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Abstract In this paper, we prove an existence result for solutions to an initial-boundary value
problem for generalized hepatitis B virus (HBV) model. Our approach is based on fixed points
for the sum of two operators. We then establish Ulam-Hyers stability for our problem. Some
examples are provided to illustrate our main results.

1 Introduction

Hepatitis B virus infects liver cells (hepatocytes) and can cause both acute and chronic disease.
Many mathematical models have been used to help understand the dynamics of this viral infec-
tion, see, for example [4], [5], [9], [14], [24], [25] and the references therein. In this paper, we
investigate an initial-boundary value problem for the following generalized Hepatitis B Virus
(HBV) mathematical model, see [15] and [27] :

%(t,ﬂ?) = b—f(’(l;l(t,x),U/z(t,J?),U3(t,$))U3(t,]}) _l’[’lul(tvx)
%(t,x) = flui(t —7,2),u(t —m1,2),us(t — 71, @))uz(t — 71, 2)e” ™ — pous(t, x)
%(t,x) = a%zi,? (t, ) + yuz(t — 7, 2)e™ 2™ — psus(t,z), (¢,z) € (0,00) x [0, 1],

(1.1)
where the general incidence function f is assumed to be merely continuous on R? and satisfies
some growth conditions that will be specified precisely later. The functions u; (¢, z), u (¢, x), and
u3(t, x) represent the densities of uninfected hepatocytes, infected hepatocytes, and free virus at
time ¢ and spatial position x, respectively. The uninfected hepatocytes are produced from a
source at a constant rate b. The constants p; and p, represent the death rates of uninfected cells
and infected cells, respectively, while p3 and ~ represent the clearance rate of virions and the
production rate of virions by infected cells, respectively.

The delay 7; corresponds to the time required for infected cells to begin producing virions
following viral entry. The term e~ “'™' represents the probability that these cells survive from time
t — 7 to time ¢, where c; is the death rate of infected cells that have not yet started producing
viruses. The delay 7, represents the time required for newly produced virions to mature into
infectious particles. The term e~“"2 describes the probability of immature virions surviving
this maturation process, and the average lifetime of an immature virus is given by % Finally, a
denotes the diffusion coefficient of virions.

There are several works related to problem (1.1) :
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The paper by Gourley et al. [12] formulates and examines the global dynamics of a basic
hepatitis B virus (HBV) model using delay differential equations. In [7], the authors propose
a model that combines logistic hepatocyte growth with a standard incidence function for viral
infection, incorporating an explicit time delay in virus production. Gan et al. [11] investigate
the existence of traveling waves in an HBV infection model with spatial diffusion, where the
intracellular incubation period is represented by a discrete time delay. Yang et al. [31] focus on
the stability and bifurcation analysis of a delay differential equation model for HBV infection.

Manna et al. [16] propose a non-standard finite difference (NSFD) scheme for a delayed dif-
fusive HBV infection model that includes intracellular HBV DNA-containing capsids. In [17],
the same author introduces and analyzes a delayed reaction-diffusion model for HBV infec-
tion, incorporating HBV DNA-containing capsids, the cytotoxic T lymphocyte (CTL) immune
response, and spatial movement of capsids and virions. Danane et al. [6] address an optimal con-
trol problem for a time-delayed differential equation model describing the interactions between
HBYV, HBV DNA-containing capsids, hepatocytes, and the CTL immune response.

Tadmon et al. [29] analyze an initial boundary value problem for HBV infection. In [18],
the authors develop and study a novel partial differential equation model to better understand
the mechanisms and dynamics of HBV infection in vivo. This model includes intracellular
HBV DNA-containing capsids, spatial diffusion of capsids and viruses, and adaptive immune
responses mediated by cytotoxic T lymphocytes and antibodies. Tadmon et al. [30] propose a
delay cell population model for HBV infection, incorporating spatial diffusion of free HBV parti-
cles and a Beddington-DeAngelis incidence function to describe viral infection. Finally, Foko et
al. [8] employ the nonstandard finite difference method to discretize a nonlinear initial boundary
value problem modeling the global dynamics of HBV infection with adaptive immunity.

The article by Miao et al. [22] studies an HBV infection model that incorporates two nonlin-
ear incidence functions and spatial diffusion in capsids, viruses, and the CTL immune response.
In [10], the authors conduct a dynamical analysis of a general delayed HBV infection model
that includes capsids and adaptive immune response, while also accounting for the presence of
exposed infected hepatocytes.

For the model (1.1), the initial conditions are given by

ur(t, ) = ¢1(x), ua(t, ) = ¢o(x), and uz(t, z) = ¢3(x), (¢, x) € [—7,0] x[0,1], (1.2)
and the homogeneous Neumann type boundary conditions are given by

8U3 8’LL3

—(t,0) = —(¢,1) =0, te(0,00), 1.3

5(1,0) = Z2(11) (0,0) (13)

where 7 = max{r,m} with 71, > 0. The following assumptions will stand throughout this

paper:

(A1) 7,7 > 0, 7 = max{m, 2}, b, i1, c1, B2, @, ¥, C2, 43 are nonnegative constants that are
less than or equal to a positive constant B, f € C(IR?) is such that

ki k»
lf(y1,92,93)] < do+ Zdjkl |ly1|P*1 + Zdjk2|yz|pjk2
j=1 j=1
k3
+Zdjk3|y3|pjk37 (yl»y27y3) S R3,
j=1

where
0 <do,djk,,dik,, diy < B, je{l,....;k1}, ie{l,....k}, le{l,... k},
and
0 < pjkys Dikys Piks, JE{L... k), de{l,....k}, le{l,... k}.
The functions ¢1, ¢2, ¢3 € C*(|0, 1]) are such that
99| ‘82%‘

0 < ¢;, <B on [0,1], forj=1,2,3.

