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Abstract. This paper investigates iterative learning control (ILC) for a class of nonlinear ran-
dom differential inclusion system (RDIS) involving set-valued random structures and uncertain
evolution processes. By employing measurable selection theory and convex analytical tech-
niques, the inclusion system is converted into a random differential formulation. The ILC laws
are constructed to improve tracking performance over repeated iterations. Sufficient asymp-
totic convergence criteria are derived in the A-norm concepts using Lipschitz conditions and
Gronwall-type inequalities. Finally, the RDIS examples validate the theoretical findings and
demonstrate the effectiveness of the proposed random iterative learning methodology.

1 Introduction

Random differential equations (RDEs) with inclusions constitute an important mathematical
concepts for modeling uncertain systems involving randomness, multifunctions, and nonunique
evolution processes. These systems generalize classical differential equations through random
effects and set-valued mappings, leading to extensive applications in optimization, economics,
control theory, engineering, and biological sciences. In this direction, Andres et al. (Refn.
[5]) investigated random topological degree theory for random differential inclusions using non-
linear topological methods and contributed to measurable multifunction analysis in infinite-
dimensional random systems. In a related development, Ivanovich (Refn. [25]) developed
strong graphical laws for random semicontinuous mappings through probabilistic convergence
methods. Furthermore, Papageorgiou (Refns. [36, 37]) established existence results for random
differential inclusions and random fixed point concepts in Banach spaces. Raczynski (Refn.
[42]) discussed uncertainty treatment in economic growth using differential inclusions. Aubin
et al. (Refn. [7]) introduced foundational concepts of differential inclusion theory and advanced
viability analysis for constrained nonlinear systems. Aumann (Refn. [8]) formulated integrals
for set-valued functions through measurable multifunction techniques. Bharucha-Reid (Refn.
[9]) established probabilistic fixed point principles for random systems. Ponosov (Refn. [38])
presented fixed-point approaches for stochastic equations and local operators. Smirnov (Refn.
[48]) discussed theoretical foundations of differential inclusion systems. Moreover, De Blasi et
al. (Refn. [17]) investigated nonconvex boundary value problems (BVPs), while contributed
structural properties for nonlinear inclusion systems. Schilling (Refn. [45]) developed com-
putational methods for BVPs in differential inclusions. Palimkar (Refns. [34, 35]) discussed
theoretical aspects of random differential inclusions and contributed existence analysis for ran-
dom multivalued systems. Caraballo et al. (Refn. [11]) analyzed random inclusion systems
and investigated random evolution concepts, and clarified relationships between stochastic and



ITERATIVE LEARNING CONTROL 77

random differential inclusions. Finally, Zhang et al. (Refn. [60]) discussed random network cod-
ing through differential inclusion techniques, while contributed analytical concepts for random
communication systems.

ILC is increasingly applied to RDEs and inclusions to handle uncertainties and randomness
in system trajectories and initial conditions. ILC strategies seek to improve system performance
over repeated operations by adjusting controls based on previous executions, which is critical
for systems where random factors disturb the expected outcomes. Recent studies have proposed
ILC strategies for high relative degree systems with random initial shifts, demonstrating that
these controllers can achieve accurate tracking despite random disturbances, by properly select-
ing control gains and using difference equations in the control law. ILC is used in multi-agent
systems, robotics, industrial process control, and networked control systems subject to random
noise and variability. There is extensive literature available to understand ILC. Interested read-
ers may refer to the following works. Uchiyama (Refn. [53]) introduced trial-based learning
concepts for high-speed robotic motion, forming an early foundation of iterative improvement in
repetitive control tasks. Arimoto et al. (Refn. [6]) introduced learning-based robotic control for
repetitive operations and introduced mathematical foundations for iteration-based error compen-
sation in robotic systems. Bien et al. (Refn. [10]) developed systematic analytical and design
concepts for ILC with convergence-oriented methodologies. Furthermore, Chen et al. (Refn.
[14]) provided rigorous convergence and robustness analysis for repetitive systems. Ahn et al.
(Refns. [4, 32]) established ILC robustness and monotonic convergence conditions under system
uncertainties. De Wijdeven et al. (Refn. [18]) strengthened monotonic convergence guarantees
for uncertain systems. Moreover, Saab et al. (Refn. [44]) provided early support for adaptive
tracking of slowly varying trajectories. In contrast, Chen et al. (Refn. [13]) addressed nonrepet-
itive uncertainty effects in iterative learning performance. Furthermore, Xu et al. (Refn. [58])
addressed time-varying uncertainty in tracking tasks, while Xu (Refn. [57]) further strengthened
nonlinear ILC theory through a comprehensive survey of convergence and robustness results.

