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Abstract Let R be a finite commutative ring. An element of R is a nil clean element of R if
it can be written as a sum of a nilpotent and an idempotent element. The nil clean divisor graph
of R denoted by G, (R) is a graph with vertex set {x # 0 € R: 3y # 0,y # x such that zy €
NC(R)}, where NC(R) is the set of all nil clean elements of R and two vertices x and y are
adjacent in G, (R) if zy € NC(R). In this paper, we extend some of the results of [2] . We
compute the spectrum of the nil clean divisor graph of some rings and propose the Wiener index
of the nil clean divisor graph of a finite commutative ring R.

1 Introduction

In recent years, connecting a graph with algebraic structure is frequently used one. In this asso-
ciation, a lot of graph parameters are related to the algebraic properties and it becomes a great
development of its theory. For example, any commutative ring R with unity can associate to a
graph, whose vertex setis {x # 0 € R: 3y # 0,y # z suchthat vty € NC(R)} and two
vertices = and y are adjacent if zy is a nil clean element of R. This graph is called the nil clean
divisor graph of R, denoted by G, (R). In [2] they have studied the basic graph theoretic prop-
erties like girth, completeness, diameter, connectedness of the nil clean divisor graph. They also
studied the nature of the nil clean divisor graph of Z,, and Z3,, where p is prime. Similar to nil
clean divisor graph, nil clean graph [9] , clean graph [12], square element graph of a Near ring
[13] are also studied. In research area, finding various spectra and topological indices of graphs
form rings play a vital role. In [16] and [1], the authors deal with spectra and topological indices
of some graphs form rings.

In this paper, we focus on spectrum and the parameter Wiener index which are most fre-
quently used in research area. First we provide the necessary results and notations used through-
out this paper. In next section, we express a nil clean divisor graph of a ring as a generalized
composition of totally disconnected or complete graphs with the usage of an equivalence rela-
tion. Further we discuss about the spectrum of a nil clean divisor graph of some class of rings.
In next section, we compute the Wiener index of the nil clean divisor graph of a ring.

Here, some of the necessary definitions, results and notations of graph theory which are used
in this paper are discussed from [19] . A graph G is a pair G = (V, E), where V = V(G) and
E = E(G) are the set of vertices and edges respectively. Let G be a graph. Two distinct vertices
z,y € V(Q) are adjacent, if there is an edge between z and y. A subgraph G’ of a graph G is a
graph such that V(G') ¢ V(G) and E(G') C E(G). If U is a subset of V() then the subgraph
of G induced by U, denoted by G(U) is the graph with vertex set U and two vertices of G(U)
are adjacent iff they are adjacent in G. A graph in which any two distinct vertices are adjacent
is said to be a complete graph. The distance between any two vertices = and y of G, denoted
by d(x,y) is the number of edges in the shortest z — y path. A path in a graph is a sequence of
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distinct vertices in which each vertex is adjacent to the next vertex of that sequence. A graph G
is said to be connected if there is a path between any two vertices of G. Throughout this paper
we focus on any finite commutative ring with unity whose nil clean divisor graph is connected.

2 Nil clean divisor graph as a generalized composition of graphs

In this section, we focus on expressing a nil clean divisor graph as a generalized composition of
graphs, which contributes more advantages in computing the spectrum and Wiener index of the
nil clean divisor graph.

We begin with the definition of the nil clean divisor graph of a commutative ring with unity.

Definition 2.1. [2] Let R be a ring. The nil clean divisor graph of R, denoted by Gy, (R) is
defined to be the simple graph with vertex set {x # 0 € R : 3y # 0,y # x such that xy €
NC(R)}, where NC(R) is the set of all nil clean elements of R. Two vertices x and y of
G, (R) are adjacent if zy is a nil clean element of R.

An element is said to be a nil clean element of R if it can be written as a sum of a nilpotent
and an idempotent element of R.

Schwenk [14] introduced the generalized composition of graphs, denoted as H[G,
Ga,...Gyl .

Definition 2.2. [14] Let G1,G>,...,Gy be k pairwise disjoint graphs and let H be a graph
with & number of vertices, say {v;, vs,...,vx}. Then the generalized composition graph G =
H[G4, Gy, . ..,Gyg] is a graph with vertex set V(G;) U V(G,) U ... V(Gy) and the edge set con-
sists of all the edges of Gy, G, ... G}, together with all possible edges from V(G;) to V(G,)
only when v; and v; are adjacent in H. Here, the graph H is called the base graph of G and the
graphs G;S are called the factors of G.