Oz Ox?
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The aim of this paper is twofold. First, under assumption (A1), we establish the existence of at
least one solution to the initial-boundary value problem (1.1)—(1.3). Notably, while prior work
[15] addressed this problem under the restriction that the incidence function f is continuously
differentiable, our analysis extends these results by requiring only continuity of f, thereby broad-
ening the applicability of the model. Second, we prove the Ulam-Hyers stability of the system.
This stability property ensures that for any approximate solution (or perturbed version) of the
system, there exists an exact solution that remains "close" to the approximation. Such robust-
ness is critical for practical applications, as it demonstrates the model’s insensitivity to small
perturbations or errors in initial data or parameters. For instance, even if the initial densities of
cells or viruses are slightly misestimated, the model’s predictions remain reliable at least locally
during the early stages of infection.

Let X; = C'([-7,00),C?([0,1])) be the space of continuously differentiable functions on
[~7,00) with values in the Banach space C?([0, 1]). The space X; will be endowed with the
norm

Jully = max{ sup lu(t, z)], sup |us(t, @),
(t,z)€[—T,00)x[0,1] (t,z)€[—T,00)x[0,1]
sup |uzi(t7x)‘7 sup |ut(t7$)|}7
(t,z)€[—T,00)x[0,1] (t,z)€[—T,00)%]0,1]

provided it exists. Our main results are as follows.

Theorem 1.1. Suppose that the condition (A1) holds. Then the problem (1.1)-(1.3) has at least
one bounded nonnegative solution in X3.

Theorem 1.2. Suppose (Al) and
|f (ur, ua, uz)uz — f (o1, v2,v3)vs| < Wug —w3], (w1, u,u3), (v1,02,03) € R, (1.4)

for some nonnegative constant W. Then the problem (1.1)-(1.3) is Ulam-Hyers stable in
[-7,T] x [0,1], T > 0.

The condition (1.4) means the infection rate changes smoothly with the virus level, keeping
the model stable and realistic. The constant W limits how sensitive the system is to viral fluc-
tuations. Theorem 1.2 establishes that solutions in [—7,T] x [0, 1], T" > 0, exhibit robustness
against small perturbations, a property of paramount importance for ensuring the reliability of
numerical simulations and practical applications.

The remainder of this paper is structured as follows: Section 2 presents essential auxiliary
results. In Sections 3 and 4, we provide the proofs of Theorems 1.1 and 1.2 respectively, along
with illustrative examples to demonstrate their applicability.

2 Auxiliary Results

Let X = X; be endowed with the norm

u|| = max Usj
full = _max_ ]

provided it exists. For u = (u1,u2,u3,u4,us) € X, define the operators:
t
o1(z) + bt — / [f (w1 (s, 2),ua(s, x), us(s, x))us(s, ) + prui (s, z)] ds,
0
Fru(t,z) = (t,z) € (0,00) x [0, 1],
é1(z), (t,z) € [-7,0] x [0,1],

t
$o(z) e /0 flur(s = @), ua(s — 71, @), us(s — 71, ) Jus(s — 71, @)ds
Pu(ta)={ / “ua(s.x)ds,  (t,2) € (0,00) x [0, 1,
0

¢ (z), (t,z) € [-7,0] x[0,1],
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x+/0{

Fyu(t,z) = (t,z) € ( ) [0, 1],
¢3(x)7 (t’x) [ ] x [07 1}7

(5,2) +yuz(s — 1, 2)e” ™ — pzus(s, )| ds,

Oug + us(t, x), , T , x [0, 1],
Fsu(t,z) = { Ox (1) (t,x), (t,z)€ (0,00) x [0,1]
and let

Fu(t,z) = (Fiu(t, z), Fu(t,z), Fsu(t, z), Fau(t,x), Fsu(t,z)), (t,z) € [-7,00) x [0,1].

Lemma 2.1. Suppose that (A1) holds. Let v = (u1,uz,us, us,us) € X be a fixed point of the
operator F'. Then (uy,uy,u3) is a solution to the IBVP (1.1)—(1.3).

Proof. Let u = (uy,uz,u3,u4,us) € X be a fixed point of the operator F) i.e., u = Fu. Then,
for (t,x) € (0,00) x [0, 1], we have

u(t,x) = ¢1(x) + bt — | flui(s,z),ua(s, ), us(s,x))usz(s,z) ds — / u(s,x)ds,
0 0

u(t, z) = ¢o(x) + 47 /0 flui(s — 7, 2),ua(s — 7, 2),u3(s — 11, 2))uz(s — 7, x) ds

t
— ug/ ua(s, ) ds,
0
Y, P —exm
uz(t,x) = ¢3(x) + a5y (5,2) +yua(s — 1, x)e” 2™ — pzus(s, ) ) ds,
0
wa(t, ) = 2B.(4,0) + wa(t, o),
4\, Oz 4
0
us(t, @) = S (1) + us(t, ).
From the equations for w4 and us, it immediately follows that:
%“3 (£,0)=0 and 86“3 (t,1) =0, forte (0,00).