Advanced algorithms incorporate adaptation and robustness to address the challenges posed
by random and uncertain environments typical in RDEs and inclusions. Despite notable advance-
ments in ILC for systems governed by RDEs and for various forms of differential inclusions,
there remains a marked lack of research explicitly addressing ILC for RDEs with inclusions.
Existing literature with ILC for impulsive or stochastic systems and separately, with inclusions
or random effects, but there are very limited works exploring the synergy of these two challeng-
ing aspects within a unified ideas. Recognizing this research gap, the present study is motivated
to systematically develop the concept of ILC specifically tailored for RDEs with inclusions. In a
related development, Chen et al. (Refn. [12]) studied ILC for high relative-degree discrete-time
systems with random initial shifts using convergence and control-theoretic analysis, improving
learning performance in nonlinear discrete-time settings. Qiu et al. (Refns. [39, 40]) investigated
ILC for differential inclusion systems with random fading channels using averaging techniques,
ensuring convergence and stability, and further studied convergence analysis of impulsive differ-
ential inclusion systems with randomly varying trial lengths. Moreover, Qiu et al. (Refn. [41])
investigated quantized ILC under data dropouts and communication constraints. Liu et al. (Refn.
[30]) proposed ILC for multi-agent systems with random noises and measurement limitations,
addressing convergence in the presence of communication constraints. Gu et al. (Refns. [21, 22])
developed D-type ILC for one-sided Lipschitz nonlinear systems, while further extending results
to consensus problems in multi-agent concepts with convergence and coordination guarantees.
In addition, Li et al. (Refns. [28, 29]) analyzed and developed ILC for nonlinear and linear sys-
tems with randomly varying trial lengths, establishing robustness and convergence. Finally, Yu et
al. (Refn. [59]) extended D-type and norm-optimal ILC to high-speed train systems, achieving
improved tracking performance and robustness in practical high-speed railway applications.

Current research on fractional differential equations, ILC with random impulses and func-
tional differential structures focuses on modeling uncertainty, memory effects, and BVPs in
infinite-dimensional Banach spaces. These concepts extend classical differential equations by
incorporating fractional-order operators, random perturbations, delay effects, and set-valued or
random influences, leading to rich analytical challenges in existence, stability, controllability,
and numerical approximation of solution sets. In this direction, Li et al. (Refn. [27]) investigated
second-order random impulsive differential equations RIDEs with BVPs using upper and lower
solution techniques, establishing existence results and analytical conditions within impulsive
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random concepts. In a related development, Ferhat (Refn. [19]) established existence results for
coupled random fractional-order functional differential systems with infinite delay using fixed-
point techniques and functional analysis, contributing to theoretical developments in systems
with memory, delay, and stochastic coupling. Tamilarasi et al. (Refn. [52]) studied approxi-
mate controllability for fractional semilinear delay systems with random impulses, strengthening
controllability theory in impulsive fractional concepts and second-order RIDEs using analytical
techniques, establishing existence and qualitative results within impulsive stochastic differential
concepts and extending theoretical understanding of random nonlinear evolution systems. In
addition, Vivek et al. (Refn. [55]) developed ILC for Hilfer-type fractional quaternion-valued
impulsive systems, ensuring convergence and stability in nonlinear fractional system. Abdul-
wasaa et al. (Refn. [2]) formulated fractal-fractional models for COVID-19 outbreak prediction,
providing analytical forecasting concepts for epidemic dynamics. S. Ahmad et al. (Refn. [3])
analyzed nonlinear epidemic models for COVID-19 transmission dynamics. Furthermore, Shah
et al. (Refns. [46, 47]) established Hyers-Ulam stability criteria for impulsive fractional Cauchy
problems and collocation methods for fractional COVID-19 models, providing efficient numer-
ical schemes for complex epidemic systems. In the existing literature, Vivek et al. (Refn. [54])
investigated convergence analysis for nonlinear impulsive pantograph equations involving Hilfer
fractional derivatives under ILC strategy, while Vivek et al. (Refn. [56]) also developed a P-type
ILC approach for impulsive pantograph equations and derived suitable convergence conditions.
Gayathri et al. (Refn. [20]) developed an ILC concepts for nonlinear random impulsive systems
with application to soft robotic actuators under random perturbations and impulsive phenom-
ena. Moreover, Sunmitha et al. (Refn. [50]) investigated ILC for switched fractional systems
with non-instantaneous impulses, while Sunmitha et al. (Refn. [51]) studied P-type ILC for
quaternion-valued systems with applications to soft robotics. Finally, Louakar et al. (Refn. [31])
examined ILC for Hilfer-type fractional stochastic differential systems in robotic applications,
addressing convergence and robustness in stochastic fractional control concepts.
Motivated by the aforementioned studies, we consider a nonlinear RDIS given by