Remark 2.3. The nil clean divisor graph of Z is the generalized composition K,|K,, K,] where
K, is a complete graph with n vertices and K,, is an empty graph on n vertices.

Let R be any finite commutative ring with unity, whose G, (R) is connected. We can write
Gnp (R) as a generalized composition of graphs. Let 2 € R then define NCp(z) = {y #
0:xy € NC(R)}. If 22 is a nil clean element then z € NCp(x). Define a relation ~ on R
such that z ~ y if and only if NCp(z) = NCp(y). This relation is an equivalence relation.
Let Cy, (5, - -+, Cy be the equivalence classes of this relation with representatives ¢y, ¢z, - - ¢k
respectively. We have the following properties of that equivalence classes.

Lemma 2.4. Among those representatives, two of them say c; and c; are adjacent in Gy, (R) if
and only if every element of C; is adjacent to every element of C;.

Proof. Let ¢; and ¢; be adjacent in Gy, (R), then ¢;¢; € NC(R). Thus ¢; € NCp(c;). Let
z € C;and y € Cj, then NCp(y) = NCp(c;). Therefore ¢; € NCp(y), thatis ¢;y € NC(R).
Thus y € NCp(c;). Since 2 € C;, NCp(z) = NCp(c;). Therefore y € NCp(x). That is
xzy € NC(R). Hence every element of C; is adjacent to every element of C;. Conversely, if
every element of C; is adjacent to every element of C; then c;c; € NC(R). Hence c¢; and ¢; are
adjacent in Gy, (R). i

The subgraph of G, (R) induced by C; is denoted as G(C;). We can easily observe the
nature of G(C;) for each i.

Corollary 2.5. The subgraph G(C;) is complete if and only if 2 € NC(R). Otherwise G(C;)
becomes totally disconnected. For i # j, a vertex of G(C;) is adjacent to either all or none of
the vertices of G(C;) in Gy, (R).

Proof. If ¢; € NCp(c;), then ¢; € NCp(x) for every = in G(C;). Thus G(C;) becomes com-
plete. If G(C;) is complete then ¢; € NCp(x) for every = in G(C;). Thus ¢; € NCp(c;). From
above lemma, it is possible that either every element of C; is adjacent to every element of C;; or
there is no join form any element of C; to any element of C; in Gy, (R). ]
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In a finite commutative ring with unity, every element is either a unit or a zero divisor.
Therefore it is not possible that nil clean divisor of an element is empty. It may happen that
NCp(xz) = {z}. In this case, {z} is one of the equivalence nil clean divisor classes. Dis-
card the singleton equiv nil clean divisor classes whose nil clean divisor is itself only. Let
C1,C,,...Cy be such equiv nil clean divisor classes. Let G, G»,...G) be the subgraphs in-
duced by C, Cs, . .. C} respectively.

Lemma 2.6. The subgraph H of Gy, (R) induced by the representatives ci,cy,...cp is
connected.

Proof. Let ¢; and ¢; be two distinct vertices of H. If ¢;c; € NC(R) then ¢; and ¢; are adjacent.
Otherwise there is a ¢; — ¢; path in G, (R), which gives a ¢; — ¢; walk in H. Thus H contains
a c¢; — ¢; path. Hence H is connected. m]

Proposition 2.7. Gy, (R) = H[G), G, ... Gy]

Proof. Proof follows from corollary 2.5 . O

3 Spectrum of a nil clean divisor graph

In this section, we compute the spectrum of a nil clean divisor graph of any finite commuta-
tive ring, which can be expressed as the generalized composition of either complete or totally
disconnected graphs.

Lemma 3.1. The spectrum of the nil clean divisor graph of Z,, where p is a prime number are

(1,1,...1,-1,—1,...— 1}
—_—— —o ——
p—3

( pT% )times (252 )times

Proof. The nil clean elements of Z,, are {0, 1} and the self inverse elements of Z,, are {1,p —1}.
Therefore V(Gn,(Z,)) = {2,3,...p — 3,p — 2}. Therefore the nil clean divisor graph of Z,, is
the union of K in % times. The adjacency matrix of Z, becomes

01 0O 00
1 00O 00
0001 00
0010 00
00O0O0 ... 01
|00 00 ... 1 0]
Hence the spectrum of Gy, (Z,) are {1,1,...1,—1,—1,... — 1}. O
—_—  ——