Differentiating the first three equations with respect to ¢ recovers the original system (1.1). For
(t,z) € [-7,0] %[0, 1], we have u; (¢, z) = ¢;(z) for j = 1,2,3, which are the initial conditions.
This completes the proof. O

Let B = max { B+ 282 + B (L, Brov! 4 X0 Broatl 4 S0 prowt!) 352,281,
where B is the constant from assumption (A1).
Lemma 2.2. Suppose that (A1) holds. If u € X and ||u|| < B, then

|Fyu(t,z)] < BA+t]), (t,z)€[-700) x[0,1], je{l,...,5}

Proof. For (t,z) € [—7,00) x [0, 1], we have

ki ko

[fur(t,2), ua(t, @), us(t, )| < do+ > dyn [ua(,2) [P0 4+ dj, ua (£, ) [P
i=1 i=1
k3
+ > djiyus(t, ) [P

J=l1
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k’] kz k3
< B+ ZBkal+l + ZBpjk2+l + ZBpj’“3+l,

j=1 j=1 j=1

Let (¢,x) € (0,00) x [0, 1]. Then

[Fru(t, @) < ¢1(x)+bt+/If(ul(s,x)’uz(svw)m(s,x))llUs(s,w)\ds+u1/\U1(s7x)ld8
0 0

ki k> ks
< B+4Bt+ B+) Bt £y Britl 4Ny Brist! | Bt B
j=1 j=1 j=1
ki ka k3
= B+ (B+2B*+B ) Bt 43 " pranatl 4y prantl) ¢
j=1 j=1 j=1
< B(1+1)

and
t
|Fou(t, z)| < ¢o(x) + e~ / [f(u1(s — 11, 2),u2(s — 11,2),us(s — 11, 2))||Jus(s — 71, z)|ds

0
t

) / |ua(s, z)|ds

0
ki k2 k3

<B+ |B+> Brmtl 4 Bratl 4N " prast! | Bt 4 B
j=1 j=1 j=1

ki ko k3
=B+ (2B + B> Brmtl 4y prett £y et | ¢

j=1 j=1 j=1
< B(1+1),
and
t
azu:; —C2T2
|F3u(t,z)] < [¢s(z)| + a@(&ﬂf) +|ua(s — 7, x)|e "™ + pslus(s, x)| | ds
0
< B+3B%
< B(1+1),
and
B
Fru(t.a) < |52(10)]+ lus(t, o)
< 2B
< B(1+t),
and
)
Fu(t,z)] < |52 (t,1)] + |us(t, @)
oz
< 2B
< B(1+1).
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For (t,z) € [-7,0] x [0, 1], we have

|Fju(t, z)| ¢j(z)
B

B(1+t]), je{1,2,3},

IN

IN

and

0
S (0,0)] + fug(t,)|

2B
B(1+ [t]),

IN

|Fyul(t, )|

IN A

and

0
S (0] + Jus(t,2)|

2B
B(1+t]).

|Fsu(t, )|

IN

IN N

This completes the proof.
For w € X and (¢,z) € [—7,00) x [0, 1], define the operators

Slju(tax) = uj(tal')_Fju(tvx)v JE {17"'75}a
Siu(t,z) = (Snult,x),...,Sisu(t,z)).

Lemma 2.3. Let w € X be such that ||u|| < B. Then

|Syu(t,z)] < Bi(1+t]), (t,z) e [-7,00)x[0,1], je{l,...,5},

where By = B + B.

Proof. By Lemma 2.2, we get

[S1ju(t, )| luj(t,x) — Fju(t,z)|
|uj(t’ $)| + |Fju(t’ Z‘)‘

B+ B(1+t|)

IN A

IN

This completes the proof.

Let g € C([-7, ), R ) be a function such that g > 0 on (—7, 00) and
t
21+ [t+7° [ gtdn <A, te o)

-7

for some positive constant A. Such function g exists. Indeed, take

1+Sll\/§+522 511\/2
h(S) = log m, Z(S) = arctan w,
Then
22v/25'0(1 — s22)
(1 —s1y/2 + s22)(1 +8“\/§+822)’

W' (s)

Bi(1+t), (t,z)€[-7m,00)x[0,1], je{l,...,5}.

2.1)
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, O 11V2s10(1 + 5%2)
I'(s) = e , seR, s#=£l

Therefore

—o0 < lim (1+s+5%)3%h(s) < oo,

s—+oo

—o0 < lim (14 s+ s*)%(s) < .

s—too

Hence, there exists a positive constant C so that

(1 +S+52)3 < lo 1+s''v2+5% 4 5

2
442 og 1—s!1/2+4522 arctan S > < Cl’

2\/

s € R. Note that liril] I(s) = % and by [26] (pp. 707, Integral 79), we have

/ dz = ] log Ltev2+4 2 + arctan — 2 .
T+2% 42 T1—2v2+422 22 1—22
Let 10

W= i <8
and

g(t)=Qt+7), te]-7,00).
Then there exists a constant C' > 0 such that

t

2(1+|t|+7)2/ a()dr < C, (ta) € [-7,00).

—T

Let

Then

t

2(1+|t|+7)2/ g(2)dz < A, te -7 o00).

