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Abstract. This study aims to extend the class of paranormed sequence spaces originally in-
troduced by Maddox by proposing a new generalization. In this context, the sequence spaces
co(V3,p) and ¢(V}, p) are defined, and their structural properties are examined in greater depth.
As a first step, a Schauder basis is constructed for each space, and the corresponding alpha-,
beta-, and gamma-dual spaces are determined. After that, several important matrix transforma-
tions between these newly defined spaces and the classical sequence spaces ¢, ¢, and ¢y are
thoroughly investigated. In the final part of the study, compact operators acting on the space
co(V3, p) are characterized.

1 Introduction

The theory of sequence spaces has long served as a cornerstone of functional analysis, summa-
bility theory, and operator theory. Traditionally, sequence spaces such as ¢y, ¢, and /., have been
extensively investigated, particularly within the framework of normed and paranormed spaces.
One of the prominent generalizations of classical sequence spaces has been achieved by means
of matrix domains, as first proposed in the context of K -spaces and later extended to various
types of difference operators and averaging operators.

In this regard, the concept of a paranorm plays a significant role. A paranorm, unlike a norm,
relaxes certain conditions while retaining subadditivity and continuity under scalar convergence,
thereby allowing a broader class of sequence spaces. Maddox’s construction of sequence spaces
such as cy(p) and ¢(p), equipped with appropriate paranorms, laid the groundwork for further
developments in this field [1, 2, 3,4, 5,6, 7, 8, 9].

In recent years, the theory of g-calculus, also known as quantum calculus, has emerged as a
powerful tool for the generalization of classical mathematical structures. Unlike classical calcu-
lus, g-calculus replaces the usual notion of differentiation with ¢-difference operators that depend
on a fixed base ¢ € (0, 1). This alternative framework has found applications in various fields,
including combinatorics, orthogonal polynomials, special functions, and quantum theory. In the
context of sequence spaces, g-calculus offers new avenues for the construction of difference op-
erators and summability methods that exhibit behavior distinct from their classical counterparts.
The incorporation of higher-order ¢-difference operators into matrix domain methods enables
the development of novel sequence spaces that retain the flexibility of paranormed structures
while exhibiting finer analytic and topological characteristics. Thus, g-calculus serves not only
as a generalization but also as a bridge connecting discrete and continuous mathematical frame-
works.

The motivation for this study stems from the desire to construct new paranormed sequence
spaces by combining two powerful mathematical frameworks: matrix domain techniques and
the theory of g-calculus. While numerous works have explored the matrix domains of classical
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and fractional difference operators, relatively few investigations have addressed the influence of
g-difference operators, particularly in the setting of paranormed spaces. By incorporating the
second-order g-difference matrix V?J into the structure of Maddox-type sequence spaces such as
co(p) and ¢(p), we aim to introduce and analyze new sequence spaces with richer structural and
topological properties. These spaces not only broaden the spectrum of paranormed spaces but
also contribute to the growing field of g-analogue summability theory.

2 Materials and Methods

A sequence space is typically defined as a vector subspace of the space w of all real (or complex)
sequences. Among the most widely examined sequence spaces in the literature are the following:

¢o consisting of all sequences that converge to zero (null sequences),
¢ the space of all convergent sequences,
¢~ the space of all bounded sequences.

These classical spaces form the foundation for much of the work in summability theory and
functional analysis, and they continue to serve as benchmarks in the construction and analysis of
more generalized sequence spaces.

A function p : H — R is called a paranorm on a linear space H if it satisfies the following
conditions:

(i) p(h) = 0if and only if h = 0;
(ii)) p(h) > Oforall h € H \ {0};
(iii) p(—h) = p(h) forall h € H;
@iv) p(h+1t) < p(h) + p(t) forall h,t € H;
(v) If o, — aand p(h, — h) — 0, then p(a,.h, — ah) — 0asr — .