( %4 )times ( %73 )times

Remark 3.2. The nil clean divisor graph of Z,~ is a complete graph with 2” — 1 number of
vertices. Thus the spectrum of Gy, (Zyn) are {2 —2,—1,—1,...,—1}. In next, we investigate
—_———

(27 —2)times

about the spectrum of the nil clean divisor graph of Z,,,, where p > 2 is a prime number. Here the
nil clean elements of Z,, are {0, 1, p,p + 1} and the vertex set of G, (Z,) is {1,2,...,2p —
1}. Gnp(Zyp) can be written as a generalized composition of some graphs, which are either
complete or totally disconnected. After some computations, we get NCp(1) = NCp(p +
1), NCp(2) = NCp(p+2),...NCp(p—1) = NCp(2p — 1). Thus the equiv classes become
{Lp+ 1}, {2,p+2},....,{p — 1,2p — 1}, {p}. Thus there are p — 1 number of equiv classes
in which each equiv class has exactly 2 elements and {p} is an equiv class whose nil clean
divisor is not itself. Therefore we need not discard the equiv class {p}. Let the representatives
be 1,2,...,p — 1, p respectively. In the following lemma, we give the adjacency matrix of the
base graph H of G, (Z,p).
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Lemma 3.3. In the generalized composition of Gn,,(Zay,), the adjacency matrix of the base
graph H is

000000 00 1
000000 00 1
000100 00 1
001000 00 1
000001 00 1
0000T10 00 1
000000 ... 0111
000000 ... 1 01
111 11 1.1 1 1]

Proof. By above discussion V(H) = {1,2,...p — 1,p}. From [2], p is adjacent to every other
element of G, (Zy,), 1 is adjacent to p, p+ 1, and p — 1 is adjacent to p , 2p — 1 in G, (Za,).
Therefore in H, p is adjacent to every other element, 1 and p — 1 are adjacent to p only and every
other element is adjacent to exactly one element of H other than p. Hence the adjacency matrix
of the base graph H becomes

S o o o o o
el el eololeole]
o o= O O O
el el el =]
- o O O O O
o = O O O O
el el eololeole]
S O o o o o
I W SN

[e]
[e]
[e]
[e]
]
[e]
—
—

O

Further, we discuss about the subgraphs of G, (Z,,) induced by that p number of equiva-
lence classes and we derive the spectrum of G, (Zy,).

Lemma 3.4. In that p number of equiv classes C(1),C(2),...C(p—1),C(p) of Gny, (Zoyp), the
subgraphs induced by C(1), C(p — 1) and C(p) are complete and all other induced subgraphs
are totally disconnected.

Proof. We have C(1) = {l,p+ 1}, C(p—1) ={p—1,2p — 1}, C(p) = {p}. Since 1.(p +
1) =p+1 € NC(Zy,), we get the subgraph induced by C(1) is a complete graph K. Since
(p—1)2p—1) = p+1 € NC(Zy,). Therefore the subgraph induced by C(p — 1) is a
complete graph K, and the subgraph induced by C(p) is Kj. Suppose there exists m € Zo,
such that 1 < m < p — 1 and the induced subgraph of C(m) is complete. It is clear that
C(m) = {m,p+ m}, thus m(p+m) € NC(Zyp,). If m(p+ m) = 0 then both m and p + m are
zero divisors of Z,, and hence gcd(m, 2p) # 1 and ged (p + m,2p) # 1. Thus m and p + m are
even. Therefore p must be even, which gives a contradiction. If m(p + m) = 1 then both m and
p~+m are units of Z,, and hence gcd(m,2p) = 1 and ged(p+m, 2p) = 1. Thus m and p+m are
odd. Therefore p must be even, which gives a contradiction. Suppose m(p+m) = p, in this case
if m is odd then p must be even and if m is even then also p must be even, gives contradiction.
Suppose m(p +m) = p + 1 then pm +m? = p+ 1. Thatis —p(1 —m) = (1 — m)(1 +m), in
thiscase | —m =0or —p =1+ m. Thatis m = 1 or m = p — 1, which gives a contradiction .
Hence all other induced subgraphs are totally disconnected. O

To calculate the spectrum of Gy, (Z,,), we use the following result from [8] as a main tool.
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Remark 3.5. [8] Let G = H[G1, Gy, .. .G}] be the H-join of the graphs Gy, Gz, .. .Gy, and let
H be a graph of order k. Assume that p;; be the (4, )" entry of the adjacency marix of H. Let
n; be the order of G;, A; be the adjacency matrix of G; and each G; be r;-regular, for 1 <14 < k.
Then r; is an eigen value of G; and Spec(A(G)) = (U(spec(4;) \ {r:})) U spec(A(G)), where