—T

For v € X and (¢,z) € [—7,00) x [0, 1], define the operators

Szj / / t—tl Z‘—S) (tl)Slj (tl, )dsdtl, jed{l,...,5},

Sou(t,z) = (Suu(t,x),...,Ssu(t,x)). (2.2)
Lemma 2.4. Suppose that the hypothesis (A1) holds. If u € X and ||u|| < B, then
ISl < ABy,
where A is the constant from inequality (2.1) and By is the constant defined in Lemma 2.3.

Proof. Suppose that (A1) holds, v € X such that ||ul| < B, (t,2) € [—7,00) x [0,1] and
j€{l,...,5}. Then, we have

Syult, 7)| ‘/i /Ox(t—tl)(x_S)Zg(tl)Slju(t],s)dsdtl

/.

IN

dty

/ “(t— 1) — 5)g(0)[Syulty, 5)|ds
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t

< Bl(1—|—|t|+7)/ (1+ [t )g(t1)dt:
t
< B](l+|t|+7')2/ g(tl)dtl
< ABI)
and
8 t x )
angu(t@) = (x = 5)7g(t1)S1julty, s)dsdty
—7J0
t xT
< / /(x—s)zg(t1)|51ju(t1,s)|dsdt1
—T 0
t
< B / (1 + [t1])g (1)t
t
< B](l+‘t|+7')2/ g(tl)dtl
S AB17
and
a t x
‘axszju(t,x) = ’2/ | =) = s)attSusuttr, sydsde
—7J0
t x
< 2/ /(t—tl)(x—s)g(t1)|51ju(t1,s)\ds ity
—T 0
t
< 2B1(1+|t|+7)/ (1 + |t1])g(t1)dty
t
< 2B1(1—|—|t|+7’)2/ g(t1)dt,
S ABI7
and
82 t x
‘azszju(t,x) = ‘2/ [ =gt Sisuttr s)asde
T —7J0
t x
< 2/ /(t—tl)g(tl)\Slju(tl,s)\ds ity
—T 0
t
< 231(1+|t|+7)/ (14 [t1])g(t1)dty
t
< 2B1(1—|—|t|+7')2/ o(t)dt,
< AB.
Thus, ||Su|| < AB;. This completes the proof. O

Lemma 2.5. Suppose that the assumption (A1) holds. If u = (uy,uz,u3,u4,us) € X satisfies

the equation

Syu(t,z) =

D, (t,z) €[-7,00) % [0,1], (2.3)

for some constant vector D, then (uy,uy, u3) is a solution to the problem (1.1)—(1.3).

Proof. Recall the definition of the j-th component of S,: For (¢, z) € [—7,00) x [0, 1],

Syu(t,z) = /_ /Ox(t —t1)(z — 5)%g(t1)S1ju(ty, s)dsdty, je€{l,...,5}.
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Since equation (2.3) holds identically for all (¢, ), we can differentiate both sides. Differentiat-
ing twice with respect to ¢ and three times with respect to x yields:

» .
WSzju(t,x) =0, (t,z)€e[-7,00)x][0,1], je{l,...,5}
Let us compute this derivative step by step. For (¢,z) € [-7,00) x [0,1] and j € {1,...,5}, we
have

a t x
&Szju(t, x) = / / (z — s)2g(t1)Slju(t1, s)dsdty,
—7J0

0? e
@Szju(t,x) = /0 (z — 5)?g(t)S1 u(t, s) ds,
3

%SZJ'U(LQ?) = 2/0 (x — s)g(t)S1ult, s) ds,

4 x
Lszju(tw) = 2/ g(t)Siu(t, s) ds,
0

02202
and
5‘5
g St ) = 2g()Siult, ).
Since
9
W52ju(t,$) =0, forall (t,z)€[-7,00) % [0,1],

then

g(t)Siu(t,z) =0 forall (¢,z) € [-7,00) x [0,1], je{l,...,5}

Since ¢(t) > 0 on (—7, 00), it follows that Sju(t,z) = 0 on (—7,00) x [0, 1]. By the continuity
of Sju, this equality extends to the domain [—7,00) x [0, 1]. Since each solution of the equation
S1u = 0 is a fixed point of the operator F, we deduce thanks to Lemma 2.1 that (u, uz,u3) is a
solution to the problem (1.1)—(1.3). This completes the proof. O

3 Proof of Theorem 1.1

The following fixed point theorem, which extends the result in [20, Theorem 3.1.7], will be used
to establish the existence of at least one nontrivial nonnegative solution to problem (1.1)-(1.3).
A similar result can be found in [3, Theorem 2.7].

Let P be a cone in a Banach space E. For two numbers 0 < r < R, we set

P.={zeP:|z|<r}, andP.p={xeP:r<|z| <R}

Theorem 3.1. /21, Theorem 1] Let o, > 0, a # (3, and define r = min(a, ) and R =
max («, B). Assume that T : P — E is an expansive map and S : Pr — E is a completely
continuous map. Suppose that S(Pgr) C (I — T)(P), and there exists ug € P\{0} such that the
following conditions hold:

Sz # (I —=T)(xz—Aug) forall X\ >0, x € P, N (P + Aug),
Sz # (I —T)(Ax) forall \>1+¢, x € IPg, for some e > 0 sufficiently small.
Then T + S has a fixed point x € P, g.