A linear space H equipped with a paranorm p is called a paranormed space and denoted by

(H, p).
Maddox [10] and Simons [11] introduced the sequence spaces cy(p) and ¢(p) defined by:

co(p) = {z = (3) €w: lim |z = 0} :
= = I —\|Pr =
c(p) = {z =(2) Ew: Tlglgo |z — Al 0 for some A € R} ,

where p = (p,.) is a bounded sequence of strictly positive real numbers.
Ahmad and Mursaleen [12] defined the sequence spaces c(A, p) and ¢(A, p) as follows:

co(Ap) ={hew:Ah € cy(p)}, c(Ap)={hew:Ahcc(p)},

where A is the forward difference operator.

Let A\ and p be sequence spaces, and let A = (a,s) be an infinite matrix. We say that A
defines a matrix mapping from \ into p, denoted by A : A — pu, if for every h = (hs) € A, the
series

(Ah)r = Z arshs
s=0

is convergent for all » € N and the sequence (Ah), € . The set of all such matrices is denoted
by (A p).
The matrix domain of an infinite matrix A in a sequence space H is defined as
Hy:={hecw:Ahc H}.
The concept of the g-number is defined by

Ply=1+q+a+-+¢"" [0];:=1,
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which satisfies lim,,_,;- [h], = h [13]. The ¢-binomial coefficient, or Gaussian binomial coeffi-
cient, is defined as

(]!
h o ¢ 0<f<h,
L}q— [l h = £lq!

0, otherwise,
where [h],! = [1]4[2]4 - - - [h]4 is the g-factorial.
The g-analogue of the second-order difference matrix Vg = (Vg),«s, introduced by Alotaibi
et al. [14], is defined as:

_)yrsg()1 2 <s<
(v2),, = O Osesn
0, s>

Equivalently, this matrix can be written as:

1 0 0 0

—(1+7q) 1 0 0

V2 = q —(1+9q) 1 0
1

0 q —(I+4q)

Its inverse V2 = ((V,

2) Vi of .
2 )rs) is given by:

) {ﬂi%,oﬁsﬁn
rs —

(v,
0, s>

q

In recent studies, many authors have generalized sequence spaces using matrix domains in para-
normed settings and g-analogues (see [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 35)).

The study of paranormed sequence spaces is fundamental in functional analysis, particularly
in understanding matrix transformations and operator-theoretic properties. The introduction of
difference operators and their g-analogues has recently attracted considerable attention, as these
tools provide effective generalizations of classical sequence spaces and reveal richer structural
features. Motivated by these developments, this work focuses on constructing new paranormed
sequence spaces via the second-order g-difference operator and analyzing their structural and
compact operator properties.

In light of the aforementioned preliminaries, we now proceed to construct new paranormed
sequence spaces by employing the second-order g-difference matrix V2, and investigate their
fundamental properties.

3 Results

The concept of g-calculus plays a crucial role in the definition and development of novel se-

quence spaces through the use of the second-order g-difference operator Vg. In recent studies,

Alotaibi et al. [14] and Yaying et al. [36] introduced and analyzed the following matrix domain
sequence spaces defined via the transformation Vé:

)Ew:Vih €},
) Ew:Vihec),
s) Ew:Vihel,}
)Ew:Vih € lo}.

Following this line of research, Bilgin Ellidokuzoglu and Demiriz [37] extended the frame-
work by introducing the g-paranormed difference sequence spaces of second order, denoted by
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((V2,p) and Lo (VZ, p), defined as:

UV2,p) ={h=(h) €ew:V2hel(p)},
los(Ve,p) ={h = (hs) Ew: Vih € ls(p)} .
Inspired by this approach, we now propose two new g-paranormed sequence spaces of second
order, namely co(V2, p) and ¢(V32,p), defined as follows:
co(Ve,p) ={h=(hs) Ew:Vihec(p)},
c(Ve,p) ={h=(hs) Ew:Vihec(p)}.
These newly introduced spaces may equivalently be expressed using the matrix domain no-
tation as:

co(Vg,p) = leo(p)lvz,  e(Vg,p) = [e(p)]v2.

q q

It is clear that when the exponent sequence p = (ps) is chosen as the constant sequence
e = (1,1,...), these spaces reduce to the earlier spaces co(V32) and ¢(V3), respectively, as
introduced by Yaying et al. [36].