Dz (t,w) € €09 (t,w, z(t,w)) + My (t,w),t € J :=[0,T], (1.1

ri(t,w) = Nz (t,w), '

where [ € N denotes the iteration index. The mapping ¢ : J x Q x R® — R"™ is a bounded
set-valued mapping. Here ¢o0¥ (¢, w, z;(t,w)) denotes the closure of the convex hull of the set
G (t,w, z/(t,w)). Moreover, z/(t,w) € R™ v (t,w) € R™ and r,(t,w) € R™ represent the state,
control input and output of system Eq. (1.1), respectively. The matrices M, N € R"*" are given
constant real matrices.

The desired output trajectory is denoted by rq(t,w) € R™, and the tracking error is defined
as e(t,w) := rq(t,w) — r(t,w). A random process z;(-,w) € N(J,R", Q) is said to ba a
solution of system Eq. (1.1) if there exists a measurable selection g; : J x Q — R"™ such that
g1(t,w) € e09(t,w, z(t,w)) for almost every ¢ € J, (Refn. [34], Theorem 3.4.2 , Page 36) and
the following integral equation holds for all ¢ € J,

z(t,w) = ap(w) + /Ot(gl(s,w, z2i(s,w)) + Mu;(s,w))ds, (1.2)

where ag(w) denotes the random initial condition.
For the system Eq. (1.1), we introduce the following ILC laws
(L1) D-type open-loop ILC law (Refn. [15], Eq. 7, Page 3)
vt (6, w) = vi(t,w) + Sqé (¢, w),
2410, w) = 2(0,w) + Cer (0, w), (1.3)

where Sy, ¢ € R"*™ are constant learning gain matrices.
Without loss of generality, we assume z1 (0, w) = 0.
For convenience, define the incremental variables.

Az (t,w) 1 =z (tw) — z(t,w),
Avi(t,w) : = v (t,w) — v (t,w).
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(L2) PD-type open-loop ILC law (Refn. [23], Eq. 2, Page 1759)

v (t,w) = vt w) + Sper(t,w) + Saéy(t, w),
Zl+1(07w) =z (0,0.)) + (el(O,w), (1.4)

where S, S¢ and ¢ € R™*" are constant learning gain matrices.
(LL3) PD-type closed-loop ILC law (Refn. [61], Section 3, Page 4506)

Ul+1(t7 OJ) = Ul(ta w) + Spel+1 (t7 w) + Sdél+1(t7 (.d),
21(0,w) + Ce; (0, w), (1.5)

Z1+1 (Ou W)

where S, Sq and ¢ € R™*" are constant learning gain matrices.

2 Prerequisites

We adopt the some ideas and auxillary results from (Refns. [1], Section 1, Page 129, [16],
Section 2, Page 317, [43], Section 2, Page 79, and [49], Section 1, Page 539)

Let (Q,.%,P) be a complete probability space.

Let i : Q — R™ be a random vector defined by

H(@) = (1), 1), i) € BT,

with the Euclidean norm

1/2

@)l = (X Ins(@)P?)
j=1
Let A(w) : Q — R™¥™ be a random matrix.

The induced matrix norm is defined by

AWl = max, |Aw)ul|-

Let
C(JL,R",Q)={z: JxQ—=R"|z(,w) € C(J,R", Q) for almost everyw € Q}.
For z € C(J,R", Q), define the random sup-norm

H$(~7w)||c = sup ||x(77w)|\
TeJ

For each w € Q, define the weighted random norm

|z w)l[x = sup (7, w)[[e™ T, A > 0.
TE

For a random center z(w) € R™ and a deterministic or random radius r > 0, define the random
closed ball

B(z(w),r) = {y(w) € R" : |Jy(w) — z(w)|| < r almost surely}.
Moreover, define
CY(J,R", Q) = {z(,w) € C(J,R", Q) : 9; z(-,w) € C(J,R", Q) almost surely}.