Let X be the space used in the previous section and r and R be positive constants that satisfy
the following conditions
r< R<B,

where B is the constant which appears in condition (A1). Set

P={ueX:u>0 on [-7,00)x[0,1]}.
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With P we will denote the closure of the set of all equi-continuous families in P. Forv € X and
(t,z) € [-7,00) x [0, 1], define the operators T} and S5 as follows

Tw(t,z) = (14+me)v(t, ),

Syu(t,x) = —eSw(t,x) — eABy — mev(t, ),
where € is a positive constant, m > 0 is large enough and the operator 5, is given by formula
(2.2). Here, A is the constant which appears in formula (2.1) and B = (By, ..., B;) € R with
By is the constant of Lemma 2.3. From Lemma 2.5, we deduce that if (w] , Wy, W3, Wy, w5) e X
is a fixed point of the operator Ty + S3, then (w, w2, ws) is a solution to the IBVP (1.1)—(1.3).

Define
P-={veP:|v|<r}, and Pr ={v e P:|v|| <R}

(i) For vy, v, € P, we have
[Tyvo1 = Thva|| = (1 + me)|oy — vall,
whereupon 77 : P — X is an expansive operator with a constant h = 1 4+ me > 1.
(i) Forv € Pg, we get

S50l

IN

€||Sav|| + €ABy + me||v|]

IN

€ (ZAB] + mR) .

Therefore S3(Pg) is uniformly bounded. Since S3 : Pr — X is continuous, we have that
S3(Pg) is equi-continuous. Consequently, S; : Pr — X is completely continuous.

(iii) Let v; € Pg. Set
1 1
vy = v + —5v + —AB;.
m m

We have v; > 0 on [—7,00) X [0, 1]. Therefore v, € P and

—emuy, = —emuy — €51 — €AB;
or
(I-T)vy, = —emw
== 531)1.

Consequently, S3(Pr) C (I — T1)(P).
(iv) Assume that for any vy € P* = P \ {0}, there exist A > 0 and v € P, N (P + Avp) such

that
531} - (I - Tl)(’U - )\’U()).
Then
—eSv — eAB; — mev = —me(v — Avy),
or
—Sv = mAvg + AB;.
Hence,

||S2v]| = ||mAve + ABy|| > AB;.
This contradicts Lemma 2.4.

(V) Lete; = 3;2—31;‘. Suppose that there exists a v; € 9Pr and A\; > 1 + ¢; such that

S3U1 = (I—T1)()\111]).

Then,
eSHv1 + €ABy + mevy = A\imevy.
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Hence,
AimeR = Myme||vy||
< GHSZ’UIH + eAB; —i—me||v1||
< 2¢AB; + meR,
whereupon
2AB,
A <1
1= + R
< 1+e¢.

This is a contradiction.

Therefore all conditions of Theorem 3.1 hold. Hence, the problem (1.1)—(1.3) has at least one
nonnegative solution.

Example 3.2. In the context of our generalized HBV model (1.1), we consider the function given
by

flur,u,u3) = Pu
T 1 + d1uq + douz + brax + 6 |U3—Oé|
where (3, 01,2, > 0 are constants. The function f(uy,uy, uz)us = 1+5Iu]+52£i‘£~;+&‘mﬂl is

a novel extension of the classical Beddington-DeAngelis incidence function, which can be used
to model the rate of new infections in hepatitis B [30, 32], where u is healthy cells and us3 is free
virus. It incorporates standard mass action kinetics Sujus and saturation effects 1 + d,u; + drus
but adds a key nonlinear regulatory term, d, |u3 — |, which dependents on a critical viral con-
centration, «. This creates a "phase transition" in the infection’s dynamics, causing the system’s
behavior to change significantly once the viral load crosses this threshold, which could corre-
spond to triggering a strong immune response [2, 13] or a shift from acute to chronic infection
[1]. Moreover, the product f(uy,uz,u3)us is continuous and strictly increasing for uy, uz > 0
ensuring that higher concentrations of healthy cells or virus particles lead to increased infec-
tion rates. This behavior is consistent with biological principles, although saturation prevents
unlimited growth, thus strengthening its biological plausibility.

On the other hand, the function f satisfies the condition (A1). Indeed, f is continuous on R?
and satisfies

|f (w1, u2,u3)| < Blui|, (ur,u2,u3) € R,

which corresponds to
ki =ky=k =1,

do =0, dix, = B, dir, =0, dix, =0,
and
Pk, = 1, pix, =0, p1g; = 0.
Let ¢1, ¢2, ¢3 be any nonnegative functions in C([0, 1]) and

9¢;(z)
ox

&¢;(x)

0x?

M = max{ max ¢;(x), max

, max
z€[0,1] z€(0,1]

,j =123}
z€[0,1] J }

We put
B :max{lvﬁ77—l77—23 ba M1, C1, M2, @, 7, C2, U3, M}

where 71,7, b, p1, ¢1, p2, a, 7y, ¢2, 13 are the nonnegative constants of the system (1.1). Con-
sequently, Theorem 1.1 applies, ensuring the existence of at least one bounded nonnegative
solution to the initial-boundary value problem (1.1)—(1.3) for this biologically motivated and
non-smooth incidence function.
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4 Proof of Theorem 1.2

We first recall the precise definition of Ulam-Hyers stability for our problem. For more details
on this theory, readers are referred to [19], [23] and [28] and references therein.