Let us now define the V-transform of a sequence h = (h,.) by:

i sy [ 2
=N (1)) hy for all : 1
f ;( )" L_SL( orall r € N 3.1)
A straightforward inversion of the transformation in (3.1) leads to the recovery formula:
h,ﬂzz[’“_s“} f. forallr € N. 3.2)
lr-s |,

We are now in a position to present the main result characterizing the paranorm structure of
the spaces ¢o(V32, p) and ¢(VZ, p).

Theorem 3.1. The sequence spaces CO(V%I, p) and C(Vé, p), equipped with the functional

pr/L

; (3.3)

T

S (1)) [ s th

T—S
s=0

f(h) = sup

reN

are complete linear metric spaces.

Proof. We demonstrate the proof only for the space c(Vg, p) in order to avoid redundant argu-
ments. Clearly, the equality f(6) = 0 is satisfied, and for every sequence h € c(V(ZI, p), the

symmetry condition f(—h) = f(h) holds. Furthermore, for any sequences h,t € ¢(V2,p) and
scalars ap, ap € R, the following inequalities are satisfied:

T pr/L

Z(_l)“sq(ﬁs) [r i J q(alhs + aats)

s=0

f(arh + ast) = sup

T

< max{1, o} sup

S0y gl3) [r ’ J t,

s=0
— max{1, aq |} £ (k) + max{1, as [} /(1)

can be used to demonstrate the linearity of f with regard to scalar multiplication and coordinate-
wise addition. This demonstrates that the space ¢(V7, p) is linear.

+ max {1, |az|} sup
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Assume that {h"} is any sequence of points h" € ¢(V?2, p) such that f(h" — h) — 0 and ()
is any sequence of scalars such that o, — «. Due to the subadditivity of f, the inequality

F(R") < f(h) + f(R" =)
holds, and as a result { f(h")} is bounded. Consequently, we have

T pr/L

S T2 | o)

s=0
<oy —aP/Ef(R7) + [afPr /" f(RT = h) (34)

f(ah” — ah) = sup
reN

which tends to zero as » — oco. Accordingly, the scalar multiplication is continuous. In light of
this, f is a paranorm on the space ¢(V3, p).

It is still necessary to demonstrate that the space ¢(V3, p) is complete. In the space ¢(V2, p),
let {h"} be any Cauchy sequence , where h" = {h(()r), hgr), hgr), ...}. Then, for a given value of

€ > 0, ng(e) exists such that

F(h™ —h) < %

for all s, > ng(e). For each constant k£ € N, we find using the definition of f that
. €
[(Voh" )i — (Vah?)i[Pe/ < sup [(Vahk = (Vgh* )P /E < 5 (3.5)

for every s, > ng(e). As a result, for every fixed k € N, {(Voh")g, (Vih')r, (Vih? )k, ...}
is a Cauchy sequence of real numbers. It converges because R is complete, which means that
(Vghr)k — (Vgh)k as k — oo.

Now, we define the sequence {(V;h)o,(Vzh)i,...} using these infinitely many limits
(V2h)o, (V2h)1,.... For every fixed k € N, we have

(V3R = (Vah)el /" < 5 (r > mo(e)) (3:6)

from (3.5) with s — oco. Since A" = {hg)} € ¢(Vg,p) foreach k € N,

€

217 L
(Ve e/t < 5 (3.7)

for every r > ny(e) and for each fixed k& € N. For this reason, assuming a constant r > ng(€) we
derive by (3.6) and (3.7) that

[(V20h) [P/ B < [(VER), — (V" )ilPH/E + (V2R )i [PE/E < e

for every s > so(¢). This demonstrates that i € ¢(V7,p). The space ¢(V;, p) is complete, and
this closes the proof because {A"} was an arbitrary Cauchy sequence. O

The sequence spaces co(V3,p) and ¢(VZ, p) are in fact of the non-absolute type since there
exists at least one sequence in them such that f(h) # f(|h|), where |h| = (|hs]).