Here dy denotes the Hausdorff distance.
Futhermore, Conv(R™, Q) denotes the family of random convex compact sets, and B(R", Q)
denotes the family of random bounded sets in R".
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Definition 2.1. (Refn. [1], Section 2, Page 130) Random Carathéodory function: A function
4 JxQxR"™ — R" is called a random Carathéodory function, if the following conditions are
satisfied:

+ For each z; € R, the function (t,w) — 4 (¢, w, z;) is jointly measurable on ¢t € J, w € Q.

» Foreacht € J, w € Q, the function z; — ¥ (t,w, 2;) is continuous on R™.
Lemma 2.2. There exists a mapping

Sgn : (Conv(R"™,Q),dy) — L°(Q,R")
such that
Sgn (X)(w) € X(w) almost surely,
and for every pair of random convex compact sets
Xi(w), X2(w) € Conv(R™, Q),
the following Lipschitz estimate holds almost surely:
SR (X1)(w) = S (X2) ()] < Brdu (X1 (w), X2(w)),

where 3, > 0 depends only on the dimension n.

Proof. For each convex compact set K C R” define its Steiner point by

S(K) = U(Sln_l) /S whie (u) do(u),

where S”~! denotes the unit sphere in R, ¢ is the normalized rationally invariant surface mea-
sure. The Steiner point is classical object in convex geometry and possesses the following fun-
damental properties:
(i) Selector property

For every convex compact set K C R" S(K) € K.
(ii) Lipschitz continuity

There exists a constant 3,, > 0, depending only on the dimension n, such that for all convex
compact K, L C R",

19(K) = S(L)|| < Bndu (K, L).

A proof may be found in standard monographs on convexity (Refn. [26], Section 5, Page 744).
Consequently, the steiner map define a Lipschitz continuous mapping

S (Conv(R™),dg) — R™.

Henceforth, we write Sg» = S.

Let X : Q — Conv(R"™) be a random convex compact set, (i.e.) measurable with respect to
the Borel o- algebra induced by dy;.
Define

Y(w) = Sgn (X(w)) = S(X(w)).

Since the Steiner map S is continuous and X (-) is measurable as a random element of the
metric space (Conv(R™), dg), the composition w — S(X (w)).
(i) Selector property almost surely

Foreachw € Q, Y (w) = S(X(w)) € X(w). Thus the inclusion holds for almost all w.
(ii) Random Lipschitz property

Let X1, X; : Q — Conv(R"™) be two random convex compact sets. Applying the determin-
istic Lipschitz estimate pointwise gives, for all w,

I[S(X1(w)) = S(Xa (W)l < Brdu (X1 (w), X2(w)).
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We impose the following assumptions:
(A1) For any z € R", the random multifunction

t— 9(t,w,2)
is continuous with respect to the Hausdorff metric, that is,
dy (%(t, w,z), %(t/,w, z)) —0ast —t,

forae. we Q.
Moreover, for each fixed ¢ € J and z € R”, the mapping

wr— 9 (t,w, z)

is measurable with respect to the Borel o-algebra induced by the Hausdorff metric.
(A2) There exists a random variable

(g : Q —[0,00)
such that, for all ¢ € J, all z, 2 € R", and almost every w € Q,
(t,w,2) € B(9(tLw,2), Collz - =),
Equivalently,
dy (%(t,w,z),%(t,w,zl)) <(gllz -7,

fora.e. w € Q.

Remark 2.3. Under the random Lipschitz assumption (A2), for any z,z € R™, any ¢ € .J, and
almost every w, the following inequality holds

dy (%(t,w,z),g(t,mz/)) < Cyllz— 2|
Consequently, the multifunction
G xR x Q- (B(R"),dH).

is Lipschitz continuous with respect to the state variable z, almost surely, where B(R™) denotes
the family of nonempty bounded subsets of R”™.

Lemma 2.4. Let
G :JxQxR"— B(R")

be a random multifunction satisfying assumptions (Al)-(A2).
Define the closed convex hull of 4 by

0¥ (t,w,z) :=c0(9(t,w,2)), (t,w,z) € J xQxR".
Then, for each (t,z) € J x R™, the mapping
w+— o9 (t,w,2)

is measurable. Moreover, for almost every w € Q and for all z, 2 € R", the following inequality
holds:

dy (@g(t,w,z),ﬁg(t,w,z/)) <Cyllz—Z|,V 2,2 € R™
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3 Analysis of Convergence

Theorem 3.1. Consider the system Eq. (1.1) and the ILC law Eq. (1.3) and assume that (A1) is
satisfied. Select the learning gains Sy and ( such that the prescribed conditions hold as follows.