T Vinep12 o o /MNEPLE

- V2N P21 ™ /TP kK
A(G) = : : : :
VIENIPRL /EN2PR2 Tk
Theorem 3.6. The spectrum of G, (Zy,) are
{~1,-1,0,0,...0,1,1,2,2,...2,-2,-2,... — 2}.
—— —_——— ——
(p—2)times (252 )times (252 )times

Proof. By above argument, Gy, (Z,,) can be expressed as the generalized composition of
graphs as follows : o o
Gny(Zop) = H[Ky, Ky, Ky, K»,... Ky, K], where H is the base graph of Gy, (Zp).
—_——
(p—3)times

The spectrum of K, are {1,—1} and the spectrum of K, are {0,0}. By above result,
specGn,, (Zop) = {—1,-1,0,0,...0} UspecA(G), where
—

(p—2)times
1 0 0 o0 0 0 V2]
0 1 0 0 0 0 V2
0 0 0 2 0 0 V2
_ 0 0 2 0 0 0 V2
A(G) = :
0 0 0 0 0 2 V2
0 0 0 0 ... 2 0 V2
VIVIVIVIoVEE o0 |
The spectrum of A(G) are {1,1,2,2,...2,-2,—2,... —2}. Thus the spectrum of Gy, (Z2,)
—_———  ——
( % )times (prz Jtimes
are {—1,-1,0,0,...0,1,1,2,2,...2, -2, -2 ... —2}. O
——— —_—  ——
(p—2)times (252 )times (252 )times

Further, we discuss about the spectrum of the nil clean divisor graph of (Z,.,®, ®), where
p > 2 is a prime number. Here the vertex set of Gy, (Z,) are {1,2,...p* — 1} and the nil
clean elements of Z,» are {0, 1,p,p+ 1,2p,2p+1,...(p — )p,(p — 1)p + 1}. Gn,(Z,2) can
be expressed as a generalized composition of some graphs which are either complete or totally
disconnected. By the definition of NCp(x), we get NCp(1) = NCp(p+1) = NCp(2p+1) =
el = NCD((])— 1)p+1), NCD(Z) = NCD(p+2) = NCD(2p+2) =...= NCD((p— 1)p—|—2)
...NCp(p) = NCp(2p) = NCp(3p) = ... = NCp((p — 1)p). Therefore the equiv classes
become {1,p+1,2p+1,..., (p—D)p+1},{2,p+2,2p+2, ... (p—1)p+2}, ... {p,2p,3p, ..., p*—
p}. Thus there are p number of equiv classes, in which each has exactly p number of elements
except the last equiv class which has p — 1 number of elements. Let {1,2,...p — 1,p} be the
respective representatives. We start with the following lemma, which gives the adjacency matrix
of the base graph H of G, (Z,2).

Lemma 3.7. The adjacency matrix of the base graph H in the generalized composition of the nil
clean divisor graph of Z,y is



808 K. Selvakumar and S. Arumugakaveri

0 00O 0 0 1
0 00O 0 0 1
0 0 0 1 0 0 1
0010 0 0 1
000O0 ..0T11
000O0 ... 101
1111 ... 1 1 1]

Proof. From above argument, V(H) = {1,2,...,p—1,p}. Letz € V(H), then pz € NC(Z,2).
Thus p is adjacent to all other vertices of H. In G, (Z,2), 1 is adjacent to all nil clean elements
only. Therefore in H, 1 is adjacent to p only. Let a € V/(H) — {1, p}. Since sp € NC(Z,2) for
0 < s <p-—1, we get ais adjacent to sp in G, (Z,2), where 0 < s < p — 1. If a is adjacent
to y in Gy, (Z,2) then ay = sp (modp*) and ay = sp + 1 (modp?), where 0 < s < p — 1. If
ay = sp (modp?) then ay — sp = \p>. Now a(y + p) = (a + s)p + Ap*>. Thus a is adjacent
to y + p. Like this if ay = sp + 1 (modp?) then a(y + p) = (a + s)p + 1 + A\p?. That is a
is adjacent to y 4 p. Proceeding like this, we get if a is adjacent to y in G, (Z,2), then a is
adjacent to {p + y,2p +y,...(p — 1)p + y}. Since a € V(Gn,(Z,2)), there exists b € Z,
such that ab € NC(Z,2). Thus if a € V(H) — {1,p} with a® ¢ NC(Z,) then a is adjacent to
{p,2p,3p,...,(p = Dp,y,p+v,2p+y,...,(p — )p+y}. Here, (p — 1) = (p* —=2)p+1 €
N C(sz). Hence every element of H other than 1,p,p — 1 is adjacent to exactly one of the
elements of the same set. Therefore the adjacency matrix of H becomes

00 0O0 ... 00

—_ e e

0 00O 0 0
0 0 01 00
0010 0 0

o
o
O e
(o)
(e
—_
—

O

In next, we deal with the subgraphs of G v, (Z,2) induced by that p number of equivalence
classes and extend the spectrum of Gy, (Z,2 ).