Theorem 3.2. The two spaces, co(V3, p) and c(V3, p), are linearly isomorphic to co(p) and c(p),
respectively, where 0 < p, < H < .

Proof. In order to avoid reiterating identical claims, we only provide the evidence for c(Vg, D).
We should show the existence of a linear bijection between the sequence spaces ¢(V3,p) and
¢(p). Defining the transformation T of c(Vfl,p) to ¢(p) by h — f = Th use the notation (3.1).

The linearity of T is trivial. Additionally, it is clear that 7" is injective because h = 6 whenever
Th=90.
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Let f € ¢(p) with (3.2), we have

() = sup [ 2(-1) () [rz } hs‘

" |s=0

r

= Y] 2 ] ST

s=0

= sup i OrsYs
s=0

T

pr/L

= sup |yr|p"‘/L < 00,
T

where

5. = 1, s=m,

0, s#r.
Therefore, we get h € c(Vg, p) and T is surjective. As a result, T is a linear bijection between
the spaces ¢(V7, p) and ¢(p). O

We will now finish by giving the Schauder basis of spaces co(V2, p) and ¢(V2, p). First, let
us recall the definition of the Schauder basis. The description of a paranormed space is (H, g),
where H is a set and g is a paranorm. There exists a unique sequence of scalars () such that

g<h—Za565> —0asr — oo
s=0

if and only if the sequence (8;) of the elements of H is called a basis for H.
Let H be a sequence space and .4 be a triangle. Due to the fact (cf. [38, Remark 2.4]) that
H 4 has a basis when H has a basis, we get the following theorem.

Theorem 3.3. Set H, = (V?Ih)gfor all s € Nand 0 < p, < H < co. The sequence b(®) =
{b)} sen of the elements of the spaces co(V3, p) and ¢(V3, p) is defined by

po = | 22, 0<s<r
" 0 , s>r

for every fixed s € N. Then,

(i) The sequence {b'®)},cn is a basis for the spaces co(V3,p), and any h € ¢(V3,p) has a
unique representation of the form

h = Z Hb.

(ii) The set {e, HONAN ...} is a basis for the space c(V(ZI,p), and any h € C(Vé, p) has a unique
representation of the form

h:Te+Z[H5—T]b(S),

where T = lims_mo(Vgh)s.
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3.1 Duals of the Sequence Spaces co(Vfl, p) and c(VfJ, p)

This section is devoted to deriving the a-, 5-, and y-duals of the sequence spaces defined earlier.
We denote the conjugate of p by p*, where % + z% = 1, and let V' denote the set of all finite
subsets of N.

The a-, -, and ~y-duals of the H sequence are designated by H*, H B and H", respectively,
and defined by

H“:{tew:Z\hsts\ < ooforallh € H},

s=1

HB:{tew:ZhstS forallh € H},

s=1

HY ={t = (ts) € w: ht = (hsts) € bsforall h = (hs) € H}.