I[I = N(|[ <1, (3.1)
and
HI - NMSdHC < 1. 3.2)

Under these conditions, there exists a solution of the system Eq. (1.1) with the ILC law Eq. (1.3),
such that the tracking error e; converges to zero asymptotically as | — oo, that is,

lim ||€lH)\ =0.
=00

Proof. According to Lemmas 2.2 and 2.4, we consider the following auxiliary system

{_@tzl(t,w) = A (t,w, z(t,w)) + My, (¢, w), 33)

r(t,w) = Nz (t,w),
where the function /7 is defined by
H(t,w, z) := Sgn(co¥ (t,w, 2)).

The system Eq. (3.3) is considered in place of the original system Eq. (1.1).
By using Lemmas 2.2 and 2.4, the mapping

JC T x QxR - R"?

is measurable in w and globally Lipschitz continuous with respect to z. More precisely, for
almost every w € Q and all z,z € R™.

1t w,2) = A (t,0,2)]| < Bulallz = 2|
Moreover, for all (t,w, z) € J x Q x R",
H(t,w, z) € 0¥ (t,w, 2).
Next, observe that

er+1(t,w) = ra(t,w) — ri (¢ w)
ra(t,w) —ri(t,w) + r(t,w) — rg (t,w)
el(t,w) + N(z(t,w) — zi41 (¢, w)).

In particular, att = 0
ller41(0,w)I| < [II = N¢[| {]e: (0, w)] -
By linking condition Eq. (3.1), it follows that
Jim [Jer(0,w)]] = 0. (3.4)
Define
g(t,w) = H(t,w, z(t,w)),t € J.

Then, the solution of z;(¢,w) of system Eq. (3.3) admits the integral representation

zl(t,w):ao(w)—i—/o (01(5,, 22(5,w)) + My (s, w))ds.
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Then
Az (t,w) = Aap(w) —|—/O ((gr1(t,w, 2141 (t,w)) — gi(t, w, z1(t,w))) + MAw (s, w))ds
= (¢ — MSa)e)(0,w) + MSqges(t,w) +/0 (g1t w, 2141 (8, w)) — gu(t, w, 20(t,w)) ) ds.
(3.5)

The Lipschitz continuous condition yields

Ngis1 (8w, 21 (8,w)) — gi(t,w, 21 (t, )| < BuCellzier (t,w) — 21t W),
= Bnlyl|Az(t,w)||, t € J.

Applying the norm to both sides of Eq. (3.5), gives

1Az (E, )] < [I¢ — MSal| [l (0, w)| + [[MSall [|ex(t, w)]

+ / (Burll2111(5,) — 21(s,w) [)ds
0

t
< [1¢ = MSall[le(0, )| + [[MSall [ex[xe™ +/ BnCe|Azi(s,w)]|ds. (3.6)
0
By applying Gronwall’s inequality to Eq. (3.6), we obtain (Refn. [24], Section 3.3, Page 614)

1Az, w)I| < < (116 — MSalllle (0,0)]| + IMSal[er] xe™ ) (3.7)

At and using Eq. (3.7), we obtain

Applying the A-norm and multiplying by e~
1Az][x < [I¢ — MSq||[]e:(0, w)I[ + [[MLSal[ ||ex]] - 3.8)

where A > [3,,(¢ ensures convergence.
Then,

err1(t,w) = e (t,w) + N(zl (t,w) — le(t,w))
== (I - NMS’d)el(uw) - N(C - MSd)el(O,w)

- N/Ot (91+1(57w7zl+1(87‘ﬂ)) - 91(57W>Zz(8aw)))d3- (3.9)
It follows that, by applying the norm and A-norm on both sides of inequality (3.9) and multiply-
ing by e~**, we obtain,
el < 17~ NMSulle el + NI IG ~ MSll lex(0, o) + TP gy,
Using Eq. (3.8), we substitute ||Az;|| to obtain
llevllx < (11 — NMSqllc [led][x + [INJ[x [I¢ — MSal| [e: (0, w)]
o IREBs (1 hs, w0, )l + IMSalllelly),  G.10)

when A > 3,,(y.
By choosing sufficiently large A, and using conditions Eq. (3.2) and Eq. (3.4), we conclude

lim ||61H)\ =0.
l—o0
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Remark 3.2. Theorem 3.1 applies to any continuous and uniformly Lipschitz selection of ¢ with
respect to z. Since the conditions Eq. (3.1) and Eq. (3.2) do not involve (v, the convergence
result holds independently of its value. However, the specific choice of this selection affects the
convergence speed.