Definition 4.1. The initial-boundary value problem (1.1)-(1.3) is said to have Ulam-Hyers sta-
bility in [—7, T x [0, 1], T" > 0, if there exists a real number ¢ > 0 such that for each ¢ > 0 and
for any functions vy, va,v3 € C'([—7,T], C*([0,1])) satisfying

9o (t,x) — b+ fui(t, @), 0t 2), v3(t, 2))v3(t, z) + mor (¢, 2)| < e

8“’ 2(t,x) — f(ur(t =7, 2),0(t — 71, @), 03(t — 1y, ) )v3(t — 71, 2)e T 4 ,uzvz(t,x)‘ <e

%(t,x) a (t x) — vt — T, x)e" 2T + mm(t,x)‘ <e, (t,x) € (0,7] x[0,1],

“4.1)
lui(t,z) — ¢i(z)] < e
|va(t, z) — ()| < €
lvs(t, z) — d3(z)| <€, (t,z)€[-T,0] x[0,1], 4.2)
and 5 5
%(m) = %(t, 1)=0, te(0,7], (4.3)

there exists a solution (u1,uz,u3) of (1.1)-(1.3) such that:

|u1(t7x) — U1 (t,l‘)|
ua(t, ) — va(t, )|
|U3(t,33) - U3(t,:L‘)|

Let ¢ > 0 be arbitrarily and T > 0 fixed. Suppose (v1, v2, v3) satisfies the approximate system
in the above definition. The first two inequalities of (4.1) yields:

ce,
Ce,

ce, (t,z)€[-7,T]x[0,1].

VAN VANRVAN

t t

vi(t, ) —v1(0,2) — bt + /(f(vl(sw),vz(s,x),v3(s,x))v3(s7x)ds + /vl(sm))ds < et,

0 0

va(t, z) — 12(0, x) / (vi(s —71,2),v2(s — 11, 2),v3(s — 11, 2))v3(s — 7, x)e” O
0

— upvp(s,x))ds| < et,

(t,z) € (0,T] x [0,1]. Let

v 0 .
Q(t7$) = aii(twf) - aaTZS(t’x) — ’7’02(t — Tz,l‘)e—(’sz + M3U3(t,$).

So,
lg(t,z)] <e, for (t,z) € (0,T] x [0,1].

Let (uy,us,u3) be a solution of (1.1)-(1.3) given by Theorem 1.1 with:
uj(t,xz) = ¢;(x), for (t,x) e [-7,0] x[0,1], j =1, 2, 3.

The functions u; and wu; can be expressed in integral form:

¢ t
w(t,z) = z)+bt— | f(u ), ua(s, ), uz(s, x))uz(s,z)ds — p1 | wi(s,z)ds,
e /
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t

u(t,r) = ¢2($)+/f(ul(8—Tl,x)auz(s—7'1,35)’“3(5—71793))“3(5—Tl,$)@_cnd5
0

uz/t 2(s, z)ds.
0

Let us consider the periodic extensions of the functions u;,v;, j = 2,3 to [-7,7] x R and of
the functions ¢;, j = 2,3 to R defined by:

Wi 2) = u;(t,x — 2k) if v € 2k, 2k + 1]
w;(t,2k+2—z) ifexe2k+1,2k+2], keZ, j=2,3

5 (t2) :{ ojlte =2k) ifw €[22k + 1] |
vj(t,2k+2—x) ifxe2k+1,2k+2], keZ, j=2,3
7.(2) _{ Gilw=2k)  ifweh2k+1] |
¢;Qk+2—x) ifreRk+1,2k+2], keZ, j=203.
Let
q(t,z) = %?(t’ z)—a %(t z) =Y (t — T2, )™ + psts(t, @), (t,x) € (0,T] x R. (4.4)

Remark 4.2. (i) For each j = 2,3 @;, v; inherit on [—7,T] x R, the smoothness properties of
u;, v; on [—7,T] x [0, 1]. More precisely, u;, v; € C'([-7,T],C*(R)), j = 2,3.

(ii) For all z € R, there exists y € [0, 1] such that

Ui (t,x) = u;(t,y), 5i(t,2) =v;(t,y), o;(x) = ;(y), j =2.3,

and
82:[73 82’03 32ﬂ3 82u
W(t,fﬂ) = Tyz(tvy) and W(t7l’) 6 a7 (t y) [ T,T].
Then,
m[gﬁlluj(t vy) = vj(ty)l = max|u; (¢, @) —v,(t,2)], j=2,3, t € [-7, T},
xre
and

q(t, ) = q(t,y),t € (0,T].
Then we deduce that
lg(t,x)| < e for (t,z) € (0,T] x R.

Solving the equation (4.4), we obtain

(0, €)e S mst g

B (t, 7) —zﬁﬁf

(x—y)*
(s = 72 y)e 7 +(s,y)) e w0 dy s,

[ v /_Z (s

(t,z) € (0,T] x R. Therefore

(z—€)?

N 1 7~
B = / $3(§)e i TItdg

t

v ] o

(t,2) € (0,T] x R.