We require the following lemma to provide the a-, 8- and y-duals of the spaces c¢o(V3, p) and
(Vg p)-
Lemma 3.4. [39, ¢, = 1] The following statements hold for an infinite matrix A = (a,s):

(i) A€ (colp) : £(t)) iff

tr
M > 1 such that sup Z Z ars M~V/Ps| < 50 foranyt, > 1. (3.8)
Ker r |seK
(ii) A € (c(p) : £(t)) iff (3.8) holds, and
28
Z Zam < 0. (3.9
(iii) A € (co(p) : (b)) iff

AM > 1 such that sup » _ |as|M~"/P* < oo, (3.10)
3(as) such that lim|a,s — os|™™ = 0, (3.11)
VL > 0,3M > 1,3(a,) such that sup L'/ " |ay, — o] M7HP* < o0, (3.12)

(iv) A€ (c(p) : c(t) iff (3.10), (3.11), (3.12) hold, and

[28
3o such that 1im |> " aps — | =0. (3.13)
(v) A€ (co(p) : loo(t)) iff
tr

IM > 0 such that sup <Z ars|M_l/pS> < 0. (3.14)

(vi) A€ (c(p) : lo(t)) iff (3.14) holds, and

i,

sup Zam < 00. (3.15)
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Theorem 3.5. Let K € F. Define the sets c1, ¢z, c3, ¢4, Cs, o, ¢7 and cg as follows:
cl:U a:(a)€w:supzz rostl a,M~VP:| < o
S K r—s . T bl

M>1 r |seK
< oo} R

r—s+1
cz_{a_(as)Ew:Z Z{ . }ar
q
Z[sz—i—l} aZ|M1/pS<OO},
s—z |,

= U {a:(as)ew:supz
I _ +1
;l:ssiz :|qaz—as

M>1 s

c4 = {a = (as) € w: I(as) C R such that lim

:0},

Z[S_Z+1:| az_as‘M—l/pﬁ <OO},
q

s—z
zZ=S8
<oo}7

cs = U {a = (as) € w: I(as) C R such that Z

M>1

S

T o +1
)31 I FA

M‘l/”5> < oo},

c6 = {a = (as) € w: I(as) C R such that lim

c7 = U {a:(as)ew:Sl:IJ(Z

M>1 s

“[s—z+1
>

zZ=Ss

) L [s—z+1
Cg—{a—(as)EW.SI:pEs:;[ .- Laz<oo}.
Then,
[CO(V;PHQ = C1, [C(v?]ap)]a =c N C2,
[Co(vg,p)]ﬁ =c3NcyNecs, [C(Vg,p)]ﬁ =c3MNesNesNes,
[CO(V%I,p)]V =c, [C(Vé,p)]7 = cg.

Proof. To prove «- dual, take the sequence a = (as) € w and h = (hs) as in defined in (3.2),
then

arh, = Z l:r ;i—: 1:| qarfs = (Cf)r7 (316)

s=0

for all r € N, where the matrix C = (c,s) defined by

q
0 , 8>

{ (oM ar . 0<s<r,

Crs =

It follows from (3.16) that ah = (a,h,) € ¢; whenever h € co(Vg, p) iff Cf € ¢; whenever
f € co(p). This means that a = (a,) € [co(V2Z,p)]* iff C € (co(p) : £1). Then we derive by (3.8)
with ¢, = 1 for all » € N that [co(Vé7p)}o‘ = ¢;. Also, using the (3.8),(3.9) and (3.16), we can

prove [¢(V2,p)]* = ¢ N ¢, can also be obtained in a similar way.
Now, consider the following equality

zr:ashs :ET: [i: |:s;i_: 1:| fz‘| Qs
s=0 s=0 Lz=0 q

T

:i [Z F;:_ 1] az] fo=(Df)r, (3.17)
s=0 q

zZ=Ss
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where D = (d,) is a matrix defined by

g X e (0ss<)
T 0 . (s>71)
Thus, we conclude from (3.17) that ah = (ashs) € cs whenever h = (hs) € c(V3,p) iff
Df € co whenever f = (f) € co(p). That s to say that a = (a,) € [co(V2,p)]? iff D € (co(p) :
c). Therefore, we derive from (3.10), (3.11), (3.12) and (3.17) with ¢, = 1 for all »r € N that
[co(Vé,p)]ﬁ = c3MNcg Nes. Also, using the (3.10), (3.11), (3.12), (3.13) and (3.17), the proofs of
the [¢(V2,p)]? = 3 M s Nes N cg can also be obtained in a similar way. O

3.2 Certain Matrix Mappings on the Sequence Spaces cO(VfI, p) and c(VfI, p)

This section describes the matrix transformations from any given sequence space H into the
spaces co(VZ,p) and ¢(V2,p). The equivalence “h € H4 holds for every triangle A and any
sequence space H iff f = Ah € H”. The reason for this is that H 4 = H.