Theorem 3.3. Consider the system Eq. (1.1) and the ILC law Eq. (1.4), and assume that (Al) is
satisfied. Select the learning gains Sq and ¢ such that the prescribed conditions hold as follows

1T = N¢|| <1, (3.1
and
|II — NMS,|c < 1. (3.12)

Under these conditions, there exists a solution of the system Eq. (1.1) with the ILC law Eq. (1.4),
such that the tracking error e; converges to zero asymptotically as | — oo, that is,

lim ||61H)\ =0.
l—o00
Proof. Similar to Theorem 3.1, the following relation can be derived using Eq. (3.1),
lim ||e;(0,w)|| = 0. (3.13)
l—00

By using the ILC law Eq. (1.4) and relation Eq. (3.5), we have
Az (t,w) = (¢ —MSy)e(0,w) + MSze(t, w)

t t
+/0 (91+1(S>W,Zl+1(87w))—gl(S,W,Zz(S,w))>ds—|—I\\/JI/O Sper(s,w)ds. (3.14)

The following expression is obtained by applying the norm on both sides of Eq. (3.14)
1Az (¢, w)| < [|¢ — MSa]| []e(0, w)|| + [[MSql| ||ex(t, w)]

t t
+ / Bl 211 (5,0) — 22(s,)]|ds + VIS, | / ler(s,w)]|ds
0 0

According to (Refn. [33], Section 3, Page 3), by using the A-norm, we get

t
[1Az1(t, w)|| < 11 = MiSall [ler(0, w)|| + [IMSql| [|e]xe™ +/O BnCa||Azi(s,w)l|ds

e/\t
+HMSp||||elHAT~ (3.15)

By applying Gronwall’s inequality to Eq. (3.15), we obtain

1Az (E,w)]| < 66"'<”t(||< — MSq|| [ler(0,w)[| + [[MSall|[ed] [xe™

eAt
+|\M5p\|\|€l||A7)- (3.16)

Applying the A-norm and multiplying the both sides by e~** gives
Az |5 < [I¢ — MSal| []e:(0,w)|

Bt ||MS
e
L TS, |

Y [leal[x 4 [IMLSall [[ex |, (3.17)

where A > (,(x.
Then,

er1(t,w) = e (t,w) + N(zl(t,w) — 241 (t,w))
= (I — NMSd)el(t, w) — N(C — MSd)el(O, w)

¢ t
- N/o (gl+1 (s,w, zi+1(s,w)) — qi(s, w, zl(s,w))>ds — N/o MS, e (s, w)ds.
(3.18)
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It follows that, by applying the norm and A-norm on both sides of inequality (3.18) and multi-
plying by e~**, we obtain

llers1]lx < |[1 — NMSql|c [[er]|x
t
+HNHAHC*M&H|\€l(0,w)|\+|\Nllcﬂan/o |Az (s, w)]|ds

t
+\|N||c\|Msp|\/0 ller(s,w)l|ds

According to (Refn. [24], Section 3, Page 614), we get
llerr1lln < [T — NMSyllc [led|[x + [IN][x || — MiSq|| [[ez(0, w)]]

+ INEBuS 1y pgsy ) ex(0, ) + ISl eal
1 Nl ||MLS.
P TIMS ey ] + UMl

INJle
A

< {11~ Nwasllc + T [, (2557 M5, |5 + IMSl) + M) el

+ NIl -5l {1+ 252 0,1,

Choosing sufficiently large
A > max {B,(y T, Buy, e, efrée )
and using Eqgs. (3.12) and (3.13), we conclude that
lim ||6lH)\ =0.
l—o0
O

Remark 3.4. Based on the system dynamics, we replace ¢;.1 (¢, w) by é¢,41(¢t~,w) for ¢ > 0, to
account for possible discontinuities at the iteration points.

Theorem 3.5. Consider the system Eq. (1.1) and the ILC law Eq. (1.5) and assume that (A1) is
satisfied. Select the learning gains Sq and ( such that the prescribed conditions hold as follows.