(s~ mo)e™m) ¢ BT gy,
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Hence,

|ﬂg(t l‘) — 53(1f JJ)|

_2\/1(17/% (0,€))e”

t

1 T ~ ~
+O/ Wﬁ (¥(@a(s = 72,y) = Dals — 72, 9))e

2
=g *#ﬁdg

-T2

(z—y)
— (s, y))e =m0 dyds

z—g)?
< ‘ ‘ — sty
< 5= / 33(6) — 5(0,€) ¢
¢
U(s —m (s — 7, y)|le” 2"
/2 W_S/ﬂ )~ als — 72,)
(o —p)?
Hg(s, y) e w0 dyds
¢ 2
(x—vy)
< e+et+ e_cm/ / (s — m,y) — Va(s — 1, e et M=) gy
gl 2\/m Ju ( y)l y
t max |uy(s — m,y) — (s — 7, y)|
< etet+ 76—6272/ yer o )l ! / e‘fz%f)_m(t_s)dyds
- / 2\/am(t —s)
— 00
¢
< e+et+ e 2™ m[ax] lua(s — 72,9) — va(s — 12, y)| ds
0,1
< etet+ e 2 / max] |2 (y) — va(s — 72, y)| ds
0,1
¢
+ve72™ [ max |ux(s —m,y) —v2(s — 12, y)| ds
y€[0,1]
T2
¢
< et et +eyme 2 +ye 2™ [ max |ux(s — m,y) — va(s — m,y)|ds
0,1
J y€[0,1]
t—m
< et el + eyme 2 4 e 2 / m[ax} lua(s,y) — va(s,y)|ds
y€[0,1
< e+ el +eyme 27 + 'ye_cm/ m[ax lua(s,y) —va(s,y)|ds, (t,x) € (0,T] x R.
y€l[0,1

Finally, we have

t

[us(t, z) — 03(t, )| < €+ €T + eyme™ 2™ 4 ye~ 2™ f m[axl] lua(s,y) — va(s,y)|ds,
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for all (¢,z) € (0,T] x R. Then

[u3(t: %) = v3(t, )] < €+ €T+ eyme™ @™ +ye™™ [ max [u(s,y) — va(s,y)] ds,

for all (¢,x) € (0,7] x [0, 1].
On the other hand we have

|u2(tv x) - Uz(t, ]J)|

t
+/f U1 S_Tl’ Uz(S—Tl,x),u:;(s—Tl,x))u3(3_71,x)6—071d5
0

t

—uz/uz(s,x)ds — (L, x)

0

IN

t
vt z) —v2(0, ) / (vi(s = 71,2), v2(s — 71, 2), v3(s — 71, @) Jus(s — 71, @)e” s
0

t

i / va(s, 2)ds

t
—}—‘/f ur(s — 71,2),u2(s — 11, ), uz(s — 71, x))us(s — 1, z)e”"'ds
0

+ [p2(z) — v2(0,2)|

t
/ (vi(s —71,2),v2(s — 11, 2),v3(s — 1, 2))v3(s — 71, x)e” 9 Tds
0

t

+o / lua(s, z) — va(s, )| ds

IN

et+e+We_C‘T‘/|U3(s—Tl,x)—113(8—Tl,x)|ds+u2/|u2(s,x)—vz(s,x)\ds

IN

et+e+We_c‘T‘/|¢3(x)—v3(s—71,:1:)|ds

"r‘WeiclTl/|U3(S—T],$)—U3(8—T],IL‘)‘dS-F,Uz/le(S,x)—Uz(s,:ﬁ)‘ds

T1
t— T1
et +e+erWe @7 4 We™ 0™ / luz(s, ) — v3(s, m)|d3—|—u2/|u2 s,x) —va(s,x)|ds
0

IN

IN

et +e+enWe 9T 4 We™ 4™ / lus(s, ) — v3(s, z)|ds + pa / lua(s, ) — va(s, x)| ds
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¢
<et+e+erWe T L We T /(e + €T + eyme 2™
0

+’ye_czn/ max |uy(¢, y) — v2(¢, y)| dC)ds
ye[())l]
0

t

+p2 / luz (s, ) — va(s,x)| ds
0
<et+et+enWe " +We " (et + €Tt + eyme @7t

t
+’ye_°'mt/ max |uz(s,y) — va(s,y)| ds)
yE[O,l]
0

t

+u2/\uz(s,x)—v2(s,x)|ds
0

<et+e+eWe (1 +t+Tt)+ We T yme 7t m[ax] lua(s,y) — v2(s,y)|ds
y€[0,1

t
+,u2/ max |ua(s,z) — va(s, )| ds
z€[0,1]
0

<THet+eWe O (r +T+1T?)
t

+(We™ " yme™ 7T + ) / m[%xl] luz (s, ) — va(s, )|,
5 xel0,
for all (¢,2) € (0,T] x [0, 1].
Finally, we have

lua(t, ) — va(t,z)] < €l +e+e(r+T+THWe 7T

t
+(We™ M yme™ T + up) / m[ax] lua(s, z) — va(s, )| ds,
z€|0,1
0

for all (¢,z) € (0,T] x [0, 1]. Then
m[%x] lua(s,2) —va(s,x)] < €T +e+e(r +T+T*)We an
ze(0,1

t
+(We™ " yme 2T + ,uz)/ m[%xl] lua(s, z) — va(s, )| ds,
xe|0,
0

for all ¢ € (0,T]. We now establish a crucial estimate for the difference between u, and v,. Let

us define
o(t) = max |up(t, z) — va (¢, ).
wE[Ovl]

This function ¢ € C((0,7],R.) and satisfies the following integral inequality:

t
d(t) < eTHe+e(n +T+THWe ™™ 4 (We 1 Tyme” 27T 4 1) / o(s)ds.
0
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Applying the Gronwall inequality, we get

¢
(We™1Tlyme™ 22T +p,) [ ds

o(t) < (T+e+e(n+T+THWe e 0
< (I'+e+e(n+T+ Tz)Wefc‘T‘ )6<W870m yme” 22T )t
< €(TH 1+ (n+T+THWean)eWe 1 yme 22T Hn)T
< ke forallte (0,T],

where the non negative constant k; is given by
ki =(T+ 1+ (n+ T +T)Wearm)eWe ime 22T 4pn)T,
This establishes our desired uniform bound

m[ax]|uz(t,x) —v(t,x)| < ke, forallt e (0,7,
€0,1

and consequently
lua(t, ) — va(t, z)| < kre, forall (¢,z) € (0,T] x [0, 1].