Theorem 3.6. Set H = {{o,c, {1 }. Then
(i) A= (ars) € (co(Vi,p) : H) iff

A, € {o(V2,p)}’ forallr € N (3.18)

B e (colp): H), (3.19)
(ii) A= (ars) € (e(V2,p) : H) iff

A € {e(V2,p)Y forallr e N (3.20)

Be(clp): H), (321)

where B = (bys) with bys = > [S;irl]qam forall r,s € N and A, denotes the r*" row
of the infinite matrix A.
Proof. We prove only part of (i). Let A = (a,s) € (co(V3,p) : H) and h € ¢o(V3, p) be any
given sequence. Then A, € {c(V3, p)}ﬁ for all r € N. Taking f = V7h, we conclude from
A, € {co(VfI,p)}ﬁ that
(Ah), = (Bf), forallr € N. (3.22)

Hence, Bf € H forall f € cy(p). Thus, B € (co(p) : H).

We have Ef = Ah which leads us to the consequence E € (c¢o(p) : p). To obtain a contra-
diction, suppose that (3.18) and (3.19) hold. Then (3.22) again holds. It follows that Ah € H
forall h € ¢o(VZ,p). O

Corollary 3.7. Let A = (a,s) be an infinite matrix. The following statements hold.:
(i) A€ (co(V2,p) : £(t)) iff {ars}sen € {co(V3,p)} for all v € N and (3.8) holds with b,
instead of a,s witht = 1.
(i) A € (co(V2,p) : c(t)) iff {ars}sen € {co(V2,p)}’ for all r € N and (3.10), (3.11) and
(3.12) hold with b, instead of a,s witht = 1.
(iii) A € (co(VE,p) i loo(t)) iff {ars}sen € {co(V3,p)}’ forall v € N and (3.14) hold with b,.
instead of a,s witht = 1.
Corollary 3.8. Let A = (a,s) be an infinite matrix. The following statements hold.:
(i) A€ (c(Vi,p) : €t) iff {ars}sen € {c(VE,p)} for all v € N and (3.8) and (3.9) hold
with b, instead of a,s witht = 1.
(i) A€ (c(VZp): ct) iff {ars}sen € {e(VE,p)}’ forall v € N and (3.10), (3.11), (3.12)
and (3.13) hold with b,.; instead of a,s witht = 1.

(iii) A € (c(V2,p) : loo(t)) iff {ars}sen € {c(V2,p)} forall v € N and (3.15) holds with b,
instead of a,s witht = 1.
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3.3 Compact Operators on the Space co(Vé)

For a normed space I, the unit sphere in I' is denoted by Hr. The following notation is intro-

duced:
Z hs Uk
k

under the assumption that the supremum is finite for a BK-space I satisfying I' ©  and for any
h = (hs) € w. As aresult, it can be concluded that h € T'¥.

[ullr = sup
uEHr

Lemma 3.9. [40] The following equalities hold: (5, = ¢® = cg = (), and for any h, we have
|RllE = [Iklle, where T € {loo, ¢, 0}

The set B(I" : ¥) denotes the collection of all bounded (continuous) linear operators from I'
to .

Lemma 3.10. [4]] Let T and ¥ be BK-spaces. For every B € (I' : W), there exists a linear
operator L € B(I' : V) such that Lg(u) = Bu for all u € T

Lemma 3.11. [4]] Suppose that T D Q is a BK-space. If B € (I' : W), then the norm of the
linear operator Lp is given by ||Lg|| = || B||r:w) = sup,.ey || B ||f where ¥ € {{, ¢, co}.