Lemma 3.8. Among that p number of equiv classes C(1),C(2),...C(p—1),C(p) of Gnp (Z,2),
the subgraphs induced by C (1), C(p—1) and C(p) are complete and all other induced subgraphs
are totally disconnected.

Proof. We already have C(1) = {1,p+1,2p+1,...,(p—1)p+1},C(p—1)={p—1L,p+p—
1,2p+p—1,...(p—1)p+(p—1)}and C(p) = {p,2p,3p, ... (p—1)p}. Since 1(p+1) = p+1 €
NC(Z,), the subgraph induced by C(1) is the complete graph K. Since (p — 1)(p+p—1) =
p* —3p+1 € NC(Z,), the subgraph induced by C(p — 1) is the complete graph K. Since
p(2p) =0 € NC(Z,), the subgraph induced by C(p) is the complete graph K,,_;.

Suppose there exists m with 1 < m < p — 1, such that the subgraph induced by C(m) is
complete, then m(p + m) € NC(Z,2). Thatis mp + m*> € NC(Z,). It is possible only when
m? = 0 or 1. If m> = 0 then m = 0 or p, which gives a contradiction. If m> = 1 then m = 1
orm = p2 — 1, which also gives a contradiction. Thus C(m) is totally disconnected, where
l<m<p-—1. O

Theorem 3.9. The spectrum of G, (Z,2) are
{_la_lv"';_lv OaOa"wO vp_lap_lvpapv'"pa_pv_pv"'a_p}'
—_——— —— —_——— —

(3p—4)times ((p=3)(p—1))times (”T_z )times (”T_z )times
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Proof. From above discussion,G'n,,(Z,2) can be written as the generalized composition of
graphs as follows : Gy, (Z,2) = H[K,, K, K, K,,...K,, K, ], where H is the base graph
—_—

(p—3)times
of Gn,(Z,2) . The spectrum of K, are {p — 1,—1,—1,... — 1} and the spectrum of K, are
—_——
(p—1)times
{0,0,...0}. Therefore Spec G, (Z,2) =
{{-1,-1,...,—-1},{-1,-1,...,-1},{0,0,...,0},--- ,{0,0,...,0},{—1,—1,...,—1}} U
— — —_——
(p—1)times (p—1)times (p—1)times (p—1)times (p—2)times
(p—3)times
specA(G) , where A(G) is as follows :
[ p—1 0 0 0 0 0 2 —p |
0 p—1 0 0 0 0 pr—p
0 0 0 D 0 0 P2 —p
- 0 0 P 0 0 0 pr—p
A(G) = : :
0 0 0 0 .. 0 D P2 —p
0 0 0 0 p 0 P —p
VPP VPP -p VPP-p VPP-p .. PP —-p VPP-p p-2
Here the spectrum of A(G) are {p — 1,p—1,p,p,...p,—p, —p, ... — p}. Hence the spectrum of
—_— ————
("sz )times (%72 )times
GND(ZPZ)are{_17_1a"'7_17 0707"'50 7p_1ap_1apap7"'pa_pa_p7"'7_p}‘
—_———— — —_— —
(3p—4)times ((p—3)(p—1))times (sz)times (sz)times
O

4 Wiener index of a nil clean divisor graph

From this section, we consider only the equiv nil clean divisor classes wose nil clean divisor is
non-singleton. We focus on the distance between any two vertices of a nil clean divisor graph
and we deduce the Wiener index of a nil clean divisor graph, which is connected.