Returning to our earlier inequality for |uz — v3| and incorporating the bound we just established
for |uy — va|, we obtain

lus(t,x) —v3(t,z)] < e+ €l +eyme 2™ 4+ ye 27 m[%xl] luz(s,y) — va(s,y)| ds
yel,

t

< e+ €T+ eyme 2™ 4 e~ 2™ /(ekl )ds
0

< e+ €T + eyme 2™ + eye” 2Nkt

< (14 T+ yme " +ye” 7k T)

< €ky, forall (¢t,z) € (0,7] x [0, 1],

where the non negative constant &; is given by k, = (1 + T + yme™ %™ 4 ye~ %™k T). Finally,
we establish the corresponding bound for the first component:

|u1 (tv .23) — U1 (tv 1‘)|

t

= |¢1(z) + bt — /f(ul(s,m)mz(s, x),u3(s, z))uz(s, z)ds — /ul(s,x)ds —wvi(t,x)
0

0

t

v1(t,z) —v1(0,x) — bt + /(f(m (s,x),v2(s,2),v3(s,x))v3(s,x)ds + i /m (s,x))ds
0

0

IN

t

+/\f(ul(s,:v),uz(s,x),U3(s,x))U3(s,x) — f(vi(s, ), va2(s, ), v3(s, x))vs(s, x)|ds

0

o) — 0 (0,2)] + m / s (s, 2) — 1 (s, )| ds
0

t t
< et—i—e—{—W/h@(s,x)—v3(s,x)|ds+,u1/\ul(s,x)—m(s,xﬂds
0 0
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t t
< et+e+W/k‘2€ds+,u1/|u1(s,x)—vl(s,x)\ds
0 0
t
< et+6+€Wk2t+/L1/|u1(s,x)71)1(5,9:)|d5
0
¢
< €T+ e+ eWhkT + 1 / lui (s, z) —vi(s,x)|ds, (t,x) € (0,T] x [0,1].
0

Applying the Gronwall inequality, we get

t

lui(t,z) —n(t,z)] < (eI +e+ eszT)em {ds
< (T + e+ eWkyT)ettt
< T+ 1+ WhkT)em”
< ks, (t,x)e(0,T]x[0,1],

where the non negative constant k3 is given by
ks = (T + 1+ WkyT)eMT,

Set
Cc = max{l, kl, kz, k3}

Then we have

lur(t, ) — v (¢, )] < ce,
lua(t, z) —va(t, z)] < ce,
lus(t, z) —v3(t,z)] < ce,

forall (¢,x) € [—7,T] x [0, 1]. This establishes that the system (1.1)-(1.3) is Ulam-Hyers stable
according to Definition 4.1. This completes the proof of Theorem 1.2.

Pui
1+ 01u; + douz + o + 52‘U3 — Oz‘
ously analyzed function in Example 3.2 and define
Pui
f(ul,u27u3) =< 1+6u +52U3+52Q+52|U3705|
0 otherwise

Example 4.3. Let us consider (u1,up,u3) +> the previ-

if uy, up,uz3 >0

where f3,01,0,« > 0 are constants. Recall that the function (uy,up,uz) — f(ur,us, uz)us
describes a novel extension of the classical Beddington-DeAngelis incidence function, which can
be used to model the rate of new infections in hepatitis B. This function is Lipschitz continuous
on IR?, and if we assume that |u; — v;| < |u3 — v3|, which means that the magnitude of change in
the viral population w3 is greater or equal to the magnitude change in the healthy cell population
u1, one can easily show that there exists a constant W > 0 such that

|f(ur, uz, uz)uz — f(vr,v2,v3)v3] < Wuz — v3].

Since f satisfies the condition (A1) and the Lipschitz type condition (1.4), Theorem 1.2 ensures
that the initial-boundary value problem (1.1)—(1.3) is Ulam-Hyers stable on [—7, T x [0, 1] for
any 7' > 0.

Conclusion

In this work, we investigate the existence of nonnegative bounded solutions for an initial-
boundary value problem arising from a generalized hepatitis B virus (HBV) model. Unlike
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previous studies requiring continuously differentiable incidence functions, we extend the analy-
sis to the more general case of merely continuous functions. Our approach is based on the use of
fixed-point theory for sums of operators. The key steps in proving the main result are as follows:
first, we derive an integral representation of the solutions for the considered problem. Then, two
suitable operators are constructed such that the fixed points of their sum correspond to solutions
of the problem.

Furthermore, we establish Ulam-Hyers stability under sufficient conditions. This property
is critical for real-world applicability, as it ensures that numerical approximations or parameter
estimations remain reliable despite inherent uncertainties in clinical or epidemiological data.
Such robustness bridges the gap between theoretical models and their practical use in public
health decision-making.

Finally, our framework offers an adaptable tool for studying other complex epidemiological
systems with non-smooth dynamics, opening new ways for mathematically rigorous yet biolog-
ically relevant modeling.
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