea®@x € K, hence D is not a graded secondary cocompactly packed
module, which is a contradiction. O

Lemma 3.21. Let D be graded A-module satisfying ABS5* property, if D is graded fully copure,
then every non-zero graded submodule of D is graded socle submodule of D (that is. GSec(K) =
K).

Proof. Let K be a non-zero graded submodule of D, then there exists a completely graded irre-
ducible submodule L of D such that K ¢ L. For each completely graded irreducible submodule
Lof Dwith K ¢ LsetQp = {H|/H C KandH ¢ L}.Then Qp # () since K € Q. Order
Q[ by inclusion, i.e. for Q,S € Q then Q < Sif @ C S. Clearly, (Q, <) is a partially order
set. Let {H,}aca be any chain in Q. Since D satisfies AB5* property, by Zorn’s Lemma,
NacaHy is alower bound of { Hy, }oea in Q. Thus Qf, has a minimal element, say H,. Clearly
by Remark 2.3, K = >, Hy. Set T, = L N Hy. Then Hy, is a local graded .A-module with
graded maximal submodule Ty,. Let P = (Ty, :4 Hr). Now since D is graded fully copure
Ty +(0:y, P)= (T :u, P),and so PH; = 0. Now if r € h(A) such that rH;, # H, then
rHp C Ty and hence rHy = 0. Thus H, is graded second submodule of D for each completely
graded irreducible submodule L of D with K ¢ L and hence K is graded socle submodule of
D. O

Theorem 3.22. Let D be a graded fully copure A-module which satisfies the AB5* property. If
D is graded secondary cocompactly packed module, then every non-zero graded submodule of
D is graded completely irreducible.
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Proof. Let K be a proper graded submodule of D. Then by Lemma 3.20, there a completely
graded irreducible submodule L of D with K C L such that GSec*(K) = GSec*(L). But
K = GSec*(K) for each non-zero graded submodule K of D by Lemma 3.21. Therefore
K=1L. O

Example 3.23. Let A = Z and G = Z;, then A is a G-graded ring with Ay = Z and A; = {0}.
Let D = Zg, then D is G-graded .A-module with Dy = Z¢ and D; = {0}. Then D is gr-fully
copure Z-module which satisfies the ABS5* property. Also, D is graded secondary cocompactly
packed module. Hence by Theorem 3.22, every non-zero graded submodule of D is graded
completely irreducible.

Theorem 3.24. Let D be a graded A-module. Then the following are equivalent:
(a) D is graded secondary cocompactly packed module.

(b) For each non-zero graded submodule K of D, if { K, }ic1 is a family of graded submodules
of Dwith NicrK; C K, then GSec*(K;) C K for some i € I.

(c) For each non-zero graded submodule K of D, if {K;}icr is a family of graded secondary
radical submodules of D with N;c; K; C K, then K; C K for some i € I.

Proof. (a) = (b). Let K be a non-zero graded submodule of D and GSec*(K;) §Z K for each
i € I. Then for each i € I there exists a graded secondary submodule @; such that Q; C K; and
Q; € K. Thus N;erQ; C K, this implies that D is not graded secondary cocompactly packed
module, which is a contradiction.

(b) = (¢). Clear.

(c) = (a). This follows from the fact that each graded secondary submodule is a graded
secondary radical submodule.

O
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