Lemma 4.1. If x € C; and y € C}, then

lifi=jandc? € NC(R)
ey, (r)(®,y) = 2ifi=jand ¢ ¢ NC(R)
dri(ciyc;) ifi # j

Proof. Ifi = j and ¢? € NC(R) then ¢; € NCp(c;). Since z,y € C;, NCp(x) = NCp(y) =
NCp(c;). Thus z is adjacent to y in G'v,, (R) and hence in this case, dg,(r)(2,y) = 1.1fi =
and ¢? ¢ NC(R) then ¢; ¢ NCp(c;). Suppose x is adjacent to y then z € NCp(y). Since
x,y € C;y, NCp(z) = NCp(y) = NCp(c;). Thus x € NCp(c;) and hence ¢; € NCp(c;)
which is a contradiction. Therefore x is not adjacent to y. By 2.5, dGy, (R) (z,y) =2.

Let us assume that ¢ # j.Suppose ¢; ~ ej ~ ey ~ -+ ~ e,_1 ~ ¢; is the shortest ¢; — ¢; path
in H, where e; = ¢, for some m. Sincez € C;andy € Cj,x ~ e ~ ey ~ -+ ~e,_| ~ yis
an z — y path in Gy, (R). Suppose © ~ dy ~ dp ~ ---dx_1 ~ y is the shortest x — y path in
Gn, (R), where k < n. Since it is the shortest 2 — ypath, each d; belongs to distinct C;. Since
z€CyycCjci~cep~ep~- - ~cp_1~cjisac; —c; pathin H of length £ < n, we get a
contradiction. Hence dg (r)(2,y) = du(ci, ¢;). i

Now, we make an important assumption that V(H) = {ci, ¢z, ... ¢} and let the vertices of
G; be {v},v?,...,v]"}. Further, we derive the distances between any two vertices of Gy, (R).
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Lemma 4.2. If i = j and G; is complete, then dg , (r) (v, vf) is 1 and if G; is totally discon-
nected then the distance between v; and v} is 2. If i # j then the distance between v; and v} in
Gny,(R) is di(ci,c;), where 1 <p <n;and 1 < q <n;.

Proof. If i = j and G| is totally disconnected, then since H is connected, there exists ¢, € H
such that ¢; is adjacent to ¢ in H and so every element of C}, is adjacent to every element of C;.
Thus vf ~ z ~ v}, where z € C,. Thus dg_(r)(v{,v]) = 2. Suppose i # j, since G, (R)

77 J
is connected, there exists a ¢; — ¢; pathin H. Let¢; ~ dy ~ dy ~ ---dip—1 ~ c; be the shortest
¢; — ¢; pathin H. Then v ~ v} ~ -+ ~ 05" ~ o7 is the shortest v} — v path in G, (R).
Hence dp (c;, ¢;) :dGND(R)(vf,v]q-). O

Theorem 4.3. With the above discussed notations, the Wiener index of the nil clean divisor graph
GND (R) is

wevm= ¥ (1) £ (') T raiiol e

2eNC(R) A2¢NC(R) 1<i<j<k

Proof. From above discussions, Gy, (R) = H[G1, Gy, ...G})] where G,* are the subgraphs of
Gnp, (R) induced by C;, whose nil clean divisor is not singleton. We already have G; is complete
if and only if ¢ € NC(R) and G; is totally disconnected if and only if ¢ ¢ NC(R). If G; is
complete then the sum of the distances between any two vertices of this kind is ) (‘C2 ‘).
c2eNC(R)
If G, is totally disconnected then the distance between any two vertices in GG; is 2. Thus the sum
of the distances between any two vertices of this typeis 2('021"). We have, if € C; and
G¢ENC(R)
y € Cj thendg, (r)(2,y) = du(ci, ;). In this case, the sum of the distances between any two
|Gl

verticesis >, | Ci||C;| du(ci,c;j). Hence the wiener index of the nil clean divisor graph

1<i<j<k
becomes W (G, (R)) = (l(’;il)—i- > 2(‘02”)—# > 1Ci|Cy| dulci,c). O
c2eENC(R) c2¢NC(R) 1<i<j<k

Remark 4.4. Using the above theorem, we will find the Wiener index of the nil clean divi-
sor graph of (Zy4,®,®), where nil clean elements are {0, 1,7,8}. Here the equiv nil clean
divisor classes are {1,8},{2,9},{3,10},{4,11},{5,12},{6,13},{7} with representatives
1,2,3,4,5,6,7 respectively. Here C(1),C(6),C(7) are complete and all other are totally
disconnected.

W(iGn,R)= Y (9h+ X 2090+ X 161G dulecy).

2eNC(R) 2¢NC(R) 1<i<j<k
=Q+OFAD+ O+ O+ QI+ T 1GIIC | duleney).
ESAWAS

After some computations, W (G, (Z14)) = 134.
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