[ - N(|| <1, (3.19)
and

min ||T 4+ NMSg|| > 1. (3.20)
teJ

Under these conditions, there exists a solution of the system Eq. (1.1) with the ILC law Eq. (1.5)
such that the tracking error e; converges to zero asymptotically as | — oo, that is,

lim ||€lH>\ =0.
l—o0

Proof. Similar to Theorem 3.1, the following relation can be derived by Eq. (3.1), we get

lim [|e;(0,w)|| = 0. (3.21)
l—o0

By using Eqgs. (1.5) and (3.5), we have
t
Aa(t,) = Cer(0w) + [ (gre1(sv00 10 (5,)) = o0, 2(5.0) ) s
0

t
+MS, / eri1(5,w)ds + MSgerr (£, w) — MSa(I — NOe(0,0),  (3.22)
0
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where

e1+1(0,w) = 74(0,w) — Nzj11(0,w)
=rq(0,w) — N(zl(07w) + Cel(O,w))
= (I — NC)e; (0, w).

The following expression is obtained by applying the norm on both sides of Eq. (3.22)

[IMLS, ||
A

1Az (£, w)I| < |I¢ = MiSa(I = N[ [ (0, w)| +

llew1] e

t
NS lewa(t )l + [ BuGallaa(s,w)ds
0

MLS,
< 1¢ ST = NO) lea (0,0}l + o2 ey e
t
ISl levsllve® + [ Bl (s, ) ds. (3.23)
0

For inequality (3.23), can be obtained by applying Gronwall’s inequality, again to derive

MS,
18zt )| < 255" (|1¢ ~ MSa( ~ NI e (0,0)]| + 2l ey e
+ |IMSall llewillae™) (3.24)
It is clear that, by applying the X - norm and multiplying the Eq. (3.24) by e~**, we obtain
1Az ][x < [|¢ = MSa(I — NC)||[|e1(0, w)|
M,
tepncat Sl sy Sl vl (3.25)

where A > (,,(x.
Then,

er1(t,w) = e (t,w) + N(zl(t,w) — le(t,w))
= ¢;(t,w) — N(¢ — MSy(I — N¢))e; (0, w)

t ¢
— N/ (gH](s,w, zi41(s,w)) — gi(s,w, zl(s,w)))ds - N/ MS,er41(s, w)ds
0 0

— NMSger1(t, w).
Next,
(I + NMSd) €l+1 (t,w) = el(t,w) — N(C _ Msd(f _ NC))el(O,w)
_ N/Ot (gl+1(s,w, 2141 (8,w)) — g1(s, w, Zl(37w)))ds

t
fN/ MSpep1(s, w)ds. (3.26)
0
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Applying the norm on both sides of Eq. (3.26), we get
(min |7+ NMSg[[) [lev1 (8, @)l < |1+ NMSq]|[ler1 (¢ )|

< leat, )] 4 [IN(C = MiSa(I = NC)) || [[ex (0, w)|

+IIN]| /0 111 (510, 2201 (5,0)) — 1(5, w, 21(5,))) | ds

t
HIINI [ S 001,00l
< llex(t,w)]| + (‘max |[N(C = MSa(Z = NO))I| ) e (0,
1
+ (max INMS, | ) fer| a5 €™

1 At
+ (max IN||) 8ol |Azlr 5. (3.27)

The following relation can be derived by linking condition Eq. (3.25). By applying the norm
and A\-norm and multiplying Eq. (3.27) by e~ **, we have

. 1 1 1
{ min||7 + NMSa[| — [INJlcIMS, || 5 = INloBaGy 5 [T IMS, 15 + M8l | Hlevslly

< lledlla + INlle [1(¢ = MSa(I = NO)| (1 + Bae 3) e (0, w)]l-

Choosing sufficiently large A and using conditions Eq. (3.20) and Eq. (3.21), we obtain the
convergence result

lim ||el|\)\ =0.
=00

O
At S, = 0, the D-type closed-loop law convergence analysis is obtained as follows.
Corollary 3.6. Consider the system Eq. (1.1) and the D-type ILC law
Vi+1 (ta w) = (t7 LU) + Sdél+1 (t7 (U),
2141(0,w) = (0, w) + Cer (0, w). (3.28)

Assume that (A1) is satisfied. Select the learning gains Sy and ¢ such that the prescribed
conditions hold as follows

1T - N¢J| <1, (3.29)
and

min ||T + NMSg|| > 1. (3.30)
teJ

Under these conditions, there exists a solution of the system Eq. (1.1) with the above law such
that the tracking error e; converges to zero asymptotically as [ — oo, that is,

lim ||61H)\ =0.
l—o0

4 Validation of Proofs

Example 4.1. Consider the following nonlinear RDIS

4.1

Dz (t,w) € €09 (t,w, z1(t,w)) + v (t,w),t € J:=10,1],
ri(t,w) = z1(t,w),
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where
9 (t,w,z) 1 = {&(w)zcost +n(w)t,E(w)z cost + n(w)t + tan hz}.
Clearly,
0¥ (t,w,z) = {&(w)zcost +n(w)t + atanhz : o € [0,1]},

which is measurable with respect to (¢, w) and closed-valued.