Let I be a metric space and let A C I' be bounded. The Hausdorff measure of non-
compactness of A is denoted by x(A), and it is defined as

x(A) :inf{e>0:AC U A(u,r),u € T <5,n€N\{O}},
=1

where A(uy,r;) represents the open ball centered at u; with radius r; for { = 1,2,...,n. More
detailed information about the Hausdorff measure of non-compactness can be found in [41] and
its references.

Theorem 3.12. Let A C ¢ be a bounded set, and let the operator s : co — co be defined by
As(u) = (uo, ur, uz, - - . ,us,0,0,...) for each u = (us) € co with s € N. Then, for the identity
operator I on ¢y, we have

) = tim (s (7= A0l )

For Banach spaces I' and W, a linear operator £ : I' — ¥ is said to be a compact operator if
for every u = (uy) € £ NT, the sequence (L(u)) has a convergent subsequence in V.

Let ||£]|x denote the Hausdorff measure of non-compactness of £, defined as ||L|x =
X(L(Ar)). In this context, it is known that £ is compact if and only if || £||x = 0.

For sequence space studies, where the Hausdorff measure of non-compactness is used to
characterize compact operators between BK-spaces, readers can refer to the works [43, 44, 42].

In this section, we characterize a certain class of compact operators on the newly defined
sequence space co(V3).

We can give the following results for h = (hy), f = (fs) C w connected to each other by

- r—s ("7 2
=3 R
Lemma 3.13. Consider that h = (h,) € (co(V3))P. In that case, f = (fs) € {1 and
25 hsus =30, fevs (3.23)
Jorall u = (us) € co(V3).
Lemma 3.14. The statement

121wz = PTARSES

holds for each h = (hs) € (co(V3))".
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Proof. 1t is achieved from the Lemma 3.13 that f = (f,) € ¢; and (3.23) holds for h = (h;) €
(co(V2))?. Since, [|ullcy(v2) = [|¥]ley> We reach that “u € H,,(v2) if and only if v € H.,". Thus,
we can write the equality

”h”qJ v2) = Sup Zhsus = sup Zfsl/s = |l f1I%-
“GH%(vg) s 0| s
By the aid of the Lemma 3.9, it follows that
121G w2y = IFIIE, = [1flle = D 1fsl < o0,
which is the desired result. O

In the sequel of the study, it is used the matrices ® = (6,.;) and B = (b,5) connected with
the relation (3.2) provided the convergence of the series.

Lemma 3.15. Let ¥ C w and B = (b) is an infinite matrix. If B € (co(V3) : V), then
O € (co : ¥) and Bu = Ov for all u € co(V3).

Proof. 1t is obvious from Lemma 3.13. So, we omit it. O

Lemma 3.16. If B € (co(V3) : ¥), then it is achieved that

1Ll = [IBll(cy(v2)w) = sup <Z 9rs|> < oo
re s

where ¥ € {{s,c,co}.

Lemma 3.17. [45] Let I" D Q be a BK space. In that case:
(i) If Be (I': L), then
0 < [|Ls]y < limsup B, -
T—>00

(ii) If B € (T : c), then
1€l = lim sup [| B -

(iii) IfT has the AK property or T = L, and B € (T : ¢), then

1
Ehmsup |Br —bllt < ILa]lx < hmsup I|B, — b|If,

T—00
where b = (bs) and by = lim,_, o, by.s.
Lemma 3.18. [45] Let T > Q be a BK space. If B € (T : (), in that case

DB DB

lim < sup
S
Ecé&; rek rek

and L g is compact if and only if lim, (

Eeé&;

) <|Lglly < 4. hm ( sup )
r r

) = 0, where &, is the subcollection

*
rek BT T
of € consisting of subsets of N with elements that are greater than s.

Theorem 3.19. (i) For B € (co(V}) : lso),
0 < [IL5]ly < limsup Y [0,

holds.
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(ii)

(iii)

(iv)

For B € (co(V32) : ¢),

1. .

3 11mrsupZS: 10rs — 05| < ||LB]ly < hmrsupzs: 10,5 — 6]
holds.

For B € (¢o(V3) : co),
”‘CB”X = lim Supz |0rs|

holds.
For B € (¢o(V32) : 1),

i | B g ) < €51 < 40im B ga

holds, where ||B||Ei3(vé):£]) =supgee. (3, X ep Ors|) forall s € N.

Proof. (i) Let B € (co(Vg) : £s). Since the series >~ b.su, converges for eachn € N, it is

(i)

(iii)

(iv)

seen that B, € (co(V2))”. From Lemma 3.14, we reach that

1BrlZywz) = 1015, = 1©[le, = (Z 9rs> :

From Lemma 3.17 (a), it is achieved that

0< ILally < limsup > [6y]-

If B € (co(V3) : ¢), in that case © € (¢ : ¢) from Lemma 3.15. Thus, by the aid of the
Lemma 3.17 (c¢) it is reached that

*
Ccy?

1
5 limsup |0, —0];, < [|£p]l < limsup ||©, — 0]

where § = (0;) and 0, = lim,_, 0, for k& € N. Thus, from Lemma 3.9 ||®, — 0|} =
1O, =0, =, |0rs — 05| foreach n € N.

Let B € (co(Vé) : ¢g). From the relation HBT”;(vg) = 10,5, = 1O.]le, = (3=, [0rs]) and
Lemma 3.17 (b), it is concluded that ||L ]|, = limsup, >, |6,s].

Let B € (co(V3) : £1). By Lemma 3.15, it is reached that ® € (co : £1). By Lemma 3.18 it
is achieved

* *

lim | sup
s E€&,

e,

rekE

e,

rckE

)

<|ILglly <4.lim | sup
s Ecé,

€o Co

Furthermore, Lemma 3.9 implies that

e,

rek

*

- Z@T

rek

> O

s |rek

e

<o

which is desired result.
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Thus, making use of the theorem given above, we can give the following result.

Corollary 3.20. (i) For B € (c(V3) : ls), L is compact if and only if
limz 10| = 0.
(ii) For B € (co(V3) : ¢), Lp is compact if and only if

113;12 10,5 — 05| = 0.

(iii) For B € (c(V3) : co), Lp is compact if and only if
limz 0,.5] = 0.

(iv) For B € (c(V3) : &1), Lp is compact if and only if

tim | B 2.0y = 0

for ||BHE2(V5):£1) =suppee. (3, [, cpbrs|) forall s € N,

4 Conclusion remarks

The use of g-analogues to extend classical mathematical structures provides a powerful frame-
work for understanding more general settings. By incorporating the parameter ¢, previously
established theories can be generalized, allowing the investigation of richer mathematical behav-
iors and the emergence of new limiting cases.

In this study, new paranormed sequence spaces are introduced by means of the g-analogue
of the second difference matrix. The algebraic and topological structures of these spaces are
examined in detail, including inclusion relations, completeness properties, and the behavior of
the associated operators. The obtained results indicate that the proposed sequence spaces consti-
tute natural generalizations of several well-known classical sequence spaces and preserve their
fundamental structural properties in the limiting case as ¢ — 1.

Overall, the g-analogue approach proves to be a flexible and effective tool in the theory of
sequence spaces. Moreover, such spaces are expected to have potential applications in approx-
imation theory and operator theory. As a direction for future research, this framework may be
extended to higher-order difference operators or other summability matrices. In addition, the
investigation of dual spaces, matrix transformations, and results related to approximation theory
may further enrich the scope and applicability of the present study.
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