Let £(w) € [0, 1] a bounded measurable random variable and n(w) be another random variable
satisfying |n(w)| < 1.

Now, we apply the D-type open loop ILC law is choosen as

v (tw) = v(t,w) + 0.1¢ (¢, w),
2141(0,w) = 2(0,w) 4+ 0.5¢;(0, w).

And D-type closed-loop ILC law is

v (t,w) = vi(t,w) + 0.1€41 (¢, w),
2141(0,w) = 2(0,w) + 0.5¢;(0, w).

For z, Z € R, we estimate

‘ (g(w)z cost + n(w)t + tan hz) - (f(w)é cost + n(w)t + tan hé) ‘

< |&(w)||z — 2| | cost| + | tan hz — tan hZ]|
<2z —2|,

Since, |[£(w)| < 1,|cost| < 1 and tanh(-) is global Lipschitz with constant 1. Hence, for any
y1 € 9(t,w, z), there exists y, € 9 (t,w, 2) such that |y; — 32| < 2|z — 2|, and therefore (¢ = 2.
Thus, (A1) is satisfied.

We compute

[II —N(¢||=05<1, ||[I —NMS,||lc =09 < 1.
Hence, all the conditions of Theorem 3.1 are satisfied. Moreover,

min || +NMSy||c = 1.1 > 1.
te(0,1]

Then, all the conditions of Corollary 1 are satisfied.

Example 4.2. Consider the following nonlinear RDIS

{@tzl(t,w) € co¥ (t,w, z(t,w)) + v (t,w),t € J :=1[0,1], 42)

rit,w) = z(t,w),
where
9 (t,w,z) = {y(w)zcost + 0(t,w),y(w)zcost + O(t,w) + arctan z + o (z) },
Thus,
0¥ (t,w,z) = {v(w)zcost + O(t,w) + a(arctanz + o(z)) : a € [0,1]}.

Let, v(w) € [0, 1.75] be measurable and |0(¢,w)| < 0.3, V¢, w.
Define the logistic (Sigmoid) function



ITERATIVE LEARNING CONTROL 89

for which o' (2) = o(2)(1 — o(2)) < 1,V 2z € R". Hence o is globally Lipschitz with constant

Co = %
The D-type open-loop ILC law is

Ul+l(taw) vl(tvw) + O.5él(t,UJ),
2141(0,w) = 2(0,w) 4+ 0.9¢;(0, w).

The D-type closed-loop ILC law is

Ul+1(t, w) = vl(t,w) + O.Sélﬂ(t,w),
Zl(o, w) + 0.961(0, w).

Zz+1(0aw)
For z, Z € R Thus,
ly1 — v2] < |y(w)] |z — 2| |cost| + |arctan z — arctan 2| 4 |o(2) — o (2)]
< (’y(w) + 1.25) 2 — 2].
Since y(w) < 1.75, we obtain
ly1 — 3| < 3]z — 2
Where (¢ = 3 and (A1) is satisfied. We have
1 - N¢||=0.1< 1,
1T — NMSy||c = 0.5 < 1,

So, all the conditions of Theorem 3.1 are satisfied.
Moreover,

te0,1]

and hence, all the conditions of Corollary 1 are satisfied.

5 Conclusion

This paper investigated ILC for nonlinear RDIS with set-valued random structures. Measurable
selection and convex analytical techniques were employed to transform the inclusion system into
a random differential scheme. Sufficient conditions for asymptotic convergence in the weighted
A-norm were established using Lipschitz conditions and Gronwall-type inequalities. The ef-
fectiveness of the proposed ILC approach was further verified through illustrative examples.
Furthermore, Louakar et al. (Refn. [31]) examined ILC for Hilfer-type fractional stochastic dif-
ferential systems with robotic applications. Motivated by these fractional-order developments,
the present study may be extended to fractional-order RDIS under ILC concepts.
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